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Determine the source term of a two-dimensional heat
equation
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Abstract

Let ©Q be a two-dimensional heat conduction body. We consider the problem of
determining the heat source F'(x,t) = ¢(t)f(x,y) with ¢ be given inexactly and f
be unknown. The problem is nonlinear and ill-posed. By a specific form of Fourier
transforms, we shall show that the heat source is determined uniquely by the minimum
boundary condition and the temperature distribution in 2 at the initial time ¢ = 0 and
at the final time t = 1. Using the methods of Tikhonov’s regularization and truncated
integration, we construct the regularized solutions.

MSC 2000: 35K05, 42B10, 65M32.

Key words: Error estimate, Fourier transform, ill-posed problem, heat source,
Tikhonov’s regularization, truncated integration.

1. Introduction and main results

Let Q = (0,1) x (0,1) be a heat conduction body and u(x,y,t) be the temperature
in Q. We consider the problem of determining a pair of functions (u, f) satisfying the system
ur— Au=(t)f(z,y), te€(0,1);(z,y) e
uz(0,y,t) = uy(1,y,t) = uy(x,0,t) = uy(z,1,t) =0, (1)
u(l,y,t) =0,

subject to the initial datum and the final datum
U<SL’, Y, O) = 4o, U<SL’, Y, 1) = 01-

Here, o € L'(0,T) and go, g1 € L*(f2) are given inexactly.
This is a case of the problem of finding heat source F'(§,t, u) satisfying the heat equation

ut—Au:F,
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for £ is the spacial variable. The problem has been investigated intensively for the last three
decades by many authors. Because the problem is severely ill-posed and difficult, many
preassumptions on the form of the heat source are required. Recently, in [[], B, B, @, H], the
authors reduced the heat source F' to the function that has separated form

(&t u) = @) f(§)

with ¢ is unknown. Then, the authors in [, [] studied the problem in the case that the
heat source F'(&,t,u) = @(t)f(¢) with f is unknown. From some assumptions of ¢, the
author used the Fourier transform and truncated integration to regularize the problem with
nonsmooth data. However, in [[], the Cauchy datum u(z,y,t) is given on two parts of the
boundary, i.e the boundary x = 1 and the boundary y = 1, say. In the present paper, the
Cauchy datum is given only on the boundary x = 1. The requirement of the Cauchy datum
is minimum because if the condition u(1,y,t) is omitted then the uniqueness of the solution
of the problem cannot hold. For example, we consider the system

ur — Au = () f(z,y),
uz(0,y,t) = uy(1,y,t) = uy(x,0,t) = uy(x,1,¢) =0,

subject to
U(l’,y, O) = 4o, U(l’,y, 1) = 01-

This system has not the uniqueness property. Indeed, if
go = g1 = 0, p(t) = wcos(nt) + 27 sin(7t)
then this system has, beside the trivial solution (u, f) = (0,0), a nontrivial solution
u(z,y,t) = sin(wt) cos(mx) cos(my), f(x,y) = cos(mx) cos(my).
In fact, by a specific form of Fourier transforms, we shall get

Theorem 1. (Uniqueness) Let uy,us € C1([0,1]; L*(Q)) N L%(0,1; H*(Q)), fi1, f2 € L*(9).
If (us, i) (i = 1,2) satisfy the system (1) with go, g1 € L*(2) and ¢ € L'(0,1)\{0} then

(uh fl) = (u27 f2)

We also have a regularization result. Using the Tikhonov regularization and truncated
integration, we can construct a regularized solution for all ¢ # 0.

Theorem 2. (Regularization 1) Let (Uey, fer) € (C1([0,1]; L2(2)) N L2(0, 1; H2(Q)), L*(2))
be the exact solution of the system (1) corresponding the exact data goew, Gree € L*(2) and
er € L'(0,1)\{0}. Let go-, g1 € L*(R) and p. € L*(0,1) be measured data satisfying

”906 - gOem”p(Q) <e, ”gle - gleaz”p(g) <eg, H‘Ps - SOea:HLl((),l) <e.
From {goe, g1z, 0=}, we can construct a reqularized solution fi. € L*(R?) such that

15% ”fle - fe:v”LQ(Q) = 0.
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Moreover, if fo. € HY(Q) then for each 3 € (0,1/2), there exists g > 0 (depended on
Uz, Pex and () such that

1 = feallFoq@y < 477 (149 feu ey ) (im(e™)) 77
for 0 < e < ¢.

