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Abstract

We derive in this paper a unified framework for a priori and a posteriori error analysis of mixed
finite element discretizations of second-order elliptic problems. It is based on the classical primal
weak formulation, the postprocessing of the potential proposed in [T. Arbogast and Z. Chen,
On the implementation of mixed methods as nonconforming methods for second-order elliptic
problems, Math. Comp. 64 (1995), 943-972], and the discrete Friedrichs inequality. Our anal-
ysis in particular avoids any notion of the (discrete) inf—sup condition and in a straightforward
manner and under minimal necessary assumptions, all known convergence and superconver-
gence results are recovered. The same framework then turns out to lead to optimal a posteriori
error bounds. In particular, estimators for all families and orders of mixed finite element meth-
ods on grids consisting of simplices or rectangular parallelepipeds are derived. They give a
guaranteed and fully computable upper bound on the energy error, represent error local lower
bounds, and are robust under some conditions on the diffusion—dispersion tensors. They are
thus suitable for both overall error control and adaptive mesh refinement. Moreover, the de-
veloped abstract framework and a posteriori error estimates are very general and apply to any
locally conservative method. We finally prove that in parallel and simultaneously in converse to
Galerkin finite element methods, under some circumstances, the weak solution is the orthogonal
projection of the postprocessed mixed finite element approximation onto the Hg(£2) space and
also establish several links between mixed finite element approximations and some generalized
weak solutions.

Key words: mixed finite element methods, a priori error estimates, inf—sup condition, postpro-
cessing, discrete Friedrichs inequality, locally conservative methods, a posteriori error estimates,
guaranteed upper bound, orthogonal projection, generalized weak solution

1 Introduction

We consider in this paper the model problem

-V -(SVp)=f in €, (1.1a)
p=0 on 09, (1.1b)
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where Q € R?, d = 2,3, is a polygonal (polyhedral) domain (open, bounded, and connected set),
S is a symmetric, bounded, and uniformly positive definite tensor, and f € L?(€2). The classical
primal weak formulation consists in finding p € H(€2) such that

(SVD. Vo) = (f,¢) Vo€ Hy(Q) (1.2)

(see Section 2.1 below for the details on the notation). The problem (1.1a)—(1.1b) can be equiva-
lently written as the first-order system

u=-SVp in €, (1.3a)
Vou=f in Q, (1.3b)
p=0 on 012, (1.3c)

which leads to the weak mixed formulation, consisting in finding u € H(div,Q) and p € L?(Q)
such that

(S7lu,v) — (p,V-v) =0 Vv € H(div,Q), (1.4a)
(V-u,¢)=(f,0)  VoeL*Q), (1.4b)

Note that this formulation is equivalent to (1.2) in the sense that p = p and u = —SVp, which is
straightforward to show, cf. Quarteroni and Valli [49, Section 7.1]. In particular, this equivalence
is sufficient to conclude the well-posedness of (1.4a)—(1.4b), it is not necessary to resort to the
saddle-point mixed theory, presented, e.g., in Brezzi and Fortin [20].

We are interested in mixed finite element approximations to (1.4a)—(1.4b), which consist in
finding uy, € V3, and p;, € &5, such that

(S_luh,vh) — (pn, V-vp) =0 Vv € Vy, (1.5a)
(Voup, én) = (f,6n)  Von € @p. (1.5b)

Here ®, C L?(Q2) and V; C H(div,Q) are some of the usual finite-dimensional spaces defined
on a mesh 7j, of simplices or rectangular parallelepipeds, see Section 4.1 below and Brezzi and
Fortin [20] or Roberts and Thomas [53]. The main purposes of this paper are the following: i)
present a unified framework for both a priori and a posteriori error analysis of mixed finite element
methods; ii) base this framework entirely on the primal weak formulation (1.2) (and its above-
cited direct equivalence with (1.4a)—(1.4b)) on the continuous level and on postprocessing and the
discrete Friedrichs inequality on the discrete level; in particular, the notion of the inf-sup and the
discrete inf-sup condition is completely avoided; iii) arrive at optimal a priori estimates (under
minimal necessary assumptions); iv) present new (and optimal) a posteriori error estimates; v)
obtain these results with as simple as possible proofs; vi) present some new (to the best of the
author’s knowledge) properties of the mixed finite element methods.

A priori error estimates for mixed finite element methods are usually obtained by means of
the saddle-point theory of Brezzi [17] and Babuska [10]. Traditionally, the natural norms of the
spaces H(div,Q) and L%(Q) are used, but mesh-dependent norms can be employed instead, cf.
Babuska et al. [11]. Postprocessing of pj into pj is then usually used for the double purpose of
giving an improved approximation to p and facilitating the implementation of mixed methods, cf.
Arnold and Brezzi [9], Bramble and Xu [16], Stenberg [54], Chen [25], and Arbogast and Chen [8].
In combination with mesh-dependent norms, it has also previously been used in order to obtain
error estimates in, e.g., Lovadina and Stenberg [42], see also the references therein. Some other
results are presented by Marini and Pietra [44] and in [25] and [8]. Nice links between the mixed



finite element and nonconforming finite element methods are then in particular given in [9, 25, 8],
Marini [43], Chen [26], or [35, 62]. Recently, Cockburn and Gopalakrishnan [28, 29] showed that
analysis of mixed methods can entirely be based on the hybridization (cf. Section 4.3 below) and
lifting operators and demonstrated interesting relations between the different mixed methods. Let
us also mention that very tight links between mixed finite element and finite volume methods
exists, see Younes et al. [65] and [57] and the references therein.

A posteriori error estimates for mixed finite element methods were started in the works of
Alonso [7], Braess and Verfiirth [15], Carstensen [23], Hoppe and Wohlmuth [37], Achchab et
al. [2], Wohlmuth and Hoppe [64], Carstensen and Bartels [24], Kirby [40], El Alaoui and Ern [32],
Wheeler and Yotov [63], and Lovadina and Stenberg [42]. For some discussion of these results,
we refer to [59]. Recently, new works appeared. Repin and Smolianski [52] are able to give a
guaranteed upper bound, which may however not be sufficiently precise for inhomogeneous S and
general domains and boundary conditions. Moreover, no local efficiency is shown. Nicaise and
Creusé [46] improve the results of [23] and extend them to the anisotropic case. Kim [39] presents
estimates applicable to any locally conservative method, as is the case of the estimates presented
here. Bounds up to an undetermined constant are given in a mesh-dependent norm, which contains
a weighted jump term for the potential. The enrichment of the natural energy norm by these jump
terms on the one hand facilitates the analysis, but on the other one, is questionable in particular
for inhomogeneous and anisotropic tensors S and not necessary. The results of Repin et al. [51]
are only valid under the hypothesis that u, € H(div, ) and p, € H}(S2), which is not the case
of (1.5a)—(1.5b) (see also Section 6.4.2 below for further remarks on this point). Larson and
Malqvist [41] give energy norm error estimates for the flux. The upper bound again features an
unknown constant and, moreover, no local efficiency is proved. Finally, optimal a posteriori error
estimates in the lowest-order Raviart-Thomas-Nédélec case were first presented in [59, 58] and
then also by Ainsworth [6].

We first in Section 3 of this paper, after collecting some preliminaries in Section 2, give an
abstract estimate on the energy norm of the difference between two arbitrary vector fields. This
estimate will then be used in order to obtain both a priori and a posteriori estimates on the error
in the approximation of u in a straightforward way. In section 4 we then recall and some basic
facts about mixed finite element methods and in particular the postprocessing of [8] and, for the
lowest-order Raviart-Thomas—Nédélec case, that of [59]. This postprocessing is then the basis for
optimal a priori and a posteriori error estimates on the error in the approximation of p.

We carry out the a priori error analysis in Section 5. We highlight here its main ideas for the case
S =1 (I denotes the identity matrix). Typically, one has Vj,-n|g, = Px(&p,) in mixed finite element
methods, where &, is the set of sides (edges if d = 2 and faces if d = 3). Our main assumption is
that there exists a space M}, such that i) M), is continuous enough in the sense that it is contained
in the space of functions such that the jumps of their traces are orthogonal to the polynomials
from Py (Ep); ii) My, is large enough in the sense that it contains the space of piecewise polynomials
of order (k + 1); iii) for all K € 7p and all &, € Mp(K), (Vé,vp)x = 0 for all v, € Vi (K)
implies V&, = 0. Finally, we suppose that one can construct a postprocessed potential p;, € M
such that the L2(Q2)-orthogonal projection of —Vpy, onto Ik ez, Vi (K) is uy. This is the situation
of the postprocessing of [8]. Recalling that moreover the L?(Q)-orthogonal projection of V - uy,
onto @ equals that of f by (1.5b), we note that this fully mimics the continuous setting where
u € H(div,Q), p € H}(Q), and (1.3a)—(1.3b) holds true. Now proving the equivalence between
the energy seminorms on M} (K) and the L?(K)-orthogonal projection of —V Mj,(K) onto V,(K)
for each element K enables us to relate the energy error in p — pj, to the one in u — uy, easily
obtained itself from the above-mentioned abstract estimate for vector functions. L?() estimates
then follow by the discrete Friedrichs inequality. We also show that using the postprocessing



of [59] in the lowest-order Raviart-Thomas-Nédélec case, much of the above can be avoided and
one obtains the estimates for p — P, in an extremely simple way. Finally, by construction, py, is the
L?(2)-orthogonal projection of pj, onto ®;, so that the estimates for the error in p — pj, are easily
recovered. The analysis still relies on the appropriate vector interpolation operator of each mixed
finite element method, satisfying the commuting diagram property, see [20, Section I11.3]. On the
other hand, the inf—sup condition is completely avoided by the postprocessing and the discrete
Friedrichs inequality.

