SOME BOUNDS FOR RAMIFICATION OF p"-TORSION

SEMI-STABLE REPRESENTATIONS

XAVIER CARUSO AND TONG LIU

ABSTRACT. Let p be an odd prime, K a finite extension of Qp, Gx = Gal(K/K)
its absolute Galois group and e = e(K/Qjp) its absolute ramification index.
Suppose that T is a p™-torsion representation of Gk that is isomorphic to a
quotient of Gi-stable Zp-lattices in a semi-stable representation with Hodge-
Tate weights {0,...,7}. We prove that there exists a constant p depending
only on n, e and r such that the upper numbering ramification group Ggg)
acts on T trivially.
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Let p > 2 be a prime number and k a perfect field of characteristic p. We
denote by W = W (k) the ring of Witt vectors with coefficients in k. Fix K a

Date: June 2008.
1991 Mathematics Subject Classification. Primary 14F30,14L05.

1



2 XAVIER CARUSO AND TONG LIU

totally ramified extension of W[1/p] of degree e and K an algebraic closure of
K. Fix m € Ok a uniformizer and (7s)s>0 a compatible system of p®-th root
of 7. Set G = Gal(K/K) and for all non negative integer s, put K, = K(ms)
and G, = Gal(K/K,). Denote by G and el (4 € R) the upper ramification
filtration of G and G, as defined in §1.1 of [E] Note that conventions of loc. cit.
differ by some shift with definition of [@, Chap. IV. Finally, let vx be the discrete
valuation on K normalized by vk (7) = 1. It extends uniquely to a (not discrete)
valuation on K, that we denote again vg.

Consider r a positive integer and V' a semi-stable representation of G with Hodge-
Tate weights in {0,1,...,7}. Let T be the quotient of two G-stable Z,-lattices in
V. It is a representation of G, which is killed by p™ for some integer n. Denote by
p: G — Autz, (T) the associated group homomorphism and by L (resp. L) the
finite extension of K (resp. K) defined by ker p (resp. ker pi,). We will prove:

Theorem 1.1. Keeping previous notations, for any integer s > n + logp( ") and

for all real number p > emp G(“) acts trivially on T.

ernp

Remark 1.2. Condition on s implies < ep®. Hence one may always choose

p = ep®.
We also obtain a bound for the ramification of L/K:
Theorem 1.3. Write p”_’”l = p®*0 with a € N and 1—17 < B < 1. Then:

(1) if p>1+e(n+ a+ max(s, i ), then G acts trivially on T;
(2 )UK(DL/K)<1+e(n+a+B) ,,M
where Dy, k is the different of L/K.

Before this work, some partial results were already known in this direction. First,
in [ff] and [[L1], Fontaine uses Fontaine-Laffaille theory (developped in [§]) to get
some bounds when e =1, n =1, r < p—1 and V is crystalline. In [ll], Abrashkin
follows Fontaine’s general ideas to extend the result to arbitrary n (other restrictions
remain the same). Later, with the extension by Breuil of Fontaine-Laffaille theory
to semi-stable case (see [{]), it has been possible to achieve some cases where V is not
crystalline. Precisely in [E]l, Breuil obtains bounds for semi-stable representations
that satisfies Griffith transversality when n = 1 and er < p—1. Very recently in [@]
and [E], Hattori proves a bound for all semi-stable representations with r < p — 1
(e and n are arbitrary here). Unfortunately, bounds found by those authors have
the same shape than ours but are in general slightly better (at least for n > 1) and,
in fact, we conjecturethat Theorem E could be improved as follows:

= p* B with o/ €N and l < B <1, we have:

1) ifu>1+en+ao + max(ﬂ’ —L.)), then G acts trivially on T}

(2) v&(Dr/k) <1+e(n+a' + 6’)
We also wonder if, in bounds given by the previous Conjecture, 3’ can be replaced
by (remark then that max(ﬁ— p%) is Just ), since it is actually the case in

p )
Prop081t1on 9.2.2.2 of [E

ISee Proposition 9.2.2.2 of [ﬂ] for the statement
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Note finally that the dependance in 7 of bounds of Theorem E is logarithmic,
which is in fact quite surprising since, until now all bounds seem to depend linearly
on r. (Of course, it does not mean anything since these bounds are valid under
the assumption for r < p — 1, and certainly not for r going to infinity.) We finally
wonder if better bounds exist when V' is crystalline. It is actually the case when
e=1and r < p— 1 by results of Fontaine and Abrashkin, but it is not clear to us
how to extend this to a more general setting.

Let us now explain the general plan of our proof (and in the same time of

oo
the article). For this we introduce first further notations: let K., = |J K, and
s=1
G = Gal(K/K). By some works of Fontaine, Breuil and Kisin, we know that
the restriction of T to G is described by some data of (semi-)linear algebra that
we will call in the sequel Kisin modules®. Let’s call it 9. In the two following
sections, we will show that the data of 91 is enough to recover the whole action of
GsonT for s > Smin:=n—1+ logp(m“).

More precisely, we first prove in section 2 (Theorem P.5.5) that any Kisin module
killed by p™ determines a canonical representation of G5 with s > spyin (and not
only G ). Note that this first step does not use any assumption of semi-stability:
our result is valid for all representations (killed by p™) coming from a Kisin mod-
ule; no matter if it can be realized as a quotient of two lattices in a semi-stable
representation. Then, in section 3, we show that the G4-representation attached to
M coincide with T'|q,. At this level, let us mention an interesting corollary of the
theory developed in these two sections:

Theorem 1.5 (Corollary B.3.5). Let V and V' be two semi-stable representations
of G. Let T (resp. T') a quotient of two G-lattices in V' (resp. V') which is killed
by p". Then any morphism Geo-equivariant f : T — T’ is G4-equivariant for all
integer s > n — 1+ log,(nr).

Then, we conclude the proof of Theorem @ using usual techniques developed by
Fontaine in [{]. Using some kind of transitivity formulas, we then deduce Theorem
E. Finally, in the section H, we begin a discussion about the possibility, given
a torsion representation of Gi, to write it as a quotient of two lattices in a Q,-
representation satisfying some properties (like being crystalline, semi-stable, with
prescribed Hodge-Tate weights).

Conventions. For any Z-module M, we always use M, to denote M /p"M. If A be
a ring, then My(A) will denote the ring of d x d-matrices with coefficients in A. We
reserve ¢ to represent various Frobenius structures (except that o stands for usual
Frobenius on W (k)) and ¢ will denote the Frobenius on M. But we always drop
the subscript if no confusion arises.

Finally, if A is a ring equipped with a valuation v, we will often set:

a5’ ={recAj/valx) >v} and a3’ ={zcA/va(z) >0}

2In fact, these modules were first introduced by Breuil in [E} and [ﬂ} However, we think that
the terminology is not so bad since “Breuil modules” is already used for other things and “Kisin
modules” were actually intensively studied by Kisin in [ﬁ] and .
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2. G4-REPRESENTATION ATTACHED TO A TORSION KISIN MODULE

In this section, we prove that Geo-representation Tg, (9) attached to Kisin
modules I killed by p™ can be naturally extended to a Gs-representation for all
s >n—1+log,(nr) (and sometimes better).

2.1. Definitions and basic properties of Kisin modules. Recall the following
notations: k is a perfect field, W = W (k), K is a totally ramified extension of
W1/p] of degree e, 7 is a fixed uniformizer of K and E(u) is the minimal polynomial
of m. Recall also that we have fixed a positive integer r. Define E(u) to be the
minimal polynomial of 7 over W[1/p].

The base ring for Kisin modules is & = W[u]. It is endowed with a Frobenius
map ¢ : & — & defined by:

<p( Z aiui) = Z o(a;)uf?
i>0 i>0

where o stands for usual Frobenius on W. By definition, a free Kisin module (of
height < r) is a G-module M free of finite rank equipped with a @-semi-linear
endomorphism gy : 9 — M such that the following condition holds:

(2.1.1) the G-submodule of M generated by @on (M) contains E(u)" M.

We denote by Modg&" their category. Of course, a morphism is Mod&" is just a
G-linear map that commutes with Frobenius actions. In the sequel, if there is no
risk of confusion, we will often write ¢ instead of .

There is also a notion of torsion Kisin modules of height < r. They are modules
I over G equipped with a p-semi-linear map ¢ : 9T — M such that:

e I is killed by a power of p;
e M has no u-torsion;
e condition (R.1.1)) holds.

Let us call Modg" (resp. Modg", resp. Freel") the category of all torsion
Kisin modules (resp. of torsion Kisin modules killed by p™, resp. torsion Kisin
modules killed by p™ and free over &, = &/p"6&). Obviously Freeg" C Modg"
and 5, Modg” = Modg" (the union is increasing). It is proved in theorem
proposition 2.3.2 of [E] that torsion Kisin modules are exactly quotients of two
free Kisin modules of same rank. In particular every object in Modg&" is a quotient
of an object in Freeg". We finally note that dévissages with torsion Kisin modules
are in general quite easy to achieve since if 9 is in Modg" then M,y = ker plon
and 9M/M, are respectively in Modg" and Mod&" = and we obviously have an
exact sequence 0 — M) — M — M/IM ) — 0 (see Proposition 2.3.2 in ).

