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Abstract. To compute the flow around an obstacle, it is now quite
classical to add in the equations a penalization term on this obstacle.
From a computational point of vue, this method gives very accurate
results and avoid to use unstructured mesh to discretize the equations
in complex geometry. The aim of this paper is to give a mathemati-
cal explanation of such good results. This study is performed for the
incompressible Navier Stokes equations.

1. INTRODUCTION AND SETTING OF THE PROBLEM

About twenty years ago, there were several attempts to penalize the no-
slip boundary condition on the boundary of an obstacle surrounded by a
viscous fluid. The aim was to avoid body-fitted unstructured mesh in order
to use accurate and fast spectral [17] or finite volumes approximation on
cartesian meshes [16]. A way to do that is to add a penalized velocity term
in the incompressible Navier-Stokes equations. Following the former works
of Peskin [19], [20], several authors (for instance Goldstein and all [14]) add
both a time integral of the velocity and a velocity penalization term only
on the boundary. Some others studies show that the penalization has to
be extended to the volume of the obstacle to give correct solution for large
Reynolds numbers [21]. In independent works, Arquis and Caltagirone [4]
add a penalization term on the velocity defined on the volume of the obstacle.
In a further work [11], it is suggested that this model is able to give the drag
and lift coefficients by integration of the penalization term over the obstacle.
These ideas were also used with success by Angot [1] [2] to deal with fluid-
porous-solid systems. Various works use the same methodology to compute
incompressible flows around a cylinder or behind a step [2], [5], [6], [7], [16].
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2 GILLES CARBOU AND PIERRE FABRIE

In a previous work, P. Angot, C-H bruneau and P. Fabrie [3] establish
error estimates for an L? penalization. These estimates are not in agreement
with experimental results [3]. In fact when one penalizes the Navier-Stokes
equation in the following way :

ou® 1 1
el EAu6 + (u® - V)u® + gxwue +Vp° =f,
divu® =0,

where w in the obstacle, the authors found a bound of the error in the fluid
region in 5%, whereas in the numerical experiments the bound seems to be
of order €. The aim of this paper is to bring to the fore the right estimate
which is prooved in Theorem 1.3. We show that it appears a boundary layer
in the obstacle, and not in the fluid region. It is the key point of this paper,
and we think that it is the right explanation of so good results in numerical
experiments.

To obtain these results we perform an asymptotic expansion of the solution
in the spirit of BKW method (see for example [15]). This idea was successfuly
used by the same authors for a model of ferromagnetism to show long time
existence of regular solution [10]. The weakness of this method, and in
general the BKW method is that one has to obtain very regular solutions
on the limit problem.

1.1. Main results. Let Q be a regular bounded domain of R¢, d = 2 ou
3 and w be a regular open subset of {2 such that w C . We will use the
following notations:

o U=0\w
V= {v € HIU;R?), divo :0}
H= {v€L2(Z/{;R3), divv=0and v-n =0 on 81/{}

P is the orthogonal projection for the L? scalar product onto H.
A is the operator with domain H N H?(U) defined by A = —P o A,
that is if f € H,

AV = f < Inc H'U)/R, —AV +Vr=f

Our first result concerns the existence of regular solutions for the Navier
Stokes equations around the obstacle w

Proposition 1.1. Let vy € H>(U)N'V. Let f € C°(RT xU) with space sup-
port inclused in U. We assume that the initial data vy satisfies the following
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compatibility condition:
vy = —Avg — 11 ((vo -V)vg — f|t:0) eV
1.1.1)
of (
- = ev
ot |t:0>

There exists a time T* > 0 and there exists VO defined on [0, T*[xU such
that

vy = —Av, — 11 <(v6 - V)vo + (vo - V)

aa—‘? —AVO 4+ (VOO VR = in [0, T [xU
divvV?=0 in [0, T*[xU
VO=0 on [0, T*[xoU
VOt =0) = inlU.

For all T < T*, this solution V° is in L>(0,T; H>(U)) N L?(0,T; HS(U),
with T* = +o00 if d = 2.

In order to approximate V we consider the solution u° of a penalized
problem in wich we penalize the obstacle w:

£ 1
aaut — Auf + (uf - V)u® + Vr® + E—QXWUE =f in[0,T*][x9,
divu®* =0 in [O,T*[XQ, (112)
u® =0 on [0, T%[x09Q,
u®(0,z) = uf(z) in Q.

We will precise later the initial data ug.

We will perform an asymptotic expansion of u® which describes the bound-
ary layer in the penalized set w.

We introduce ¢ : w — RT defined by ¢(z) = dist(x, dw). We remark
that since w is regular, ¢ is smooth in a neigbhourhood wi C w of dw.

The boundary layer and the asymptotic expansion of u® is described in
the following theorem :

Theorem 1.1. Let vy, V° and T* as in Proposition 1.1. There exists two
functions V' and V? defined on [0, T*[xU, there exists two profiles W' and
W?2 defined on [0,T*) x w x RT such that if ug 15 an initial data of the form

vo(x) + V0, 2) + 5%7«6(3;) ifreld

P w0 B s by e e
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where ||1¥]|12() < K and such that div ug = 0 on Q, then there exists u® a
solution of the penalized problem (1.1.2) which satisfies

VO(t,z) + eVt z) + £2V2(t, 2) + e207 (¢, ) forzel

o(r) p(z)

u (t,x) = 1 21172 3 p
eW (t,x,?)+€ W (t,w,?)—{-s?wa(t,w) for x € w,

where v7 and wl are bounded in L>(0,T; L*) N L*(0,T; H),VT < T*.