A smoother regularized solution will be given if ¢ satisfies the following condition

(H) There exist A € (0,1) and Cy > 0 such that either p(t) > Cj for a.e t € (A, 1) or
o(t) < —Cy for a.e t € (A, 1).

We note that (H) will be satisfied if ¢ is continuous at ¢t = 1 and (1) # 0. Under (H),
one has

Theorem 3. (Regularization 2) Let (tey, fer) € (CH([0,1]; L2(2)) N L2(0,1; H2()), L*(Q2))
be the exact solution of the system (1) corresponding the exact data goee, Gree € L*(Q) and ve,
satisfying (H). Let g. = (goe, g1c) € (L*(R2))? and p. € L'(0,1) be measured data satisfying

||906 - gOe$||L2(Q) S &, ||gle - glexHL?(Q) S g, ”906 - QpexHLl(O,l) S €.

From {goe, g1c, -}, we can construct a reqularized solution fo. € L?(R?) such that
15% | foe — fe:v”LQ(Q) = 0.

Moreover, if f., € H(Q) then there exist v > 0 (depended on ¢.,) and g > 0 (depended
ON Uey, Pex) Such that

2 — 2 2
1 foe = feallzoy < 4n" (||fex||L1(m € + 9| feelli (@ s”ﬁ)
for 0 < e < eg.

The remainder of the paper is divided into three sections. In Section 2, we shall give
some notations and preparation results. The main results will be proven in Section 3. In
Section 4, a numerical experiment will be given to illustrate our approximation.

2. Notations and preparation results

First, we have

Lemma 1. If u € C'([0,1]; L*(Q2)) N L?(0,1; H*()) and f € L*(QQ) satisfy the system (1)
then for all (a,n) € R x Z we have

/ (g.9) — e+ )g (1, y) ) cos(az) cos(nmy)dudy
Q
1

:/e(o‘2+”2”2)(tl)go(t)dt./f(az,y) cos(aux) cos(nmy)dxdy.
0 0
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Proof. Getting the inner product (in L*(€2)) the first equation of the system (1) with W =
cos(ax)cos(nmy), we have

d
p /qua:dy + (a® 4+ n*n?) /qu:cdy = go(t)/dea:dy.
QO Q

Q
We multiply the latter equation with ela+n*m®)(i-1) ¢4 get
d
p e(@?+nm?) (=) /quxdy = e(“2+"2”2)(t_1)g0(t) / fWdxdy. (2)

Q

Integrating (from 0 to 1) the latter equality with respect to ¢, we shall get the desired
result. 0

Definition 1. For all ¢ € L'(0,1), we set D(p) : RX Z — R
1
D(g)(avn) = [ e Dty
0
and

B(p,r,o0) ={a € (—rr)|TIne Zn(—r,r),|D(e)(a,n)| <o}.

Let A be a subset of R. From now on we denote by m(A) the Lebesgue measure of A.
Using the idea in [§] (see Theorem 4), we have the following result.

Lemma 2. Let o € L'(0,1), 3 € (0,1/2) and ¢ > q; > 0.
(1) Assume that ¢ £ 0. Then D(¢)(ca,n) # 0 for alln € Z and for a.e o« € R. Moreover,
there exists eg > 0 (depended on ¢, q and [3) such that

m(B(p, Ric, %)) < Ry

for 0 < e <& and Ry, := (In(e71))”.
(17) Assume that ¢ satisfies (H). Then there exist v > 0 (depended on ) and gy > 0
(depended on p,q and q1) such that

m(B(p, Roe, 7)) < &7
for 0 < e < ey and Ry := e~ 1/2,
Proof. Because ¢ € L*(0,1)\{0}, the map ¢ : C — C

1 1
o(z) = eZ/eZtgo(t)dt = /e“gp(l — t)dt
0 0
is a nontrivial entire function. Hence, for each n € Z, the function
1
0u() = 97 ) = [ D (i

0
4



is also a nontrivial entire function.
(1) For each n € Z, since the zeros set of ¢, is either finite or countable, D(¢)(a,n) =
¢n(a) # 0 for a.e a € R. Hence D(¢)(c,n) # 0 for all n € Z and for a.e a € R.

To estimate the measure of the set B(y,r, o), we shall use the following result in [f]
(Theorem 4 of Section 11.3).