2.2. Functors to Galois representations. We first need to define some pe-
riod rings. Let R = liils O /p where transition maps are Frobenius. By defi-
nition an element z € R in a sequence (9, 2V .. ) such that (z(tD)P = z(5),
Fontaine proves in [19] that R is equipped with a valuation defined by vr(x) =
51320 pSug () if 2 # 0. (In this case, £(*) does not vanish for s large enough and

its valuation is then well defined; starting from this rank, the sequence pSvK(ac(s))
is constant.) Note that k embeds naturally in R via A — (MO XD ) where
) is the unique p*-th root of A in k (recall that k is assumed to be perfect).
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This embedding turns R into a k-algebra. Now, consider W (R) (resp. W, (R)) the
ring of Witt vectors (resp. truncated Witt vectors) with coefficients in R. Tt is a
W-algebra (resp. a W, (k)-algebra). Moreover, since Frobenius is bijective on R,
Wn(R) = W(R)/p"W(R). Recall that we have fixed (75) a compatible sequence
of p®-roots of m. It defines an element © € R whose Teichmiiller representative is
denoted by [r]. We can then define an embedding & — W(R), u — [x]. For any
positive integer n, reducing modulo p™, we get a map &,, — W, (R) which remains
injective. In the sequel, we will often still denote by w its image in W(R) and
Wpo(R). Let O¢ be the closure in W (Frac R) of &[1/u] (for the p-adic topology).
Define £ = Frac Og and €™ the p-adic completion of the maximal (algebraic) un-
ramified extension of £ in W (Frac R)[1/p]. Denote Og,, its ring of integers and put
6" =W (R)NOgz,,. Clearly &" is subring of W(R) and one can check (see Propo-
sition 2.2.1 of [@]) that it induces an embedding &1 = & /p"G" — W, (R).
Remark finally that all previous rings are endowed with a Frobenius action.

Recall that G (resp. Gy) is the absolute Galois group of K (resp. K, = K (7))
and that G is intersection of all G5. Denote by Reprr:e(Goo) (resp. Reptzc;r(Goo))
the category of free (resp. torsion) Z,-representations of Go.. We define functors
Ts : Mod%" — Reprr:e(Goo) and Ts,, : Modg" — Reptzc;r(Goo) by:

Ts(M) := Home (M, S") and Ts, (M) := Home (M, G5F)

where Homg,, means that we take all G-linear morphism that commutes with
Frobenius. Note that Ts (91) and T, (9) are not representations of G because this
group does not act trivially on & C W(R). If n’ > n then any object 9 of Modé’:
is obviously also in ModZ" and we have a canonical identification T, () ~
Ts,,(9). This fact allows us to glue all functors T, and define T, : Modé’; —
Reptzc;r(Goo). An important result is the exactness of T (see corollary 2.3.4 of

[190).
Lemma 2.2.1 (Fontaine). Let n be an integer and 9 be an object of Mod‘g’:. The
embedding &1 — W, (R) induces an isomorphism Tg, (M) = Homg (M, W, (R)).

Proof. See Proposition B.1.8.3 of [@] O

2.3. The modules J,, .(9). Let n be an integer and M an object of Modé’:. For
all non negative real number ¢, we define a;° = {z € R /vg(z) > ¢} and [a3°] the
ideal of W, (R) generated by all [z] with z € a3 and, by the same way, a7* and
[aic]. We have very explicit descriptions of these ideals:

Lemma 2.3.1. Let c € Rt. Then:

(1) for all xo,...,2n—1 € R, (xo,...,Zn-1) is in [a;°] (resp [aic]) if and only
if vr(x;) > p'c (resp. vgr(x;) > pic) for alli ;
(2) if v € R has valuation c, then [aic] is the principal ideal generated by [v].

n—1

Proof. Easy with the formula [z](xo,...,2n-1) = (220, 2P21,..., 2P  xHp_1). O

Since [az¢] is stable under ¢ and G-action, the quotient W, (R)/[az°] inherits a
Frobenius action and it makes sense to define:

(2.3.1) I, (M) := Home (M, W, (R)/[az]).
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It is endowed with an action of G. Let’s also denote J,, o« = Homg ,, (9, Wy, (R)) ~
Ts, (M) (Lemma R.2.1)). Obviously, if ¢ < ¢ < oo, reduction modulo [a3¢] defines a
natural Goo-equivariant morphism per ¢ @ Jp o (IM) — Jp (M), If ¢ < ¢ < ¢’ < o0,
we have per o = per e © Perr el

Lemma 2.3.2. u is nilpotent in Wy, [u]/E(u)".

Proof. Since FE(u) is an Eisenstein polynomial, the congruence E(u) = u® (mod p)

holds in Wu]. Hence E(u)" = u®" (mod p), which means that v*" is divisible by p
in Wlu]/E(u)". Tt follows that p™ divides u®" in Wlu]/E(u)", i.e. u®™ vanishes
in Wy [u]/E(u)". O

Fix N a positive integer such that v’ = 0 in W, [u]/E(u)". By previous proof
one can take N = ern, but in many situations this exponent can be improved. In
the following subsection, we will examine several examples. From now on, we put

bz}% anda:b+N:1fTNl.

Proposition 2.3.3. The morphism peoyp : Ta, (M) — Jnp(ON) is injective and its
image is pap(Jn,a(ON)).

Proof. We first prove injectivity. Let f: 9 — [aﬁb] be a p-morphism. We want to
show that f = 0. First, remark that since 9t is finitely generated, values of f are
in [aib ] for some b’ > b. Let € 9. By definition of N, uNz belongs to E(u)" 9.
By condition (2.1.1)) we can write uNa = Ap(x1) + - - - + Ae(xx). Applying f, we
get:

uN () = Mp(f (1) + -+ Mo (f(an)) € [az"™]

and then f(z) € [a;prN] (since w = [x]). Repeating the argument again and
again, we see that f(9) C ,50[az"]Wn(R) where (b;) is the sequence defined by
bp = b and b;y1 = pb; — N. ‘Now b > % implies lim b; = oo and injectivity
follows. o

Let’s prove the second part of the proposition. Since pop factors through pq
we certainly have poo.b(Jn,00) C Pa,b(Jn,a). Conversely, we want to prove that if f :
M — W,(R)/[az?] is a p-morphism, then there exists a p-morphism (necessarily
unique) g : M — W, (R) such that g = f (mod [a3;"]). Assume first 9 € Freel”
and pick (eq,...,eq) a basis of M over &,,. Let A be a matrix with coefficients in
S, such that:

(pler),...,o(eq)) = (e1,...,eq)A

and let X be a line vector with coefficients in W,,(R) that lifts (f(e1),..., f(eq)).

The commutation of f and ¢ implies the relation XA = ¢(X) (mod [az"]).
Actually, the congruence holds in [aﬁ“/] for some a’ > a. For the rest of the proof,
fix & € R some element of valuation /. By Lemma P.3.1].(2), [aia/] is the principal
ideal generated by [a]. Therefore, one have X A — (X)) = [a]Q with coefficients of
Q in W,,(R). We want to prove that there exists a matrix Y with coefficients in
[az'] such that (X + Y)A = ¢(X +Y). Let us search Y of the shape [3]Z with
B = <% (which belongs to R because of valuations) and coefficients of Z in W, (R).
Our condition then becomes:

(2.3.2) [B1ZA = [B7)¢(Z) + []Q
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Using condition (R.1.1) and u™ € F(u)"W,[u], we find a matrix B (with coefficients
in &,,) such that BA = «~. Multiplying (P.3.9) by B on the left and simplifying
by [a], we get the new equation:

(2.3.3) Z =[]e(Z)B+ QB

with v = a?~1/uPN. Remark that vg(y) = a/(p —1) = N > 0 ; hence v € R.
Now define a sequence (Z;) by Zo = 0 and Z;11 = [v]e(Z;)B + QB. We have
Ziv1—Zi = [y)e(Z; — Zi—1)B. Since vr(y) > 0, Z;11 — Z; goes to 0 for the u-adic
topology (which is separate and complete on W,,(R)) when ¢ goes to infinity. Hence
(Z;) converges to a limit Z which is solution of (ﬁ)

Finally, if 90 is just an object of Modg&" consider 9 € Freeg" and a surjective
map f: M — M. Then ker f is in Modé’: and sits in the following diagram:

l |

Ts,, (M) —— Jn o(9) —— Jn (M)
J J J
Ts, (M) —— Jpa(M') —— Jn s (M)
J l
Ts, (ker f)C n.p(ker f)

where all columns are exact (by left exactness of Hom) and the map on last line
is injective (by first part of proposition). An easy diagram chase then ends the
proof. (I

Remark 2.3.4. In general, p,, is not surjective (nor injective) even for a and b
big enough. Counter examples are very easy to produce: for instance, I = Gye
equipped with ¢(e) = E(u)"e is convenient.

2.4. Brief discussion about sharpness of N. Here we are interested in finding
integers N (as small as possible) such that u™ = 0in W,,[u]/E(u)". As we have said
before N = ern is always convenient. If n = 1, it is obviously the best constant.
However, it is not true anymore for bigger n: the three following lemmas could give
better exponents in many cases. We do not know how to find the sharpest N in
general.

In this paragraph, we will denote by [z] the smallest integer not less than x.

Lemma 2.4.1. We have u™ =0 in W, [u]/E(u)" for N = ep"~1 [p,f,l].

—1 —1

Proof. Just remark that E(u)?" =u®" (mod p"). O

Lemma 2.4.2. Assume E(u) = u® —p. Then u™ = 0 in W, [u]/E(u)" for N =
e(n+r—1).

Remark 2.4.3. If K/W[1/p] is tamely ramified, up to changing K by an unramified
extension, we can always select an uniformizer whose minimal polynomial is E(u) =
u® — p.
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Proof. Up to performing the variables change v = u°, one may assume e = 1. We

then have an isomorphism f : K[u]/E(u)" — K", P~ (P(p), P'(p),..., %)

whose inverse is given by f~!(xg,...,z,—1) = xo+21(u—p)+- -+ zp_1(u—p) L.
In particular f(W[u]/E(u)") D W7". Moreover:
N
f(uN) —_ <pN7 NpNil, o (r B 1>er+1> c prrJerr —_ anr.
Conclusion follows. O

Lemma 2.4.4. There exists a constant ¢ depending only on K such that u™ = 0
in Wplul/E(u)" for N =en+ c(r —1).