In Section 6, we extend the a posteriori error estimates for the lowest-order Raviart-Thomas—
Nédélec case of [59] to other families of mixed finite elements, all orders, and grids consisting of
rectangular parallelepipeds. Using the techniques that go back to the Prager-Synge equality [48],
we present here estimates which give a guaranteed upper bound (contain no undetermined con-
stant), are locally efficient (represent a local lower bound for the actual error), and are easily
computable. Moreover, numerical experiments show that they give effectivity indices (overesti-
mation factors) very close to the optimal value of one. Finally, they are robust with respect to
the weak solution regularity, and inhomogeneities in S under the “monotonicity” assumption (cf.
Bernardi and Verfiirth [14, Hypothesis 2.7]). A fully optimal estimate can be easily obtained in our
setting for an approximation couple uy, € H(div, Q) and s, € H}(€2), as we show in Section 6.4.2.
Using the abstract framework for the error between two arbitrary vector fields of Section 3, we
first give estimates for the energy error in the approximation of u. It consists of two parts. The
first one is generally given by inf ¢ 1 (q) [[[un +SVs|l[«, expressing the measure of how close uy, is

to a gradient of a H}(2)-potential in the vector energy norm ||| - |||«. In practice, the indicator of
an element K is given by |||up + SV (Zos(pr))|||«,x, where Zog is the Oswald averaging operator.
The second one is the residual term (sometimes considered separately and call “data oscillation
term”), given by C;,ﬂhKc;’lI?Hf — Py, (f)||x, where hi is the diameter of K, cg i is the small-
est eigenvalue of S on K, Cp = 1/7? is the constant from the Poincaré inequality, Py, is the
L?(Q)-orthogonal projection onto @, and || - || is the L? norm. Such an estimator in particular
improves on estimators of the type hxl||lun, + SVpr|/ i, found in many of the above-cited works.
Remark that the latter one in particular reduces to hx|lup||x in low order mixed finite element
methods, i.e., the weighted L?(Q2)-norm of the approximate flux, which reflects no approximation.
Next, using the framework introduced in [59] and [39], we give estimates for the energy error in
the approximation of p.

The a posteriori error estimates developed in this paper are very general and apply directly
to any locally conservative method, such as the finite volume one, cf. Eymard et al. [34], Aa-
vatsmark et al. [1], or Droniou and Eymard [31], mimetic finite difference, cf. Brezzi et al. [21],
covolume, cf. Chou et al. [27], and other. For related results, we refer to [61]. They are given
for a general diffusion tensor, require no additional regularity of the weak solution, no satura-
tion assumption, and no use of the Helmholtz decomposition. They allow for grids consisting of
rectangular parallelepipeds, which can be very useful in practice, where such grids are extensively
used. Combinations of simplices and rectangular parallelepipeds in one grid and extensions to
nonmatching grids could also be considered along the lines of the analysis in [61] and [33]. Homo-
geneous Dirichlet boundary conditions are only considered for the simplicity of the exposition; for
inhomogeneous Dirichlet/Neumann boundary conditions, we refer, e.g., to. [39, 61].

Finally, in Section 7, we give some complements on mixed finite element methods. In partic-
ular, we show that under certain conditions, the weak solution p is the orthogonal projection of
the postprocessed mixed finite element approximation p;, onto the H&(Q) space. This stands in
parallel and simultaneously in converse to Galerkin finite element methods, where the approximate
solution is the orthogonal projection of the weak solution onto the discrete space. We also show
that mixed finite element approximations have close relations to some generalized weak solutions,
independently of the smoothness of the tensor S.

4



2 Preliminaries

We set up in this section the notation for meshes and functional spaces used throughout the
paper, define scalar- and vector-valued bilinear forms and energy (semi-)norms, and finally recall
the Oswald interpolation operator.

2.1 Notation

We shall work in this paper with triangulations 7; which for all A > 0 consist either of closed
simplices or of closed rectangular parallelepipeds K such that Q = KeT, K. We suppose that 7j,
are conforming (matching), i.e., such that if K,L € 7;,, K # L, then K N L is either an empty
set or a common face, edge, or vertex of K and L. Let hx denote the diameter of K and let
h = maxge7, hg. We denote by &, the set of all sides of 73, by E}L“t the set of interior, by SﬁXt
the set of exterior, and by i the set of all the sides of an element K € 7;; h, then stands for
the diameter of ¢ € &,. We will also use the notation 7g (g'K, respectively) for such L € 7,
(o € &) which share at least a vertex with a K € 7j. Similarly, 7y is the set of such K € 7}, that
contain a node V. Later on, we will sometimes need the assumption that 7; are shape-regular in
the sense that there exists a constant k7 > 0 such that minge7, Kx > w7 for all h > 0, where
ki = |K|/hS.

Next, for K € 7, n will always denote its exterior normal vector; we shall also employ the
notation n, for a normal vector of a side o € &, whose orientation is chosen arbitrarily but fixed
for interior sides and coinciding with the exterior normal of € for exterior sides. For o € E}ft
shared by K, L € 7j, such that n, points from K to L and a function ¢ € H'(7},) (see below for
the notation), we shall define the jump operator [-] by

[l := (elx)lo = (#lL)lo-

We put [¢]o := ¢|, for any o € EXF.

For a given domain S C R? we shall hereafter employ the standard functional notations
L%(S), H1(S), HL(S), cf. [4]. In particular, we note by (-,-)s the L?(S) inner product, by | - ||s
the associated norm (we omit the index S when S = Q), and by |S| the Lebesgue measure of S.
Let next H(div, S) = {v € L%(S); V-v € L?(S)} and let (-, -)gg stand for the (d — 1)-dimensional
L?(0S)-inner product on S or the appropriate duality pairing on S. We will also need the space
H(div, S) ={v e Li4(S); V-v e L39)}, ¢ > 2, cf. [20, Section I11.3.3]. For a given partition 7y,
of Q, let H(T;,) := {p € L*(Q); p|lx € H'(K) VK € T},} be the broken Sobolev space. Also, we
let Wy(7;,) and W},(7,) be the spaces of functions with jumps of traces across the sides orthogonal
to, respectively, constants and polynomials of V}, - n|, for each o € &,

Wo(Th) = {p € H'(Tn); ([¢], 1)s =0 Vo € &L}, (2.1a)
Wi(Th) :=={p € H(Tp); {[¢],¥n)e =0 Vu € Vi |, Vo €&} (2.1b)

Clearly, Wo(Tp,), Wi(7) ¢ HE(Q) but there is “less and less nonconformity” in Wj(7}) with
increasing order of the method. Finally, the weak gradient on H'(f)) and the piecewise weak
gradient on H'(7},) are both denoted by the V sign and similarly for the weak divergence V-. To
simplify the notation, we systematically use the convention 0/0 = 0 throughout the text.

Finally, we denote by cs n,Cs o the best constants such that cs ov-v < Sv-v < Csqv - v,
cso >0, Csn > 0, for all v € R? and a.e. in €. Similar notations cs, i, Us i, and cg 75 for
K € 73, will also be employed.



2.2 Bilinear forms and energy (semi-)norms

Let the symmetric bilinear form B acting on scalars be defined by

B(p,p) == (SVp, V),  p,p e H'(T), (2.2)
whereas its vector counterpart A acting on vectors by

A(u,v) = (u,S7v), u,v € L2(Q). (2.3)

Note that the primal weak formulation (1.2) can be rewritten equivalently using the above forms
B and A as: find p € H}(Q) such that

B(p,o) = (f,¢) Vo€ Hy(Q) (2.4)
A(SVp,SV) = (f,) Ve € Hy(Q), (2.5)
B(p, ) = A(SVp,SVy)  Vp,o € H'(Tp), (2.6)

which will turn out to be useful later. Let us also define the energy seminorm on the space H'(7},)
1
llell? == Blo, ) = [S2Vel?, ¢ e H(T), (2.7)

which becomes a norm on Wy(7},) thanks to the discrete Friedrichs inequality

1
lelle < CRpllVell Yo € Wo(Tn), Vh >0, (2.8)

where Cpp only depends on k7 and infycga{thicky(2)}, cf. [56, Theorem 5.4]. Similarly, let the
energy norm for vectors be given by

IVIIIZ == A(v,v) = [S73v]%, v eL(Q). (2.9)
Note in particular that by (2.6),
llell = IISVell. Ve € H'(Th). (2.10)

By the Cauchy—Schwarz inequality, one also immediately has

B(p, ) <llplll ¢l Vp,p € H'(Tp), (2.11a)
A(a,v) <[llafll Il Vu,v e L*(Q). (2.11b)

"’ norm for vectors, defined as

We will also use the “div—energy’
IVIIE q = [IVIE+ 1V - vI2, v e H(div, Q). (2.12)
Let us finally recall that, for K € 73, the Poincaré inequality states that
le = mo(@)ll% < Crh%klIVelk Vo€ HY(K), (2.13)

where m; denotes the L?(£2)-orthogonal projection onto piecewise polynomials of degree I. Thanks
to the convexity of simplices and rectangular parallelepipeds, Cp = 1/72, cf. [47, 13].