Lemma 3. Let f(z) be a function analytic in the disk {z : |z| < 2eR}, |f(0)] =1, and let n
be an arbitrary small positive number. Then the estimate

In|f(2)] > — ln(%). In(M(2eR))

is valid everywhere in the disk {z : |z| < R} except a set of disks (C;) with sum of radii
Y.r; <nR. Here My(r) = m|ax\f(z)\.

Since ¢ # 0, there exists ag € (—1,0) such that |¢p(ag)] = C; > 0. For each n € Z,
In| < Ry, we put z, = iv/n?m? — ag. Then |z,| < 7Ry + 1 and |¢,(2,)| = |¢(ag)| = C1. We
have that
Pn(2 + 2p)

Cy

is an entire function and |V, (0)| = 1, moreover for all z € C, |z| < 2eR, n € Z,|n| < Ry,

U, (2) =

1
1
W (a)] = | [ =D
0

1

1 2 2 el 0,1

< — [ elzl+lznD A dt < e@eR+Rizm+1)? (0,1)

<o [ o) dr < e
0

For € > 0 small enough (depended on ¢, g and ) and for each n € Z, |n| < Ry., applying
Lemma 3 to R = (1 +7)Ry. + 1 and 1) = =, We obtain that
le

In|¥,(2)| > — ln(%). In (My, (2¢eR))

> — [In(R) + 2In(Ry.) + In(75¢%)] . | (2¢R + 7Ry +1)* +1In <M>]

Gy

1
> —3In(Ry.)(2e(1 4+ 7) + 7+ 1)*R? +1n (—)

Gy
q
> —qln (5_1) +In (C’il) =In (é—l)

for all |z| < R except a set of disks { B (2, 7n;)}jes, With sum of radii

1
2w SR = g

J€JIn

bt



Consequently, for e > 0 small enough and for each n € Z, |n| < R;. we get
1
|D(S0)(O[an)| = |¢n(a)| = Cl- |\Iln(04 — Zn)| > Cl.aEq =1

for all |a| € [~Ri., Ric| except the set u B(zn; + 2n,Tnj). S0
_]e n

B(QO, R1€7 gq) - neZ,\Lr.LJ|§R15 jEL:J]n(gnj — T'nj, gnj + Tnj)

with &,; = Re(z,;). Thus

1 1
m(Blg, Rie,e)) < Y Y 2 < 2R +1).2—05 <

2
—Ri:<n<Rie j€In 5R15 Rle
for € > 0 small enough (depended on ¢, ¢ and f3).
(17) Note that
A 1
D(p)(a,n) = /6(a2+n2ﬂ2)(t_1)s0(t)dt+/6(a2+"2“2)(t_1)g0(t)dt
0 A
A 1
Z _/e(a2+n27r2)()\1) |w(t)|dt+/6(a2+n2ﬂ2)(tI)Codt
0 A

1 — e(a2+n27r2)()\—1)

a24n2x2 _
> _pla?n?m)(A 1).|I¢|IL1(0,1)+00- PR

Therefore, there exists a constant R; > 0 (depended on ¢, \) satisfying for either |o| > R,
or [n| > Ry that

Co
D >
(P 2 g
Consequently, for € > 0 small enough (depended on ¢, ¢ and ¢;) and for all (a,n) €
(= Rae, Rac)*\(—Ry, Ry)?, we get

CO C10 CO
D > = -
(o)ewn) 2 5 s 2 5A .~ 21+ 1)

Now we consider only (a,a) € (—Ry, R1)?. Let ag, 2,, ¥, as in (i) and put Ry, =
(1+7m)Ry + 1. Then for all z € C, |z| < 2eR,, we get

£ > el

1

/e((z+2n)2+n27r2)(t—1)(p(t)dt < 6(2€R2+R1ﬂ+1)2.||¢|gl(0’1) < Cz
1

1

V()] = -

0

where C; > 1 be a constant independent of n.

&Y
For ¢ > 0 small enough, applying Lemma 3 to R = Ry, n = —————— and v =
41
>0 t
2An(Cy) ~ O EC

In ¥, (2)| > [7.In(e) — 1I1(75R263)] In(Cy) > 2y1In(Cy) In(e) — In(Cy) = In(Cyte™)
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for all |z] < Ry except a set of disks { B(znk, Tnk) }rek,, with sum of radii

Consequently, for £ > 0 small enough and for each n € Z,|n| < Ry, we have
|D(@) (e, n)| = |pn()| = C1. |[Wp(a — 2,)| > e >

for all a € [— Ry, Ry| except the set . LIJ( B(znk + zn, Tnk). Thus
€Kn

B 7R ) e C - )
(90 25 € ) nEZ,H\SRl ké—;{ﬂ(&nk T'nk gnk + rnk)

with &, = Re(z,). Therefore,
&Y

m(B(p, Roe €)<Y Y 2ry < (2R + D2p—g=¢
—Ri<n<Ry k€K,

for € > 0 small enough (depended on ¢, ¢ and f3).
The proof of Lemma 2 is completed.