Proof. The general plan of the proof is very similar to the previous one. We first

consider the map f : W[1/p]lu]/E(u)” — K", P — (P(?T),Pl(ﬂ'),...,%).
It is W[1/p]-linear and injective. Since both sides are W[l/p]-vector spaces of
dimension er, f is an isomorphism. Denote by w € W{[1/p][u]/E(u)" the preimage

of (m,0,...,0). The inverse of f is then given by the formula:
o,y xr_1) = Xo(w) + X1 (@) (u — @) 4+ + Xp_1(w)(u — )"

where X; are polynomials with coefficients in K such that X;(7w) = x;. Second, we
would like to bound below the “p-adic valuation” of f~(zq,...,z,_1) when all x;
lies in O. For that, we remark that F(c) is mapped to 0 by f; hence it vanishes.
Solving this equation by successive approximations, we find that @ can be written
Py(u) + Pr(u)E(u) + -+ + Pr_q(u) E(u)"~1 with Py(u) = u and:
E(u)!

where P; are uniquely determined modulo E(u)"~%. Let F(u) € W[1/p][u]/E(u)
be the inverse of E’(u) and v an integer such that p"F(u) € W{u]/E(u) ~ Ok.
(Note that v = [v,(Dk/wii/p))] is convenient.) By induction we easily prove
that p™ Pi(u) € Wu]/E(u)"~% and then that Q(w) € Wu]/E(u)" for all Q €
p"~ VW u]. Consequently f(W[u]/E(u)") D p"=Y?O%. Finally, defining ¢ =
ev+1and N =en+ c(r — 1), we have:

N
f(uN) _ <7TN,N7TN1, s ( 1>7TNT+1) c 7_errJrl . OTK C p(rfl)ern . OTK
r—

and we are done. O

2.5. Some quotients of W,,(R). The aim of this last subsection is to study the
structure of quotients W, (R)/[az°] that appears in the definition of J,, . (see for-
mula (R.3.1])). Tt will allow us to derive interesting corollaries about the prolongation
to a finite index subgroup of G of the natural action of Go, on T, (9).

For a non negative integer s, let us denote by 65 the ring morphism R — O /p,
r = (J:(O),x(l),...) — z(*), We emphasize that it is not k-linear: it induces a
morphism of k-algebras between R and k Q- O /p. For a non negative real
number ¢, define:

a2 ={z € K/vg(x) > c} C Og.
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Lemma 2.5.1. Let ¢ be a positive real number. For any integer s > 1ogp(§), the
map 05 induces a Galois equivariant isomorphism of k-algebras

R/a3" — k ®p e O Ja /"

Proof. The map is clearly surjective. It remains to show that z = (x(o),x(l), o)
has valuation greater than c if and only if vy (z(®)) > 1%, which follows directly
from 1% <e. O

Proposition 2.5.2. Let ¢ be a positive real number. For any s >n —1+log, (<),
05 induces a Galois equivariant isomorphism of Wy, (k)-algebras:

Wa(R) W (Og/p)
] ) S Sy

Proof. Since 6y is surjective, the map considered in the lemma is also surjective.
Let 2 = (20,...,2n_1) € Wa(R) and assume that z(® = (27, ... 2{") ) lies in

[a?(c/ps]. By an analogue of Lemma P:3.1.(1), one obtain v (2!") > = for all .
(s) sq s >ep’ /p° : epty _ . c c
Hence, x;” is in a7 . Since log, (&) =i +1log,(£) <n—1+log,(£) < s, we

can apply Lemma and deduce z; € [a;wi], i.e. vp(z;) > ep™ 1T for all i.
By Lemma .(1), it follows that = € [aj;°]. Thus, the map of the proposition is
injective and we are done. (]

n—1+ logp(c(’;—gl)) = so(c) + log,(1 — %) Recall that we have defined a = p—ivl
(where N is an integer such that v’ = 0 in W, [u]/E(u)) and set finally sp;, =

s1(a) =n— 1+10gp(%). If we choose N = ern, we just have sy, = n— 1+logp(rn).

Define increasing functions so and s; by so(c) = n — 1+ log, (<) and s1(c)
p

Proposition 2.5.3. Let n be a positive integer and M € Modé’:. For any non
negative integer s > s1(c), the natural action of G5 on Wy (R) turns Jy .(9M) into
a Zp|Gs]-module. Furthermore, we have the following compatibilities:

o the action of Gs is compatible with the usual action of Goo on Jy, (9M);
o if &' > s> s1(c), actions of Gy and G on Jp . are compatible each other;
o if ¢ >cand s> s1(c), then pec: Ine (M) — Ty (M) is Gs-equivariant.

Proof. For the first statement, it is enough to show that Gy acts trivially on u €
Wo(R)/[az¢] for s = 1+ [s1(c)] (where [] denotes the integer part). Put s’ =
1+ [so(c)]. Since 0 <log,(527) < 1, we have s’ = s or s’ = s + 1. By Proposition

p—1
B.5.9, W,.(R)/[az¢] is isomorphic to Wn(Of(/p)/[a?/ps ]. Hence we have to show
that g[rs] — [ms] belongs to [a;C/pS | for all g € Gs. It is clear for g € G (since

the difference vanishes). It remains to consider the case where s’ = s+ 1 and
g € Gy = Gsy1. Then gnsp1 = (1 + n)mey1 where (1 + n) is a primitive p-th
root of unity. Let us compute (¢ms+1,0,...,0) — (7s41,0,...,0) = (xo,...,Tpn-1)
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in W,,(O). By writing phantom components, we get the following system:

Lo =1 Ts+1
xh +pry =0

- —2

n—1 n
af  Apr] e+ a1 =0

Using vk (n) = —57, we easily prove by induction on ¢ that vi(x;) = -5+ #.

Thus v (i) > =5 for all i and (zo,...,2n-1) € [a;c/ps | as expected.

Second part of proposition (i.e. compatibilities) is obvious. (I

Remark 2.5.4. If ¢ > g%é, the bound s;(c) that appears in the Theorem can be

replaced by s1(c — 1). The proof is totally the same.

Theorem 2.5.5. For any M € Modé’: and any integer s > Smin, 1, (M) is
canonically endowed with an action of G5 (which prolongs the natural action of

Goo).

Proof. Just combine Propositions and Proposition . (I

Remark 2.5.6. Using Remark P.5.4, it appears that we may replace smin = s1(a)
by si(a — 1) in previous Theorem. However, it won’t be useful in the sequel since
Smin 18 really needed in Theorem B.3.4.

3. TORSION SEMI-STABLE (GALOIS REPRESENTATIONS

In this section, we use the theory of (¢, G)-modules to define .J, ,(9) attached
to p™-torsion semi-stable representation 7. After establishing isomorphism (of
Z,|Goo)-modules) between J,, o(9) and J,, ,(M), we will show that J,, o(9N) ~ T
as Gg-modules with s > spin-

3.1. Torsion (p, G)-modules. We refer readers to for the definition and stan-
dard facts on semi-stable representations.

We first review some facts on (¢, G)-modules in Bd and extend them to p"-
torsion case. We denote by S the p-adic completion of the divided power envelope of
W (k)[u] with respect to the ideal generated by E(u). There is a unique continuous
map (Frobenius) ¢ : S — S which extends the Frobenius on &. Define a continuous
W (k)-linear derivation N : S — S such that N(u) = —u.

Recall R = liils O /p. There is a unique surjective continuous map 6 : W(R) —

O % which lifts the projection R — O /p onto the first factor in the inverse limit.
We denote by Aeis the p-adic completion of the divided power envelope of W(R)
with respect to Ker(6). Recall that [r] € W(R) is the Teichmiiller representative of
= (ms)s>0 € R and we embed the W (k)-algebra W (k)[u] into W (R) via u — [z].
Since 0(x) = 7, this embedding extends to an embedding & — S — A5, and 0|
is the W (k)-linear map s : S — O defined by sending u to w. The embedding is

compatible with Frobenius endomorphisms. As usual, we write BT, := Acsis[1/p].

For any field extension F/Q,, set Fpoo := |J F((n) with {,n» a primitive p™-th
n=1

root of unity. Note that Ko po 1= |J K(mp,(pn) is Galois over K. Let Gpeo :=
n=1
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Gal(K oo, poo / Kpoo ), Hi 1= Gal(K oo poo / Koo) and G = Gal(K oo pe /K). By Lemma
51.2 in B1], we have Kpe N Koo = K, G = Gpee x Hy and Gpee = Z,(1). For
any g € G, write e(g) = g(z)/m. Then €(g) is a cocycle from G to the group of
units of R*. In particular, fixing a topological generator 7 of G, the fact that
G = Gpe X Hg implies that €(7) = (€5)s>0 € R* with €5 a primitive p*-th root
of unity. Therefore, t := —log([e(T)]) € Aeris is well defined and for any g € G,
g(t) = x(g)t where x is the cyclotomic character. We reserve ¢ for (7).

For any integer n > 0, let tin} = t’”(”)'yq(n) (tP~1/p) where n = (p—1)G(n) +r(n)
with 0 < r(n) < p—1 and v(z) = f—, is the standard divided power. Define
subrings R, and R of Bt asin §2.2, Q)

Ri, = {z = Zfit{i}vfi € S[1/p] and f; — 0 asi — JrOO}
i=0

and R := W(R) N Ri,. Let IR = {x € R/vg(z) > 0} = a3® be the maximal
ideal of R. We have exact sequences

0— W,(I4R) — Wo(R) 2 W(k) — 0and 0 — W(I,R) — W(R) % W(k) — 0.

One can naturally extend v to v : Bf, — W(k)[}—lj] (see the proof of Lemma 2.2.1
in [R(]). For any subring A of B, (resp. W,(R)), we write I, A = Ker(v) N A

cris

(resp. I1 A =Ker(v,) N A) and I := I.R. Now recall M, stands for M/p™"M.