2.3 Oswald interpolation operator

We shall work later with piecewise polynomial approximations py to p, nonconforming in the sense
that p, & Hg(Q) but satisfying py, € Wi(7,) (Br, € H'(73,) in general). It will also turn out that
we will need their conforming (continuous, contained in HJ(2)) interpolant. We will use for this
purpose the Oswald one, previously considered, e.g., in [3, 38, 33] and analyzed in detail in [38, 22].

If 7, consist of simplices, let R, (73) := P,(7;,) denote the space of piecewise polynomials
of total degree at most n on each simplex (without any continuity requirement on the sides).
Similarly, if 7, consist of rectangular parallelepipeds, let R,,(7;) := Q,,(75) denote the space of
piecewise polynomials of degree at most n in each variable. The Oswald interpolation operator
Zos : Ru(71) — Ry (T,) N HE(Q) is defined as follows: given a function ¢y, € R,,(73,), the value of
Zos(pp) is prescribed at the Gauss—Lobatto nodes on rectangular parallelepipeds and Lagrangian
nodes on simplices of R,,(7;,) N H} () by the average of the values of ¢, at this node,

Lkwmwv=ﬁ%[§jwumv»
KeTy

Note that the interpolant is in particular equal to ¢, |k (V) at a node V lying in the interior of
some K € 7Ty, while at boundary nodes, the value of Zos(¢y) is set to zero. The following results
have been proved in [22, Lemmas 3.2 and 5.3 and Remark 3.2] and [38, Theorem 2.2]:

Lemma 2.1 (Oswald interpolation operator). Let 7;, be shape-reqular, let pp € R, (7y), and let
Zos(pn) be constructed as described above. Then

IV (en = Zos(ea) i < C Y st lenlllz,
UESK

where the constant C' depends only on the space dimension d, on the mazximal polynomial degree
n, and on the shape regularity parameter k.

3 Abstract framework

We develop in the first part of this section an abstract estimate on the energy norm of the difference
between two arbitrary vector fields which will enable us to easily carry out both the a priori and
a posteriori error analysis of mixed finite element methods in a unified way. In the second part
of this section, we give a slightly improved version of the estimate, suitable for a posteriori error
estimation.

3.1 A general abstract estimate
Following the approach introduced in [59, Lemma 7.1], we have the following abstract result:
Theorem 3.1 (General abstract estimate). Let v, w,t € L%(Q) be arbitrary. Then
I =l <l = el + |4 (v = = )|
[V — ]l
Proof. Let us first suppose that |||[v — w|||. <|||v — t]||«. We then have
v —t]2=AV—t,v—t) =AWV -—w,v—1t) + Aw —t,v — t)

v—t

suw—wmA(v—WF————
v =1l

>+Ww—WMW—WM



using the bilinearity of A(-,-) and (2.11b). In view of the assumption, this finishes the proof in
the first case.
If [[|[v — t|||l« < ||lv — w]||x holds, then

v -—wl?=Av-w,v—w) = AV —w,v—t) + AV - w,t — W)

v—t
<llv —t[f[-A (V—w, m >+!HV—WH\*!HW—HH*

v — tl[|.
v—t

A (v W, —)\ v = wlllllw = s,
v =4l : :

< llv = wl.

whence again the assertion follows. Thus the proof is complete. U

Remark 3.2 (General abstract estimate). Using the triangle inequality, the bilinearity of A(-,-),
and (2.11b), we immediately have

v —t
v = wille < liw = tlll + v = 6]l = [lw — tlls + A (v —n—)

[l = ¢l
v—t v—t
< \Hw—tHh—i—A(v—w,i) +A<w—t,7>
Il = tlll: Il — ¢l

v—t
< 2w — tll, + A <v o tm*> .
The estimate of Theorem 3.1 is superior to this simple bound by removing the factor 2 at the
term |||w — t||[«. In comparison to Theorem 3.3 below, the advantage of Theorem 3.1 is that any
triple of functions from L2(Q)) can be chosen. Moreover, it turns out that it is extensible to the
convection—diffusion-reaction framework, where it in addition shows advantageous that t € L2(Q)
in the second argument of A(-,-) can be chosen, cf. [59].

3.2 A Pythagorean estimate

Following the approach introduced in Kim [39, Lemma 4.4], we have the following estimate:

Theorem 3.3 (Pythagorean abstract estimate). Let v be such that v = —SV for some ¥ € H}()
and let w € L%(Q) be arbitrary. Let next ¢ € HL(Q) be the solution of the problem

B, p) = A(—w,SVyp) Ve e H (). (3.1)

Then )

v 4+ SV
v = wll2 = [lw + SV + A <v W, —) | (3.2)
v+ sVl
Moreover,
i+ STl = inf [lw+SVs.. (3.3)
SEH;(Q)

Proof. Let us first note that there exists a unique solution to the problem (3.1) by the Riesz
representation theorem, as A(w,—SV/(-)) is a continuous linear form. Note as well that (3.1) can
be equivalently written, using (2.6), as

ASVY +w,SVp) =0 Vo e HI(Q). (3.4)



Using this characterization for ¢ = 1) — 1, we thus have

v — Wil = A(v = w,v — w) = A(v — w,v + SV%) + A(v — w, ~SVe) — w)
= A(v+ SV, v+ SVy) — 2A(SVY + w,v + SVY) + A(w + SV, w + SV)
= [Ilv+SVY[Z + [Ilw + SV|Z,

employing also the definition and the symmetry of A(-,-). The proof is finished by noticing that

v+ SV
v+ 59l = 4 (v = w. T )
[V + SVl
and that
[Iw + SV = A(w + SVs,w + SV¢) < [[w + SVs]|l.[[[w + SV
for an arbitrary s € H}(€2), whence (3.3) follows. O

This Pythagorean estimate, as we will see later, gives a slightly more precise upper bound in
a posteriori error estimates.

4 The mixed finite element method

We recall here some known basic facts about the mixed finite element method, namely the existence
and uniqueness of discrete solutions, hybridization, and, most importantly, the postprocessing
of [59] and [8] in the lowest-order Raviart—-Thomas-Nédélec case and that of [8] in general. First,
however, we start by giving the examples of the most common mixed finite element spaces.

4.1 Examples of local mixed finite element spaces

Table 1 lists the most common mixed finite element spaces V,(K) x ®;,(K) on an element K € T,
The notation RTN stands for the Raviart—Thomas [50] space on triangles and rectangles and the
Nédélec [45] space on tetrahedra and rectangular parallelepipeds if d = 3 and BDM for the Brezzi—
Douglas—Marini [19] space on triangles and rectangles and the Brezzi-Douglas—Durdn—Fortin [18]
space on tetrahedra and rectangular parallelepipeds if d = 3. In the notation, “s” stands for
simplices, “r” for rectangular parallelepipeds, Pj, = rV x (F 1) + sV x (zyF*th), r,s € R,
and P3, := Zfzo{mv x (0,0, 2y 1P 4 5,V x (2Flyz+1 0,0)8 + ¢,V x (0, 27T 1yF =2 0)1},
ri, 8; € R, with Vx the curl operator. We have here denoted by k the biggest polynomial space
contained in V(K) and by [ that in ®4(K). Then Vj, := lge7, Vi (K) N H(div, ) and @, =
Hger, @r(K). Note in particular that whereas Vj,(K) are local unconstrained spaces, the fact that
V), C H(div, Q) imposes the normal trace continuity of all v, € Vi, i.e., Vi|x Ny, = Vi|L Doy
for all ok 1, € E}L“t shared by elements K and L. For a general reference to mixed finite element
methods, we refer to Brezzi and Fortin [20] or Roberts and Thomas [53].
In the rest of the paper, we shall sometimes considered apart the following particular case:

Assumption (A) (Lowest-order Raviart—Thomas—Nédélec case)

The spaces Vj, and @y, are formed by RTIN{(K) or RTNy(K) from Table 1 and the tensor S is
piecewise constant on simplices and piecewise constant and diagonal on rectangular parallelepipeds.



Space d  element Vi(K) @,(K) Vi(K) - -n|, k l

RTN;(K) 2,3 simplex IP’% + Prx Py P, >0 =k
RTN}(K) 2,3 rect. par. Qg + Qrx Qr Pr (d=2),Qr (d=3) >0 =k
BDM (K) 2,3  simplex Pé Pr_1 P >1 =k-1
BDM; (K) 2,3 rect. par. Pg &) sz P P >1 =k—1

Table 1: Examples of local mixed finite element spaces

4.2 Existence and uniqueness of the discrete solutions

For the sake of completeness and also to stress its simplicity, we recall here the proof of existence
and uniqueness of the discrete mixed finite element solution.

Corollary 4.1 (Existence and uniqueness of the discrete mixed finite element solution). Let V -
V), = ®p. Then there ezists a unique solution to the problem (1.5a)—(1.5b).