Remark 1.1. As we will see in the last part, it is necessary to perform the

asymptotic expansion at order 2 to obtain a remainder term at order %

We can obtain a similar theorem when the initial data is less well prepared:

Theorem 1.2. Let vy, VO and T* as in Proposition 1.1. There exists two
functions V' and V2 defined on [0, T*[xU, there exists two profiles W' and
W? defined on [0,T*) x w x RY such that if u§ is an initial data of the form

£ (2) = vo(x) +erf(z) ifxel

) ere(a) if v ew,
where ||1%]|2() < K and such that div ug = 0 on Q, then there exists u® a
solution of the penalized problem (1.1.2) which satisfies

VO(t,z) +eVit,z) + 2V2(t,x) + eVl (t, ) forz el

p(z)

ut(t,x) =
(t,2) eWli(t, x, @) + 2 W2 (t, T) +ewl(t,x) forxew,

where v7 and w” are bounded in L>°(0,T; L?) N L?(0,T; HY),YT < T*.

Remark 1.2. In Theorem 1.1 the initial data is well prepared and we obtain

a remainder term of order £2 in the asymptotic expansion whereas this
remainder term is of order € in Theorem 1.2 with less well prepared data.
The second Theorem is sufficient to obtain the following result.

Theorem 1.3. Let vg, VO and T* as in Proposition 1.1. We consider a
perturbation of the initial data on the form

e Jvo(x) +erf(z) ifxel
up(w) = {67“5(3:) if v ew,

where div r¢ = 0 and ||[7%[|2() < K. Then there exists u® a solution of the
penalized problem (1.1.2) satisfying for all T < T*, there exists a constant
C independant of € such that

[l Lo 0,7, 22(0)) + 105l 2(0,7 11 () < C-
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The solution u® is a good approzimation of VO since for all T < T* there
exists C' such that

u® = VO eomrz) + I1u = VOl rmuy) < Ce.

Remark 1.3. In the three Theorems, for all £ > 0 the maximal time of
existence for u® is T™ given by Proposition 1.1.

In the following part we will build the asymptotic expansion of u® using
BKW method. All the calculations of this part are formal. The third section
is devoted to prove the existence and the regularity of the different terms of
the asymptotic expansion. In the last part we estimate the remainder term
and we prove Theorems 1.1 and 1.2. Theorem 1.3 is a direct consequence of
Theorem 1.2

2. ANSATZ

We seek u® satisfying

du’ € € € ey 1 e ) RT
Fr — Auf + (u® - V)u® + Vr +€_2quzf in R;” x Q,
div u® =0 n R xQ  (203)
u® =0 on R x 99,
u®(0,2) = ug(z) in Q.

We denote by v (resp. p°) the restriction of u® (resp. 7°) in U = 2\ W and
w® (resp. ¢°) the restriction of u® (resp. 7¢) on w.
Equation (2.0.3) is equivalent to the following system on v¢ and w® :

) e 1
(1) 8;‘; —Aw® A+ (w - V)ut + V¢ + 50" =0 in Ri X w
(2) dive®=0 in R xw
(3) 85;; — Av® 4 (v° - V)o© + Vp© = f in Ry < U
(4) diver=0 in RS x U
(5) v =w" on R x 6w
6 -Zipn=-2C on RY x 0

on on
L (7)) v* =0 on B x 09

(2.0.4)
where n is the outward unitary normal at OU.
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Remark 2.1. The boundary condition (6) in the previous equation comes
from the variational formulation of Equation (2.0.3) since :

/L{(—Au€+V7r€).¢ _ /u ((Vue - Vi) — wdiv 1)) +/a (- %u

W n

£

+ 7T6n) X
and as the same equation occurs in w.
We perform an asymptotic expansion of v¢, w®, p* and ¢° of the form :
vE(t,x) = VO(t,x) +eVi(t,x) +...,
Pe(t,x) = Eizp_2(t,w) + ép_l(t,w) +p°(t, @) + ...,
we(t,x) = WOt z, M) + eWli(t,z, @) + ...,

o), 1 pl),
g

1
qg(t7x) = E_Qq_2(t7$7 ?) + Eq_l(t,x, + qo(t7$7 + ...

sO(:I:))
€
We assume that the terms Wi(t,z, 2) and ¢'(t,z, z) satisfy
Wit z,2) = W' (t,z) + Wi(t,z, 2)

where Wi(t, x, z) and all its derivative tend to zero when z tends to +oc.
In (2.0.4) we will formaly replace u®, v®, p* and w® by their asymptotic
expansion and we will identify the different powers of ¢.

2.1. Formal asymptotic expansion. We will use the following notations:

e z = (71,9, x3) are the coordinates in R3,

ow W
° Wz:EaHdWZZZW,
ow W
8—:U1 0x10z
2
o VIW = 8—W and VW, = oW ,
O0xa 0190z
ow il
Ox3 0x30z

*’wW  0PW  OPW
ox? 023 02%°

We remark that if w(t,z) = W(t,z, @)7

o AW =

)

Vuw(t,z) = VW(t, z, @) + éVgD(x)Wz(t,x, @)
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and
But,) = SIVelWerlt,z, 20
—I-é (2(V<p(:n) VW, (t,z, @)) + Ap(x)W,(t, x, gpia:) )>
+AW (¢, x, @)
We recall that [Vy| =1 in wy, that Vo = n and that 9¢ =1 on Jw.

2.1.1. Asymptotic expansion of Equation (1) in (2.0.4). "
Order ¢ 3: qz_2Vgp = 0, and since ¢—2 tends to zero when z tends to +oo
we deduce that -

¢2=0 inRf xwxRS (2.1.1)
Order ¢ 2 : —W2, + W' + ¢ 'V + Vg2 = 0, hence taking the limit of
this equation when z tends to +oc,

W 4+Ve2=0 nR xw (2.1.2)
and by difference, we deduce
WO+ WO Ve =0  inRS xwxRY. (2.1.3)

Order ¢! :
—WL+ W —2(Ve- VW) — ApW? + (W . Vo)W + V¢! +¢°Vep =0,
hence we get
Wl+Vgl=0 inRfxw (2.1.4)
and
—WL + W —2(Ve - VW) — ApW?
(2.1.5)
FWO - VoW + Vg +¢0Ve =0  in RS xw x RY.
Order &Y :
ow?o
ot

— W2 —2(Vp - VW — ApW! — AW?