Lemma 3.1.1. We have the following commutative diagram :

v, —

00— W, (I R) —= Wyn(R) —2= W, (k) —= 0

N R

It R Wn(k) ——=0

such that both rows are short exact and all vertical arrows are injective.

Proof. By Lemma 2.2.1 in [@], we have a commutative diagram of exact sequences:

0 —— I.W(R) W(R) —“~ W (k) 0
S SR S

]

I, R Wh(k) ——=0

Now it suffices to show that the bottom arrow is left exact and the last two vertical
arrows are injective. The last one is obvious. To see the middle arrow, it suffices
to show that (p"W (R)) N R = p"R. Note that R = Ry, N W(R). Let 2 € W(R)
such that p"z € R C Rk, Then z € W(R) N Rk, = R. So plx € p"ﬁ and
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(P"W(R)) N R = p"R. To see the bottom is left exact, it suffices to show that
I, ﬂp"R p"Iy. But Iy = IL Rk, NR. Let # € R such that ptx € 14 ﬂp"R
Then z € IL Rk,. Thus z € I, Rk, N R = Iy and Iy ﬂp”R =p"l;. (]

As in Lemma 2.2.1 in [@ we see that R (resp R n) 18 <p-stable and G-stable
subring of W (R) (resp. Wy (R)), G-action on R factors through G. Let (M, p) be
a finite free or p™-torsion Kisin module of height < r, set M:=R Rp,e M and
consider the following map

(3.1.2) M SR M— G RyeM— RO, e M=

We claim the it is an injective (thus 9t can be always regarded as a ¢(&)-submodule
of 9M). Indeed, by Lemma B.1.1, we have ¢(&,) < R, < W, (R). Thus the claim
is clear if 9 is finite &-free or M is finite G,,-free. For a general M which is killed by
p™, by the discussion in the end of §2.1, 9 can be written as a successive extension
of finite free G1-modules. Therefore one can reduce the proof of the claim to the
following lemma.

Lemma 3.1.2. The functor 9 — R Rp,e M (resp. M — W(R) Qp e M) is
an exact functor from the category of Kisin modules to the category of R-modules
(resp. W(R)-modules).

Proof. We only prove the exactness of the first functor, the proof for the second
being totally the same. It suffices to prove that Tor16 (om, 7%) = 0 for any Kisin
module 99t. Note that there exists finite free Kisin modules £; C £5 such that
M = £,/ (cf discussion in the end of §2.1). Since R — W(R) is an integral
domain and ¢ : W(R) — W(R) is injective, we see R Rp,s L1 — R ®p,6 Lo is
injective. Thus Tor{ (M, R) = 0. 0

Let (9, ) be a Kisin module of height < r and 90t := R R, M. Frobenius ¢
on M can be extended to M semi-linearly by Ygp(a @) = pz(a) ® pm(z).
Now we can make the following definition: a (¢, é’)—module of height < r is a
triple (M, ¢, G) where
(1) ( ,(pm) is a Kisin module of height < r;
(2) G is a R-semi-linear G-action on M = R R, M;
(3) G commutes with Qg ON M, i.e. for any g € G, 9P = P9
(4) regard 9N as a ©(6)-submodule in M, then M C IMHx;
(5) G acts on W (k)-module M := 0/I, 9 ~ M /udN trivially.
A morphism f : (9N, o, G) (DJT’, ® ,G’) is a morphism f : (9 ,gp) (M, ¢') of
Kisin modules such that R®<p sf: M — M is G- equwarlant If 9 = (M, o, G’) be
(ga, G)-module, we will often abuse notations by denoting 9t the underline module
R R, M. A (p, G) module M := (M, o, G’) is called finite free (resp. p™-torsion)
if M is finite G-free (resp. M is killed by p™).
Let M = (M, ¢, G) be a (¢, G)-module. We can associate Z,[G]-modules:

T(9M) := Homzp 9D(E)ﬁ, W(R)) if 9 is finite S-free.

and
T,(9M) := Homg (9, W,,(R)) if M is of p"-torsion.
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Here G acts on T'(9 ) (resp. T,(M)) via g(f)(z) = g(f(g~(x))) for any g € G
and f € T(OM) (resp. T,,(9M)). For any [ € Tg(im (resp. Ts, (IMN)), set 6(f) €
Hom 5 (9:71 W(R)) (resp. 0,(f) € Homs ( Wi (R))) via:

)
(3.1.3) 0(f)(a® ) (resp. On(f)(a ® z)) = ap(f(z)) for any a € R,z € M.

It is routine to check that 6 : T (M) — T(im) (resp. O, : Ts, (M) — T,,(9N)) is
well-defined.

Denote by Repy,, (G) the category of G-representations on finite type Z,-modules
which are killed by some p-power, and Repg, (G) the full subcategory of torsion
semi-stable representations with Hodge-Tate weights in {0, ..., 7} in the sense that
there exist G-stable Z,-lattices Ly C Ly C V such that V is semi-stable with
Hodge-Tate weights in {0,...,r} and T ~ Lo/L; as Z,[G]-modules. The following

is the main result of this subsection.

Theorem 3.1.3. (1) Let M := (M, ¢, G) be a (@, G)-module. Then 0 (resp.
6.) mduces a natural isomorphism of Zy,|G «]-modules 0 : Te (M) = T(9m)
(resp. On : Ts,, (M) = T, (9m)).

(2) T mduces an anti-equivalence between the category of finite free (¢, G)
modules of height < r and the category of G-stable Zy-lattices in semi-stable
representations with Hodge-Tate weights in {0, . .., 7’}.

(3) For any T € Rep>’ (@), there exists a torsion (p, G)-modules M such that
T, (M) ~ T as Z,|G]-modules.

Proof. (1) If 9 is finite S-free then it has been proved in Theorem 2.3.1 in [R(].
The proof of the p™-torsion case is almost the same, except one need to check that
M is a p(S)-submodule of M via (B.1.9), which has been proved below (B.1.9).

(2) See Theorem 2.3.1 in [R(].

(3) Let L1 C Ly be G-stable Z,-lattices inside a semi-stable representation with
Hodge-Tate weights in {0,...,r} such that T ~ Lg/Ll as Z,[G]-modules. By (2),
there exists an injection of Kisin modules (resp. (¢, G)-modules) i : £ < £ (resp.

VRN 21) that corresponds the inclusion Ly C Lo. Write 9t := £1/£5 (resp.
93? £ / 22) Apparently, there are a p-action and a G-action on 9 induced from
£, and £5. We claim that 9 ~ 7%(&,,5 M as g-modules and (M, ¢, G) is a (¢, G)-
modules. To see these, tensor R to the exact sequence 0 — £o — £1 — 9 — 0. By
the proof of Lemma , we see that the sequence 0 — f}g — ﬁll — 7€®%6 M —0

is still exact. Thus M ~ R ®p,6 M as p-modules. Moveover, we have the following
commutative diagram

0 EQ El 73, Ryp,& m—-=20
0 £o £1 m 0

So ¢-action and G-action on 9 commutates, Hy acts on M (as (S )-submodule in
(B:1.2)) trivially, and G acts on 95T/I+95T trivially. Thus 9t = (M, , Q) is a (¢, G)-
module. Fmally, to see that T,,(9M) ~ T as Z,[G]-modules, it suffices to show that
T (M) ~ T(£5)/T(£1) and we reduce the proof to the following Lemma. O
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Lemma 3.1.4. Let 0 — £, — £ — 9 — 0 be an ezact sequence of (o, G)-
modules with £1, £ ﬁn}‘teA free cmAd i}ﬁ killecAl byAp”. Then we have an exact sequence
of Z,|G]-modules 0 — T'(£1) — T(L2) — T,,(9M) — 0.

Proof. Consider the following commutative diagram:

0 pLs ey m 0
0 £, £ m 0

where the last vertical map is p™ = 0. By Snake lemma, we have an exact sequence

(3.1.4) 0— M — (£2)n — (£1)n — M — 0.
Then we get a sequence of Z,[G]-modules
(3.1.5) 0— To() — T ((£1)n) = Tu((£2)n) — Tn(9) — 0.

Since T'((£:)n) ~ (T'(£:))n for i = 1,2, it suffices to show that the above sequence
is exact. But the underline Kisin modules of the exact sequence (B.1.4) is exact.
Since T is exact, we get an exact sequence

0—=Te, (M) = Te,((£1)n) = T, (£2)n) = Ts,, (M) — 0.
Now the exactness of (B.L.5) follows from Theorem B.1.3.(1). O

Remark 3.1.5. For a fixed T € Repi®” (G), it may exist two different (p, G)-modules

tor

M, M’ such that Ty, () ~ T,(9M') ~ T. The classical example of this is that
T = Z/pZ with the trivial G-action and K = Q,((,).

3.2. G.-action on T(£). Let T € Rep{®’(G) be a p"-torsion representation, and
T ~ L'/L where L C L' are G-stable Z,-lattices in a semi-stable representation
V with Hodge-Tate weights in {0,...,7}. By Theorem B.1.3, there exists (i, G)-
modules £ < £ such that T(E) < T'(&') corresponds to the injection L ¢ L’ and
Tn(i)ﬁ) T where 9 := £/£/. Now write £, £, 9 the underline Kisin modules
for £, £, M respectively. Set D := S[1/p] @, £ and recall ¢(g) := (W) for any
g € G. §3.2 of . | explains that there exists an unique W (k)-linear dlﬁerentlal
operator N : D — D over N(u) = —u such that G acts on B, ®sD ~ B}, ®x5 iy

cris cris
via

(3.21) gla®x) Zg a)yi(—log([e(9)])) ® N'(z), for any a € BE.., = € D.

In particular, recall ¢t := —log([¢]) with

e = ¢(7) and 7 is a fixed generator in
Gpe. For any x € £, we have 7(z) = Y 7;(t) ® Ni(x). Let A C B, be a ¢-stable

Cris
subring. Set
I A = {a € Alp"(a) € ANFiII™BZ,, for all n > 0}.

