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TWO DIMENSIONAL INCOMPRESSIBLE VISCOUS
FLOW AROUND A THIN OBSTACLE TENDING TO A
CURVE

CHRISTOPHE LACAVE

ABSTRACT. In [P the author considered the two dimensional Euler
equations in the exterior of a thin obstacle shrinking to a curve and
determined the limit velocity. In the present work, we consider
the same problem in the viscous case, proving convergence to a
solution of the Navier-Stokes equations in the exterior of a curve.
The uniqueness of the limit solution is also shown.

1. INTRODUCTION

The present paper studies the influence of a thin material obstacle on
the behavior of two-dimensional incompressible viscous flow. The study
of flow past slender body is a classical problem in fluid mechanics and
it presents a rich literature on experiments and simulations, specially
around a flat plane (see for example ([, B, @, [[4, [, [7]]). The goal of
this work is to establish existence and uniqueness outside a curve. The
mathematical study of the problem of small obstacles in incompressible
flows has been initiated by Iftimie, Lopes Filho and Nussenzveig Lopes
[, 8, [, [2 and continued in [f]. Let Q. be asmall connected and simply
connected bounded open set in R2. In all these papers, the initial data
consists in the initial vorticity wy and the circulation ~ of the initial
velocity around the boundary of the obstacle. Both wy (supposed to be
smooth and compactly supported) and the circulation v are assumed
to be independent of €. Given the geometry of the obstacle ()., the
two previous quantities uniquely determine the initial velocity field wug
(divergence-free, tangent to the boundary and vanishing at infinity).
With this initial data, the problem we consider here is to determine the
limit of the solutions of the Navier-Stokes equations in the exterior of
Q. when the obstacle €. shrinks to a curve as e — 0. In [f] the authors
studied the vanishing obstacle problem for incompressible, ideal, two-
dimensional flow when the obstacle homothetically shrinks to a point.
It is proved there that the limit velocity satisfies a modified Euler
equation containing an additional term which is a fixed Dirac mass
of strength ~ in the point where the obstacle shrinks to. In [{], the
author treated the same problem in the case when the obstacle shrinks
to a curve I" instead of a point. In this case, the additional term is of
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2 C. LACAVE

the form g,0r where dr is the Dirac mass of the curve. The density
g 1s explicitly computed in [J] and depends on the vorticity and the
circulation . It can be seen as the jump across I' of the velocity field
that is divergence free, tangent to I', vanishing at infinity and with curl
w in R? \ T'. The case of several obstacles, one of them shrinking to a
point, was treated in [[J]. The two dimensional viscous case where the
obstacle shrinks homothetically to a point was studied in [}, where it
is proved that in the case of small circulation the limit equations are
always the Navier-Stokes equations where the additional Dirac mass
appears only on the initial data. This is due to the fact that the
circulation of the initial velocity on the boundary of the obstacle does
vanish for ¢ > 0 when we consider the no-slip boundary condition.
Here we assume that the obstacle shrinks to a curve and we pass to
the limit in the Navier-Stokes equations in the exterior of this obstacle.
We prove that the limit equations are the Navier-Stokes equations in
the exterior of the curve and have a unique solution in a suitable sense.
As we shall see in Section P.3, the initial data for the limit velocity
is not square-integrable since it behaves as ﬁ at infinity. For such
an initial data we define a solution of the Navier-Stokes equations as
a vector field verifying the equation in the sense of distributions and
such that the difference between the solution and a fixed smooth vector
field behaving like ﬁ at infinity has the regularity expected from a

Leray solution (see Definition [.4 for the precise definition).

More precisely, let 2. be a simply connected smooth bounded domain
such that €. shrinks to a curve I' as € — 0 in the sense of Section B.2.
The aim of this paper is to prove the following theorem.

Theorem 1.1. Let wy and v be independent of € as defined above. Let
u® be the solution of the Navier-Stokes equations on I, = R?\ Q. with
initial velocity uf (see (2-J) below) and denote by Eu® the extension of
u® to R? with values 0 on Q.. Then {Eu®} converges in L% ([0, 00) x

(RZ2\T)) to a solution of the Navier-Stokes equations in R*\ T (in the
sense of Definition [{7).

The initial vorticity of this limit solution is wy + g,0r and the initial
velocity is given by the relation

Uy = K[u)o] —|—OéH,

with K and H defined in (2.9) and (2.17) depend only on the I' shape,
and with & = v+ [wp. Then, this initial velocity is explicitly given
in terms of wy and v and can be viewed as the divergence free vector
field which is tangent to I', vanishing at infinity, with curl in R? \ T
equal to w and with circulation around the curve I' equal to . This
velocity is blowing up at the endpoints of the curve I' as the inverse of
the square root of the distance and has a jump across I'. In fact one
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can also characterize g, as the jump of the tangential velocity across
.

Moreover, for such initial data, we also show that a solution of the
Navier-Stokes equations in R?\ T' (in the sense of Definition [£4), which

means that the difference between the solution and a fixed smooth

L

vector field behaving like S ot infinity has the regularity expected
from a Leray solution) is unique (see Proposition [p.]] for the precise
statement).

