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Global attractor and asymptotic smoothing effects
for the weakly damped cubic Schrodinger equation

in L(T)

Luc Molinet
L.A.G.A., Institut Galilée, Université Paris-Nord,

93430 Villetaneuse, France.

E-mail : molinet@math.univ-paris13.fr.

Abstract. We prove that the weakly damped cubic Schrodinger flow in L?(T)
provides a dynamical system that possesses a global attractor. The proof relies on
a sharp study of the behavior of the associated flow-map with respect to the weak
L?(T)-convergence inspired by [I4]. Combining the compactness in L?(T) of the
attractor with the approach developed in [H], we show that the attractor is actually
a compact set of H2(T). This asymptotic smoothing effect is optimal in view of
the regularity of the steady states.

1 Introduction

The cubic nonlinear Schrodinger equation (NLS) can be derived as an asymp-
totic model to describe long waves propagation in different dispersive media.
In some physical contexts, an exterior forcing and some damping effects have
to be taken into account and this can lead to the following cubic NLS equa-
tion

up + YU+ fgy T iluPu = f, (1)

where 7 > 0 is the damping parameter and f is the forcing term. In this
paper we focus on the case where u(t,z) is a function from Ry x T to C,
with T = R/27Z, and f € L*(T) does not depend on time. Also since the
sign in front of the nonlinear term will not play any role in our analysis, we
will take the + sign in all this paper.

It is well-known since the work of Bourgain [{] that ([l) provides an
infinite dimensional dynamical system on H*(T) for s > 0. Using an a priori
estimate in H'(T) related to the energy conservation of the classical cubic
NLS equation, the existence of a global attractor in H'(T) can be obtained
by a standard method (see for instance [I§] or [§] where the additional



regularity of the attractor is also proved). This method contains principally
two steps. A first step consists in proving the continuity of the flow-map
associated with the equation with respect to the weak topology of the phase
space. This ensures the existence of a compact global attractor for the weak
topology. The second step used the argument of Ball [P to convert the weak
convergence to the attractor into a strong one. The standart way to prove
the first step is to use the well-posedness of the equation in a larger function
space where the phase space is compactly embedded (cf. for instance [f]).
This approach cannot be applied to ([l) in L?(T) or L?(R) since the well-
posedness of this equation is not known below L2. Actually, the strong
ill-posedness of the classical cubic NLS equation below L?(T) has been even
proved (cf. [{], [[4]). In [L0] Goubet and the author used another approach
involving the so called Kato local smoothing effect for (fll) on R to establish
the weak continuity of the flow-map in L?(R). However, in L?(T), the
situation seems more complicated since, as was shown in [[[4], the flow-map
of the classical cubic NLS equation is discontinuous for the weak topology
of L*(T). In this paper, proceeding as in [[[4], we precise some behaviors of
the flow-map with respect to the weak L?(T)-convergence. This information
supplemented with the argument of Ball enables to prove the existence of a
global attractor in L?(T). Finally, combining the approach developed in [§-
[} with the compactness of the attractor, we prove that the global attractor
actually belongs to H?(T) which can be view as an asymptotic smoothing
effect. This smoothing effect is optimal since for f belonging to L?(T) but
not to H*(T), with s > 0, the steady state to ([l) does not belong to H*(T)
for s > 2, .
Our main result states as follows

Theorem 1.1 The nonlinear semigroup S(t) associated with (1) provides
an infinite-dimensional dynamical system in L?(T) that has a compact global
attractor A. Moreover, A is a compact set of H*(T).

Remark 1.2 FEzxactly the same proof as in Section 5 below shows that the
L%(R) global attractor to (@) on the line, that was constructed in [I(], is
actually a compact set of H*(R).

The main new ingredient for proving Theorem [[.1 is the following result
on the behavior of the flow-map of ([l) with respect to the weak L2(T)-
convergence.