+(WO-VIWO 4+ (WL Vo) WP + (WO . Vo)W + V¢ + ¢!V + W2 =0.
Hence we obtain that
oW’ 70 0 ot |, o, T R
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and
owo — 1
T W2 —2(Vp - V)W — ApW! — AWY
HWO )W+ (WO )WO + (W Vo)W + (WO - V) W}
+VP 4+ ¢lVe+W2=0  inR xw xR}
2.1.2. Asymptotic expansion of equation (2) in (2.0.4).
Order ¢! : Vo W2 =0 hence

WO n=0 inR xwxR
Order €% : n- W} +div W =0 so
divi’=0  inR} xw,
n-Wh+divi®=0 inR} xwxR
Order ¢ : n- W2+ div W! = 0, therefore
divW' =0  inR} xw,
n-W24+divW'=0 inRf xwxR}
Order €% : n- W32 +div W2 = 0 and
v =0 iR} xw.
2.1.3. Asymptotic expansion of equation (3) in (2.0.4).
Order ¢72 : Vp~2 =0, hence
p2=0 immR'xU.
Order e ! : Vp~' =050
pt=0 inRTxU.
Order &' :
ovo

W—AVO—FVO-VVO—i—VpO:f in RT x U.

Order «:
ov! 1 0 1 1 0 1 . +
Order 2 :

ov?

AV VOV VLYV 4 V2 UVO4 vp? = 0 in RT xU.

ot

(2.1.7)

(2.1.8)

(2.1.9)
(2.1.10)

(2.1.11)
(2.1.12)

(2.1.13)

(2.1.14)

(2.1.15)

(2.1.16)

(2.1.17)

(2.1.18)
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2.1.4. Asymptotic expansion of equation (4) in (2.0.4). At all orders we ob-
tain that
divV?=divVl=divV? =0 inR" xU. (2.1.19)
2.1.5. Asymptotic expansion of equation (5) in (2.0.4). At the different or-
ders we obtain
VOt x) = WO(t,z,0), Vit ,z)=W(t,z,0), V2(t,x)=W3(t,z,0)

(2.1.20)
on Rt x dw.
2.1.6. Asymptotic expansion of equation (6) in (2.0.4).
Order ¢ 2 :
¢ ?n=pnonR" x dw. (2.1.21)
Order ¢! :
W24 ¢ 'n=p"'non R x dw. (2.1.22)
Order &' :
0 0
oW W+ ¢ = pn — o on RT x dw. (2.1.23)
on on
Order ¢ :
1 1
oW W2+ ¢'n=p'n — o on RT x dw. (2.1.24)
on on

2.2. Equation satisfied by the different terms. We are going now to
determine completely the different terms of the asymptotic expansion.

2.2.1. Determination of ¢~2. With (2.1.1) we already know that P = 0.
With (2.1.21) we obtain using (2.1.14) that on dw, ¢-2 =q¢ 2 =p~2 =0.
Now taking the divergence of equation (2.1.2), as div W =0 (see (2.1.9)),

we obtain that Ag~2 = 0. Therefore, since ¢—2 = 0 is zero on the boundary,
g 2=0andso¢g ?=0onR" xwxR*.

2.2.2. Determination of ¢—*. With (2.1.15) we know that p~! = 0 on Ow.

Furthermore, taking the scalar product of (2.1.22) with n, since WO n=0
(see (2.1.8)), we obtain that ¢~ ! = 0 on dw.
Taking the divergence of (2.1.4) and using (2.1.11) we have

Ag1=0 in RT xw. (2.2.1)

We have proved that ¢=2 = 0 hence with (2.1.2), W’ =0in Rt xw. Taking
the scalar product of (2.1.3) with n, since with (2.1.8) W°.n = 0, we have
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¢z =0, hence &_Vl =0on RZF X w x RY. We obtain then that ¢~ =0on
Ow and with (2.2.1) we have ¢~! = 0 on R" x w. With (2.1.4) this implies
that

W' =0 in RT x w. (2.2.2)

2.2.3. Determination of W°. We already know that W’ = 0. With (2.1.3),

-1 =0, we have

—WBZ+W0:0 in R xw xR},
1

since ¢

! are zero we obtain W2 = 0 in R} x

Now from (2.1.22), since ¢~ and p~
Ow x {z =0}.
We extend the boundary condition to w and we suppose that W0 =

0in RT x w x 2 = 0. This implies that WO = 0, hence since WO =0,
Wo=0 in R} xwxRS. (2.2.3)
2.2.4. Determination of VO and p°. Using (2.2.3) and (2.1.20) we deduce

that V? = 0 on Rt x dw. Hence with equations (2.1.16) and (2.1.19), V°
and p° are uniquely determined by

8V0 0 0 0 0 __ : +
W_AV + V- VV P4+ Vp ' =f inRT™ xU
div V0 =0 in Rt x U
Vo=0 on Rt x oU
VOt =0) = inU.