Definition 2. For each w € L*(Q0), we set G(w) defined on R x Z by

G(w)(a,n) = /w(x,y) cos(ax) cos(nmy)dzdy.
Q
Lemma 4. (i) For each v € L*(0,1) we have

00 1 2

/ /v(x) cos(ax)dx| da = ||U||i2(0,1) :

—oo |0

(i) For each w € L*(Q)) we have

S / Glw)(ay ) da = 7 0] 2aq) -

Proof. (i) Putting
v(z), x€(0,1),
o(x) =< v(—z), xe€(-1,0),
0, x¢(-1,1),
then the Fourier transform of v(z) is

o] 1

F)(a) = / (x)e" o dy = 2 / v(x) cos(az)dz.

7



Using Parseval equality, we get

0o 1 2

1 ~ 112 T ~2 2
[ | [ ) costaalda| da = FIP@am) = 5 IFa0m) = 7 0l

—oo |0
(17) For each n € Z, we put

1

hp(w)(x) = /w(x,y) cos(nmy)dy.

0
Applying (i) to v = h,(w), we get
2

[ 16tw)amda - / / hu(w)(z) cos(az)dz| da = 7 [hn(w) 221

—oo |0

On the other hand, since w € L*(QQ), for a.e z € (0,1) we have w(z,.) € L*(0,1) and its
Fourier-cosin series corresponding to variable y is h,(w)(z). Using Parseval equality, we get

Y ha(w)(@)]* = ||w(93,-)||iz(o,1>:/Iw(w,y)IQdy, ae x€(0,1).

n=—oo

Therefore,
Z/\G anlda—wZHh o =7 3 /|h o) dr
1
/(Z o (w ) x:”/ /|w(:c,y)|2dy dfC:WHw”i?(Q)
n=moe 0 0
The proof is completed. O

To prove the regularization results, we need one more preparation.

Definition 3. For each w € L*(Q) and r > 0, we set

p(w,r) Z/|G an\da+Z/|G )(a,n)|? dov.

[n|>r_"5 n=— Oo|oz\>r

Lemma 5. For each w € L?(Q), we have lim p(w,r) = 0. Moreover, if w € H* () then

r—-+00

8 2w
p(w,r) < (; + —) ||w||§{1(g)

r2

8



Proof. For each w € L*(€), applying Lemma 4 we obtain

2

M) da—WHwHLQ < +00.
It implies that hIJP p(w,r) = 0.
Now, we consider w € H'(Q). Since
1
/ w(z,y) cos(nmy)dy
0
()] [0 (), 1[0
sin(nmy w sin(nmy w
= {w(x,y) ] - / (z,y) dy = —— [ —=(x,y) sin(nmy)dy,
nm 0 0 nm nm Yy
v 0 0
we get
1 ow ow
=—— dxdy = ——G .
Gw)(a,n) = —— y(fv y) cos(ar) sin(nmy)drdy = (ay)(%n)
Q
Consequently;,
8w 2
Z |G (a,n)| da
|n|>r_ 50 | \>
1 [e8) o0 2 1 2
S 55 /’Gawan da:—a—w :
rim? = oy 71 Oy |l 12y

Similarly, we have

1

/ w(z, y) cos(az)dr

0

_ [w(x,y)sm } / a_w Sin O‘x)dx

= Sin(&)w(l,y) — gw (z,y) sin(ax)dz.

0

Therefore,

G(w)(a,

E
5
O\

w(1,y) cos(nmy)dy — éG (a—w) (a,m).

9



Hence

[e.9]

3 / G(w)[? da
">y
9 o0 1 2 9 =0 T ow\|?