By proposition 5.1.3 in [[LF], II™W (R) is generated by ([e]—1)™ and vp(e—1) = 2.
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Now, define s3(c) :=n —1+ 1ogp((p;1)c) = s1(c) + 1. We have the following
lemma:

Lemma 3.2.1. For any s > s2(c), g € Gs, and x € £
g(x) —z € ([af”]+p"W(R)) @5 £

where, i a slight abuse of notatwns we still denote by [ap°] the ideal of W(R)
generated by all [x] with © € a3,

Proof. Note that the G-action on £ factors through G. So it suffices to consider
the action of GS, which is the image of G in G. By Lemma 5.1.2 of [@] applied
to K, we see that G, = Gspe X Hg, where Gg poo = Gal(Koo poo /K5 pe). Note
that Hx acts on £ trivially and G, pe is topologically generated by 79", Thus it
suffices to prove the proposition for g = 77", Writing

. P s P s s _
™ 1;@)(71)12]’2—,@_1)(71)1
we see that it is enough to show
(1= 1)'(2) € (fag"] +p" " OW(R) @7 £
for all integer i such that v,(i) > s —n, i.e. v,(i) >s—n+ 1.
Using formula (B-2.1)), an easy induction on ! shows that

oo

(3220  (-D@=Y > ] wmwest@
m=l \i1+-+i;=m,i; >1

for any I > 0 and x € D. In particular, (1 — 1)!(z) € (IMBX, ) (B}, ®s D). Since
r e £and W(R)®zp £ is G-stable, we get (1 — Di(xz) € W (R))(W(R) ®n £).
So it suffices to show that ([¢] — 1) € [apP’] + p" 5T O W (R) for any i satisfying
vp(i) > s—n+1. Write i = p*T*~" "1 with v > 0 and p f m. From vg(e—1) = -2

p—1’
it follows that ([ —1)?" " € [a 2]+ pW (R). By induction (on v), we easily find

(=" " €la 271+ pvTW (R), which is exactly the expected result. O

3.3. Comparison between .J, (M) and J, .(M). Let T be a p"-torsion semi-

stable representation and 9 an attached (¢, G)-module via Theorem B.1.3.(3). We
have the following definitions and results similar to §2. For any non negative real
number ¢, set

Jn,e(9M) := Homg (9, W, (R)/[az;")).
and jnoo(ifn) = Tn(iﬁt)
For any ¢ < 00, J,.(9M) is a ZP[G] module and, for any ¢ < ¢/ < oo, canon-

ical projection induces a map pes  : Jn o (95?) — J, C(95?) Moreover, we have a
morphism 6, .(f) € Homzp (im W, (R)/[ap?]) defined by:

(3.3.1) (Vo € R)(Vz € M) O,.o(f)(a®z) = ap(f(z)).

Proposition 3.3.1. For any non negative integer s > sa(c) =n—1 +logp((p el)c)

O T () — T, (M) is an isomorphism of Z,[Gs]-modules.

J
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Remark 3.3.2. Since s3(c) = s1(c)+1 > s1(c), Proposition shows that J,, .(9M)
is endowed with an action of 5. Hence it makes sense to claim that 0, . is G-
equivariant. We do not know if Proposition remains true under the smaller
assumption “s > s1(c)”: we conjecture that it is false but we do not know any
counter-example.

Proof. It is routine to check that 6, .(f) is well defined and preserves Frobenius.
Hence 6, . is also well defined. Let’s first prove that it is bijective. Remark that
¢ : Wo(R)/[ap] = W, (R)/[azP¢] is an isomorphism. It follows easily that 0,, .
is injective. For any f € J,.o(9M), set f’ := fla (recall that we regard 9M as a
¢(&)-submodule of 9 via (B1.9)). Then f/ : M — W, (R)/[a"] is ¢(&)-linear
map and is compatible with Frobenius. Since ¢ : W,,(R)/[a3°] ~ W, (R)/[azF¢], we
can set f = 1(f): M — W,(R)/[az°]. It is finally easy to check that f belongs
to Jp,c(9) and that 6, .(f) = f Hence 0, . is surjective, as required.

It remains to prove that 6, . is Gs-equivariant. Let g € G, o € R and 7 € M.
Expanding the definitions, we get g(0n.c(f))(a @ ) = ag(@n.c(f)(g (1 ® z))).
Moreover Lemma shows that g~(1 ® ) is congruent to 1 ® x modulo [a;,"]
and hence that these two terms have same image under 6, .(f). Thus:

9Onc(Ne@z) = agln(f)lg ' 101)) = agln.(f)(1®z))
ag(p(f(z))) = ap(g(f(2))) = On.c(9(f))(a @ z)

and equivariance is proved. (I

Recall that we have fixed an integer N such that v = 0 in Wu]/E(u)" and
defined b = % and a = If—ivl. Combining Propositions and B.3.1], we directly
get the following.

Corollary 3.3.3. The morphism ooy : Ts, (M) — Jup(M) is injective and its
image s pap(JIn,q(9N)).

Theorem 3.3.4. With previous notations, the map 0, : Ts, (IM) = T;,(M) ~ T is
an isomorphism of Z,|Gs]|-modules for all integer s > sSmin =n — 1+ logp(%).

Proof. We already know that 6, is bijective (Theorem B.1.3.(1)). Now, consider
the following commutative diagram:

(2% ~

Ts,, (M) ~ T, (900)
]
Jn,a(m) Poo,b
Pa,b

T

Jn,b(m) —_— An,b(m)

~

Note that spmin = s1(a) = s2(b). Thus by definition Gs-action on T, (9) (resp. by
Proposition , resp. by Proposition ), Poo.a (X€SD. Pab, resp. Opnp) is Gs-
equivariant. Since poop is injective (Corollary ) and G-equivariant, we deduce
that 6, is also Gs-equivariant as claimed. O

We end this section by giving a proof of Theorem E of introduction. For
convenience of the reader, we first recall its statement:
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Corollary 3.3.5 (Theorem E) Let V and V' be two semi-stable representations
of G. Let T (resp. T') a quotient of two G-lattices in V' (resp. V') which is killed
by p™. Then any morphism Geo-equivariant f : T — T’ is Gs-equivariant for all
integer s > n — 1+ log,(nr).

Proof. Consider 9 (resp. M’) some Kisin module such that T, (9N) = T (resp.
Ts, (M) = T'). We may assume that It and 2’ are maximal in the sense of [ff.
Then by Corollary 3.3.10 of loc. cit., f comes from a morphism g : 9" — 9. Using
Theorem , one easily see that T, (¢) = f is Gs-equivariant. O

4. RAMIFICATION BOUND

In this section, we give proofs of Theorems and based on above prepara-
tions. Our strategy is similar to those in [}, [, [[4] and [[§]. Let n be a positive
integer. Recall that we have defined several constants, that are:

e N is an integer such that u” = 0 in W, [u]/E(u)" (recall also that one may
choose N = ern);

e b=-2and a = 2X.
p—1 p—1’

e so(a) =n—1+log,(2)=n+ 1ogp(%);
® Smin =81(a) =s2() =n—1+ logp(%).

Note that if we have chosen N = ern, then sg(a) is nothing but the minority of s
that appear in Theorem . Let T = L/L’' be a quotient of two lattices in a semi-
stable representation and assume that 7' is killed by p™. Since we have a surjective
map L/p"L — T, it is enough to bound ramification for L/p"L. Hence, without
loss of generality, we will assume that T is free of Z/p"Z. By Theorem B.1.3, there
exists a (i, G)-module M such that 7},(9M) = T. With our extra assumption, 9t is
finite free over G,,.

From now on, we fix an integer s > so(a). Remark that so(a) > Smin so that
we also have s > spyin. Hence theory developped in previous sections applies. In
particular, by Propositions and R.5.3, for all ¢ € [0, ep*"+1[, we have a G-

equivariant isomorphism

(402)  Jue(MM) = J2(M) = Home, <m’ W (k) @w,,(k),0= ‘Wn(OK/p>>

oz

where the structure of G-module on W,, (O /p) is given by u — 1 ® m,. Moreover,
by Corollary and Theorem
(4.0.3) Tlg. = im pay : Jna() — Jus(9N).

Define L to be the splitting field of T, that is, L = (K)X'(?) where p : Gx —
GLz, (T) the attached group homomorphism. Set Ly = K, L.

4.1. The sets J,S‘SZE(SDI) Let E be an algebraic extension of K, inside K. By
restriction, the valuation vk induces a valuation on F and one may define, for
all non negative real number ¢, a7 = {z € E/vg(z) > ¢} and a3¢ = {z €
E /vk(z) > c}. If ¢ belongs to the interval [0, ep* =" "], we put

Wn«oE/p)) |

o]

77"7

JEE(90) .= Homg (s.m Wi (k) @w, (k).0c
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They are Z,|Gs]-modules. As usual, if 0 < ¢ < ¢/ < ep* "1, we have a natural
G-equivariant morphism pS0F « JELE oy — g8 E (9m). Apparently J50E (o)

injects J,SSZR(&TI) = J,(ﬁ) ().
The aim of this subsection is to show the following theorem.

Theorem 4.1.1. Notations as above. The natural injection pflszE(J,Ss,)lE(ﬂﬁ)) C
Pab(In.a(OM)) is bijective if and only if Ls C E.

Remark 4.1.2. By ([0.3), pa.p(Jn.q(9M)) is canonically isomorphic to T as a Z,[G]-

module.

In order to achieve the proof, we will need to lift J,(ng(im) at Og-level. We

begin by defining a map ¢ : W,,(Og) — W, (Og) by

(2) = (2B, 2By).

Note that ¢ is not a ring homomorphism. Nevertheless one easily check that
©([A]z) = [MP]p(z) for A € O and z € W,,(Og) and ¢ is Gs-equivariant.