2.2.5. Determination of W1, With (2.1.5), since W° = 0 and ¢~ ! = 0, we
have

WL+ W+ ¢on=0. (2.2.4)
On the other hand, with (2.1.10) we have WN/; -n =0 and then
W'-n=0. (2.2.5)

Therefore, taking the scalar product of (2.2.4) with n we obtain that q~2 =0
that is B
=0 in Rf xw xR} (2.2.6)

Equation (2.2.4) reduce to
~WL+W'=0 in RS xw xR,
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hence since W! tends to zero when z tends to 400, we can write
Wit z,2) =w'(t,z)e  in R} x wx RF,

where w! is the value of W' at z = 0. _
Le us determine w!. With (2.1.23) as W° = 0 and as ¢° = 0, we have at
the boundary :
~1 —= ov?o
—W!+¢On=—"— +p'n.
Taking the scalar product of this equation with n, since Wt is tangent to
the boundary of w, we obtain

o 0
@O = _(%Ln “n) +p% on RT x dw. (2.2.7)

Thus, at the boundary (when z = 0 and z € Jw),

ovoe  avO

wl__,1__9ov oV~
W, =-w on +(8n

We extend w; inside w setting, for  in a neigbourhood of dw, w!(t,z) =
w(t, P(z)), where P(z) is the orthogonal projection of x on dw. Therefore,

Witz 2) = w'(t,z)e* in Rt x wx R*
ove  ovo (2.2.8)
1 = (. +
w (t, ) . ( o n)n  on RT x dw.

Remark 2.2. Equation (2.2.8) means that the boundary layer is tangent to
Ow.

1

Remark 2.3. Since w' is tangent to the boundary dw and since al =0
n
in a neibourhood of dw, we have
/ divw! =0 (2.2.9)
ow

using Stokes formula on dw which is a compact manifold without boundary.

2.2.6. Determination of ¢°. We know that q~0 = 0. With (2.1.6), since W° =
0 we obtain

VPO + W =0. (2.2.10)
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Taking the divergence of this equation and using (2.1.19) and (2.2.7) we
determine completly ¢° by

A¢® =0 in Rt x w

_ Vo (2.2.11)
O =—(=—-n)+p" on RT x dw.
on
Furthermore, knowing q_o we determine T~ setting W= —Vq_o.

2.2.7. Determination of V*. With (2.1.20) and (2.2.8) since W = 0, V!
and p' satisfy

aa—vtl—AVl+(V0-V)V1+(V1-V)VO+Vp1:0 in Rt x U
divVl =0 in Rt x U
VI:%—VO—(%—VO-n)n in RT x dw
KV1:0 ! ! on RT x 9.

We remark that V!-n =0 on Rt x dw.
2.2.8. Determination of W2 and q~1 We recall that we have
W2 —2(n- V)W) + gln+ W2 =0. (2.2.12)
With (2.1.12), we know that (Wf -n) = —div W' and by integration we
determine (W2 -n) by
(W2(t,z,2) -n) = / " div W(t, z,¢)dC. (2.2.13)

Taking the scalar product of (2.2.12) with n, we determine qg by
i =(WL-n) = (W) +2((n- V)W) -,

hence q~1 is given by

qt = — /z+oo ((WN/EZ n)— (W2-n)+2 ((n . V)Wzl) n) . (2.2.14)

It remains to determine the tangent part of w2, Taking (2.1.24)An, and
(2.2.12)An we obtain that W?2 A n satisfies the following equation:

W2 An+2n-VYWAn—W?An=0inRT x wx R*

— 1 oVl 2.2.15
Wf/\n:—agz /\n+m/\n on RT x w x {z = 0}. ( )
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2.2.9. Determination of V2 and p®. With equations (2.1.18), (2.1.19) and
(2.1.20), since W? is known, V2 and p? are completly determined by the
system

¢ ov?

-0 —AVE4 (VO vVE4 (vl vyl 4 (v vve

+Vp =0 iRt xU
divvV?2=0 inR*xU

VZ=W?on Rt x dw

V2 =0o0n Rt x 9.

Remark 2.4. The boundary condition V? = W? on dw is compatible with
the divergence free condition div V2 = 0 in U since

W?.n=0.
Ow
As a matter of fact,

= —2
W?.n= W?2.n+ W= - n.
Ow Ow Ow

Now, from (2.2.13) and (2.2.9),

&UWQ n—/&u/Z div (w'(t,z)e Z):/awdiv(wl(t,x))zo

Furthermore,
. 0 —
/Wz-n: Vq :—/Aqozo.
ow ow on w

3. EXISTENCE AND REGULARITY OF THE TERMS OF THE EXPANSION

3.1. Stokes operator. First we recall some basic properties of Stokes op-
erator.
We consider

:{VELQ(Z/{;Rg’) such that divV =0in Y/ and V-n=0 on 62/1}

and
V= {V € HEU;R?) such that divV =0 in u} .
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Let P be the orthogonal projection for the L? scalar product onto H.
We denote by A the operator with domain H N H?(U) defined by A =
—Po A, that isif f € H,

AV = f <= Inc H'(U)/R, —AV + V7 = f.

We recall the results due to Cattabriga (see [12])

Proposition 3.1. There exists C' such that for all V € D(A),

IVm2@y + Iz @ < CIHAV L2,
V@) + ITllc2@ym < CHAV || g-1 00
3.2. Existence and regularity of V.

Proposition 3.2. Let vg € H>(U) N D(A) and let f € C°(RT xU)). We
suppose that vy and [ satisfy the following compatibility conditions:

vy = —Avg — I ((vg - V)vp — f|t:0) eV

of (3.2.1)
vy = —Av) — 10 <(U6 Vv + (vo - V)vj — Eu:o) eV

There exists a time T* > 0, there exists a unique VO and a pressure p°
solution of

0
‘% —AVO (VO VO LV = f in [0, T [xU

div VO =0 in [0, T*[xU
(3.2.2)

VO =0 on[0,T*[xoU

VO0t=0)=wvy inl.
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and satisfying for all T < T*
V0 e o0, T; Ho(U)) N L2(0,T; HS (U)),

8V0 0 3 2 4

p° e C0,T; H*U)) N L2(0,T; H>(U)),

o 0

—- € C0, T H(U)) N L*(0, T H' (U)),
0?vo

. Ot2

Remark 3.1. It is well known that T* = 400 in the 2-dimensional case,

and that T* < 400 in 3-d.

e C%0,T; HX(U)) N L*(0,T; H*(U)).