The existence of solutions in the Navier-Stokes equations has been
studied in general domains in [[] for the dimension two or three for
square-integrable data, and in [[J] for the dimension three and Hz2
initial data. Kozono and Yamazaki [§] treated the case of L** data
but for exterior domains which are smooth. A byproduct of Theorem
[[] is the existence and uniqueness of solutions of the Navier-Stokes
equations on R? \ T in a case which is not covered in previous work.
Indeed, the result of [JJ] does not apply because the initial data of our
limit velocity is not square-integrable at infinity. Our extension from
square-integrable velocities to velocities that decay like 1/|x| is physi-
cally meaningful: it allows nonvanishing initial circulation around the
obstacle, something which can happen in impulsively started motions.
On the other hand, our initial data ug satisfies the smallness condition
of Kozono and Yamazaki [§] (see (2:G) below), but the domain R* \ T’
is not smooth, as required in [f.

The remainder of this work is organized as follows. We introduce in
Section 2 a family of conformal mappings between the exterior of €.
and the exterior of the unit disk, allowing the use of explicit formulas for
basic harmonic fields and the Biot-Savart law. Moreover, we formulate
the flow problem in the exterior of a vanishing obstacle and we study
the asymptotic behavior of the initial data. In Section 3 we find a
priori estimates which will be used in Section 4 to prove compactness
in space-time and perform the passage to the limit stated in Theorem
[[.T. In Section 5 the uniqueness of the Navier-Stokes equations on the
exterior of a curve is established.

For the sake of clarity, the main notations are listed in an appendix
at the end of the paper.

2. FLOW IN AN EXTERIOR DOMAIN

2.1. Conformal mapping.

Let D = B(0,1) and S = dD. In what follows we identify R? with
the complex plane C.

We begin this section by recalling some basic definitions on the curve.

Definition 2.1. We call a Jordan arc a curve C' given by a parametric
representation C' : ¢(s), 0 < s < 1 with ¢ an injective (=one-to-one)
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function, continuous on [0, 1]. An open Jordan arc has a parametriza-
tion C' : ¢(s), 0 < s < 1 with ¢ continuous and injective on (0, 1).

The Jordan arc is of class C™ (n € N*) if its parametrization ¢ is n
times continuously differentiable, satisfying ¢'(s) # 0 for all s.

Let ' : T'(s),0 < s < 1 be a Jordan arc. Then the subset R?\ T is
connected and we will denote it by II. The purpose of the following
proposition is to give some properties of a biholomorphism 7T : Il —
int D¢ After applying a homothetic transformation, a rotation and a

translation, we can suppose that the endpoints of the curve are —1 =
['(0) and 1 =T'(1).

Proposition 2.2. IfT" is a C* Jordan arc, such that the intersection
with the segment [—1,1] is a finite union of segments and points, then
there exists a biholomorphism T : 11 — int D® which verifies the fol-
lowing properties:

o 71 and DT~ extend continuously up to the boundary, and
T maps S to T,

e DT is bounded,

o T and DT extend continuously to I' with different values on
each side of ', except at the endpoints of the curve where DT
behaves like the inverse of the square root of the distance.

e DT is bounded in the exterior of any disk B(0, R), with I' C
B(0, R),

e DT is LP(IIN B(0, R)) for allp <4 and R > 0.

The proof of this proposition can be found in [fJJ. Reading it, one
understands why we need that the curve is supposed to be more that
C! (in fact, C** can be sufficient). Indeed, we want some continuity
properties of the first derivate of T, which is possible by the Kellogg-
Warschawski Theorem only if I' is enough regular. We also recall from
[@] the following remark:

Remark 2.3. If we have a biholomorphism H between the exterior of
a bounded set A and D¢, such that H(co) = oo then there exists a
nonzero real number 3 and a bounded holomorphic function b : II — C
such that

H(z) = B2+ h(2),
with
1
h'(z) =0 (W) , as |z| — oo.
This property can be applied for the 1" above, observing that 1" sends
the exterior of a bounded set B to int B(0, 2)¢, hence T'/2 = Bz + h(z).

2.2. The evanescent obstacle.
We will formulate in this subsection a precise statement of the thin
obstacle problem. Many of the key issues regarding the small obstacle



TWO DIMENSIONAL INCOMPRESSIBLE VISCOUS FLOW 5

limit and incompressible flow have been discussed in detail in [{], so
we recall briefly some properties.

As in [{], we fix wy € C°(R?*\ T'). Next, we introduce a family
of problems, parametrized by the size of the obstacle. We consider a
family of smooth domains €)., connected, simply connected and con-
taining I', with € small enough, such that the support of wy does not
intersect ).. Let 7. be a biholomorphism between II. = R? \ Q. and
D¢, satisfying:

Assumption 2.4. The biholomorphism family {7.} verifies

(1) [(Te = T)/|T[|| L.y — 0 as € = 0,

(i) det(DT: ') is bounded on D¢ independently of ¢,

(iii) for any R > 0, || DT, — DT||13(5(0,r)nm.) — 0 as € — 0,

(iv) for R > 0 large enough, there exists Cr > 0 such that |DT.(x)| <

Cgr on B(0, R)".