Proof. Problem (1.5a)—(1.5b) is a square linear finite-dimensional system. It thus suffices to prove
that f = 0 implies uy = 0 and py, = 0. Put ¢, = pp, in (1.5b) and vj, = uy, in (1.5a) and sum the
equations. This gives (S™1uy,uy) = 0, whence uy, = 0 follows. Consequently, (pp,V - v) = 0 for
all v, € Vj,, whence pp, = 0 follows by the assumption V - Vi, = &y, O

4.3 Hybridization

The hybridization technique allows to relax the normal trace continuity constraint V;, C H(div, )
while imposing it instead with the aid of Lagrange multipliers. The unconstrained flux space is
given by V, :=1I ke, Vi(K), where Vi, (K) are the local spaces on each element, and the Lagrange
multipliers space Ay, is the space of (discontinuous) piecewise polynomials on S}Lnt such that for all
o € &M upl, € Vi, nl|,. With these notations, the hybridized version of (1.5a)—(1.5b) consists in
finding uy, € Vi, pn € @y, and A\, € Ay, such that

(S_luh,vh) — (ph, V . Vh) + Z <Vh -1, )\h>aK\8Q =0 VVh S Vh, (4.1&)
KETh

(V-wp, én) = (f,0n)  Von € Oy, (4.1b)

> (upn, p)oron =0 Vin € Ap. (4.1c)
KETh

It is well known and easy to show that pj,u; from (1.5a)-(1.5b) and (4.1a)—(4.1c) coincide; A
then provides an additional approximation to p. Let us also recall that A\, can be postprocessed
locally from (1.5a)—(1.5b); on each o € £, o € Ef for some K € Ty, it is given by

(Vi -, Mo =— (S up, vi) ik + (pr, V- Vi) i
Vv, € Vi, (K) such that (v -n)|, =0 Vy € Ex, v # o,

so that it is not necessary to implement (4.1a)—(4.1c) in order to obtain it.

4.4 Postprocessing

Seemingly, there is no direct analogy of the link u = —SVp at the discrete level in the mixed
finite element method. It is sometimes even said that the distinctive feature of the mixed finite
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element method is that the discrete flux u;, has “more regularity” than the discrete potential py,
in a sense that it is a polynomial of a higher degree. We shall see in this section that this is only
an impression and that the link u;, ~ —SVpj, can easily be recovered by postprocessing.

Different postprocessing techniques for mixed finite elements have been introduced in the past.
Let us cite the works of Arnold and Brezzi [9], Bramble and Xu [16], Stenberg [54], Chen [25],
Arbogast and Chen [8], and, for the lowest-order Raviart-Thomas-Nédélec case, the author [59].
It will turn out that for our purposes, the postprocessing of [59] and [8] under Assumption (A)
and that of [8] in general will be optimal. We now recall it here.

4.4.1 Postprocessing in the lowest-order Raviart—Thomas—INédélec case

Under Assumption (A), the following postprocessing has been proposed in [59, Section 4.1] on
simplicial meshes and in [8, Sections 6 and 9] (cf. also [61, Section 3.2]) on meshes consisting of
rectangular parallelepipeds: construct py € Po(73) such that

—SkVilk =uplk VK €T, (4.2a)
To(Prlk) =prlk VK € Tj. (4.2b)

Note that pj is in general not a full second-order polynomial and that it is only built on each
K € Ty, from the given degrees of freedom, so that its construction cost is negligible.

In general, Py, is nonconforming in the sense that p, ¢ H}(€2) but it is shown in [59, Lemma 6.1]
that p, € Wy(7}) on simplicial meshes; for meshes of rectangular parallelepipeds, see [8]. Hence, at
least the mean values of py, on the sides of 7}, are continuous (and equal to zero on 0f2). Moreover,
these means of traces coincide with the Lagrange multiplies Aj, of the hybridized version (4.1a)—
(4.1c) of (1.5a)—(1.5b), see [59, Lemma 6.4] and [8].

4.4.2 Postprocessing in the general case

It turns out that in the general case, there does not exist pj, such that (4.2a) is true. Then the
postprocessing by Arbogast and Chen [8] proposes a weak form of this relation. This postprocessing
is a generalization of the postprocessing proposed originally by Arnold and Brezzi [9] and Chen [25]
and it is defined as follows. Let Py, be the L?({2)-orthogonal projection onto ®p,, Py, the L2(2)-

orthogonal projection onto V), with respect to the scalar product (S71.,+), and P, the L2(5}Lnt)—
orthogonal projection onto Ay, i.e.,

Py, : L}(Q) — @y, for g € L*(Q), (¢ — Pu,(¢),¢n) =0 Vén € Py, (4.3a)
Py, L}(Q) -V, for v € L3(Q), (S™i(v— Pg (v)),va) =0 Vv, € Vi, (4.3b)
Py, : L2(E™) — Ay for pe L2(E™), (u— Pa, (H)a#h)gint =0 Yy € Ap. (4.3c)

The postprocessed potential p, € My, is then defined by

Pg, (Pr) = ph, (4.4a)
P, (Pn) = An- (4.4b)

Note that employing (4.4a)—(4.4b) in (4.1a) and using V- V;,(K) = ®,(K) and V,(K) - n|pr\ a0 =
Ap(K) gives, for all K € 7y,

(S™'wp, vi)k — (Bns V- Vi) + (Vi 1, Br)aron =0 Vv, € Vi (K).

11



Employing the Green theorem for the two last terms of the above expression then leads to
(S M up +SVH), vi)k =0 Vv, € Vi(K) VK € Ty,

which is nothing but
P(,h(—SVﬁh) =uy. (4.5)

The finite-dimensional spaces M), for the individual families and types of elements are detailed
in [8] (cf. also [25]); principally, they consist of piecewise polynomial spaces augmented with
bubble functions. They are usually nonconforming in the sense that M), ¢ H(Q). We also
remark that whereas for a given space M}, p,, € M}, satisfying (4.4a)—(4.4b) is prescribed uniquely,
the space Mj, itself for a given method is not defined in a unique way; there in particular exist
several different spaces for the lowest-order Raviart—Thomas elements on triangles.

For the analysis of this paper, along with (4.4a)—(4.4b), we will only need the three following
characterizing properties of the spaces My:

My, C Wh(%)v (463‘)
Pr11(7n) C My, (4.6b)
(VEn,vi)k =0 Vv e ViR(K) = V& =0 Y& € Mp(K),VK € Ty, (4.6¢)

The first property simply ensures that there is “enough continuity” in My}, the second one guar-
antees that Mj is “large enough”, and the last one ensures the “compatibility” of VM) with
V},. Note that (4.6¢) in particular implies dim(Mp(K)) < dim(V,(K)) + 1 (and consequently
dim(My,) < dim(Vy) + 1).

5 A priori error analysis

We show in this section that with the abstract result of Theorem 3.1, it is immediate to get the
a priori error estimates for the flux in the form [[|u — uyl[« < [|lu — Iv, (0)|||«, where Iy, is
the vector interpolation operator of each mixed finite element method (satisfying the commuting
diagram property), see [20, Section III.3]. Consequently, we easily recover the known a priori error
estimates for the flux. We next focus on the postprocessing of Section 4.4.1 under Assumption (A).
We show that in this case, thanks to (4.2a), the a priori error estimates for the potential are again
completely straightforward. In general, the postprocessing of Section 4.4.2 has to be used and the
properties of (4.5) and (4.6¢) have to be exploited but still quite easily, all known a priori error
estimates for the approximate potential p, are reproduced. We in particular recover them from
the estimates for pj, which themselves are derived first and seem to be new. Moreover, all the
estimates are optimal and given under minimal necessary assumptions, improving thus some of
the previously known results.

Throughout this section, we shall suppose that 75 is shape-regular with a constant k7. We
always give a detailed form of the estimates up to the form with the error between the exact
solution and its interpolate. Obtaining the final error estimates is then a question of application
of interpolation estimates, presented, e.g., in [20, 49, 53]. For the sake of completeness, we include
these final results, supposing the full necessary regularity.

5.1 Estimates for the flux

A straightforward application of Theorem 3.1 gives the following result:
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Theorem 5.1 (Abstract a priori estimate for the flux). Let u given by (1.4a)—~(1.4b) belong to
the space H(div, S) and let uy, be given by (1.5a)~(1.5b). Let next Iy, be the mized interpolation
operator, see [20, Section I11.3]. Then

e = walls < [lu = Iy, ()] (5.1)

Proof. Put v =u;, w = u, and t = Iy, (u) in Theorem 3.1. This gives

u, — Iy, (u) >‘

u’
[[an, = Iy, (0[]«

Notice that the properties of the interpolation operator Iy, imply

lar, = ullls <|[lu = Iv, (Wlls + ‘A (Uh -

A(up, —u,uy, — Iy, (u)) = 0. (5.2)
Indeed, it follows by subtracting (1.4a) from (1.5a) and using (2.3) that
A(ap —a,vp) = (pp —p, V- vp)

for all v, € Vj,. It suffices to put v, = uy, — Iy, (u) and to notice that V - (u, — Iy, (u)) = 0,
which follows from (1.5b) and from the commuting diagram property [20, Proposition II1.3.7], to
see (5.2). Hence the result follows. O

Using the interpolation estimates, see, e.g., [20, 49, 53] we infer from the previous results
and (1.5b) the following corollary:

Corollary 5.2 (A priori estimates for the flux). Let u be given by (1.4a)—(1.4b) and uy, by (1.5a)—
(1.5b). Then

[[u = up|l|, < CRF,

[[a = upllsaiv < ChITL

Remark 5.3 (Discrete inf—sup condition/discrete Friedrichs inequality in flux estimates). Note
that by the above estimate, no link other than V -V, = ®), between the spaces Py, and Vy, is needed
for the convergence and a priori error estimates for the flux. In particular, no discrete inf-sup
condition, or, equivalently, as we shall see later, no discrete Friedrichs inequality needs to hold at
this stage.

5.2 Estimates for the postprocessed potential in the lowest-order Raviart—
Thomas—Nédélec case

As the proof of the following theorem shows, a priori error estimates for the postprocessed potential
pp, under Assumption (A) are straightforward.