Proof : we consider a Galerkin approximation of equation (3.2.2). This
approximation is based on the eigenspaces of the Stokes Operator A.
Let us introduce the eigenfunctions (e, ..., ep,...) of the Stokes operator:

eZ-EVﬂHQ

A(Cl) = )\7;67;

such that the family (e;) is an hilbertian basis of H and an orthogonal basis
of V and D(A).

We set W; = span{ey,...,e;} and we denote by II; the orthogonal projec-
tion from H onto W;. Using Cauchy-Lipschitz theorem, we know that there
exists a unique V2 € C>(0, T;; W;) such that

ovo

L AV TL(VY - VVE) =TH() (3.2.3)

We will perform estimates on the Galerkin approximation VZ-O and on its
derivative in time. These estimates will be independant on ¢ and will allow
us to take the limit in appropriate spaces. The existence of strong solution
in L°°(0,T*; V)N L%(0,T*; D(A)) is classical. We focus our attention on the
regularity properties at higher order.

In order to simplify the notations, we denote by v = VZ-O in the following
estimates. In addition, we denote 7 the pressure associated to the Stokes

operator (that is —Av 4+ Vr = Av).
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L? estimate : we multiply (3.2.3) by v and we integrate on . Since

v € H}(U) and div v = 0, we obtain
1d
§Ellvl|iz +[IVollze < [Ifllz2llvll 2

Using Gronwall Lemma, we obtain that for all T there exists C' indepen-
dant on ¢ such that
vl oo (0,m52200)) + 1Vl 220,750 @4)y < C-

H! estimates : we multiply (3.2.3) by Av and we integrate on U. We
obtain that

1d
§d—HVUH2L2 + || Av||2, < /(v -V)v - Av +/ fAv
t u u
< 172 + 21400132 + (ol s [ Vol s ]| Av]| 2
2 1 2 3 3
< Ifllz2 + 2llAv][72 + [[Av] 72 ([ Vol 7

< sllAv)Z. + CIVolg. + K.

Hence using comparison lemma we obtain that there exists 7* (indepen-
dant on ¢) such that for all 7' < T™*, there exists a constant C' (independant
on i) with

[0l oo 0,711y + 1AV 120, 7;22) < C,
that is using Proposition 3.1

vl oo 0,310y + W10l 2 0,75m2) + 17l oo 0,702y + 17l 20,7501y < €. (3.2.4)

Remark 3.2. In the 2-dimensional case we make the following estimate

1d
sl Vol + vl < [ @ Dpoeavs [ fao
t U y

< FIF2 + gllAvlT2 + (vl e[ Voll o | Av]l 2
2 1 2 3 3
< FNz2 + 2l Avlize + [ Avli zellol 72 IV ol 2

< sllAv)Z. + OVl + K

Using that Vv € L?(0,T; L?) we obtain that the solution is global in time
through Gronwall Lemma.
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Estimates on % : we denote v = 8—7; The function v satisfies the
following equation
ot 0
P Ap+ 10 ((@-V)v—i— (U'V)i)) — (3.2.5)
ot ot
Multiplying (3.2.5) by © we obtain that

1d, . . i . .
5 g0l + Vol < IVullzalldllzollélze + lollee 0]l 2 Vo] 2

of )
+HEHL2H’UHL2
< . . .12 a_f 2
< (Iollgz + 1) (10l 2Vl 2 + [[0]l72) + | ot 172

1, .
< IVollze + K@llollz + €

and by Estimate (3.2.4), it follows K € L'(0,T), T < T*.
We remark now that
’[)(t = O) = —A’UO — Hi((vo . V)Uo) — Hi(fo) (326)

where fo = f(t = 0). Now with the compatibility conditions (3.2.1) we
obtain that v(t = 0) € V. In particular, we should apply Gronwall Lemma
with the previous estimate on ¥ to obtain that for all T" < T,

% e L>(0,T; L*(U)) N L*(0,T; HX(U)).
Multiplying (3.2.5) by A0 we obtain that
1d . . . . .
55\\%\@2 [l A0)17: < (A0l 2 (IVollgalloll e + Vo]l 2] v]| o< )

0 )
I 240 2

< gllAolz. + C@)IVll7. +C

where C(t) € L*(0,T) with Estimate (3.2.4).
Using Gronwall Lemma, since 0(t = 0) € V, we obtain that for all 7" < T,
there exists a constant C' (independant on ) with

VO oo (0,1, L2) + [[AD] L2072y < C,
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and using Proposition (3.1),

ov ov or or
||E||Loo(o,T;H1) + ||E||L2(O,T;H2) + ||E||L°°(O,T;L2) + ||E||L2(O,T;H1) <C.

(3.2.7)
) 20 . 0% .
Estimates on Tl : we denote ¥ = a2 It satisfies
o i} R . >f
5 AT+ ((v VYo 4206 V)i + (v V)v) — (55 (3:28)

We remark that with Equation (3.2.5)

Bt = 0) = —A(0(t = 0)) — T, <<o<t = 0)- Vg + (e Voo~ (¢ = o>) |

hence with the compatibility conditions (3.2.1),
i(t=0) e V.

Now multiplying (3.2.8) by ¢ we obtain that

1d, . ) N . A
5 g |02z + 1Vilza < [IVollzsllBllzel8llze + Iolloe 6] 5] 22

" " Ff. ..
Hlvllz<18llz2 Vol 2 + Nl 25 2191 2

< AllmzllolZe + lollazllil 2Vl 2 + 19172119 .
" ” O f "
Hlvlla 1922V E ] 22 + 155 22 18]l 2

< 5lIVillZa + C (llvllfe + 10l +1) 19]Z. +C

< LV, + K@)||5]2, + C(t)

using estimate (3.2.7), where K € L'(0,T) and C € L>(0,T).
Using Gronwall Lemma we obtain that for all T' < T*, there exists a
constant C' (independant on ¢) with

Hﬁ”L"O(O,T;L?) + HVi}HL?(O,T;L?) <C.