< —do. — — d
[ o 5 ([ vorosemra) -2 5 [l (3 o
4_1\ (0 + 2 |22
= — |[|wW 5 . 2 — .7 - .

r L2(0,1) T g2 oz 12(9)

Noting that

we get

2 1

w1 ) < / (vt + o5t ao| <2 [ <|w<a:,y>|2+ ew)

and )
8'(1] 2
(1, )y < 2ol +2 G| <2l
L2(0,1) L2(Q) 02 || 120 HY(Q)
Thus )
> 8 9 27 || Ow
Gw)|?da < = |lw + — || =
nz% / G da < Sl + 55 |57
In summary, we get
8 2 9
p(w,r) < P w7 q) -
The proof is completed. 0

3. Proofs of main theorems

Proof of Theorem 1

Proof. Put w = uy — ug, f = f1 — fo. Then (u, f) satisfies system (1) corresponding to
go = g1 = 0. Let D and G be as in Definition 1 and Definition 2. Applying Lemma 1, we
obtain

D(p)(a,n).G(f)(a,n) =0, VY(a,n) € Rx Z.

10



For each n € Z, according to Lemma 2, D(p)(a,n) # 0 for a.e « € R. It implies
G(f)(a,n) =0 for a.e & € R. So f = 0 because of Lemma 4. Hence, equation (f]) in the
proof of Lemma 1 becomes

d

pr e(“2+"2”2)(t_1)/u(x,y,t)cos(ozx)cos(nﬁy)dxdy = 0.

Q

Since u(z,y,0) = 0, the latter equation implies that for all ¢ € (0, 1)

/u(az, y, t) cos(ax) cos(nmy)dzdy = 0
Q

Using Lemma 4 again, we obtain v = 0 as desired. O

Proof of Theorem 2 and Theorem 3

Proof. The proof is divided into four steps.
Step 1. Let D and G be as in Definition 1 and Definition 2. For each g = (g9, g1) € (L*(Q))?,
we put

H(g)(a,n) = G(gr)(,n) — e~ @+7G (go) (0, n).

From Lemma 1 and Lemma 2, it follows that

H(Ge) (v, n)
D(pez)(a,n)

for a.e @« € R and for all n € Z. From Lemma 4, we have

G(fea)(a,n) =

L ([ Hge)n)
fea: €r,Yy)= —. /—COS ax)do | cos nmy).
wo=p 3 | [ Dy sl | costomy
We shall construct the regularized solution f. by the following formula

R
fe(z,y) = % Z % cos(ax)da | cos(nmy),
R:

—R:<n< R,

where R. and ¢, are regularized parameters chosen later.
It is obvious that f. € C(R?) and

Hlg)D(:)

G(fe)(av n) =X (((_Rf'?’ RE)Q) .D2<(,0€) + 55—:

where x(A) is the characteristic function of the set A, i.e,

MAmwz{é’ e
11



To prove that f. approximates f., in L*(€), we only have to verify that G(f.) approxi-
mates G(fe,) in L*(R?).

Step 2. Estimate io: T IG(f.) = G(fo)|? da.

n=—oo —oo

We first estimate |G(f.) — G(fer)|. If (a,n) ¢ (=R, R.)? then |G(f.) — G(fe)| =
|G(fez)|. Now, we consider (a,n) € (—R., R.)?. Putting

Cs = max { el a0t - l9oes | 2 s l91ea 2 }
by a direct calculation we obtain

| H (gex)| < Hgle:vHLl(Q) + HQOemHLl(Q) < 203,
H(g.) = H(geo)| < 191 — greall iy + 90 — Goeall oy < 2,
[D(pex)| < Nlpealliory < Cs: [D(pe) = D(@ea)| < @z = weall 1oy < &

We have (D =
|G(f€) - G(fea:)| = Dg?;l> 5_90;3 - D(EZ:::))
H(Qi—:)D(SOE) _ H<96x>D<906:v> H<96x>D<906:v> _ H(Q@:)
D2(906> + 0. D2<‘Pem) + Oea D2(90e;c) + e D(@eaz) .