Remark 4.1.3. If A is any ring, one can always define Frobenius ¢ : W(A) — W (A)
by wp(¢(z)) = wmii(z), Vo € W(A), where w,(x) is the m-th ghost compo-
nent of z. Then ¢ can be proved to be a ring homomorphism (see p.14 in [[[g]).
Unfortunately, such Frobenius does not preserve the kernel of natural projection
W(A) — W,(A) unless A has characteristic p. Hence it is not well-defined on
Wy (A) if A has characteristic 0.

Recall now that we have assumed that 9 is finite &,-free. Select a basis
(e1,...,eq) of MM and write p(e1,...,eq) = (e1,...,eq)A with A € Mg(&,,). As
discussed in §2.3, there exists B € My(&,,) such that AB = uNI. Let A and
B be matrices in My(W,,(Ok,)) that respectively lifts images of A and B un-
der the ring homomorphism &,, — W,(Ok./p), u — 75, A — o 5(A) (A €
W, (k)). Apparently, AB = [r,]V (mod W, (pOk.)). Hence, using condition on
s, one prove that there exists a matrix R with coefficients in Wn([a;(j]) such that
AB = [r,)N (I + R) (where I is the identity matrix). Noting that I+ R is invertible,
one get AB(I + R)™! = [x,]NI. Hence, up to replacing B by B(I + R)~!, one may
assume that AB = [r,]V1. Finally define a G-set

jfls)’E(gﬁ) = {(jla S, Tg) € Wn(OE)d/(‘p(jl)a s 790(‘%11)) = (‘%1’ s "i'd);l}‘

The natural projection W, (Og) — W, (Og/p) — Wn((’)E/p)/[azc/ps] induces a
map poF ¢ JEEom) — T80 (om).
Lemma 4.1.4. ﬁlgs)’E is injective and its image is pgSZE(Jést)lE(im))
Proof. During the proof, if z is any element in W, (OF), we will denote by 29 € O
its i-th component. By the same way, we define Z(9) for a matrix Z with entries in
Wn(Og). Also, if Z is a matrix with entries in O, we will denote by vk (Z) the
smallest valuation of coefficients of Z.

We first show ﬁlgs)’E is an injection. Assume that X and Y are in J,S”E(im) such
that 5.7 (X) = pP(Y) = 0. Then Z = X Y € [a"/" |+ W, (pOg) = [a7/"].
We need to prove that Z = 0. Assume by contradiction that is it false and consider
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m the smallest number such that Z(™ # 0. Define W := ZA = ¢(X) — p(Y) =
o(Y + Z) — p(Y). Easy computations show that W = 0 for i < m and

P

(4.1.1) Wwim) — Z (Z;) (Y(m))P*’i(Z(m))i.

i=1

where the multiplication is computed component by component. If 1 < ¢ < p, we
have

" <<p) <Y<m>>w<z<m’>i> > e+ v (2) > Np™ ™1~ vy (2)

and, using v (Z(™) > bp™ 1% (recall that Z € [a;b/ps]), we find
v ((Z)P) > (p— bp™ 17 4 g (Z)) = Np™ 175 4 o ().

Hence each term in RHS of (f.1.1]) has valuation greater than Np™ =175 v (Z(™).
So v (W ™)) > Np™=1=5 £ 4 (Z™). But, on the other hand, comparing the m-
th component of WB = [r,]N Z, we get v (W™) < Np™ =15 4 o (Z(™). This
is a contradiction and injectivity follows.

Let us now prove the second statement. Remark first that for all ¢ € [0, ep® =",
we have Wn(OE/p)/[aEc/ps] ~ Wn(OE)/[agc/ps] and hence that Jfft);E(im) can be
identified with

{(#1,....%a) € Wa(Og)*/ (p(@1)s- .., 0(Za)) = (&1,...,54)A (mod [a;f/ps])}.

Let X = (%1,...,%4) € Wn(Og)? be an solution as above. We have equation
o(X) = XA+ Q' with coefficients of Q’ in [a7*/?]. Actually, the congruence holds

in [af;“] for some a’ satisfying pf,l >a > 1%. Note that pf,l > o’ implies that

W.(Og) C [afja/]. For the rest of the proof, fix a € O some element of valuation
/. By the similar argument as in Lemma P.3.1.(2), [a%a/] is the principal ideal
generated by [a]. Therefore, one have ¢(X) — XA = [a]Q with the coefficients of
Q in W, (Og). We want to prove that there exists a matrix Y with coefficients
in [a;b/ps] such that (X +Y)A = (X 4+ Y). Let us search Y of the shape [3]Z
with g = % (which belongs to O because of valuations) and coefficients of Z in

Wy (Og). Our condition then becomes (X + [B]Z)A = (X + [0]Z). Multiplying
B on both sides and noting that [r4] is a non-zero divisor of W,,(Og), we need to
prove that the following equation has a (necessarily unique) solution:

(4.1.2) N X + [ V812 = (X +[)2)B.

Let us prove by induction on n. If n = 1, set Zg = 0 and Z;11 = 7, VB~ (X +
BZ)B — ¥ X). To see that Z; 1 is in Op, note that

o(X +B8Z)B —7mNX = (X +62,)PB - nNX
-1
— (p(X)B—7NX)+ S () XPH(B2) B + pP(2)P B,
=1
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Since ¢(X)B — 7N X = aQB, vk (7l B) < vk(a) < vi(p) and (p — vk (8) >
v (), we see that Z; 11 is in Op. Note that

Zipi— 7 = m VBTN e(X +82) — (X + BZ1-1))B
= m Vgt Z() XV 2] - Z]_,)B.

Since vg (p) > vi (7N B) and (p — 1)vk (B) > vi (7)), we see that vi (Zj41 — Z;) >
v+ vi(Z; — Zi_1), where v = min(v (3), vi (877177 Y)) > 0. Hence Z; converge
to Z and we solve the equation ({.1.9) for n = 1.

Now assume that equation (fL.1.9) has a solution for n < m — 1, consider the n =
m case. Recall that z() € O represents the i-th component of z € W,,,(Og). Set
Zo = (2., 25"y where z{™ ™V = 0 and (28", ..., Z{"") is the solution
of (.1.2) in n = m—1 case. Now set Z;1 = [m,] " N[8]"  (o(X +[6]21) B[]V X).
Since (Zéo), . Z(mﬁ)) is the solution of (.1.9) in n = m — 1 case, we see that
Zl(l) Z9 for all | and i = 0,. — 2. Now it suffices to check that Z;,; has

I+1
coefficients in W,,,(Og) and Z; converges.

Since p(X +[4]21) = ¢(X) + ¢([8]21) in Wi (Op/p), we have p(X + [f]2)) =
o(X) + o([8]Z1) + C" with coefficients of C" in W,,,(pOg). Since W,,(pOg) C

[a]Wi (OF), we can write C" = [a]C with coefficients of C' in W;,(Op). Hence
p(X + (8 ] DB — 1]V X = (o(X)B — [V X) + [8]P9(Z1) B + [a]CB = [0]QB +
[B1P(Z;)B+[a]CB. Slnce (p—1) v (B) > v (7)), we see that Z;41 is well defined.
Now [Ws] [ 1(Zit1 = Z1) = (p(X + [8121) — (X + [8]Z1-1)) B = W B, where
W= <P(X +012) — (X + (B 211)
= (X + 81211 + [01(Z1 = Z1-1)) — (X + [6]Z1-1)

= o(V+[8l(Zi — Zi-1)) — (V)
with V = X + [8]Zi_1. Since 2" = 27, for all { and 0 <i <m —2, W@ =0 for
i=0,...,m—2and

P

Wm=1) — Z (1;) (V(mfl))p*i(ﬂpm’l(Zl(m—l) _ Zl(inl_l)))i'

i=1
Hence UK((ﬂévﬁ)pmfl)—i—vK(Zl(fl b Z(m Uy > UK(Bpm)—I—UK(Zl(m*l)—Zl(infl))

if i = p and

o (@B ) 4o (2 = 20 7) 2 vk ) ok (B) +ow (2 = 277Y)

if 1 <i<p—1. Since (p — Dvg(B) > vg(rN) and v (N B)P" ") < vk (p), we

get

(Zz(fl Y Zl(mil))) >+ UK(Zz(nkl) - Zz(Tlil))a

where v = min(vg (8), v (8P~ 177 Y)). Hence Z; converges and we are done.  [J
Proof of Theorem 1.1 . We have G;-equivariant bijections of sets:

T (o) pCHIEN (M) by Lemma [E1.4 applied with B = K

pa,b(J 5(9)) by Formula (§.0.2
Tla, by Proposition R.3.3d and Theorem B.3.4.

1R
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Taking fixed points under Gal(K/FE), we get a natural bijection j,(f)E(i)ﬁ) ~
TCaK/E)  Hence again by Lemma [L1.4, TCE/E) ~ p)E( 7 on)) from
what the theorem is easily deduced. (I

4.2. Proof of Theorem EI Recall that Ly = K L with L the splitting field of
T. Now we are ready to bound the ramification of L. To do this, we need to recall
the property (Pri/N) described by Fontaine (Proposition 1.5, [E]) First, in order to
fix notations, we would like to recall some definitions about ramification filtration,
although we refer to loc. cit. and [@], Chap. IV. for basic properties.

Let F//N be a Galois extension of p-adic fields, with Galois group G. For all non
negative real number A, we define a normal subgroup G/,) of G by

G ={0e€G/un(o(x) —x) > X\, Vo € Oy}

where vy is the valuation normalized by vy (N*) = Z and Oy is the ring of integers
of N. We underline that we use here conventions of [E] and that they differ by a
shift with conventions of @], Chap. IV. By definition G(y) is called the lower
ramification filtration of G. Now, let oy, : [0,+00[— [0,+0c[ be the function
defined by

A Card G(t)
0 Card G(l) '

It is increasing, continuous, concave, piecewise affine and bijective. Let ¢¥n/x

on/i(N) =

denote its inverse and set G = G yn, e (u)): 1t 1s the upper ramification filtration.
Finally call Ap/n (resp. ppn) the last break in the lower (resp. upper) ramification
filtration of G, that is the infimum of A (resp. pu) such that G,y = 1 (resp.