Theorem 5.4 (A priori estimates for the postprocessed potential pj, in the lowest-order Raviart—
Thomas—Nédélec case). Let Assumption (A) hold, let u, p be given by (1.4a)—(1.4b), un, pp
by (1.5a)—(1.5b), and py by (4.2a)—(4.2b). Then

[l = pulll = [[la = wnlll« < Ch,

lp = Drlly < Clllp = palll
Proof. For the first estimate, it is sufficient to note that (2.10) in combination with (4.2a) gives

llp — prlll = ||[u — up|||+ and use the result of Corollary 5.2. The second estimate is then directly
implied by the fact that p, € Wy(7;) and the discrete Friedrichs inequality (2.8). O
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5.3 Estimates for the postprocessed potential in the general case

In the general case, one no more has (4.2a), whence |[|[p — ppl|| = [[Ju — upl||« and ||[pp]l] = [[|ur]||«
no more holds true. As however the following lemma shows, there is still a strong particular
connection between |||pg]|| and |[|[up]|]«.

Lemma 5.5 (Equivalence between the energy seminorms on M (K) and Py, (=SVM(K))).
There holds

[1Pg, (=SVE)llsx < [llénlllx < CeqlllPy, (=SVEll« e VK € Tp, V&, € My(K)  (5.3)

and thus, in particular,
[[an{lle < [lpnlll < Ceqllanll+-

More generally,

IV&llxk <Ck  sup (Vén, Vi) i

VK € Tp, V&, € My (K). (5.4)
vaevin(k)  Ivellx

Proof. We have
1P, (=SVE)llxxc < [l = SVEllls,x = [[1Enlllx

by the fact that Py, is the L?(K)-orthogonal projection onto V(K ) with respect to the scalar
product (S71-, )k, whose norm is ||| - |||+, and by (2.10). Supposing for the moment the validity
of (5.4), we now prove that also the other inequality in the first assertion of the lemma holds true.
Let K € 7), and &, € My (K) be given. First note that by (5.4), the definition (4.3b) of Py, , the
Cauchy—Schwarz inequality, the assumption on S, and (2.9),

IVénlle < Cre sup (S‘lsvéh,Vh)K:CK . (S71Py, (SV&). vi)x
- vhEVR(K) Ivallx VAEV, (K) vallx

_ C
< Ck||S™' Py, (SVEw) |k < %!!!th(svﬁh)\\\*,K-

€S K
Hence
Cs/i
lnlllx < CRIVEK < Cr—All Py, (SVEMll i
s K

by (2.7), the assumption on S, and the previous estimate, which gives the right inequality in (5.3)
with Coq = maxKeTh{CKCé/f( /cé/ i} Finally, the validity of (5.4) on a reference element K

with a constant only dependent on the maximal polynomial degree of Mh(f( ) follows from (4.6¢).
Thus (5.4), with Cx only dependent on the maximal polynomial degree of M (K) and on kg
follows by the Piola transformation and scaling arguments. O

Theorem 5.6 (A priori estimates for the postprocessed potential py, in the general case). Let u,
p be given by (1.4a)—(1.4b), uy, pp by (1.5a)—(1.5b), and py by (4.4a)—(4.4b). Then

llp = Bulll < C(_inf [llp = sl + llu = walll + [lu = Py, (w)l.) < CAFY, - (5.5)
ShEMh

Ip = Pulls < Clilp = palll (5.6)
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Proof. Let s;, € M), be arbitrary. Using (5.3), (4.5), adding and subtracting u and Py, (u), using
that u = —SVp, and finally employing the triangle inequality, the fact that Py, is the L2(2)-
orthogonal projection onto Vj, with respect to the scalar product (S~'-,-), and (2.10), we have

5 — slll < Ceall Py, (SV(Br — sl = Ceqll = wh — Py, (SVsp)l
= Cuglll = +u—u+ Py (u)+ Py, (SV(p—sn)ll.
< Ceq(lla = wnllls + [[u = Py, @)l + lllp — sll).

Thus the first line of (5.5) follows by the triangle inequality |||p — pulll < |llp — sulll + |lPn — swlll,
(4.6b), Corollary 5.2, and the approximation properties of Py, . Estimate (5.6) then again follows
immediately by the discrete Friedrichs inequality (2.8). O

5.4 Estimates for the original potential

In this short section, we easily recover the estimates for the original potential pj from the previous
results.

Theorem 5.7 (A priori estimates for the original potential py,). Let u, p be given by (1.4a)—(1.4b),
uy,, pr by (1.5a)—(1.5b), and py, by (4.2a)—(4.2b) or (4.4a)—(4.4b). Then

lp = prll < llp = Po, ()| + Ilp — Brll < CAI*F.

Proof. Using (4.4a), adding and subtracting Pg, (p), employing the triangle inequality, and finally
the fact that Pg, is the L?(£2)-orthogonal projection onto ®;, we have

lp = pull = llp = Pa, (Bn)ll = llp — Pa, (p) + Pa, (p — pu)
< llp = P, (D)l + 1 Po,, (p = Bn) |l < llp = Pa,, (p)I| + llp — Pull-

The final estimate then follows by Theorem 5.6 and the approximation properties of Pg, . U

5.5 Superconvergence estimates for the original potential

For the sake of completeness, we show in this section the superconvergence estimates for the
original potential py, following essentially [30], [20, Section V.3], and [29]. Note that we reduce
the assumptions necessary in [29].

Assumption (B) (Elliptic regularity)

For each gy € @y, the weak solution of the problem

r =—SVyq in Q, (5.7a)
V.r=g, in €, (5.7b)
q=0 on 0N (5.7¢c)
satisfies
lallz + Irl < Cerllgnll (5.8)
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Theorem 5.8 (Superconvergence estimates for the original potential py). Let u, p be given
by (1.4a)—(1.4b) and up, pp by (1.5a)—~(1.5b). Let next Assumption (B) hold. Then if |l =k,

1Py, (p) = pull < Ch(lllu = Iv, ()llls + IV - (u = Iv, (w)])) < CA**2,
and if k > 1 and (u — Iy, u,1)g =0 for each K € Ty,
1P, () = pull < Ch(ll[a — Iy, (w)|ll) < CR**2.
Proof. We use the characterization

Pg, (p) — prs 9n
grhedy thH

We next develop, using the definition (4.3a) of the Py, orthogonal projection, the fact that V -
Iy, (r) = gn, and subtracting (1.5a) from (1.4a)

(Po, () = prsgn) =0 = Phogn) = (0 — p1, V - Iy, (r)) = (S (u —up), Iy, (r))
(S (u = Iv, (), Iv, (r)) + (S~ (Iv, (0) — up), Iy, (r))
=(S7 (u— Iy, (), Iv,(r) = 1) + (7' (u - Iy, (u)),r)

+ (ST (Iv, (0) — wp), Iy, (r) =) + (S7' (Iv, (u) — up), 7).

We now first note that for the last term, we have

(S_l(IVh (u) - uh)v I‘) = _(IVh (u) — Up, Vq) = (V ’ (IVh (u) - uh)vq) =0,

employing (5.7a), the Green theorem, and the fact that V- (Iy, (u) —up) = 0. Next, the first term
can be estimated by, employing (5.8),

(5™ (u~ Iv, (W), Iv,, (r) = 1) <[|lu — Iy, (@)|[[ /Il Fv,, (r) = xlll < Chlllu = v, (w)]ll«[r]
<CCgrhlla = Iy, (0)|l[«[lgn]-

The third term can be estimated similarly, using in addition the triangle inequality and (5.1).
Finally, there are two ways to estimate the second term. Firstly,

(S Hu-Iv,(n),r) =— (u—Iv,(u),Vq) = (V- (u—Iv,(n)),q)
=(V-(a=1Iv,(a)),q —mo(q))

1 1
<Cph||V - (u = Iv, (w)lllgh < CECrrA|V - (u = Iv, (0))][lgnl]

employing (5.7a), the Green theorem, the fact that (V- (u — Iy, (u)), 1)k = 0 for all K € 7p,
the Poincaré inequality (2.13), and (5.8). Alternatively, if £ > 1 and (u — Iv,u,1)x = 0 for each
K € Ty, then

(S™H(u~ Iv, (w),r) =(Iv, (u) — u,Vq) = (Iv, (u) — u, Vg — 10(V4q))
1 1 1
<Cphlllv, () = ulllgls < CgCrrCg ohlllu = Iv,, (w)][l:[|gnll;

employing also the Poincaré inequality (2.13), the assumption on S, and the definition of the
energy norm (2.9). Combining the above estimates proves the assertions of the theorem. O
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5.6 Superconvergence estimates for the postprocessed potential

Using the results of the previous section, we establish here in a straightforward way superconver-
gence estimates for the postprocessed potential py,.

Theorem 5.9 (Superconvergence estimates for the postprocessed potential pp,). Let u, p be given
by (1.4a)—~(1.4b), up, pp by (1.5a)—~(1.5b), and py by (4.2a)—(4.2b) or (4.4a)—(4.4b). Then

Ip = Bnll < Chlllp = Bulll + | Pey, () — pall-

If in particular Assumption (B) holds and if either | = k or k > 1 and (u — Iy, u,1)g = 0 for
each K € Ty, then

Ip — pnll < CRF2.