Theorem 1.3 Let {ug,} be a sequence of L*(T) converging weakly to ug in
L?(T) and let {u,} be the sequence of the associated emanating solutions of



the weakly damped cubic Schrédinger equation (d). For any adherence value
ao of {||luonl32} there exists a continuous function t — a(t) from R to Ry,
with a(0) = ap, and a subsequence {uy, } of {un} such that, for any t € R,

Up, () converges weakly in L*(T) to v(t) where v € C(R; LQ(T))OL‘;OC(RXT)
s the unique solution to
v tives t o tilolfod (o)~ 0OlR o= g
v(0) = wo

Remark 1.4 [t is worth noticing that this theorem ensures that, in sharp
contrast with the case on the line (cf. [Ld]), the flow-map associated with
(@) is not continuous for the weak topology of L*(T). Indeed, following [T4],
let ug € L*(T) different from 0 and let {¢,} C L*(T) be a sequence such
that ¢, — 0 in LQ(’E) and ||¢nl|32 — 27 as n goes to infinity (one can take
for instance ¢, = €""). Setting uo, = uo + ¢, we get that ug, — ug in
L*(T) and |luon |32 — lluoll3s +27 as n — co. On account of Theorem [[.4,
the emanating solutions u, tend weakly in L?(T) for any fized t € R to v
satisfying (B). Observe that w = v — u is solution of
{ Wy + Wey + YW + i<]v[2w + (wu + wﬁ)u) = —%(a(-) - ”’U()H%g)’l}
w(0) =0

(3)
Since v(0) = ug # 0 and a(0) = |Jug|2. + 2w # [|v(0)||2, we infer that the
L?(T)-norm of the right-hand side of (1) cannot vanish for small t # 0.
Hence w(t) = 0 is not solution of ([3) and thus v(t) # u(t) for small t # 0.
Finally, note that, since L?(T) is compactly embedded in H*(T) for s < 0,
this proves that (1) is ill-posed in H*(T) as soon as s < 0.

This paper is organized as follows. In the next section we introduce some
notations and the function spaces we will work with. Section 3 is devoted
to the proof of Theorem and Section 4 is devoted to the existence of the
global attractor. Finally in Section 5 we prove the asymptotic smoothing
effect.

2 Function spaces and notations

When we affirm that a proposition is valid for z+ with z € R, we mean that
there exists a small real number € > 0 such that the proposition is valid for
any real number in the interval |z, z +¢[. For (z,y) € R% 2 < y means that



there exists C' > 0 such that < C'y. We will also denote by € any function
from R, into itself that goes to zero at infinity.
For a 2m-periodic function ¢, we define its space Fourier transform by

B(k) = =

/ e ke po(z)de, VkeZ,
T

and we denote by Py¢ and Qn¢ the L?(T) orthogonal projections on re-
spectively the space Fourier modes |k| < N and |k| > N.
We denote by V(+) the free group associated with the linearized Schrodinger
equation, o

V)ek) =e *tp(k), kel.

The Sobolev spaces H*(T) for 2m-periodic functions are defined as usually
and endowed with

el sy = KB @(R)li2(zy = Il ol L2 Ty »

where () i= (1+]-[%)Y/2 and J3o(k) == (k)*@(k).
For a function u(t,z) on R x T, we define its space-time Fourier transform
by

1 A
W(r,§) == Fra(u)(r,§) = %/R Te_’(TH'kx) u(t,z)dtdr, Y(r,k) € RXZ
X

and define the Bourgain spaces X%* and X®* of functions on R x T respec-
tively endowed with the norm

]l s 2= (7 + K2 () il r2maz(zy) = () (k) Fra(V(=t)u)|| 2 (ma2(z)) -
and
el go.e == (T — B2 (E) 0l 2 (razzy) = 1) (k) Foo(V(E)0)l| 2 mo2(2)) -

Finally, for an open interval I C R we define the restriction in time spaces
X?’S of functions on I x T endowed with the norm

Jullge = inf {flollxoa, v() = u() on T}

It is worth noticing that for b > 1/2 X?’S is continuously embedding in
L>(I; H*(T)) with a constant of continuity that depends on b and on |I|
the length of I, i.e.

lullzoerias oy < CO Dl oo, Vu € X7° (4)



3 Proof of Theorem

Theorem [.3 is based on the observation made in [[4] on the cubic NLS
equation posed on the one-dimensional torus. We first recall the following
well-posedness result due to Bourgain ([ff]) for (). Let us mention that this
result was established for the cubic Schrodinger equation without damping
and forcing but the adaptations for ([l) are straightforward.

Theorem 3.1 Let s > 0. For any up € H*(T), f € H*(T) and any T > 0,
there exists a unique solution

u e L] —T,T[xT)
of [). Moreover u € C([-T,T); H*(T)) N X]l_/?FJrT"E and the map data to
solution uy — u s real analytic from H*(T) to C([-T,T); H*(T)).