We shall estimate each term of the right-hand side. We have

H(ge)D(¢:)  H(gew) D(@ea)
D2<‘P€) + 0¢ DQ(‘:Oem) + dex

|D(pe) D(pex)| - | D(¢ex) H(ge) — D(e) H(Gex)| | 0 |D(pe) H(ge) — D(pex) H (e )|

= (D%(92) 1 6.) (D*(per) + b00) T D% (p0) + 0.) (D¥(per) + 60)
< |D(¢ex)H(ga) - D(Qpa)H(gem” + |D(§06)H(ga) - D(Qpex)H(gexﬂ
- O 0 ’

We get

|D(<pem)H(ga) - D(Qpe)H(gem”
< [D(@ea)| - 1H(g) = H(gex)| + [D(p:) = D(0ea)| - [H (gew)]
S C(3' ‘H<g€ - gem)| +e. |H<gem>| )

and similarly,

|D(p:) H(ge) — D(¢ex) H (e )|

<UD (@ea)| - 1H(ge) = H(gea)| + |D(¢c) = D(@ea)| - [H (gex)|
+1(D(¢e) = D(pe)) (H(ge) — H(Ggew))]

< 2C5. |H(ge — gea)| + €. |H(gea)]| -

Thus,

H(ge)D(pe)  H(gea) D(pea)
D2(90€) +5€ D2(¢ex)+5e

< 3C5. |H(g: — gew)| 67" + 2. |H(gew)| 62
12



We next consider

H(geaz)D(Qpem) . H(gem)
DQ(‘Pem) + 0c D(‘Pem)
If |D(pez)| > €7 then

— 55 H(gea:) _ 5&‘
B Dz(‘:oem) + 0. D(W@:) B DQ(SOe:v) + e

NG (fea)l-

H(geﬂﬁ)D((peJ:) H(gem) 56
Do)+ 0. Dipy| = 22 16Ul

If |D(@ez)| < €? then

H ge:v D(W@:) . H(Q@:)
D2%(pes) + 0c D(ex)

where B(@es, Re,€9) is as in Definition 1.
In summary, for all (a,n) € R x Z , we have

‘G(fe) (fe:v)| < 303 |H<g€ gem)‘ + 255;1 ‘H(gem)‘ + X<B<906:v7 R€7 5q)) ermHLl(Q)
+ [x((,n) & (=Re, Ro)?) + x((@,n) € (=R, Re)*)0-e77] |G (feu)|-

< X (B(Peas Ry €)) |G (few)] < X (B(@ew, Bes €9)) - | feall 11 »

To estimate f |G(f.) — G(f.s)|” dav, we square the latter inequality to get

(G(f2) = Gfe)* < 36C56% |H (ge — gea)” + 166%0.% | H (ges)|”
+4X(B(80ex,Re,5q)) ||fex||il(ﬂ)
+ [4x((@,n) & (=R, Ro)?) + 4827 |G (fea)
We will consider each term of the right-hand side. Since

|H(ge0)|” < (|G (g1ea)] + |G (goea))? < 2|G(g1e0))? + 2|G(goea) |

we get N
i / |H (ger)| da < 2 (HglemHLz(g + 1 goes 720 ) < 4nC2.
Similarly, _
/ |H(ge — Gex | da <27 (Hgle glem||i2(g) + [|gos — gOez||i2(Q)> < 4re’.
Furthermore,

Z / (e Boor ) || feal 2y A = 1 B(Peas Ber &) [ feel ey

S / \((@,7) & (~Re, B)?) [G(fua)|? da = i(funs R.),
> [ 16U da =7l
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Thus

/\G £2) — G(fu)2do

< 1447TC§€255 + 6471'0;5255_2 + 4m(B(pex, Re, €7)) ||fea:||il(§2)
+ 4M(feara Ra) + 471—5525_4(1 era:Hi?(Q)
Choosing q= 2/5’ 56 = 59/10, we obtain that

||f6_fea:||iQ(Q) =7 Z /|G fa fea:)| da

< Cue"® + 477 'm(B(Pex, R, €9) || feallin iy + 47 1 fer, Re),

where Cy = 208C2 + 4[| fur | 220y

Step 3. Proof of Theorem 2.
We construct fi. as f. corresponding

q=2/5,6. =" R. = Ri. = (In(c™"))".
Applying (i) of Lemma 2, for € > 0 small enough (depended on ., and [3), we have
M(B(Pes, Rie,€)) < Ry
Hence, from (J), it follows that
fie = Ferlogay < Co® A | feal o gy R + 47 fors Ric).

Since ll_r)l(l) Ri. = +00, Lemma 5 implies that 21_{% p( fez, Ric) = 0. Therefore,
lim [ fie = feall 12() = 0-
Moreover, if f., € H'(2) then Lemma 5 implies
ilfers Rie) < (8R! + 2R 2) | fea s o)
So we obtain
fie = FealBy < CaeV® - 4m [ fel oy R + 47 (SR + 20 B52) | fee
<4r! (149 fealli ) Bl
=477 (149 fuallr ) (™)),
for € > 0 small enough (depended on e, Ye, and 3).
Step 4. Proof of Theorem 3.