(v) for R > 0large enough, there exists Cr > 0 such that |D?T.(z)| <

Cr on B(0, R)°.

|z|
Remark 2.5. We can observe that property (iii) implies that for any
R, DT is bounded in L?(B(0, R) N1I.) independently of ¢, for p < 3.
Moreover, condition (i) means that 7. — 7" uniformly on B(0, R) N1Il.
for any R > 0.

Assumption B.4 corresponds to Assumption 3.1 in [[], adding part
(v) and strengthening property (i) therein. Before going on, we give
an example of obstacle family.

Ezample 2.6. We consider Q. = T71(B(0,1 +¢)\ D). In this case,

L= %JFET, which verifies the previous assumption. In fact, taking
Proposition P.9 into account || DT. — DT || »(5(0,r)nm.) — 0 for all p < 4,
and using Remark P, |D?T.(z)| < ET}% on B(0, R)¢, but we will not
need so stronger estimates. If I" is a segment, then (). is the interior of

an ellipse around the segment.

We denote by I'. = 09Q.. Moreover, we denote by G* = G®(z,y)
the Green’s function of the Laplacian in I1., by K¢(z,y) = ViG®(z,y)
the kernel of the Biot-Savart law on Il and we denote the associated
integral operator by f — K°¢[f] = ng Ke(x,y)f(y)dy. Let H*(x) be
the unique harmonic vector field on II. which verifies the condition
st H¢ - ds = 1, where the contour integral is taken in the counter-
clockwise sense. Both K¢ and H® depend on 7T, and we recall explicit
formulas find in the Section 3.2 of []:

k= Lprye) (LD R0 (T - Te<y>*>|L) (2.1)

2m T-(z) = T:(y)[*  [Te(z) — Te(y)*?
and
e L (@)
He = %DTa(x)(W), (2.2)
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where 1. (y>* = \11“;5((;/)12’

We recall from [{] that given wy € C°(R? \ T) and v € R, for
e > 0,there exists a unique ug such that divug = 0, curlug = wy,
st ug - ds = 7, ug is tangent to I'. and vanishes at infinity. Moreover,
there exists a unique « such that

ug = Kwg) + aH®. (2.3)

By Stokes Theorem, we have that a = v + m with m = fR2 wodx (see
the proof of Lemma 3.1 in [f]).

Now, we require information on far-field behavior. We know from
Subsection 2.2 of [{] that

e (x |DT€($) |T€(y> _Te(y)*‘ w

NS00 @)~ T)IT () — ]
IDL.(2)
7[T(a)]

Thanks to Assumption P-4 (i),(iv), and to the form of T'(x) at infinity
(see Remark P7J), there exist R > 0 and C' > 0 independent of ¢ such
that

| K¥[wo] ()] < C/|2|* and |H*(2)| < C/|a],¥]z| = R, (2.4)

since wy € C°(11.).

Let u® = u®(z,t) = (u§(z1, 29, 1), u5(x1, 22, t)) be the velocity of an
incompressible, viscous flow in II.. We assume that u® verifies the no-
slip condition at any positive time and u® — 0 when |z| — oco. The
evolution of such a flow is governed by the Navier-Stokes equations:

(O’ — VAU +u® - Vu' = —=Vp®  in Il x (0,00)
divu® =0 in I, x [0, 00)
u® =0 in I'; x (0, OO) (25)
|l|im lu?| =0 for ¢t € [0, 00)

| u®(z,0) = ug(z) in I,

As ug is smooth, and therefore locally bounded, the behavior at infin-
ity given in (B-4) allows us to observe that u§ € L?°°(II.) N LP(I1.) with
p > 2. Global-in-time well-posedness for problem (B.5) was established
by Kozono and Yamazaki [§]. The existence part of Kozono and Ya-
mazaki’s result requires that the initial velocity ug satisfy a smallness
condition of the form

limsup R|{z € T1. | |u§(z)| > R}|"? < 1. (2.6)
R—o0
Since ug is bounded, the limsup is always zero, for any € > 0. Unique-
ness holds without any additional conditions.

We conclude this subsection with the definition of a cutoff function

family. Let & € C*(R) be a non-decreasing function such that 0 <
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O <1, P(s) =1if s > 2 and ®(s) = 0if s < 1. Then, for A > 2, we
introduce

P = (1) = @(7|T€(5’3;| - 1). (2.7)

Thanks to the uniform convergence of T, to T' on bounded sets (see
Assumption P-4 (i)), we note that the cutoff function ®** vanishes in a
ball of radius C1 A and it is identically equal to 1 outside a larger ball of
radius Co\, with € and C5 independent of €. Furthermore, the radii
of the annulus where ®** is not constant can be made independent of
£.

