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Relaxed model for the hysteresis in micromagnetism

G. Carbou!, M. Effendiev? and P. Fabrie!

! Institut de Mathématiques de Bordeaux, UMR 5251, Université de Bordeaux, 351 cours de la
Libération, 33405 Talence cedex, France.

2 Universitit Stuttgart, Universitiitsbereich Vaihingen, Pfaffenwaldring 57, 70550 Stuttgart,
Germany.

Abstract : in this paper we study a model of ferromagnetic material with hysteresis effects. The
magnetic moment behaviour is described by the non-linear Landau-Lifschitz equation with an additional
term modelling the hysteresis. This term takes the form of a maximal monotone operator acting on the
time derivative of the magnetic moment. In our model, it is approximated via a relaxing heat equation.
For this relaxed model we prove local existence of regular solutions.

1 Introduction

The hysteresis properties of the ferromagnetic materials are a very wide domain in physics (see
E. Della Torre [4]). The Preisach model describing the magnetic hysteresis is obtained by a
phenomenological approach (see [9]). It is explained from the mathematical point of view by
A. Visintin in [12]. Other models for rate-independent evolution in ferromagnetic materials are
given in [10]. The same kind of models are used for other applications in [7] and [§].

With a physical approach, W. F. Brown developed in [2] the micromagnetism theory. The model
described by Landau and Lifschitz in [6] is the following. The magnetic moment m is a unitary
vector field linking the magnetic field and the magnetic induction by the relation B = H + m.
The variations of m are described by the Landau-Lifschitz equation:

om

v =-mAHerr —mA(mAHess), (1.1)
where the effective field is given by Herr = Am + hg(m) + Hy + ¥(m), and the demagnetizing
field hg(m) is solution of the magnetostatic equations

div (hg(m) +m) = 0 and curl hy(m) = 0, (1.2)

where H, is an applied magnetic field and where ¥(m) is an anisotropic term.

Micromagnetic modeling and Preisach modeling are two complementary approaches but the
links between these two models are not clear. Using a two time-scales asymptotic method, J.
Starynkévitch [11] gives a first answer to bring to the fore the hysteresis in Landau-Lifschitz
model. We study here a model due to M. Effendiev. The hysteresis effect in Landau-Lifschitz
equation is reinforced by an additional term in the effective field. This term is described with
the maximal monotone operator § defined as follows

S ite o,

s =14 14 (1.3)
B(0,1) if £ = 0.



In this model the effective field is given by:

om
a0

The existence of regular solutions for the system (1.1)-(1.4) is open. We propose here a relaxation
model for this system:

HeffZAm-i-hd(m)-i-Ha-i-‘l’(m) — ( (1.4)

(0
a_T = m A (Am + hg(m) + Hy +0(m) —v) —m A (m A (Am + ha(m) + Hy + U (m) — v))
ov 1, 0m
2 — Av+ = (B(==) =
5 = Qv+ Z(B(5r) —v)
om  Ov
_— — = Q
9 — o 0 on 092,
m(t =0) =mg and v(t = 0) = vg on Q.
(1.5)
We prove an existence result of strong solutions for this relaxed system for ¢ > 0 fixed.
We assume that the initial data satisfies the following conditions:
mo € H?(Q) and vy € HY(Q),
0
% =0 on 09.

For regular solutions, the equation (1.5) with initial data satisfying (1.6) is equivalent to the
following system (see [3]):

%—T—Am:m|Vm\2—|—m/\Am+m/\(hd(m)—i—Ha—i—‘ll(m)—v)
—m A (m A (hg(m) + H, + ¥(m) — v))
ov 1, 0m
T Av = —(B(Z2Y -
ot~ Av =BG ) (1.7)
om  Ov
%—%—0011852,
L m(t =0) =mg and v(t =0) = vg on Q.

Indeed if (m,v) is a regular solution of (1.5) then the punctual norm of m is preserved and so
|m| = 1. Then we have Ajm|?> =0 =m - Am + |[Vm|%.

Som A (mAAm) = (m-Am)m — |m2Am = —Am — m|Vm/|2.

In addition if (m,v) is a regular solution of (1.7) then |m|? satisfies a parabolic equation which

unique solution is |m|? = 1. Then the previous computation remains valid and (m,v) satisfies
(1.5).

Our main result is the following theorem:



Theorem 1.1 We fix ¢ > 0. Let (mo,vo) satisfying (1.6). Then there exists T* > 0, there
exists (m,v) solution of (1.7) such that for all T < T*,

m € C°0,T; H*(Q)) N L*(0,T; H3(Q)), v € C(0,T; HY(Q)) N L*(0,T; H*(Q)).