Proof. We have, using the triangle inequality, the fact that Pg, is the L?(2)-orthogonal projection
onto @y, (4.4a), and the Poincaré inequality (2.13),

lp — Bull =|lp — Br — Pa, (p — Pr) + Pa, (0 — n)|| < |lp — Br — mo(p — Bu)|| + || Pa,, (p) — pa ||
) 1/2
<Cghlp = pul1 + || Pa, (p) — pnll < 11/2 llp = pulll + || Pa, (p) — pal|-
€s.0

6 A posteriori error analysis

We show in this section that with the abstract result of Theorem 3.1 (or with the slight improvement
of Theorem 3.3), it is also immediate to get an optimal framework for a posteriori error estimates
for the flux in mixed finite element methods. For the potential, a similar framework developed
in [59, 39, 33] is adopted. We finally give fully computable versions of all the estimates, prove their
local efficiency, discuss their robustness, and present some extensions.

6.1 Estimates for the flux
We state and prove here our a posteriori error estimates for the flux, first in an abstract and then
in a fully computable form.

6.1.1 Abstract estimates

An application of Theorem 3.1 gives the following result, which we state as generally as possible;
in practice, uy, is given by (1.5a)—(1.5b).

Theorem 6.1 (Abstract a posteriori estimate for the flux and its efficiency). Let u be given
by (1.4a)(1.4b) and let uy, € H(div,Q) such that V - uy, = Py, (f) be arbitrary. Then

lla = wllf < inf ([jup + SVs[ll. +1r < [[[u—uplll« + 9z, (6.1)
seHL ()

0

where

=

2
IR = { > %Hf—Pcbh(f)H%(} -

C
KeTy, 8,K
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Proof. The right inequality in (6.1) is straightforward by putting s = p and noticing that u =
—SVp by the equivalence of (1.2) and (1.4a)—(1.4b). For the left one, put v.= u, w = uy, and
t = —SVs, with s € H}(Q) arbitrary, in Theorem 3.1. This gives

u-+ SVs
= wallle < [lfun + V]l + \A (u— . )\

[la+ SVsil.

Next put ¢ := (p — s)/|[[p — s||| € H}(Q) and rewrite the second term of the above expression as
|A(u — up, —SVy)|, employing u = —SVp and (2.10). Next, by the equivalent definition of the
weak solution (2.5),

A(u, =SVy) = (f, ),
whereas
A(up, =SVp) = —(up, Vo) = (Pa, (f), ¢)
by (2.3), the Green theorem, and the assumption on uy. Hence

A(u - uh’_SVSO) = (f - P<I>h(f)a80)-

This last expression can easily be estimated by

(f_P‘i’h(f)’@) = Z (f_Péh(f),Sﬁ)K = Z (f_P‘I)h(f)’SO_WO(SO))K

KETh KETh
1
<= Po,(Dlklle = m(@)lx < D If = Po, (Al CEhk Vel x
KeTy, KeT;,
L2
< D IF = Po, (Dl =5 hxclllelllze < nrllielll,
KeT, CS. K

employing the fact that zero-order polynomial are always in ®,, which implies (f — Pa, (f), ¥)x =
(f = Po,(f), — mo(¢)) Kk, the Cauchy-Schwarz inequality, the Poincaré inequality (2.13), (2.7),
and once again the Cauchy—Schwarz inequality. The assertion of the theorem follows by the fact
that |[|¢]]| = 1. O

Remark 6.2 (Nature of the estimate of Theorem 6.1). Theorem 6.1 shows that the error in a
vector field uy, € H(div, Q) such that V -y, = P, (f) is measured by how close uy, is to a gradient
of a HZ(Q)-potential, up to the term ng.

Remark 6.3 (Residual term). The term nr is sometimes referred to as the “data oscillation
term”, because it only depends on the variation of the source function f, and considered separately
from the actual a posteriori error estimate. If f € HW(Ty,), this term is clearly of order O(h!*+?).
Thus it is superconvergent for those mized finite elements methods where |[[u — upl||« is of order
O(h!*Y), namely the Raviart-Thomas-Nédélec ones. This is, however, not always the case, namely
for the Brezzi-Douglas—Marini family, where |||u — uy|||« is of order O(h'*2). In this second case
in particular, it is thus important not to separate nr from the estimate and use hi||f — Po, (f)| x
with the correct weighting given by the Poincaré constant Cp and the material constant cs i .

Remark 6.4 (Efficiency of the abstract estimate of Theorem 6.1). When the term ngr is supercon-
vergent (see Remark 6.3), the estimate of Theorem 6.1 is optimal, i.e., it also represents a lower
bound for the error, up to nr. We will in Theorem 6.7 below see that (local) efficiency also holds
for mr in any case. Another possibility to work with the term ngr is to derive estimates in the
Il - I« div-norm, as we do it below.
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Employing Theorem 3.3 instead of Theorem 3.1, we can easily get the following slightly im-
proved version of Theorem 6.1:

Corollary 6.5 (Improved abstract a posteriori estimate for the flux and its efficiency). Let u be
given by (1.4a)—(1.4b) and let u;, € H(div,Q) such that V -uy, = Ps, (f) be arbitrary. Then

lla —wplllf < inf [llu, +SVs[Z + 7 < lllu— wslllZ + 7z
€Hy(9)

This version is particularly suitable to derive in a straightforward way an estimate in the
| - I|]div-norm:

Theorem 6.6 (Abstract ||| - |||« aiv-norm a posteriori estimate for the flux and its efficiency). Let
u be given by (1.4a)—(1.4b) and let up € H(div, Q) such that V - up = Pg, (f) be arbitrary. Then

e — w2 iy < se}gﬁm Il +SVs[Z + [ f = Po, (F)I* + 12 < llu = unlllZ giv + it

0

Note that now the term 7, by its definition, converges by one order faster than ||f — Ps, (f)]|-
Hence, in contrast to Theorem 6.1 (see also Remark 6.4), the ||| - |||« div-norm setting gives an
optimal global abstract efficiency, up to the now always (also in the Brezzi-Douglas—Marini-like
cases) superconvergent term ng. On the other hand, however, the term ||f — Pg, (f)]| is generally
of order O(h!*1), which may dominate the error in the Brezzi-Douglas-Marini-like cases, where
||lu — |||« is of order O(h!*2). As this term is entirely data-dependent, we believe that, although
Theorem 6.6 gives an optimal abstract estimate and efficiency, ||| - |||« div-norm estimate is not
suitable for a posteriori error estimation, as previously noted in, e.g., [42, Remark 3.4].

6.1.2 Fully computable estimates

Employing Corollary 6.5 and Theorem 6.6, we see that in order to give a fully computable a
posteriori error estimate, we only need to specify a function s € H&(Q) This choice is of course
particularly important for the precision of the estimate and it is also crucial in order to prove a
local efficiency. Clearly, —SVs has to be as close as possible to uy. In view of this fact, we are led
to first consider pj, given by (4.2a)—(4.2b) in the lowest-order Raviart-Thomas-Nédélec case and
by (4.4a)—(4.4b) otherwise, for uy, the mixed finite element solution given by (1.5a)—(1.5b). Recall
that uy directly equals —SVpy under Assumption (A) and that uy is very close to —SVpy, in
general by (4.5). The last step is then to “smooth” p;, into a conforming function and for exactly
this reason, we have in Section 2.3 introduced the Oswald interpolation operator. Hence (a general
version of) our fully computable a posteriori error estimate is as follows:

Theorem 6.7 (Fully computable a posteriori estimates for the flux). Let u be given by (1.4a)—
(1.4b) and let uj, € H(div,Q) such that V - uy, = Py, (f) and py, € H'(T},) be arbitrary. Let the
potential estimator be given by

ek = [[[un + SV (Zos(pr)) |+ (6.2)
the residual estimator by
01/2hK
i = =1 = Pay (£l (6.3)
CS. K

and the divergence estimator by
o,k = ||f = Pa, (f) % (6.4)
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Then

[u = w2 < Z (ng’,K"'nlz%,K)a
KeTy,

l|la — uh|||z,div < Z (M x + MRk +MDK) -
KeTy,

Remark 6.8 (Constants in Theorem 6.7). Remark that there are no undetermined constants in
the estimates of Theorem 6.7. Moreover, the leading estimators np x and np ik are completely
constant-free and the only constants figure in the residual estimator ngr k., which is likely to be
superconvergent, see Remark 6.5.

6.2 Estimates for the potential

We state and prove here our a posteriori error estimates for the potential, first in an abstract and
then in a fully computable form.

6.2.1 Abstract estimates

Building on the approaches of [59, Lemma 7.1] and [39, Lemma 4.4], the following has been shown
in [33, Theorem 4.1]:

Theorem 6.9 (Abstract a posteriori estimate for the potential and its efficiency). Let p be the
weak potential given by (1.2) and let py € H'(7},) be arbitrary. Then

llp = Bulll” < inf |llpn — |||
1
SEH;(Q)
inf sup  ((f =V -t,0) — (SVpp +t,Ve))? (6.5)
tEH(dV,Q) pe il (Q), [[loll=1
<2|[lp — pnll*.

Remark 6.10 (Nature of the estimate of Theorem 6.9). Theorem 6.9 shows that the error in
a scalar field p, € HY(T},) is measured by how close Py, is to the space HE(Q), how close the
approximate diffusive flur —SVpy, is to the space H(div, ), and how small the residual f —V - t
can be.