Let us recall that this theorem principally use the linear estimates in Bour-
gain’spaces for the free evolution and the retarded Duhamel operator

V@l <CTH)lIols bER, s€R0<T <1, (5)
1-7,7(

and forany 0 < e << land 0 < T < 1,

t
I / V(t—-t)fEt) dt,HXb,s <O e) Te| fllp-142s,1/2 <D <1, (6)
0 1-T,7[ 1-T,7[
as well as the following linear dispersive estimate
[Vl La@xry S [0llxarso, Vo€ X80, (7)

This estimate is proven in [fJ] for functions on T? but also holds for function
on Rx T (See [[LJ] for a shorter proof that works also clearly on R x T ). Note
that applying ([J) with v we obtain that (f]) also holds with X 3/8.0 replaced
by X3/80. Moreover, according to [f] and [f], (f) ensures that for 0 < T < 1
it holds

IV ellagrrixmy S T8l 2ry, Ve € LA(T), (8)

which gives directly the existence and uniqueness in L*(] — T, T[xT) by
classical TT* arguments. On the other hand, to prove that u € Xff?}?,

has to notice that ([f) yields

3

_ 1/2,0

sl yaeo S TTilan - Vi € X2 (9)
1=



Writing the Duhamel formulation of ([l]), using ()-(d) and () and choosing
some small positive real number €, one can then eventually derive the key
estimate :

< 0+ 2 ]
lullgirzso S luollzage) + T [l + 9l vz + 1120 | - (10)

]

This lead to the local existence result in X 112+71?. Finally, the fact that the

time of existence in Theorem B.1] can be chosen arbitrarly large follows from
the a priori bound on the L?(T)-norm of the solution (see ([J)) .

Now, let ug € L*(T) and {ug,} C L?(T) be a sequence converging weakly
to ug in L?(T). Note that, from Banach Steinhaus’theorem, {||ug .||z (1)} 18
bounded in R. It is well-known that the solutions of (), given by Theorem
B.1], satisfy for all t € R,

ld 2 2 -
——||u +7||u = Re /fudm 11
=l + el gy [ (11)

By Young inequality and Gronwall lemma, we deduce that the L?-solutions
satisfy for any ¢t € Ry,

_ 1—et
lu()lZ20m) < € uol[Z2em) + T’\f”%mr)- (12)
Performing the change of variables (t,z) — (—t,x) and proceeding as above
we also infer that for any ¢ € R_ it holds

et

—1
w2 ery < €Ml + THJCH%Q(T) (13)

Therefore, from ([L1), we deduce that for any (to,t1) € R? with ¢; > tq,
t1 t1
_ ‘27/ (7|22 ) dr + 2Re/ / fﬂ(T)de‘
to to T

3vlto

-1
€
1 = ol [33 (1 ol ey + 5 1)

1 2
— 2 . 14
I o (14)

lu(t)[72 — [[u(to)l|72

IN

Denoting by u, the solution to ([]) associated with the initial data ug,, this
last inequality ensures that the sequence {t +— [[un(t)||z2(m)} is uniformly
equi-continuous on any bounded interval of R. It follows from Ascoli’s the-
orem that there exists a subsequence {t — ||up, (t)|[2(1)} that converges

6



to some function ¢ — a(t) in C([-T,T]) for any T" > 0. Moreover, from

Theorem B.1 we know that {u,, } is bounded in X 1/21-0 3nd thus, up to the

}7T7T[
. . 1/2+,0
extraction of a subsequence, converges weakly to some v in X]_T -

Now, in [[4] it is proven that the nonlinear term |u|?u can be rewritten as

1
[ul*u = —[JullF2u + Ax(u, v, u) + Ao(u, u,u) (15)

where A; are continuous from (X11/2+’0)3 to X;7/16’0 equipped with their

respective weak topology. We thus rewrite the Duhamel formulation for wu,
in the following way :

un(t) = V(tuop —i /0 V(=) (A (un(t) + Aa(un () ) d¥

7

_;/0 v(t—t')<\|un(t/)||§2un(t')) dt'—w/o Vit — t)up(t)dt
+ /0 V(t—t)fdt . (16)

According to the linear estimates ([])-(fl), the decomposition ([[§), the con-
tinuity of the A;’s for the weak topology and the above convergence results,
we can pass to the limit to obtain that

v(t) = V(t)uo—i/o V(t—t’)(Al(v(t'))—i—Ag(v(t’)) dt’
2 [ vie=oa@nen i - [

™

t
Vit —t()dt + / V(t—t')fadt
0
and v is solution of the following Cauchy problem on | —1,1] :
. 1
Ut + Vgg + Y0 4+ (A1 + A2)(v) + ;a(-)v =/ (17)
v(0) = ug