In the following section we recall technical lemmas about equivalent norms in the HP spaces,
about the demagnetizing field hy and about the maximal monotone operator (3.

In the last section we prove Theorem 1.1.

2 Technical lemmas

2.1 Estimates tolls

The results of this subsection are proved in [3].

Lemma 2.1 Let 2 be a bounded regular open set. There exists a constant C such that for all

u € H%(Q) satisfying % =0 on 092, we have

1
lull gy < € (Il + lAulzg ) (2.1)
!
IVullio) < € (IVullfeq) + 1Aullfeq) (2:2)
3 ou
and for v € H>(Q) such that Y 0 on 09,
1
I¥0ll 2y < © (IVull3aqg) + 1Aulag) + IV 8ul220)) (2.3)

Using Lemma 2.1 and the classical interpolation inequality, we rewrite Sobolev and Gagliardo-
Nirenberg inequalities on the following form:

Lemma 2.2 Let Q be a reqular bounded domain of R3. There exists a constant C' such that for

all w € H?(Y) such that % =0 on 09,

n

[

—~
[\
=~

N~—

lull gy < € (lullfeqa) + 1Aulliz))

=

IVullzo@) < € (Iulfa@) + 1Aulfzg) (2.5)
(@) ()
1
IVulsy < Cllullzeqey (ull3 +1AulZa)) (2.6)
@

and for all u € H3(Q) such that =0 on 09,

ov
1

1 1 1
1D%ul30) < € ( (Il + 180l + (Il + 80l 198wl ) - 27



2.2 Demagnetizing field
We consider the operator m — hg(m) defined by (1.2). It satisfies

hd(m) € LQ(R3)7
curl hg(m) =0 in R3,
div (hg(m)+ m) =0 in R3,

where m is the extension of m by zero outside .
We observe that m — —hg(m) is the orthogonal projection of m on the vector fields of gradients
in L2(R3). We prove in [3] the following estimates concerning the operator hg:

Lemma 2.3 Let p €|1,+oc[. Then, if m belongs to WLYP(Q) (resp. W2P(QQ)), the restriction
of hq(m) to Q belongs to WIP(Q) (resp. W2P(Q)) and there exists a constant C such that

lha(m)|[Le) < cllmllr)y, 1<p<+oo. (2.8)
[ha(m)lwie) < Cllm|lwirq), (2.9)

and
[ha(m)llwzp) < Cllm|lwerq)- (2.10)

2.3 Maximal monotone operators tools

We remark that [ is a maximal monotone operator. We recall usefull results proved in [1]. The
first proposition is about the approximation of § by a continuous operator:

Proposition 2.1 For A > 0 we define B by

£ for ] > A
Br(§) = |§‘
X for |€] < A.

Then if £y tends to & uniformly on [0,T] x Q then extracting a subsequence, (5(€y) tends to 5(§)
in L™ weak *.

In order to take the limit in a maximal monotone operator, we have the following lemma:

Proposition 2.2 If A is a maximal monotone operator, if y, € A(xy), if v, — x and y, — vy,
if im sup < x|y, ><< x|y >, then y € A(x) and < x|y, >—< z|y >.

3 Proof of Theorem 1.1

3.1 First Step : Galerkin Approximation
We denote by V,, the finite dimension space built on the n first eigen-functions of —A + Id
with domain D(A) = {u € H*(Q), gu _ 0 on 89}, and by P,, the orthogonal projection from

o
L3(Q) on V.



We first solve the Galerkine approximation for system (1.7). We fix n and we want to build

(my, vy,) the solution of the following approximate problem:
(

mp € Cl([07Tn[7 Vn)7 Up € Cl([O,Tn[, Vn)

omy,

ot

— Am, =P, (mn|an|2 F i A A+ Mg A (ha(mp) + Ho + @ (my) — vn)>
-P, (mn A (i A (ha(mn) + Ha + U(my,) — vn))>

ov, 1 omy, 1
5 2P (9 ~ dva= Lo

my(t =0) = Pp(up), vn(t =0)=Py(vo)

\
(3.1)
In order to solve this problem and to take into account the specificity of the maximal monotone

operator 3, we consider the approximation 3y of 3, described in the previous section, and we
solve the following equation:

my € CH([0, T2 Va), vy € CH([0, T [; V)

o A
g;" — AmfZ =P, (mf‘l\me‘f + m;\Z A Amﬁ + mf‘l A (hd(m;\l) + H, + \If(mﬁ) — v,’}))
=Py, () A () A (ha(m) + Ho + ¥(m)) = 0))))

o) 1 om;) 1
Y¥n _Pn n —A A oA
ot € <ﬂk( ot )> Un e

mi\z(t = 0) = Py (uo), ’Ufz\(t = 0) = Py (vo)