6.2.2 Fully computable estimates in the energy norm

Analogously to the proof of Theorem 6.1 (cf. [33, Section 4] where the proof is given in full details
in the discontinuous Galerkin setting), we have the following result. We again state it generally; in
practice, it will be used for the postprocessed approximation py, of Section 4.4 and the mixed finite
element approximate flux uy, given by (1.5a)—(1.5b). Recall in this respect that the postprocessed
potential pj, belongs to Wy (7},) and that ||| ||| is a norm on Wy(7},) thanks to the discrete Friedrichs
inequality (2.8), whence the justification of the “energy norm” (and not just seminorm) in the title
of this section.

Theorem 6.11 (Fully computable energy a posteriori estimate for the potential). Let p be given
by (1.2) and let py, € H(73,) and w;, € H(div,Q) such that V -uy, = Py, (f) be arbitrary. Let the
nonconformity estimator be given by

e,k = [[Pr — Zos(Pr)|ll ks (6.6)
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the diffusive flux estimator by
moF,k = |[[un + SVl k. (6.7)

and the residual estimator by (6.3). Then

lp — ulll* < Z {nXc.x + (mor,x +nr.K)*}
KeTy,

Remark 6.12 (Constants in Theorem 6.11). We note that similar observation to that of Re-
mark 6.8 holds here true as well.

6.2.3 Fully computable estimates in the L?(Q)-norm

The energy norm estimate of the previous section is aimed to be used for the postprocessed
approximation p;, of Section 4.4. Using this result, we now derive L?(Q)-norm estimates, first for
pp, and then for the original approximate potential py,. As it will however appear, these estimates
are somewhat “less nice” than those of the previous section, as they in particular feature several,
albeit known, constants in the leading terms. In our opinion, L?(2)-norm is not optimal for a
posteriori error estimates in mixed finite elements and we believe that trying to directly and only
derive estimates for pj, in the L?(Q)-norm was the bottleneck of a lot of previous works on a
posteriori error estimates in mixed finite element methods.
We first give an L?(Q2)-norm estimate for 5, again in the most general setting possible:

Corollary 6.13 (A posteriori estimate for py, in the L2(Q)-norm). Let p be given by (1.2) and let
pn € Wo(7y,) and vy, € H(div, Q) such that V -y, = Py, (f) be arbitrary. Then

_ Cpr
lp=5nl* < —= > {mc,xc + (mor.x +1r.x)*}
5.0 o7
where NG, K, DR, K, and MR,k are given respectively by (6.6), (6.7), and (6.3).

Proof. Immediate from Theorem 6.11, using the fact that (p—pp) € Woy(7},), the discrete Friedrichs
inequality (2.8), and (2.7). O

We conclude this section by an L?(Q)-norm estimate for pj, following trivially from Corol-
lary 6.13 by the triangle inequality; in practice, again py and uy, are given by (1.5a)—(1.5b) and py,
by (4.2a)—(4.2b) or (4.4a)—(4.4b):

Corollary 6.14 (A posteriori estimate for py, in the L?(Q)-norm). Let p be given by (1.2) and let
ph € Pp, Pr € Wo(7h), and up, € H(div, Q) such that V -uy, = Py, (f) be arbitrary. Then

=

Cpr _
lp — pall < {C— > {mkox + (or.x +77R,K)2}} + 15n — pall,
" KeTy,

where nNC, K, MDF, K, and MR,k are given respectively by (6.6), (6.7), and (6.3).

6.3 Local efficiency

To conclude this section, we prove here local efficiency of the a posteriori error estimators of
Theorems 6.7 and 6.11.
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Theorem 6.15 (Local efficiency of estimators of Theorems 6.7 and 6.11). Let f be piecewise
polynomial of order m and let u,p be given by (1.4a)—(1.4b). Let next Tj, be shape-reqular and
let up, and pp be given by (1.5a)~(1.5b) and py by (4.2a)—(4.2b) or (4.4a)—(4.4b). Let finally the
a posteriori error estimators np i, MR,K, INC,K, and Npr,x be given respectively by (6.2), (6.3),
(6.6), and (6.7). Then

NP, Kk < NDF,K + 1INC,K
nor,kx < |[[a —uaplllsx + lllp — ulllx,

Osw. -
nnex < C llp — pnlll 75 »
4 K
= |Cs K
nmrix < C —|lla — aplll x,

where the constant C depends only on the space dimension d, the mazimal polynomial degree n of
Dn, and the shape regularity parameter kT and C depends only on d, the polynomial degree m of
f, and kT.

Proof. We have for npr, x
mor. K < |[an +SVplll.x + ISVp = SVp[lls i = l[[u = wnlllx + [llp — Palllx

by the triangle inequality and (2.10). The estimate for np x is obtained analogously. Next, the
inequality

b Nadle < S IVGh— 9l

Liyoely,

was established in [3, Theorem 10] for pj, € Wy(7},), simplicial meshes, o € £, and an arbitrary
@ € H'Y(Q). It generalizes easily to rectangular parallelepipeds and to the case o € EX and
¢ € H}(2); here C depends only on d and k7. Thus we have for the nonconformity estimator

e = n — Zos@)lIi < CCs,x D by ' IIB]IIE

UESK
_ Cs.x _
<CCsk > V-l < C- > e = balli
LeTy STk rery

using Lemma 2.1 and the above estimate, with C' depending only on d, n, and x7. Finally,

1/2 , —
If = Po, (Nllx = If = V- wnllx < COYphitlu—wplllex

with C' depending only on d, k7, and m follows standardly by using the element bubble function,
the equivalence of norms on finite-dimensional spaces, the definition (1.2) of the weak solution, the
Green theorem, the Cauchy—Schwarz inequality, the definition (2.9) of the energy norm, and the
inverse inequality, cf. [55] or [59, Lemma 7.6]. Hence the estimate for ng i follows. O

Remark 6.16 (Maximal polynomial degree n of p,). Note that by the postprocessing of Section 4.4,
Pn € My, usually a nonconforming polynomial space enriched with bubbles. The “maximal polyno-
mial degree n of py”, with the notation of Section 2.3, will then simply correspond to the highest
polynomial/bubble degree used.

22



6.4 Extensions

We present here two extensions of the previous results. First of all, following Bernardi and
Verfiirth [14] and Ainsworth [5] and using the Oswald interpolation operator with diffusion tensor-
dependent weights as in [33], one can obtain estimates robust with respect to inhomogeneities
under the “monotonicity” assumption. Secondly, improving on the situation studied in [33] in the
discontinuous Galerkin setting, we show that for mixed finite elements, our estimates are robust
with respect to all inhomogeneities, anisotropies, polynomial degree, and mesh regularity for the
error in |||[u — up|||l« and |||p — sp|||, where s, € H}(Q) is arbitrary. The same holds true for the
triple error in u, sy, and py.

6.4.1 Estimates robust with respect to inhomogeneities under the “monotonicity”
assumption

With the notation of Section 2.3, let

1 1
Zoss(en)(V) = =15 D Caxenlx(V).
ZKETV CS,K KeTy

Then all the estimates of Sections 6.1 and 6.2 hold true with Zpg replaced by Zoss. Clearly, the
difference between Zos and Zog,s is the use of the diffusion tensor-dependent weights in the latter.
We first make the following assumption (cf. [14, Hypothesis 2.7]):

Assumption (C) (Monotonicity of the distribution of Cs k)

For any two elements L, M € T;, which share at least one point, there exists a connected path
passing from L to M through element sides such that the function Cs g is monotone along this
path.

We then have the following result:

Theorem 6.17 (Local efficiency robust with respect to inhomogeneities under Assumption (C)).
Let all the assumptions of Theorem 6.15 hold, with Zos replaced by Toss. Let next Assumption (C)
hold. Then

np,k < NDF,K + NC,K
norx < |llu— uh\H* &+ llp — pnlllx,

<
INC,K Clgéa,;c |||p Pulll 7 s
UR,KSO p |||11—uh|||*Ka

)

where the constant C' depends only on the space dimension d, the mazimal polynomial degree n of
Dn, and the shape regularity parameter kT and C depends only on d, the polynomial degree m of
f, and kT.

[43

Unfortunately, for the above robustness result, the “monotonicity” assumption is crucial. This
excludes the most interesting cases where the weak solution is singular. For conforming discretiza-
tions, estimates robust in all cases are presented in [60]. The generalization to the nonconforming
case seems not to be straightforward and represents an ongoing work.
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6.4.2 Estimates robust with respect to inhomogeneities, anisotropies, polynomial
degree, and mesh regularity for flux- and potential-conforming approximations

Combining Theorems 6.7 and 6.11 for the upper bound and the triangle inequality and the estimate
for nr,x from Theorem 6.15 for the local efficiency, we can state the following result:

Theorem 6.18 (Optimal a posteriori error estimate for flux- and potential-conforming approxi-
mations). Let u,p be given by (1.4a)—(1.4b) and let up € H(div,Q) such that V -y, = Pg, (f),
pn € HY(Tp,), and s, € HL(SY) be arbitrary. Let next the a posteriori error estimators np i, MRk,
nNC, K, and npr, i be given respectively by (6.2), (6.3), (6.6), and (6.7), with Zos(pp) replaced by
sy. Then

lw = wnlllZ + lllp = sull® < D {nd s+ + (e, +1m,5)*
KETh

= wpll2 + lllp = Blll® + llp = sulll> < Y {md ke +nkx + .k + MR
KETh
2 2
+ nxex + (orx +MRK)° )

Moreover,

e < [u—wlllx + [l = snlllx,
oK < [llw =[x + I[P = Balll
nNek < lIp = Pulll +[llp = snlllx-

Finally, the residual estimators nr x represent a higher-order term in the Raviart-Thomas—-Nédéc
case whenever f € HW(Ty,), see Remark 6.3. In any case, when f is piecewise polynomial of
order m and Ty, shape-reqular, then

%W
CS K

)

MR, K <C u— |k,

where C depends only on d, the polynomial degree m of f, and k.