We construct fo. as f. corresponding
¢=2/5,0. =" R. = Ry = /0
14



Applying (ii) of Lemma 2 to ¢; = 1/3, there exists a constant v > 0 such that for ¢ > 0
small enough (depended on ¢.,) we get

m<B(906:B7 R2€7 €q>> S 67-
Hence, from (J), it follows that
1 = feallioiey < Gl + 477 [ ful gy + A7 il fer, B,
Since liH(l) Ry, = +00, we use Lemma 5 to get lirr(l] P( fexs Roc) = 0. It implies
}:E% [ foe — fe:v”LQ(Q) =0.
Moreover, if f € H'(Q2) then Lemma 5 implies that

:u(fema RZE) S (8R2_51 + 27TR2_52) ||fex||§{1(ﬂ) - (851/6 + 27T51/3) erxH?{l(Q) .

Thus
1 = feallZay < Coe™? + 477" | fuallZa gy €7 + 4" (8270 + 2m3) | fua Py
< 4r7 (I fealaiay & + 9 I fenlli oy 7%
for € > 0 small enough (depended on u, and @,). O

3. A numerical experiment

We consider the exact data

2 7%
Pex =T € )

Goex = (cos(mz) + 1) cos(my),
Gres = € (cos(mz) + 1) cos(my).
Then the corresponding exact solution of the system (1) is

~™(cos(mz) + 1) cos(my),

Uey = €
fex = cos(mz) cos(my).

For all m = 2,4,6,8, ..., we consider the disturbed data
Pm = Pex
Gom = Goex + m *(cos(mmz) — 1) cos(my),
Grez = Jiex + m *(cos(mmz) — 1) cos(my).
Then the corresponding disturbed solution of the system (1) is

U = Uey +m e ™ Hcos(mmz) — 1) cos(my),

fn = few +m cos(mmx) cos(my).
15



We get

| gom — gOea:||L2(Q) o

| gom — gOe:v”L2 = )

|7 = 1

It means that, when m is large, a small error of data causes a large error of solution. Hence,
the problem is ill-posed and a regularization is necessary.
We construct fi,, and fs,, as fi- and fo. in Theorem 2 corresponding

. m

2o 2

e=m 18, = 10 = =910,

Pe = Pmy Joe = Gom, J1e = Jim,
ng = le = (ln(m))2/5, R25 = Rgm = m1/6.

We have 2 ,
e (1 —e®
D)o m) = T 02T
H(gm)(a,n) = G(gim)(a,n) — e~ @™ G (go,,) (e, n)
0if n # +1,

=19 (m—17r2e ™ (1 — e ) sin(a)(a? + mn?)

if n =+1.
2a(a? — w2)(a? — m?m?) e

Hence, for each j € {1,2}, we get

fjm(a:,y):%. Z / D2, gm () cos(ax)da | cos(nmy)

_'_ m= 9/10
,ij<n<ij _R]m

' Hg,)(@.1).D() (0,1)

2
B D2(g, ) (e, 1) + m—9/10 cos(aux)da | cos(my)
Rijm ) 2 2
-1 :
= . / (m Jmtasin(a)(a” +mn?) . cos(ax)da | cos(my).
7T b 2(@2 — 7T2)(0z2 _ m27r2) (7.(.4 + m—9/10 44272 (1 . e_ag)f )

The error estimates between f;,,, and f., is given by the following table.
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2 2
gE=1m ||f1m_fefc||L2(Q) ||f2m_fe:c”L2(Q)

1072 0.2499999413 0.2499999226
1076 0.2495687285 0.2494516526
10712 0.1181388651 1.240475046 x 102

10" 9.038948894 x 1072 | 5.031837329 x 10~*
10720 5.881288742 x 1072 | 7.385640149 x 10~
10730 3.361360762 x 1072 | 1.591595841 x 1076

Table 1. Error estimates between f;,,, and f.,

Here are some figures of the exact solution and the regularized solution with m = 10'°.

Figure 2. The regularized solution fi,,

17



Figure 3. The regularized solution f,,

Remark 1. f;,, approzimates fe, well on ) except a neighborhood of the line y = 1. The
fact is understandable because the value of u(x,1,t) is not given in the system (1).

1]
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