2.3. Asymptotic initial data.

The purpose of this section is to study the convergence, as ¢ — 0,
of the initial velocity fields ug. First, we introduce some notation. For
each function f defined on I, we denote by Ef the extension of f to
R?, by setting £f = 0 in II.. If f is regular enough and vanishes on
0., one has that VEf = EV f in R2 If v is a regular enough vector
field defined on II. and tangent to 952, then div Ev = Edivv in R2.
In particular, we have div Fuf = 0 in R

The following lemmas are consequences of the case of an ideal fluid
treated in [f].

Lemma 2.7. For 2 < p < 3, there exists C,, > 0, which depends only
on the shape of I' and wo, such that | Eug|| rrm2) < Cp.

Proof. By Theorem 4.4 of [J], we state that || Eug||zr(sy < C||EDTL|| 1r(s)
for any S C R2. Then we can use Remark .5 to observe that for any
R > 0, we can find a constant C, such that ||Eug||r»so,r) < Cp for
p < 3. Recalling (.3) and (B.4), the desired conclusion follows since

the function x +— 1/|x| is L? at infinity for p > 2. O
Lemma 2.8. We have that Eu§ — Klwo] + aH strongly in L2 (R?)

as € — 0, where K and H are defined as K¢ and H® respectively (see
2.1) and (2.3))by replacing T- by T.

Proof. This result is a consequence of Subsection 5.1 of [f], where it
is shown that in the case of an ideal flow, ®°u® — u = K[w] + aH
strongly in L2 ([0, T] x R?) with ® = ®%°. This has been done in

loc

two steps: first we prove that ®°u® — u strongly in L _(R?) for each

t > 0, and then the dominated convergence theorem allows to get the
convergence in L ([0,T] x R?). Here the first step is sufficient to

loc

complete the proof. O
For the rest of the paper, we define
Ug = K[u}o] + OéH, (28)
with
1 (T(z) = T(y)*"  (T(x) —T(y))"
K =—DT'x 2.9
7O (e —Twr ~ Te-Ter) 0
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and

Lo (D)t
H= DT (g:)( TP ) (2.10)

By Proposition 5.7 of [{], we know that u

i) is continuous on R?\ T,
ii) is continuous up to I' \ {—1;1}, with different values on each
side of T,

iii) blows up at the endpoints of the curve like C/\/|x — 1||z + 1|,
which belongs to L. for p < 4.

loc
iv) is tangent to the curve.
Moreover, the Subsection 5.2 of [{] states also that ug is a divergence
free vector field, vanishing at infinity, with curlug = wg + gu,(s)dr in
R? where dr is the Dirac function of the curve I'; and the g,,, depends
on wy and the circulation . One can also characterize g, as the jump
of the tangential velocity across I'. Then we know that ug is bounded
except at the endpoints where it is equivalent to the inverse of the
square root of the distance, and so ug verifies the smallness condition

(2.9).

3. VELOCITY ESTIMATES

We start by introducing some functional spaces which embed the
divergence-free and no-slip conditions.

Definition 3.1. Let Q be an open set in R%. We denote by V() the
space of divergence-free vector fields, the components of which belong
to C2°(€Q). The closure of V() in H'(Q) is denoted by V(Q2), and its
dual space by V'(Q2). Finally, we denote by H(2) the closure of V(£2)
in L?(Q2). To simplify the notation, we also set Vr = V(R? \ I') and
Hr = H(R?\ T).

Since the initial data u§ does not belong to L? (uj = O(1/|z|) at
infinity), we will remove the harmonic part at infinity. To this end, we
denote We(t, z) = u(t,z) — v¥(x), where v = a H*®**, with fixed ),
chosen to be sufficiently large so that the radii of the balls where ®**
vanishes, for each ¢ > 0, are large enough to satisfy Assumption B.4
(iv),(v). This choice of X is possible because the radii of these balls are
O(X). Without any loss of generality, we may assume in addition that
these balls contain Q.. Thanks to Assumption P-4 and (B4), we can
deduce the following estimates on v°.

Lemma 3.2. For \ fized (large enough independently of € ), we have
(a) v® are bounded in L*(R?) independently of &
(b) Vo© are bounded in L?(R?) independently of ¢
(c) Av® are bounded in L*°(R?) independently of € and supported
in a compact set independent of ¢.
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Proof. We recall the explicit formula of v®:

«

ve(x) o

e ' (Te(x))l>
¥N)DTL) (S o)
with @ given in (27).

As ®°* vanishes in a ball of radius O()), the conditions (i) and
(iv) of Assumption P.4 guarantee that v° is uniformly bounded by
C®=*(x)/|T(x)| for sufficiently large . Since the function T' behaves
like Sz at infinity, the first estimate of the lemma is a consequence of
the fact that 1/|z| is L* at infinity.

Using that || > 1, we obtain that

«

gl <
Vi < 2T A

(I)/<|Ta(x)| B 1) “DTEP_'_;_i(I)e,A(x)(

|D*T.| |DT.|? )
3 .

[Te(2)| - |Te(2)?