Remark 6.19 (Theorem 6.18). Theorem 6.18 shows that the a posteriori error estimates presented
in this paper also give an upper bound for the error including |||p — swnlll (llp — Zos(Pr)||| in the
mized finite element setting). In this case, possibly up to the residual term, they become robust with
respect to all the diffusion tensor S, the space dimension d, the maximal polynomial degree of uy,
Sh, and pp, and the mesh shape reqularity. Moreover, a mazimal overestimation factor (effectivity
indez) is guaranteed. Note also that in order to solve the possible issue of the residual term, the
estimates can be giwen for |||u — up|||+.div as in Theorem 6.7.

Remark 6.20 (Optimal efficiency). It is to the estimates of Theorem 6.18 that the results of
Repin et al. [51] should be compared. Basically, giving optimal a posteriori error estimates for
approzimations which are both fluz- and potential-conforming is trivial.

7 Complements on mixed finite element methods

We give here some complements on mixed finite element methods that are to our knowledge not
presented in any of the standard textbooks or other references mentioned in the introduction. We
start by showing that under the assumption that the source function f belongs to the space ®y,
some orthogonal projection relations are valid in the mixed finite element method, parallel and
complementary to the conforming finite element method. We next show that mixed finite element
approximate solutions are directly equal to or very close to some generalized weak solutions.
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7.1 Orthogonal projection properties

We first give the following characterization, valid for any mixed finite element scheme.

Theorem 7.1 (Vector orthogonal projection property). Let f € @y, let p be given by (1.4a)—(1.4b),
and let uy, € H(div, Q) such that V -uy, = f be arbitrary. Then

ISVp +upflle = inf [y + SVl (7.1)
sEHL(Q)

0
or, equivalently,
A(SVp+u,,SVp) =0 Ve Hi(Q). (7.2)
Proof. Property (7.1) follows immediately from (6.1) under the assumption f € ®;. To see (7.2)
is then standard; alternatively, putting w = uy, in (3.1) and using f € &}, implies

A(=up, SVe) = (—un, Vo) = (f, )
by the Green theorem and (1.5b). Hence ¢ = p and (7.2) coincides with (3.4). O

Remark 7.2 (Vector orthogonal projection property). In the conforming finite element method
for (1.1a)~(1.1b), the approzimate solution py € Xp, with X, := Ry(7,) N H}(Q) is characterized
by

B(pn,pn) = (f,on)  Ven € Xp

and satisfies
_ — inf _ ’
llp = pull = _int flp = sull

B(p — ph,pn) =0 Vo € Xp.

This means that it is the H&(Q)—orthogonal projection of the exact potential p onto X;, with respect
to the scalar product B(-,) (and the associated scalar energy norm (2.7)). We denote this projection
by Px, . Theorem 7.1 says that in the mized finite element method, under the condition that f € ®p,,
the exact flur w = —SVp is the L%(Q)-orthogonal projection of the approzimate fluz wj onto
SV H(Q) with respect to the scalar product A(-,-) (and the associated vector energy norm (2.9)).
Note the parallel but also the exchange of the roles between the exact and approximate solutions: in
the conforming finite element method, the approrimate solution is the orthogonal projection of the
exact one, whereas in the mized finite element case, the exact solution is the orthogonal projection
of the approximate one.

The following characterization is only valid in the lowest-order Raviart—Thomas—Nédélec cases:
Theorem 7.3 (Scalar orthogonal projection property). Let Assumption (A) hold, let f € &y, and
let p be given by (1.4a)—(1.4b), up, pr by (1.5a)—(1.5b), and p;, by (4.2a)—(4.2b). Then

—pulll =  inf on, — S|,
llp = 7ull = _int {1 ~ sl

0
or, equivalently,
B(p—pn,0) =0 Vo€ Hy(9).
Proof. Immediate from (7.1) and (7.2) using (1.3a), (4.2a), and (2.10). O

Remark 7.4 (Scalar orthogonal projection property). Under assumptions of Theorem 7.3, the
exact potential p is the Wy(7y,)-orthogonal projection of the approximate postprocessed potential py,
onto HE () with respect to the scalar product B(-,-) (and the associated scalar energy norm (2.7)).
We denote this projection by PH(%. Here, the parallel to the conforming finite element method is
even stronger, compare it with Remark 7.2. The situation is graphically illustrated in Figure 1.
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Figure 1: Graphical visualization of the relations between the postprocessed lowest-order mixed
finite solution py, weak solution p, and conforming finite element solution p, when f € &y,.

7.2 Generalized weak solutions and mixed finite elements

We develop here the ideas of [59, Section 5.4] on the relation between mixed finite element approx-
imate solutions and certain generalized weak solutions. For some results comparing the mixed and
(generalized) finite element approximate solutions, we refer to Babuska and Osborn [12] and Falk
and Osborn [36].

By a generalized weak solution, we understand a function p € W},(7;,) such that

(SVp, V) = (fip) Ve € Wi(Tp). (7.3)

Note that (2.7), (2.11a), and the discrete Friedrichs inequality (2.8) ensure the existence and
uniqueness of the solution of (7.3). This generalized weak solution is dependent on the given

mesh 7} and also on the normal components of the space Vj, by the definition (2.1b) of the space
Wi (7). Note also that HE(Q) C Wj,(75), whence the term “generalized”.

Theorem 7.5 (A posteriori estimates for the generalized weak solutions). Let p be given by (7.3),
u by u:= —SVp, uy, py by (1.5a)—~(1.5b), and py by (4.2a)—(4.2b) or (4.4a)—(4.4b). Then

e —wnll® < > (bp i + i)
KeTh

15 = ulll® < (o + nrx)*-
KeTh

where the diffusive flux estimator npr k is given by (6.7) and the residual estimator nr .k by (6.3).

Proof. By replacing H{(Q) by Wy,(7,) in Theorem 3.3, putting v = @, w = u;, and using (3.3),
one comes to the equivalent of (3.2)—(3.3) in the form

-+ SVy )2

~ 2 . 2 ~
I I = inf L la+ SVl

h

26



We next put ¢ := (p—)/|[|p — ¥||| € Wr(7},) and rewrite the second term of the above expression
as A(a — up, —SVy), employing u = —SVp and (2.10). Next, by (2.3) and the definition of the
generalized weak solution (7.3),

A, =SVo) = (f, ),

whereas

A(up, =8V) = —(ur, Vo) = Y {(V-un,9)x — (w0, 9)ax} = (Pa, (), #) (7.4)
KeT,

by (2.3), the Green theorem, the fact that u, € Vj and ¢ € Wy(7;,), and (1.5b). Note the
importance of the definition (2.1b) of of the space Wj(7},), by which the term 3 -7 (a0, )ox =

Zaegh (up, - n, [¢])s disappears. Hence
A(a —up,, —SVe) = (f = Po, (f), ¢).

Estimating this term exactly as in the proof of Theorem 6.1 and putting s = pj, the estimate for
u — uy, follows.
Similarly as in the vector case, instead of (6.5), one in the present setting gets

16 —pulll* < inf _ ||lpn — s[> + sup B(p — pn, 9)*.
SEWn(Tn) PEWL(Th), [llelll=1

Whereas the first term disappears by putting s = pp, we have for the second one, adding and
subtracting (up, V),

B(p — Pn, ) = (f, ) = (SVPh +up, Vo) + (up, V).
The estimate for p — pj, now follows by (7.4) and the Cauchy—Schwarz inequality. O

Remark 7.6 (A posteriori estimates for the generalized weak solutions). Note that the essential
difference of the estimates of Theorem 7.5 and of those of Theorems 6.7 and 6.11 are that the
nonconformity estimator nxc x given by (6.6) and the potential estimator np i given by (6.2),
the two estimators penalizing the nonconformity in pp through the introduction of the Oswald
interpolate Zos(pr), are not present, since the generalized solution p itself is in the space Wy (7y)
as py. Note also that under Assumption (A), the diffusive flux estimators npr i vanish, whereas
for f € @y, the residual estimators nr x vanish. Thus in the lowest-order Raviart—Thomas—Nédéc
case and for elementwise constant f, p = py (and 0 =y ). We refer to [59, Sections 5.4 and 5.6]
for a more detailed discussion of this special case.

The proof of the following theorem is straightforward, using the same techniques as those in
the proof of Theorem 6.15.

Theorem 7.7 (Local efficiency of estimators of Theorem 7.5). Let the assumptions of Theorem 7.5
be verified. Then

ok, K < [0 = up[l« e + {15 = Palll-

Moreover, the residual estimators nr x represent a higher-order term in the Raviart-Thomas—
Nédéc case whenever f € HU(Ty,), see Remark 6.3. In any case, when f is piecewise polynomial
of order m and 7Ty, shape-regqular, then

5 1Cs K |~
nrx < C —|lla = aplll x,
| cs.x

where C' depends only on d, the polynomial degree m of f, and k.
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Remark 7.8 (Local efficiency of estimators of Theorem 7.5). Note that, possibly up to the residual
term, the a posteriori error estimate of Theorem 7.5 is according to Theorem 7.7 robust with respect
to all the diffusion tensor S, the space dimension d, the mazximal polynomial degree n of py, and
the mesh shape regularity.
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