G('U') = 1) ObViOUSly MF/N = QOF/N()\F/N)

Proposition 4.2.1 (Fontaine). Let F' and N be finite extensions of K with N C
F C K and F is Galois. For any positive real number m, consider the following

property
(PF/N) {For any algebraic extension E over N. If there exists an On-algebra
m

homomorphism Op — Og/az™, then there exists a N-injection F — E.

If (Pnli/N) is true, then pp/N < enjgm + ﬁ where en/k (Tesp. ep/n) is the
ramification index of N/K (resp. of F/N ).

We will also need the following corollary:

Corollary 4.2.2. If (Pi/N) holds for a positive real number m, then v (Dp/n) <

m.

Proof. If F/N is unramified, v (Dp/y) = 0 and the corollary is obvious. If not,
by Proposition 1.3 of [E], we see that ex/ vk (Dp/n) = pir/N — Apyn- If (Pri/N)
holds then v (Dp/n) < m—e;[}K()\F/N —e;}N). Conclusion then follows from that
erp/N > 1land Ap/n > 1 (both are true because F'/N is assumed to be ramified). [0

We claim that (P,fﬁ/KS) holds for m = ap™~17%. To see this, pick f : Op, —
Op/az™ an Ok, -algebra homomorphism. Obviously, for any real number ¢ €
[0,m], f induces a map f.: O, /a7¢ — Og/ag".



22 XAVIER CARUSO AND TONG LIU

Lemma 4.2.3. (1) For any ¢ < m, f. is injective.
(2) For any ¢ < a, fepn-1-« induces an injection

Wo(Or,/p)/ 1077 = Wa(Or/p)/[ag""].

Proof. (1) Tt is the same as the proof of Lemma 4.4 of [i4).
(2) Using an analogue of Lemma P.3.1[.(1), one easily prove that natural projec-

—1-s —1—s
tions Or,/p — O, /a>Cp and (’)E/p — (’)E/a>Cp induce isomorphisms

Wa(Or, /)10 = WalOr.faz™ ") /la7 /"]
Wa(Op/p)/lap""] = Wa(Op/ap™ " )/laz""].

Hence fcpn-1-- indeed induces a map

Wy (Or, /a>cp )/[az:/p | — W, (OE/CL>CP 173)/[%;@/?8]

and checking injectivity is now straitforward using (1). O

n—1—s

Thus, we get injections:
P (TR () o pi P (TELE () < o (TELM) = ppal(na (D) = T

the first one being induced by f (which is obviously compatible with Frobenius
since it is a ring homomorphism). By Theorem , LHS is isomorphic to T'. The
composite map is then an injective endomorphism of T. Consequently, it is an
isomorphism because T is finite. It follows that p\*7 (JE0F (9)) — p,()si( (=) (m))
is bijective and then, applying again Theorem §.1.1, we get L, C E. Property

(P#S/KS) is proved.

Corollary 4.2.4. For all integer s > so(a) =n + logp(%) and all real number
I >N = L, G(“) acts trivially on T.

Proof. If Ls/K, is tamely ramified, then py_ ,, < 1 and we are done (note that
];[Tp: > 1). Otherwise, by Proposition , we obtain:
Np® 1

L, K, < €k, /KM + = + .
e, )k, pP—1 eL Kk,

Since L,/K, is widly ramified, we know that er_,x jir,/k, lies in pZ. From
er./k.br,/ k., (P—1) < er, /e, Np" +(p—1) we then deduce er, k. pir,/x,(P—1) <
er, kK, Np", i.e. pr i, < gfl- 0

Now taking N = ern, we get Theorem . (Recall that ern is not in general the
best value one can choose (expect for n = 1). See §p.4 for a discussion about this.)

As a conclusion, we would like to emphasize that previous Corollary is valid for
all choice of m and compatible system (75) of p*-roots of m. Therefore

Lc (] K®
ENTH @8

where K™ is the extension of K, cut by G and where the intersection runs
over all (s, p) satisfying conditions of the Corollary and all extensions K, over K
generated by a p®-root of some uniformizer of K. It should maybe be interesting
to understand better this intersection.
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4.3. Proof of Theorem . Consider o and (3 such that % = p®0 with
o € N and % < B <1. (If N = ern, then o and 3 are those of Theorem E) From
now on, we fix s = n + «. One certainly have that s > so(a) = n + 1ogp(e(p—1\£1)) as
it was assumed at the beginning of this section.

This is very easy now to bound valuation of Dy /. We just write:

1 1
’UK(DLS/K) = 1+€S—E+’UK(DLS/KS) <1+63—E+ap"_1_5
1

anra

1
= 1+es—E—i—epo“""_sﬁ:l—i—e(n—i—a—i—ﬁ)—

where the inequality vk (Dr,/x) < ap”~1~* follows from Corollary and the

fact that (P;Sn/ffis) holds as it was seen before. Now, since L is a subextension

of L, we have vg (D k) < vk(Dr, k) and the previous bound works also for
vk (Dr k). Taking N = ern, we get Theorem E(Q)
To bound uy,/k, we first need a kind of transitivity formula:

Lemma 4.3.1. Let N C F two finite Galois extensions of K. Then pp/x =
maX(MN/K, SDN/K(MF/N))-

Proof. Let G (resp. H) denote the Galois group of F/K (resp. F/N). Since N is
Galois over K, H is a normal subgroup in G. Using definition, one directly check
Hy =Go)NH. Using 9p/x = on/k ©Pr/N (see [BJ), Chap. 1V, Proposition 15),
and taking A\ = ¢p, i (1), one obtain HWn/xW) = G N H. On the other hand,
Proposition 14 of loc. cit. gives (G/H)® = G H/H. Combining both results,
we see that the sequence

0 — HWn/xW) _, ) _, (G/H)(“) =0

is well defined and exact for all . Conclusion is then easy. O

Let N5 := K ((ps) and Fy := LN, where (ps is a p°-th root of unity. Note
that Ny and Fy are Galois extensions. We would like to apply Lemma with
N = Ny and F = F,. First we claim (Pf;n/fvlis) holds. Indeed, given an Op_-
algebra homomorphism f : Op, — Og/az™ (with m = ap™~17%), the restriction
flo.. : Op, — Ogp/ag™ is an Ok, -algebra homomorphism. Then, by the same
argument below Lemma [£2.3, we have a K,-injection Ly — E. On the on the
hand, since Ny C F and L are Galois, we see that there exists an N,-injection
F, = LN, — E. So (PFSn/iVlis) holds. By the same argument as in proof of

ap
Corollary [£.2.4, we show

N
WE, N, < en,/rap” 1= = eN,/K m =en, /K ef
where ey /i is the ramification index of Nj /K. Furthermore, by Remark 5.5 of
, we already know that puy, /x = 1+ e(s + p—il) Hence, it remains to give
an estimation of py,_,x. For this, note that there exists o € Gal(N,/K) such that
oms = (pms where (, is a primitive p-th root of unity. Hence vk (oms—ms) = pil +#
which implies

N - ( e +1)
> en, — .
No/K Z EeNyK | T T
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1
ENg /K

Moreover, using the definition, we see that ¢n_,i is affine with slope after
AN, k- Thus, by concavity, one get
1

€N, /K

1

p—1
1

< l+4+es+
en,/k D°

Now apply Lemma {.3.1}:

1
Pr/k < pryx <1+e (s+max (B’Zﬁ)) .

Since s = n + «, Theorem [L.3.(1) is shown.

5. SOME RESULTS AND QUESTIONS ABOUT LIFTS

In this last section, we discuss some ideas about possible converses for Theo-
rem B Precisely, we wonder when a given torsion representation of Gx can be
realized as a quotient of two lattices in a semi-stable (or even crystalline) repre-
sentation, eventually with prescribed Hodge-Tate weights. Denote by Repr(G K)
(resp. Repyo, (G ), resp. Repy,nz(Gr)) the category of all Zy-representations of
Gk that are finitely generated and free (resp. killed by a power of p, resp. killed
by p") as a Z,-module. For any full subcategory C of Repyz, (Gk), one can always
raise the following question

Question 5.1. For any T' € Repy,,(Gk) (resp. T' € Repy,nz(Gk)), does there
exist L and L’ in C such that T~ L/L"?

Obviously if C is stable under subobject (which will in general be true in inter-
esting examples), it is enough to find L together with a surjective Gx-equivariant
morphism L — T. In the sequel, we will call a [ift such a morphism L — T'. If C
is moreover stable by direct sum, the problem can be further reduced as follows.

Proposition 5.2. Assume that C is stable under subobjects and direct sums. As-
sume also_that any T € Repy,z(Grk) admits a lift L € C. Then the answer to

Question [5.1 is “yes”.

Proof. We make an induction on n. The case n = 1 is obvious. Now assume the
statement is valid for m < n — 1. Let T be a representation killed by p™. Then
we have an exact sequence 0 — 7/ — T — T — 0, where T/ = p"~'T and
T" = T/T'. Since T" is killed by p™~!, by induction, there exists an L € C that
lifts T". Denote the surjections L — T"” and T — T” by f and g respectively. Set
M =T xpr L ={(z,y) € T x Llg(x) = f(y)}. Then we have an exact sequence
0—-T — M — L — 0. Since L is free over Z,, the sequence is split as Z,-module.
In particular pM ~ pL & pT’ = pL is finite free over Z,. Now we have exact
sequence 0 — pM — M — M’ — 0 with M’ = M/pM. Since M/pM is killed by
p, there exists an L’ € C such that L’ lifts M/pM. Set N := M xp L'. Tt sits
in the exact sequence 0 — pM — N — L’ — 0, and since pM and L’ are both
finite free, N is also. Note that N is a lift of M hence a lift of T. Now it remains
to show that N is in C. To see this, note that N := M x L’ C M x L’. Then
pN C (pM) x pL’. But pM ~ pL € C. Hence pN C pL x pL’ belongs to C. O
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We also have a kind of descent property:

Proposition 5.3. Assume that C is stable under subobjects and that the answer of
question @ is “yes”. Let L/K a finite extension.