Taking into account that the radii of the annulus where ® is not con-
stant can be made independent of £, Assumption P-4 (iv) implies that
the first term in above inequality is uniformly bounded with respect
to x and ¢, and compactly supported in a compact independent of e.
Parts (i), (iv) and (v) of Assumption P.4 allow us to state that, for
sufficiently large ), the second term is bounded by C®=*(x)/|z|? (with
a constant C' independent of ¢), which belongs to L?(R?). This proves
the second assertion of the lemma.

Finally, we remark that AH® = 0 outside the balls where ®*¢ van-
ish, because H® = V+1In|T.(z)| = V*R(InT.(x)), with In 7. an holo-
morphic function, so Aln7, = 0. Then, since |T.(z)| > 1, for some
constant C' > 0 we have

T, -1
o] < oo (D) o o jprpar)
T, -1
‘I'C @//(| (I))\| )‘|DT€|3
which is bounded in L>°(R?) uniformly with respect to €, and compactly
supported in a compact independent of e. O

Lemma 3.3. We have that W5 = W¢(.,0) = K.[wg] + a(1 — &> H,
s bounded in LP independently of €, for 1 <p < 3.

Proof. This lemma can be established as in Lemma B.7 using that W
behaves like 1/|z|? at infinity (see (2-4)), which belongs to L for p >
1. O

In particular, W¢ is bounded in L? which will be useful in getting a
priori estimates for W& = u® — v°.

Lemma 3.4. The vector fields W€ are bounded independently of € in
Lis.([0,00); L*(I1.)) N Li,o([0, 00); H(IL.)).

loc loc



10 C. LACAVE

Proof. We rewrite (R.3) for W< as follows
OWe —vAWE® — v AV 4+ (W +0°) - VIVE + W - Vo +0° - Vo©
= —Vp© in Il x (0,00)
diviVe =0 in L x [0,00)
We(,t) =0 onl. x (0,00)
Indeed, divIWe = —dive® = aH® - VO = — (T, /|T.[’DT.)* -
@’(%)(TE/|T€|DT€) = 0. We multiply the equation above by W¢
and integrate to obtain

— 1d €12 €12
&€ = 5lIWellL: + v VIWFlZ,
= —/ (We . (We- Vo) + W (v° - Voo)|lde +v [ W*®- Av'dx
€ HE
= / 7 (We- VW) +0°- (v° - VWO)|de +v | W*®- Av'dx
£ HE

< WE e [VIVE| 2 0% e + VWS|[0 70 + vl 2| Ave] | 2.
Next, we will use the interpolation inequality:
1/2 1/2
[Welle < CIW2 W12

with a constant C' > 0 independent of €. This inequality in the case
of R? can be found in Chapter 1 of [[(]. To obtain the corresponding
inequality in II., one simply extends W¢ to R? by setting it identically
zero inside Q.. As W¢ vanishes on I'., the extension has H'-norm in
the plane identical to the H!' norm of W¢ in II.. Moreover, Av® is
bounded in L? and v° is uniformly bounded in L* independently of &
thanks to Lemma B.2. Hence,

£ < CIWLIVWER o7 |z + VWl 2 llo 7o + v W 2| A0 2
v
< 2O + W + G,
for some constants C'; and C5 independent of ¢, so
d
£||W€||2LQ +V||[VWE7. < 2C1[|We|132 + 2Cs.
Gronwall’s inequality now gives, for any ¢ > 0,
t
C.
e WE L2 + V/ e[ VWE(s, )| Zads < ?j + W0, )22
0
(3.1)
Using the fact that W¢(0,-) are bounded in L? independently of &
(see Lemma B.3), we can rewrite (B.1]) as
t
W2 + ve2es? / eIV (s, ) [Zayds < 2NC, (3.2)

with a constant C'. This completes the proof. O
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We now deduce the main result of this section.

Theorem 3.5. Let u® be the solution of (2.3), then the following hold
true.
1. The family {Eu® — v¢} is bounded in L2 ((0,00); L*(R?)) N
Lio([0,00); H'(R?)).
2. The family {V Eu} is bounded in L2 ([0, 00); L*(R?)).
3. The family {Eu®} is bounded in
Lis:((0,00); Li (R?)) N Ly ([0, 00); LH(R?)).

loc loc loc

Proof. The proof is based on Lemmas B.2 and B.4. Indeed, part 1.
follows from Lemma B.4, while part 2. is a consequence of the same

lemma and of Lemma B.3 (b). To prove part 3., we use again the in-
terpolation inequality ||[W¢||pa(zey < C’||WE||1L/£>(L2)||VWE||£/22(L2) which
ensures that W¢ is uniformly bounded in L{ ([0, c0); L*(R?)). It suf-
fices now to use Lemma B.3 (a), which give the uniform boundedness
in L ([0,00); L*(R?)) for u¢ (whereas Eu§ is not uniformly bounded
in L (R?)). O

For each ¢ > 0, we know that div EW® = divEu® = 0 on R2
Moreover, since the supports of EW¢ and Eu® are contained in II,,
we can transpose the previous theorem with the functional spaces of

Definition B.1].

Corollary 3.6. Let u® be the solution of (2.4), then the following hold
true.