Now we multiply (3.2.8) by A¥ and we obtain that
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1d

5 g IVOllZe + 46172 < 1 46]l L2 (IVollzs 18]l e + 2016 ] 2oVl 2)

| AD|| 2 [[ V| L2 o]l zoe

< A6, + C()|I V|2, + K,

where C(t) € L*(0,T) with Estimate (3.2.4).
Using Gronwall Lemma we obtain that for all T' < T*, there exists a
constant C' (independant on ¢) with

IV oo (0,7, L2) + [|AD 20,712y < C
and using Proposition (3.1),

0% 9% 0% &%
H—8t2 ||L°°(O,T;H1)+||—8t2 ||L2(O,T;H2)+||—at2 ||L°°(O,T;L2)+||—8t2 20,11y < C.
(3.2.9)

Conclusion : using estimates (3.2.9) and (3.2.7) and Equation (3.2.5)
we obtain that A is bounded in L>(0,T; H') N L?(0,T; H?) hence using
Proposition (3.1), there exists a time 7 such that for 7" < T™ there exists
C such that

. . on or
191l oo (0,3 13y + 101 20,7, 12y + ||E||L°°(O,T;H2) + ||E||L2(O,T;H3) <C.

Now using this last bound, Estimate (3.2.4) and Equation (3.2.3), we
obtain that Awv is in the same spaces than v thus for T" < T there exists C
such that

vl oo (0,1 m5) + 10l L2 0,7:109) + 17|l oo 0,750y + 17l 2200,75m5) < C

This estimate independant on 7 allows us to extract a subsequence of the
approximations wich converges to the solution Vy and there exists T such
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that for all T < T,
VO ec®0,T; H% n L*(0,T; H®)

p° €0, T; HY) n L?(0,T; H®)

0 3.2.10
aalt € C%0,T; H3) N L*(0,T; H*) ( )
op’ 0 2 2 3
—~ ove  ovo
3.3. Regularity of W!. We consider w' an extension of i (W ‘n)n

in w which satisfies, for T' < T™*

o 1
w' € L(0,T; H*) N L*(0,T; H®) and 8—“2 e L(0,T; H?) N L2(0, T; H?).
This extension exists as the trace operator is onto in the considered spaces.
We set now

Wit z,2z) = w'(t,z)e * in [0, T*[xw x R},
and we remark that
W e (L°(0,T; HY) N L2(0,T; HD)) @ C°,
i (3.3.1)
ot
3.4. Regularity of V'.

€ (L°(0,T; Hy) N LF(0,T; HY)) @ C°.

Proposition 3.3. Let vy and f as in Theorem 3.2. Let T* and VO given by
this theorem. There exists V! and p' such that
1
‘% — AV V0wV 4 v vV £ wpl =0 in [0, T [xU,
div VI =0 in [0, T*[xU,
(3.4.1)
B ov?o ovo

Vie D= (G mn on [0.T 0w,

L V1=0 on [0,T*[x09,
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and satisfying that for all T < T*,
Ve o0, T; H?) N L?(0,T; H?),

o € C°(0,T; L*)n L*(0,T; H").
Proof : we will seek V! on the form Z' + Y1 where T! is an extension
of —8V0 (_8V0 n)n on U satisfyin
_ . 1
on on ying

Tt e c¥0,T; H3U)) N L0, T; H*(U)),
ot _
ot

2T1
0 — € L*(0,T; L*(U)),
ot (3.4.3)

—AY' 4+ VII' =0in U,

c%0,T; H U)) N L*(0,T; H*(U)),

divY!=01in U,

oo ov?o
Ti=2 (2. _
- ( - n)n on Ow

We have to prove the existence of Z! solution of
0z1!

o AZY+ (VO Zt+ (Z - V)VO 4+ vpt = Q1

divZ' =0 (3.4.4)

Z' =0 on U
1 or! 0 1 1 0 1 gnts
where Q" = ~ o (VP-V)YT" — (Y - V)V”, and where Z" satisfies the
regularity conditions wanted for V! that is
Zt e %0, T; H*) N L?(0,T; H?),
3.4.5
87! 0 2 2 1 ( )
E EC (O,T,L )ﬂL (O,T,H )

for all T < T™.
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We remark that for all T' < T,
Q' € C%0,T; H'(U)) N L*(0, T; H*(U))

20! (3.4.6)
5 € L0, T; L*(U))

We have then to build an initial data Z(t = 0) for Equation (3.4.4) in
order to ensure the desired regularity for Z1.
We extend Q! for t < 0 setting Q*(t) = Q1 (—t). We fix n € C>°([—1, +00])
1
such that n(t) = 1 for ¢t > 0 and 7n(t) = 0 for ¢ < —5 We solve then the

following problem, where the initial condition is given for t = —1:
(07!

o AZ'+ (VY Z (21 V)V 4 Vpt = n(H)Q! for t > —1

div Z' = 0 on [-1,T*[xU

Z''=0on U
ZY-1)=0
(3.4.7)
At the initial times, Z|1t:_1 =0, (an)‘t:_l =0 and (%(n@l)> =0.
jt=—1

So the compatibility conditions for (3.4.7) are satisfied and we can find a
solution Z' with the desired regularity conditions. Furthermore, Equation
(3.4.7) is linear in Z! so the regular solution exists so long as the coefficients
of this equations exist, that is on the times interval [—1,T*[.