(3.2)
This equation can be written on the following form:
my € CH([0, I3[ Vi), v € CH([0,T2[; Vi)
A
ag;n = Fn(m7)\w UQ)
(3.3)

o 1 om
- P, ny ) = G
ot € (ﬁ)‘( ot >) (va)

\ mz(t = 0) = Pn(UO)v ’Uz(t = 0) = Pn(UO)

where F,, : V, xV,, — V,, and G : V,, — V,, are smooth. Since we can replace the second
equation by

dup _ 1 AN By

Zh = P (B (Falmi v) + G (1)) (34)
for a fixed A we can apply the Cauchy-Lisfchitz theorem on the finite dimensional space V,, x Vj,:
there exists a unique solution for equation (3.3) defined on the maximal interval [0, T}}[.
Since [[Bx(§)[l (@) < 1, there exists K depending only on n such that for all w € V;, we have:

[P (Br(w))lv;, < K.



Since G is linear, we can obtain from (3.4) that there exists a constant C' depending on n such
that for all ¢t < T,i‘ we have:
lopllv,, < Ce.

Now, there exists a constant K depending on n such that for (u,v) € V;, x V,, we have

15 (u, ) lvs, < K (llully, + [10]I7,).

By comparison lemma we then obtain that there exists a time 7™ > 0 such that for all A > 0,
Trf > T"™ and there exists a constant K, such that for all A,

||mfi||Lo<>(0,T") + H%){HLOO(O,TTL) < K. (3.5)
8m’\ A
Using (3.5) in (3.3), we obtain a bound for 8tn and a—t”, and derivating the first equation of
2, A

n

92 Thus there exists a constant K such that

(3.3) with respect to t, we obtain a bound of

for all A,
om? ?m? ov)
Hmf\zHLOO(O,T")+H8—thL°°(O,T”)+HWQHHLW(O,T")"F||Ur>z\||L°°(O,T”)+Ha—;‘|L°°(O,T”) < Ky. (3.6)

For a fixed n we take the limit when A tends to zero. From (3.6) we obtain that there exists my,
and v,, such that

m) — m, in L>=(0,T},)

om;) omy,

—
ot ot

in (0,7,

vpy — vy, in L>®(0,T5,)

A

0 0
In addition using Proposition 2.1, we have that ﬁ)‘(%) tends to wy, and w, € §( Tin

).
t
Furthermore we can take the limit when X tends to zero in Equation (3.2) and we obtain that
there exist T}, > 0, m,, € C*([0,T,,[; V) and v, € C}([0, Ty, [; Vi) satisfying (3.1).

3.2 Estimates for m, and v,

Taking the inner product in L%() of the first equation in (3.1) with m, we obtain that

1d
2dt
Taking the inner product in L?(Q) of the second equation in (3.1) with v, we obtain that

(IrnllZey) + 19mal 220y < Imal3ee gy I9mal 22y - (3.7)

1d ) ) )
o (loalZagey) + 19020y < K+ By, (38)
since ﬁ(agzn) ’ )gK.
L2(Q



We take the inner product in L%(€) of the second equation in (3.1) with Av,. Integrating by

0
part the right hand side, and absorbing ||Avy||2(q) using that ‘ﬁ ( gzn) < K, we obtain
L2(Q)
that 14
o (IVonlZa@y) + IAvalZaey < KO+ [Venaey) (39)

We take the inner product in L?(£2) of the second equation in (3.1) with A?m,,. We obtain that:
2 i (||Amn( )H%am) + VA, ()2 = T + Lo+ I3 + Lo+ I5
with
I = / v (|an\2mn) VAm,dzx,
Q

V

S~

AN Amy, ) VAm,dz,

I
S~

V (mp A hg(my) — my A (my A hd(mn))) VAmy,dx,

(mn
(
(
v (e

I
S~

V (1100 A (Ha + W(mn)) — mn A (mn A (Ha + ‘I’(mn)))) V Amndz,

:;\

AUy — My A (Mg A vn)> -VAm,.