1. The family { Eu® — v°} is bounded in
Lise((0,00); Hr) N L, ([0, 00); V).

2. The family {VEu} is bounded in L2 ([0, 00); Hr).

loc

We will later use the following proposition on regularization of func-
tions in L2 ([0, 00); Vr).

loc

Proposition 3.7. Let T € [0,+00) and f € L*([0,T];Vr). There ex-
ists a sequence { f,} of divergence-free functions belonging to C°((0,T")x
(R2\T)) such that f, — f in L*([0,T], Vr).

Proof. In order to find this family, we start by regularizing in time as
done in [[]. To this end, we multiply f by the characteristic function
X[1/n,7—1/n) and then regularize by a function p,(t) such that the size
of the support of p, is less or equal than 1/(2n). Therefore we obtain a
family {pn * (X[1/n,7—1/m)f)} Which belongs to C2°((0,T"), Vr) and which
tends to f in L?([0,T], Vr). Now, we will approach functions in C°(Vr)
by divergence-free functions in C°((0,7T) x (R*\ T')), which will allow
us to conclude thanks to a diagonal extraction of a subsequence.

As Vr is a separable Hilbert space for the scalar product H!(R?), Vr
admits an orthonormal base {e,}. Let ¢,,, € V(R?\T) be a sequence
tending to e, in H'(R?) as m — oo. Clearly, the family {©,.} is
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countable, and the vector space generated by this family is dense in
Vr. Therefore, by Gram-Schmidt we can conclude that there exists
an orthonormal base {é,} of Vr with ¢, € V(R*\T'). So, if f €
C>((0,7);V), we can write f = > ay,(t)é,(z) with «,, € C°((0, 7)),

and we can choose
N
fn = Zan(t)én(x>
0

Those functions belong to C°((0,7) x (R? \ T')). Moreover, g,(t)
17,0 ul-+ D21 belongs to L1([0, 7)) (since g lzr < 401 llz2goram)?)
and for each t € [0, 77, {g.(t)} is a non-increasing sequence, which tends
to zero. Then by the Beppo Levi theorem, g, tends to zero in L'([0,T1]),
which means that f, converges to f in L*([0,T], H'(R?)).

O

4. PASSING TO THE LIMIT

In this section, we prove that {Eu®} converges to a solution of
the Navier-Stokes equations on R? \ T' in the sense of distributions.
It suffices to find a strong convergence for the sequence {Fuf} in

L3, ([0, 00) x (R*\ T)).

Proposition 4.1. Let T > 0 and let O be a smooth open set rela-
tively compact in R?2\ T'. Then the sequence {Euf} is precompact in

L=((0,T); H(0)).

Proof. We show that { Euf} is bounded in L>((0,T); L?(0)) and equicon-
tinuous as a function of (0, 7)) into H~2(0), which will allow us to apply
Arzela-Ascoli’s Theorem. Fix U a smooth divergence-free vector field,
compactly supported in O. As the obstacle shrinks to the curve T,
there exists £o > 0 such that Q. NO = () for all 0 < € < . For each
interval (t1,t3) C (0,7, using (B.5) we see that

(Bu(ty) — Buf(t), T) = /R (Bu(ts) — B (1)) ¥da

= / / 0tEuEdt) Wdz
= / / Fu® - VuUdzdt
]R2
—V/ / Vu*VV dz dt
t1 R2

= ]1 + ]2.
We first estimate I;. Using Theorem B.5, we deduce that
(1] < [[Ew || poeo,mysn20) IV B (| 22 o ry;2200)) (W | 2o V/ [E2 — 1]

Cl1¥[ 2/ [t2 — tl\,

IA
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thanks to the Sobolev embedding H?*(R?) — L*(R?). Next, we treat
[22

2| < VIV || 2o myc20p [V 2/ [tz — 1] < Cl¥ || a2/ [t — ]

The above inequalities show that { Fu®} is equicontinuous as a function
of time into H~2(0).

Since {Fuf} is bounded in L*((0,T); L*(0)) by Theorem B.5, it
follows from Arzela-Ascoli’s theorem that there is a subsequence of
Euf which converges strongly in L>°((0,T); H3(0)). O

We now improve the space-time compactness result, which is a direct
consequence of the previous proposition.

Lemma 4.2. There exists a sequence such that { Eu®} converges strongly
in LE ([0, 00) x (R*\T)).

loc

Proof. We know from Theorem B.J that { Fu®} is bounded in

L3([0,T]; H'(O)), and Proposition [ states that { Eu®} is precompact
in L>((0,T); H3(0)). It follows by interpolation that there exists a
subsequence such that { Eu®} converges strongly in L*([0,7] x O) . By
taking diagonal subsequences in the set of the compact subset of R?\ T’
and in the time, we may assume that there is a subsequence which
converges strongly in L2 ([0, 00) x (R*\T)). O

loc

We will prove that the limits of the sequence {Eu®} are solutions
of the Navier-Stokes equations on the exterior of a curve in a suitable
weak sense. The difficulty is that Eu® does not belong to L?(R?). So,
as we did in Corollary B.6, we should keep the harmonic part v*. Since
we previously obtained a limit for Fu®, now we look for a limit for v°.
We recall that v° = o H.®%*, with H, and ®* are given in (2.3) and
(B7). We also define H and ®%* as H® and ®=* by replacing 7. by T

Lemma 4.3. If we denote v = aH®%, then v. — v in L} _(R?).