Then, for any T' € Repyo,(Gr) (resp. T € Repypny(GL)), there exist L and L'
in C such that T ~ L/L’ as G -representations.

Proof. By a previous remark, it is enough to show that 7" admits a lift in C. Let
To = Indg; (T'). By assumption, there exists a lift Ly — Ty with Lo € C. But as
G -representations, Ty ~ T Composing the map Lo — T with the first
projection, we get the desired lift. O

Nevertheless, of course, the answer to Question E is in general negative. For
instance, we have the following theorem that can be seen as a consequence of
ramification bounds obtained in this paper.

Theorem 5.4. For any r > 0, answer to Question m is “no” if C is the category
of lattices in semi-stable representations with Hodge-Tate weights in {0,...,r}.

Proof. There are several ways to prove this theorem. Below, we give two different
methods.

The first one is based on results shown in this paper. Select a Galois extension
F/K which has very large ramification and let T be the regular representation with
7 /p"Z-coefficients of Gal(F/K). Then the splitting field of T is F', and Theorem
ﬁ shows that T cannot in general be lifted a semi-stable representation with
Hodge-Tate weights in {0,...,r}.

The second proof we would like to give uses the main result of [[Ld] which states
that a finite free Z,-representation L of G is a lattice in a crystalline (resp. semi-
stable) representation with Hodge-Tate weights {0,...,r} if and only if L/p"L is a
quotient of two such lattices. Therefore, starting from a representation L such that
L ®z, Q, is not semi-stable, there must exist an integer n such that L/p"L gives a
counter-example to Question (with the category C of the theorem). O

Unfortunately, the above proof does not help us to solve the following more
interesting question:

Question 5.5. Has Question @ a positive answer when C is the category of all
lattices in semi-stable representations?

In fact, to check the above question, it suffices to look at representations killed
by p (by Proposition p.4) and we may assume that K = Q, (by Proposition b.3).
Here are some partial results in favor of a positive answer to Question p.J.

Proposition 5.6. Let T be a torsion representation of Goo. Then T is a quotient
of two representations arising from finite free Kisin modules.

Proof. By a similar argument as in proof of Proposition @, we may assume that
T is killed by p. Let M be the étale p-module over k((u)) attached to T (see for
instance [[LJ], A. 3). Since any torsion Kisin module can be written as a quotient of
two free Kisin modules, it is enough to show that M admits a submodule 9t which
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is a Kisin module for some integer r. Let (eq, ..., eq) be a basis of M and A be the
matrix with coefficients in k((u)) such that

(pler),...,eo(eq)) = (e1,...,eq)A.

Since changing all e;’s in we; changes A in uP~'A, one may assume that A has
coefficients in k[[u]]. Furthermore, the étaleness of Frobenius on M exactly means
that A is invertible in k((u)). Hence det A does not vanish. Finally, we choose r
such that det A divides u" (that is 7 > lval,(det A)) and we are done. O

Theorem 5.7. Any tamely ramified Fp-representation of Gk can be written as
a quotient of two lattices in a crystalline representation with Hodge-Tate weights
between 0 and p — 1.

Remark 5.8. In particular, the answer to Question @ is yes if T' is tamely ramified
and killed by p.

Before giving the proof of Theorem @, we need to achieve some computations
with Kisin modules in the “unramified case” (e = 1). So from now, we assume
e =1 (that is K = W][1/p]) and we fix # = —p to be the chosen uniformizer, so
that F(u) = u+ p. We denote by I the inertia subgroup of Gk and for all integer
d, we recall the definition of the d-th fundamental tame inertia character 6;:

00 : I —  ppa_yi(K)~ Fa
g(ﬂ.l/(zsdfl))
9 = T aeion

where I« is the subfield of k with p? elements. For all i € Z/dZ, set 0aq,; = 95. Let
(ni)i>0 be a sequence of non negative integers that is periodic of period d. Attached
to it, define a filtered ¢-module D and a free Kisin module 99t by

D=Key®Ke1 @ @ Keq_
OO Ra DGR M= Geo®Ger @ - & Segs
olei+1) = pie;, (i € Z/dZ) Sleinr) = (u+p)ie; (i € 7d7)

Fil"D =Y, 5, Keix1 (i € Z/dZ) o ‘

If ¢ is a character of I with values in F ., we will denote by [F,i(¢) the one-
dimensional representation of I given by 1. Our technical lemma is the following.

Lemma 5.9. We keep previous notations.

(1) One have a canonical Goo-equivariant Qp-linear isomorphism

Ts (m) ®Zp Qp ~ HOID%FH(D, Bt )

cris

(2) Setting I := I N G, one have a canonical I -equivariant Fy-linear iso-
morphism

Ts, (Dﬁ/pim) = de (93,0093,11 e 93,11111)'

Proof. In what follows, we will make an intensive use of results of @] Before
beginning the proof, we would like to emphasize that in the latter reference, K is
defined to be the maximal absolutely unramified subextension of K, whereas in this
paper Ky is just K. By chance, since we are assuming e = 1, the two definitions
coincide.
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We define a (¢, Ny )-module over O (see loc. cit., §1.1 for the definition of all of
this) by the following:

M=0EROE D---DOEG_1
©(Eir1) = (u+p)™& (i€ Z/dL)

Ny (&) = <Z”i+jpj1upj)\j>5i
7=0

where Aj =][,~¢ ,; ¢"(5+1). It is straitforward to check that the above (¢, Nv)-
module is well-defined (one only need to check that Ny = (u+ p)pNvy ), and that
M =M®es O as a g-module. Now let’s compute the filtered (¢, N)-module D(M)
where D is the functor defined in loc. cit., §1.2.5. By definition D(M) = M /uM
and it is equipped with Frobenius and monodromy operator induced respectively
by ¢ and Ny on the quotient. Computing the filtration is little more complicated.
We first need to determine the unique ¢-compatible section & : D(M) — M to the
natural projection. Actually, one can easily check that it is given by

£(&) = (H o (% + 1)’””)& (i € Z/dZ),
7=0

where & = (£ mod u) is the image of & in D(M). Now applying recipe of loc.
cit., §1.2.7, one see that &1 € Fil"" D(M). Therefore, if D is equipped with
N =0, the map f : D — D(M), e; — &; is compatible with ¢, N and filtration on
both side. Moreover, Theorem 1.3.8 of loc. cit. shows that D(M) is admissible.
Since the category of admissible filtered (¢, N)-modules is abelian, f has to be an
isomorphism. Finally, we use Proposition 2.1.5 of loc. cit. to get (1).

The second part of the lemma is a simple computation left to the reader. (I

Proof of Theorem m We first assume e = 1. Denote by I the inertia subgroup
of Gg. Let T be a tamely ramified representation of G killed by p. Since the
tame inertia group is procyclic or order prime to p, T'|; splits as a direct sum of
irreducible representations. By [@], §1.7, every irreducible representation of I is
isomorphic to
Fpa (9:11,0093,11 o 92,?17—11)

for one sequence of integers between 0 and p—1, periodic of period d. Then applying
Lemma @, we construct a I.-equivariant isomorphism f : L/pL ~ T where L is
a lattice in a crystalline representation with Hodge-Tate weights in {0,...,p — 1}.
We already know that the wild inertia subgroup I, does not act of 7. On the other
hand, using that L/pL is a direct sum of irreducible representations of G, and
hence of Gk, a standard argument shows that I, acts also trivially on L/pL. Thus
f commutes with action of I,Jo, = I. Since L/pL and T are finite dimensional over
F,, they are finite and f is G gr-equivariant for a finite unramified extension K’ of
K. Let g be the composite morphism L — L/pL ~ T. Consider the map

Indgx L = Z,[Gk] @z,¢) L =T, [o] @2 — og(w).

It is apparently Gi-equivariant and surjective: it is a lift of 7. Furthermore,
the restriction of Indg;L to Gk is a direct sum of copies of L, and hence is
crystalline with Hodge-Tate weights in {0,...,p — 1}. Since K'/K is unramified,
also is Indg;L and we are done in this case.
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Next, we assume K /W[1/p] to be tamely ramified. Let T be a p-torsion represen-

tation of Gk and set T = Indgf:[l“’]T. Using that K/W{1/p] is tamely ramified,
we easily see that Tj is still tamely ramified as a representation of Gy 1/,. Hence,
one can apply the first part of the proof and then find a lift L — T where L
is a lattice in a crystalline representation of Gyy[;/p with Hodge-Tate weights in
{0,...,p— 1}. Restricting actions to G, we get a surjective map L — TUWI/7l
and then composing with the first projection we get a lift of 7', which is convenient
since the restriction of a crystalline representation is again crystalline with same
Hodge-Tate weights.

Finally we go to the general case (K arbitrary). Denote by K’ the maximal
tamely extension of W[1/p] inside K. Let K* (resp. K'*) be the maximal tamely
ramified extension of K (resp. K'). Using that K /K’ is totally ramified of degree a
power of p, it is easy to check that KNK’" = K’ and KK'" = K*. We then deduce
the existence of a canonical isomorphism between Gal(K* /K) and Gal((K')" /K’).
Therefore, any tamely ramified representation of Gx has a natural prolongation to
Gk which remains tamely ramified. Theorem follows easily from this remark. [J
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