We bound separately each term.

e Estimate on I

|11]

IN

/\an\?’\VAmn\dx—i-/\D2mn\|anHmnHVAmn|da:,
Q Q

IN

IV mnl[76 o) IV Ama | 2 () + 1m0 oo () 1D mnl| 2@ Vmnl| 2o @) [V A 12 (0

hence using the Sobolev embeding and Lemmas 2.1 and 2.2 we obtain that there exists a constant
K independant of n such that

101 < K (Il + | Amalia) 19 Amall a0y
5
4

(3.10)
K (Il 22y + 18mal2a0)) 1V Amll g -
e Estimate on Iy
By Sobolev embeddings and interpolation, we obtain that
(L] < [[Vmn|| Lo | Amn L3 @) | IV AMA || 120
< (wmmm+wmmthMmepm+ (3:-11)

K (ImnBagay + 1Amali3agy ) 198ma s,

7



e Estimate on I3

We have

(3] < (1+[|mnl| oo () (||an||L2(Q) 1ha(mn)ll L2 (@) + llmnll 22 () HVhd(mn)HL?(Q)) IVAmL| 120y,
and using Lemmas 2.1, 2.2 and 2.3 we obtain that there exists a constant K such that

115 < K (14 (ImalF2o) + 1AmallZa) ) ) (IImalfa) + 1AmalZ2) ) IV AMA 2y -
(3.12)

e Estimate on Iy

From the linearity of ¥ we obtain that there exists a constant K such that
114 < K (14 (Ilmalz) + 1Amaliay ) ) (Imalfai + 18mal2) ) 198mal 20y (3:13)

e Estimate on I5
We have
5] < (lmall poo 0y + HmnHiw(Q))(anHL?(m + IVunllp2) [VAMAl 120
thus there exists a constant K such that
|I5] < K (14 [[mnll 2o ) (10nll 2y + 1 VOnll 12(0)) |1V AMA 120 - (3.14)

Using Gronwall lemma with the estimates (3.9) and (3.8) we obtain that for all T there exists
a constant C'(T') such that for all n

vnll Loe 0,711 () + 1vnll L2001 2(02)) < C(T) (3.15)

Thus plugging this estimate on (3.14), adding up estimates (3.7), (3.10), (3.11), (3.12), (3.13)
and (3.14), for all T there exists a constant C(7T") such that:

1d

5 (ImalF2e) + 18malF2(0) ) + IV Amalfagq) < CT) IV Am| 2 (o)
2

+C(T) (Imallfay + 1Amalliag)) 1AMl 2y

3

3 3
+K (Ilmnllfe) + 1AmalFag) ) * I19Amal1 220,

and after absorption of [VAmy|| 2 in the right hand side term we obtain that for all T" there
exists a constant C'(T") such that

d 3
= (Il 22y + 18ma 2y ) + IV AMA G2y < C(T) (1 + (lmalZ2() + 1AMl )

dt
(3.16)
We consider the solution of the following ordinary differential equation :

d
Se=om+€)

£(0) = (Imoll3a(a) + lAmolF2 g )

8



Since for all n, (HPn(mO)H%Q(Q) + HAPn(mO)H%Q(Q)) < <||m0\|%2(sz) + ||Am0||%2(9)> we obtain
that for all ¢ and for all n, we have:

(Il 20) + 1 Amn(0) 220y ) < ),
and if we denote by T™ the lifespan of £, for all T' < T, for all n, we have:

Ml oo (0,7;m2(02)) + 1Ml 20,713 () + VnllLoe 0,781 )y + 1ol 20,13 H2(0)) < C(T)  (3.17)

In addition using the equation (3.1) we obtain a bound for gz and %
om,
| BN 220,711 (22)) + || 8t | L20.7:22(0)) < C(T). (3.18)

3.3 Limit when n tends to +o0
From (3.17) we obtain a uniform bound for m,, in L>(0,T; H2(2)) N L?(0,T; H3(2)) and using

the first equation of (3.1) we obtain a uniform bound for 8;” in L2(0,T; H*()). Thus we can

extract a subsequence such that
my, — m in L°°(0,T; H?(Q2)) weakx
my, — m in L?(0,T; H3()) weak

omy, L om :
ot ot
In addition, concerning v,, we have by (3.17) a uniform bound in L*°(0, T; H'Q))NL2(0, T; H?(f2))

n L*(0,T; H (Q)) weak

and using the second equation of (3.1) we obtain a uniform bound for % in L2(0,T; L?(2)).