3.5. Regularity of ¢° and W>. The pressure ¢" satisfies
A¢® =01in R x w,

VO
¢ =———-n+p’on R" x dw.
on

With estimates (3.2.10) we obtain that for all T' < T,
" € L>(0,T; H*) N L*(0,T; H?),
94 (3.5.1)

5 € L>®(0,T; H*) N L*(0,T; H?).
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Since W~ = —Vq° we obtain that
W* e L=(0,T; H3) n L0, T; HY),

o (3.5.2)

= € L>®(0,T; HY) N L*(0,T; H?).
3.6. Regularity of W2, Since Wf -n = —div W, with estimate (3.3.1) we
obtain that

W?.ne (L&(0,T; H2) N LA0,T; HY)) @ ¢°

— 3.6.1
oW?.n ( )

o € (L0, T L3) N L0, T5 Hy)) @ C2°

With this estimate and equation (2.2.14) we obtain that q~1 is in the same
spaces than W2 - n.

Now, with Equation (2.2.15) and with estimates (3.3.1) and (3.4.2) we
obtain that for all T' < T,

W2An e (L(0,T; H2) N L3 (0,T; H2)) @ C°

5772 A (3.6.2)
T € (LX0.T: L) N L0, T H))) @ C2°
3.7. Regularity of V2 and p?.

Proposition 3.4. Under hypothesis of Proposition 3.2, there exists V2 and
p? such that

8V2 2 0 2 1 1

+VZ2.VVO4 VPP =0 in [0, TF[xU
divV2=0  in[0,T"[xU (3.7.1)

V2(t,z) = W2(t,x,0) on [0, T*[xdw

L V2 =0 on [0, T*[x0N
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and for oll T < T*, we have
V2 e L>(0,T; H*) N L*(0,T; H?)

q? € L>=(0,T; H) N L?(0,T; H?)

2 3.7.2
% € L>*(0,T; L*)n L*(0,T; H') (3.72)

8(12 2 2
— € L0, T L
\ Ot ( )

Proof : We consider an extension Y2 of VV‘%W such that

(Y2 e L®(0,T; HY(U)) N L2(0,T; H2(U))

Y2
—— e L*0,T; L*(U

5 € (0,T; L*(U))
divY2=0 on [0,T*[xU
—~AY?2 + Vr? =0 in [0, T*[xU

Y2(t,z) = W2(t,2,0) on [0,T*[x 0w

T2 =0 on [0,T*[x0Q
We will seek V2 on the form V2 = Y2 + Z2? where Z? satisfies
22
88—25 +AZ2+ VY. VZ2+ 72 . VVY = Q% on [0, T*[xU
div 22 =0on [O,T*[Xu (373)

Z? =0 on [0,T*[x0U

where

2 8T2 0 2 1 1 2 0
Q= VOV VLYV T v

We observe that Q? is bounded in L2(0,T; L?(U)).

As for V! the problem is to find an initial data for Z2 in order to obtain
the desired regularity. We proceed as in the proof of Proposition 3.3.
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4. ESTIMATE ON THE REMAINDER TERM

We introduce 6 € C*(w; R) a cut off function such that § = 1 in a neigh-
borhood of dw with supp 6 C w;.

We define the different terms of the ansatz as in the previous section
and we introduce the approximations W¢ of the velocity w® in w and his
approximation V¢ in U defined as follows

We(t, x) = eb(@)W' (¢, , @) + 2T (¢, ) + 20(x)WA(L, @)

Ve =VO(t,z) +eVi(t,z) + 2V2(t, x)
We set
we(t,x) = We(t,x) +€2w T(t,x)
ve(t,x) = V( )—l—aw(tw),
¢ (t,x) = ¢O(t, ) + eb(z) gt +€2q5(t x)
pe(t,x) = p°(t, z) +ep'(t, ) —i—eng(t x).

4.1. Equation satisfied by the remainder terms. We will write the
equations satisfied by the remainder terms in order to estimate them.

ow, 3
— Awl + (wl - VIWE +e2(w! - V!
g o AMEREE VW RSGnY
+(W5-V)w§+Vq§—|—€—2w§: obst

(2) divwl =g in R™ x w
81}2 _A T _|_ (VS v) T _|_( T V)VE+V T

@3 o ¢ e P= iRt xu

i (uf - VL = RSy, — 3 (V2 V)V?

(4) divel =0 in R™ x U

(5) vl =wl in RT x dw
ovl ow;

(6) 5= +pin+ 5= —gin = Rig in R x 0w

(4.1)
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1 oWl oW’ W2 —
c - . i _ 1
R, = 75( 0 — e — s+ AW

g(vg V)WL + AOW! 4 2VoVIV! + eAT
+0(2V - VIV2 + ApW?2) + c0AW?
+eAOW? + 2eVOVIV2 + 2VOV oI 2

—e(WE - V)WE — VH(?)

1 N N N
ge = — (—V@Wl — eVOW? — chdiv WQ)

By

= =< (V29 (vEv)v?)

1 [ aw' ~, oW ~ vl
€ I _ W2 _ 1
bound \/g ( on Wz € on + qn + on
— 1n+€a—V2 —€ 2n—sa/w7§
p on p on

Lemma 4.1. For all T < T* there exists C such that

( C
[ Ropstllz20.7:02(w)) < NG

1921l e 0,732y < CVE

1Rl 20,7 22@0)) < C

C
{ | RpoundllL2(0,7;22(00)) < NG

Proof : these estimates are direct consequences of the estimates satisfied
by the different terms of the asymptotic expansion.
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We remark that VO = 0 on a neighbourhood of the boundary and since

Wt z,2z) = wl(t,x)e %, we have |[VO( )W (¢, @)HL%) < Ke ¢ wich

explains the estimates on g. and on I, _.

In order to estimate the term (w! - V)w. we need a divergence free condi-
tion.

Lemma 4.2. There exists 1. € L*(0,T; Hi (w)) for all T < T* such that
div ¢e = ge.
Furthermore there exists a constant K independant on € such that

el 22 0.0, m3 w)) < EVE

< Ky/e.