Proof. For any compact K of R?, using the explicit formula of v* and
v, we have

a T+ T+

e _ - ¢€,A<DT1$ € _DTt )
I vl = | “|I.? T2

A 0,\ tTJ_
o= — @O (DT—)‘
i ) |T'|?/ L2 (x)

a T+ T+

< @ cpavA(DTt : —DTt—)‘

= 27rH e T2/ 2 )

«
|7 = 80N | DT 1201,

Recalling that ®* = 0 on a ball of radius C; ), then from Assumption
24 (iii) and Remark 21, we can conclude that the first term tends to
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zero. For the second one, we note that the cutoff function @ is Lipschitz,
and by the explicit formula of ®* given in (B-7) we conclude that

T. —|T
|q>e,)\(l,) . (I)O,)\(:L,)| S (sup|(I>/|) | ($)| . | (ZL’)| )
Then, on the annulus (chosen independent of ¢) where ®&* — ®%* is
not zero, the previous term tends to zero thanks to Remark P.5. O

Therefore we can formulate precisely the notion of weak solution we
will use.

Definition 4.4. Let uy be such that ug — v € Hr. We say that u
is a weak solution of the incompressible Navier-Stokes equations on
R* x (R?\T') with initial velocity ug if and only if u — v belongs to the
space

C([0, 00); Hr) N Lio([0, 00); Vi)

and for any divergence-free test vector field ¢ € C2°((0,00) x (R*\T')),
the vector field u satisfies the following condition:

/OOO/RQ\F(U-%‘F[(U-V)M~u+yu-A¢)dg;dt:0' (4.1)

Furthermore, divu = 0 in the sense of distributions, and u(-,¢) — ug
in the sense of distributions as ¢t — 0F.

Remark 4.5. In fact, if we prove that the vector field u verifies (f.])) for
all divergence-free test vector fields ¢ € C°((0,00) x (R?\ I')), with
u — v belonging to L ([0, 00); Vr) N L2.((0,00); Hr) then

loc
B € L2, ([0, 50), Vi), (42)

Indeed, with Lemma .3 and the interpolation inequality |[u—v||p1(za) <
Cllu— v||1L/£(L2)||V(u — v)||lL/22(L2), we remark that u belongs to
Li ([0,00); LY(R?*\ T)) and Vu belongs to L2 ([0, 00); L*(R*\ T)).For

each T > 0, using (f.1]) and Theorem B.J for each divergence-free func-
tion ¥ € C((0,T) x (R?\ T)), we have

(Oru, ) (lullZaoryszay + VIVUllzzgomye2) IV |2 (0m):22)

<
< Clllezomyve

with a constant C' > 0. As the set of divergence-free function belonging
in C°((0,T) x (R*\T)) is dense on L*([0, T, Vr) (thanks to Proposition
B1), then the linear form ¢ — [ [ dyu -1 is bounded on L*([0,T], Vr),
so (B.2) follows.

Theorem 4.6. There exists one strong limit u of { Eu®} in L2 ([0, 00) x
(R2\ T')) which is a weak solution of the Navier-Stokes equations in
R?\ T in the sense of Definition {4, with initial velocity given by

UQ:K[WQ]+(IH.
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Proof. By Lemmas B.§ and .3, we know that Fuj — v* — wug — v
in L2 (R?). According to Theorem B, uy — v belongs to L?(R?).
Moreover, Eu — v° is supported in a smooth domain (II.), then we
can approach it by functions in V. Then, by a diagonal extraction, we
obtain that vy — v € Hr.

Let v € C°((0,00) x (R?\T")), such that div = 0. If we consider &
small enough such that the support of 1) does not intersect 2., we can
rewrite the integrals on Il as full plane integrals, using the extension

operator and multiplying (2-) by ¢, we obtain the following relation:
/ / (Bu® -y + [(BEu® - VY] - Bu® +vEu® - AY)drdt = 0.
0 Jr2\D

Thanks to the convergence of Euf to a vector field u in L2 ([0, 00) x
R2\T) (see Lemma [£.2), we can pass to the limit ¢ — 0 and obtain
that u satisfies ([L.1]).

Moreover, v° tends to v (see Lemma [£.3) so, passing to a subsequence
if necessary, Corollary B.g implies that u—v belongs in L2 ([0, o0); Vr)N

2 ((0,00); Hr). The incompressible condition is a consequence of the
strong convergence of divergence-free vector fields (Lemma [I.9).

Now, we prove that u — v belongs to C([0, 00); Hr). We know from
Corollary B-g that u — v belongs to L*([0,T];Vr) and from Remark
fER that its derivative d;(u — v) belongs to L*([0,T]; V}). As Vr —
Hr = H — V}, then Lemma 1.2 in Chapter III of [IJ] (see also the
theorem of interpolation of Lions-Magenes [[]) allows us to state that
u — v is almost everywhere equal to a function continuous from (0,7")
into Hr and we have the following equality, which holds in the scalar

distribution sense on (0,7):

%|u—v|2 = 2(0(u —v),u —v). (4.3)
Therefore, u — v € C([0, 00); Hr).