Thus we can extract a subsequence such that
vp — v in L(0,T; HY(Q)) weaks
v, — v in L2(0,T; H*(Q)) weak

% N 82} i
ot ot

Since P, (0 (6(’;1" )) is uniformly bounded in L>(0,T; L?(Q2)) we can assume that

n L*(0,T; L*(Q)) weak

om,,

P.(3(

Taking the limit in (3.1) we obtain that m, v and w satisfy the following system on the time
interval [0, T™]:

)) = w in L°°(0,T; L*(Q)) weaks

8@7: Am = m|Vm|* +m A Am +m A (hg(m) + Hy + ¥(m) — v)
—m A (m A (ha(m) + Ho + ¥(m) — v))
(3.19)
@—lw—Av:——v
ot ¢ €




0 0
g;n tends to E)—T strongly in L?(0, T x

It remains to prove that w € ﬂ(%—?). We will prove that

Q). Then we will apply Proposition 2.2: since < agzn\ﬁ(agzn) >—< %—Ttn\w >, then w €
5.
We know that agzn is bounded in L°°(0,T; L?(2)) N L2(0,T; H'(2)). In order to obtain com-
pactness for gzn, we seek a bound on a;zn We have :
% =T +...+T17

where

T, = Aag;”

=P, <mn A Aagzn>

=P, <%\an\2 + 8gzn A Amn>

=P, <2mannV%>

T = P (250 A (1) = 02) = 2 (1 () = 0,)) = 00 . (O A (o) = 00))

where H(my,) = hq(my,) + Hy + ¥ (my,)

om,

ot

T6:P”<m"AH< )—mnA(mnAH(amn)>

ot

ovy, Ovp,
=P, <mn/\ﬁ_mn/\(mn/\ﬁ)>

From (3.17) and (3.18) we estimate each term on the following way:
o [|T1lr200,mm1(0)) < K
e We estimate the H ! norm of T3 by duality arguments: for ¢ € C1([0,T[; H(£2)) we have

omy,

ot

omy,
<Pn(mn/\A%)\gp>: — <A

|mn A Pn(SO) >

om

:<v8t

n a n
IVm, APp(p) >+ < V%Mnn AVP,(p) >

10



We integrate in time and we obtain that

T omy,
; <Dl >| < |[Pp(Vm, AV 5 )||L3(0TH 1) loll 2 0,7 112 (00))
om
Hlma AV == ||L2(0TL2 o IVPR(0) [ 22 0,;22(02))
om
< ||an||L4(0T-H%(Q))|| 8n\|L2 o.7;22) 1€l La 0,712 ()
+mnll oo 0, rx0) IV =75~ 8 “Nl 20,5220 IVl 20,7522 (0)
Hence
I 2||L3(OTH oy S K
e we have
omy, omy,
1=5; IVmalP 20020 < 5 ¢ 120,708 IVl 0,7 18(0))
8mn
< | I 220,71 () IV | oo (0,75 51 (02))-
In addition
omy, amn
[ ot N m”||L2(0TL2(Q) <=l (0,T;L5( ))||mn||L°o(o,T;H2(Q))-

Hence

1 Ts 1| 20,31 (02)) < K-
e We have ||an||L o @) = < K by interpolation theorem. Hence, since for all p < 400,

L4(0,T; H2 () C L*(0,T; LP(Q)), we have that for all 5 > 0,

T4l 4 (0,T;H-1(2)) = ||T4||L%(0,T;L2—n(ﬂ)) 5
mn
< ||mn||L°°(O,T><Q) ||an||L4(07T;H%(Q))H HL2 0,T;L2(Q))
< K.
o ag;n is bounded in L?(0,T; L%(Q)), H(m,) — v, is bounded in L>(0,T; L5(R)), and m,,

is bounded in L>®(0,T x ). Hence Ty is bounded in L?(0,T; L3(f2)), so there exists a
constant K such that

15| L2 0,751-1(0)) < K-

0
gzn is bounded in L?(0,T; L?(2)) hence by property of the operator hy (see Proposition

2.3), since my, is bounded in L>(0,T x Q),

1T6l z20.1;22(0)) < K.

o 85%1 is bounded in L2(0,T; L5(€2)), therefore since m,, is bounded in L>(0,7T x ),

177l z2(0,7;22(0)) < K-

11



Therefore we obtain that there exists a constant K independant of n such that

Now

We have w,, = (

4 < K.
L3 (O0,T:H-1(Q) —

ey
ot?
" is bounded in L?(0,7; H'(2)). So by Simon’s lemma,

omy, om . 9
% o ® L=(0,T; L*(S2)) strong.

) — w in L?(0,T; L?(Q2). So

m
ot

om,
ot

omy, om

ot
am
Hence by Proposition 2.2, w € ﬁ(&—), which concludes the proof of Theorem 1.1.
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