L2(0,T;Hg (w))

|%

Proof : the map . exists since /g6 =0

w

1/ . 1 1 2
ge = — [ divW=—— We.-n=—-— W=-n=0
/we E% w E% Ow \/g Ow

(see Remark 2.4).

4.2. Estimate. We multiply (1) in (4.1) by w! — 1. and we integrate on w.
We obtain

1d

1
EEng'F + [[Val]* + €—2||w§||2 =hL+... .+ (4.3)

with

ow’
I = — r[ Y% r
! /a e ( an qf”)’
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I = _/ ((wl - 9) W+ (W7 V)t uf,

Iy = /w ((wg-V)WE+ (WS'V)wE) Ve,

3
_[4 = —£2

/m&—w»vmé—%x%—w&

= et [ (Wl V) ul + (ul V)l v+ (e V)ut

IGZs%/((wg-V)wg'1/15+(1/Ja'V)w§'¢a+(¢s-v)¢a-w§)7

w

JA— / (e - V)b - e,

w

1
Is = —2/1021/15, Iy :/Rgbstwg’
€ w w

1102—/ %%7 Iy z/Vw;“Vwa,

Iy = —/R§b5t¢6,
w

We multiply (3) in (4.1) by v] and we obtain that

1d

5%””2”2 FIVIIP=h+... + 5

(4.4)
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where:

N
=
d
S
1
4
LI

|-

J4:/R§,uv;, Js :/eg(VQ-V)VQ-vf;.
U u

We add (4.3) and (4.4). We estimate the right hand side terms in the
following way:

h+J1= f(’?w ioundwg < HRZound”Lz(aw)”ngLQ(('?w)
< L (2 IVl 2, + 0tz
= /e ell12(w) ellL2(w) ellL?(w)
< 5 r \VITA r
=z st”LQ(w) + ” weHLQ(w) + st”LQ(w)
1 2 2 2
< oelwelliee) + K+ IVwellze ) + llwellze,
1| < Jlwil[Ls VWS e llwzl s + [WE Lol VwZll gz [wEll s
1
< gIIleflliz + W3 lwi 12

(Il < willps VW L2 llvbel s + IWE e [ VLl 2 llve | s

< SIIVallZe + lwllge + Wl el

| =
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= Y [ ) - gl — vd)
ij v !
5 ) 9 : . , ,
= e 3 [ - v (- vt - v)
ij e ‘
—er Y | (i = ghmi(wld — ) (wld - )
).

Using that ¢ = 0 on dw and that div (wl —.) = 0, we obtain finally that

Iy= —

DN =

5%/ w” - n|w’|*do.
Ow

3
15| < e[ willo Vel 2 llwillps + 2l|wll s VWLl pel[¢ell Lo

IN

3 1 3
3 el <Hw§H%a Tl v L)

IN

1 3 9
SIVallFe +Ce? (143 el ) ol

3 3
[Is| < 2| Vel p2llwell pollvbe [ s + €2 [[wgl o [[¢ell L [ Ve | 2

3 3
< e |[WellFallwil 2 + e2[[Vwlll 2 14 I3
1 2 3 4 2 2
< gIVewellze + Cellellzr + e 19l llwell 2
3
7] < 22| Vel p2llvell s llvell o
2 3
< 62||7/’<€||Hl
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1 1
Il < ozl + 5ozl

|| < E2HR(E)bst”%2 + S%HU)QP

We integrate I in time from 0 to 7" and we obtain that

T
/ Iy =
0

IN

|I11] <

|I12] <

|Ja| <

IN

IN

<

/w we (T)(T) — /w w? (0)1e (0) + /0 ' /w wga;f

1 T r r
I Dl + WDl + 5+ [ ]

T O
+ [ 15

1
IVl + Kl

[ Rt ll 2[4z 2

IVEllze VULl 08l e + IV VE] 2 llvz )17
3 1
IVELre ozl N[0z 1172

3 1
e (||vg||%2 v e L)

1
1o IVeEl L + CUVEIl + DI

We treat Js3 as I3 and since vl = wl on Jw, we obtain that

1
Js = e%—/ W2 - n)do = —I
2 ow

31
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[Jal < (1R |l72 + [0

5
5| < e2[[V2ls VYV 2oL ] o
5
< 2 |[V2 i (ofllze + [ Volll)

1
< gl VeIl + CE IV + [zl

Hence adding all the previous inequality and using Estimates (4.2) we
obtain that there exists a function K € L'(0,T;R) for all T < T* such that
d 1
7 (lwZlZ2 + IWZ1172) +\|Vw§|!2m+HW§H2LQ+E—2H%U§H2H < K(t)(1+[[0L]|72)-

(4.5)
With the hypothesis of Theorem 1.1, since

wi(0,2) = ré(x) — VEW?(0,z, 22) in w,

£

V7 (0,7) = r¢(x) — /EV2(0,7) in U,
we know that there exists C such that for all € > 0,
([t =017z + [li(t = 0)[7.) < C
hence with a classical Gronwall lemma we obtain the desired result.
In order to prove Theorem 1.2, we have to estimate w! = /ew! and

vl = \/evl. Multiplying (4.5) by e, we obtain that there exists a function
K € LY0,T;R) for all T < T* such that

d 1
7 (AP HV§H2Lz)HIVWIQH%zHIVVgH%z+5—2HW§H%2 < K1+ |72)-
Now the initial data satisfy

w’(0,2) = r* — W0, z, @) —eW?(0,z, @) in w,

v (0,x) = r¥(x) — VI0,2) — eV?(0,2) in U,
that is there exists C' such that for all £ > 0,
(et (t = 0|72 + [W2(t = 0)]172) < C.

Hence with a classical Gronwall lemma the proof of Theorem 1.2 is complete.
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