Furthermore, since Fu® converges to v uniformly in time with values
in H?(R?\ T) (by Proposition f£])), one has that Eu§ converges to
ui—o in H ;2. On the other hand, Lemma 2. states that Fuj converges
to Klwo) + aH in L} _(R?). By uniqueness of the limit in H 2 we

conclude that uy = Kwy| + aH, which completes the proof. O

5. UNIQUENESS FOR THE LIMIT PROBLEM
We now state the uniqueness result that completes Theorem [.6.

Proposition 5.1. There exists at most one global solution in the sense
of Definition [[.4, verifying that the initial velocity is ug = K[wo] +aH.

Proof. Let uy and us two global solutions of the Navier-Stokes equations
around the curve I' with the same initial velocity uy = Kwo] + aH.
By remark [ we have that d;u; belong to L2 ([0, 00), V}), for i = 1, 2.

loc
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If we denote @ = u; — us, then by Proposition B.7, for a fixed T' > 0
there exist a divergence-free family {t,} in C°((0,T) x R*\T)) such
that ¢, — @ in L*([0,T]; Vr).

Subtracting the equations satisfied by u; and uq, and multiplying by
the test function ,,, we see that

T T
/ @a-qpndxdt—y/ / i - Aty do dt
0 JRAT 0 JRAT

_ /0 /R 91 w5 (0 )] #) ot
(5.1)

Using the interpolation inequality ||u®||pa(p4) < C||u€||1L/£(L2) HVuaHi/f(B),
the right hand side term can be bounded by

T
/0 [l pa(lluallzs + lluzllza) [ Vbl 2
4 1/2 1/2
< C/O IVl 2 ([ Val 2 llall 2 ([ull e + [uz]|z4)

T T

1% v -

<7 [ 1vele+ % [ Ival
0 0

T
+C1/0 12 ([l [ 2s + [zl ),

with constants C' and C' independent of T". For the left hand-side term,
thanks to ({.3) and because (.,0) = 0, we can write that

T T
0 R2\I" 0 R2\I'

T
+/ Oyt - (¢, — @) da dt
0 JR2\T

L
= Sl T ey

T
+ / Oyt - (b, — ) da dit.
0 JR2\T

The last double integral tends to zero as n — oo because 0,2 belongs
to L2 ([0, 00); V}) and v, converges to @ in L*([0, T]; Vr).

loc
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In the same way, we have that

T T
— lim / / U- A, drdt = lim / Vi - Vi, dz dt
n—oo 0 RQ\F n—oo 0 RQ\F

T
= / Vu - Vudx dt
0 JRAT

T
+1im// Vi - (Vib, — Vi) da dt
0o JRrRA\T

n—oo

= ’|va||2L2([O,T],L2(R2))7

because Vi belongs to L*([0,T]; Hr) and Vi, converges to Vi in
L*([0,T); Hr). This convergence implies also that

o0 [Vl 22011 xm2) = IVl 720 17 m2)- Therefore, passing to the
limit n — oo in (1)) yields

T
(-, T)l7= < 201/ Il ([l s + uallza).
0

This last equality holds for all 7" > 0, with the constant C'; independent
of T. Noting that the functions t — |la(-,t)||72, t — (Jlur(-,8)[|74 +
oo D[ 42), and £ [, 8) [ (s I + s, D[42) ave L, we
can apply Gronwall lemma to get that

la(-, T)[17= < 0,
which concludes the proof of uniqueness. O

Once the uniqueness of the limit velocity is established, and given
that from Theorem [.§ we know that from every sequence of solu-

tions u® we can extract a subsequence converging in L2 ([0, 00) x (R?\

'), we deduce with a standard argument that strong convergence in
L% ([0,00) x (R*\ T)) holds without need to extract a subsequence.

loc

Theorem [ is therefore completely proved.
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LIST OF NOTATIONS

Domains:

D = B(0,1) the unit disk.

S=0D.

I"is a Jordan arc (see Proposition R.2).
II=R2\T.

Q). is a bounded, open, connected, simply connected subset of the

plane, such as 2, — I as ¢ — 0. o
I, = 99, is a C* Jordan curve and I, = R?\ Q..

Functions:
wp is the initial vorticity (C2°(II)).
7 is the circulation of uf on I'. (see Introduction).

u

¢ is the solution of the Navier-Stokes equations on II..

T is a biholomorphism between II and int D€ (see Proposition P.2).
T is a biholomorphism between II. and int D¢ (see Assumption P.4).
K¢ and H¢ are given in (£.]) and (£2)
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Kflwol(z) = [i, K= (2, y)wo(y)dy.

P2 is a cutoff function (see (B7)).

V(22), V(Q), V' (Q), H(Q), Vr and Hr are some vector spaces defined
in Definition B.1.
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