Proceeding exactly as for the cubic Schrédinger equation, it is easy to prove
that this Cauchy problem is globally well-posed! in H*(T), s > 0, with a
solution belonging for all 7' > 0 to

C([=T.T); H¥(T)) N L*(] - T.T[xT) n X /25

!Note that the L?>-norm is controlled on any bounded interval of R



with uniqueness in L*(]—T,T[xT). Therefore, there exists only one possible
limit and thus the whole sequence {uy,, } converges weakly to v in X 17/?;[0
Moreover, using the equation satisfied by the u, and the uniform bound
in L>®(] — T, T[; L?(T)) N L*(] — T, T[xT), it is easy to check that for any
smooth 27-periodic function ¢, the family {t — (up, (t), ®)r2} is bounded in
C([-1,1]) and uniformly equi-continuous on [—1,1]. Ascoli’s theorem then
ensures that (uy,,¢) converges to (v,¢) on [—1,1] and thus u,, (t) — v(t)
in L?(T) for all t € [~1,1]. By direct iteration this clearly also holds for all
teR.

Finally, according to ([[5), v can be also characterized as the unique solution
in L*(] — T, T[xT) to

et BT R
v(0) = ug

4 Existence of the global attractor

Let us denote by S(t) the nonlinear group associated with (fl]), i.e.
S(t)up :=u(t), t e R.

On account of Theorem [[.3 and ([[F), we infer that the ball of L*(T),

[z ) }

X = {v € LA(T), [[v]lp2my < Mo := 2 -

is a global absorbing set for the dynamical system under consideration and
that S(t) acts continuously on X . To prove that there exists a global
attractor it suffices to check the relative compactness in L?(T) of sequences
of the type {S(t,)b,} with t,, T +o00 and {b,} C X. This is the aim of the
following proposition.

Proposition 4.1 For any sequences {b,} C X and {t,} 1 +oo, the se-
quence {S(t,)b,} has an adherence point in L*(T).

Proof . We combine Theorem [I.3 with the famous J. Ball’s argument (see [g],
Iy, [L12]). Let {b,} C X and let {¢,} be a sequence of positive real numbers
that goes to infinity. From ([[J) the sequence {S(,)b,} remains bounded
in L?(T) and thus, up to the extraction of a subsequence, converges weakly
in L?(T) to some vg. According to Theorem there exists a subsequence
{S(tn,)bn,} and a continuous function ¢ — a(t) from R to Ry such that



the solutions emanating from {S(t,, )bn, } converge weakly in L%(T) for all
t € R to v(t) where v is the unique solution to

(st Lo WO =S g
v(0) = wo

From ([J]) we infer that for 7 > 0 fixed and nj, large enough,

”S(tnk)bnkH%Q(T) = e2A{T”S(tnk_7-)bnk”%Q(T)_QRG/O /ﬂ_ehs?‘s(tnk_s)bndedw

(20)
where ||S(tn, — 7)bn, |12 1) < Mg and, according to the weak convergence
and the dominated convergence theorem,

lim 2Re/ /e273?S(tnk—s)bnkdxd522Re/ /eQVs?v(—s)dxd .
0 JT 0 JT

S
ng—-+00
(21)

On the other hand, using the energy identity for equation ([L9) , we get

ool Z2(ry = €27 |lo(=7)I[Z2 —QRG/O /Temfv(—t?)dwd& (22)
But since S(t,, — 7)by, — v(—7) in L?(T), it follows from ([J) that
lo(=7)lp2(m) < M5
Gathering the above three equalities, we thus infer that for any fixed 7 > 0,

im sup || St )ony 727y < [0l [22¢ry + 267277 Mg, (23)
ng—-+00
which ensures that S(t,,)b,, converges actually strongly to vg in L?(T).
This completes the proof of Theorem [.1]. O

Proposition [£.1] ensures the existence of a compact global attractor in L?(T).
More precisely, from classical arguments (see for instance the proof of The-
orem 1.1 in [[I]), it follows that the invariant closed set

A=wX) = Jsw®x

s>0t>s

is non-empty and attracts any bounded set of L?(T). The compactness of
A follows as well. Indeed, let {a,} C A. Taking a sequence {t,} T +oo and
setting b, = S(—ty)a,, we get that a, = S(t,)b, with {b,} C A C X and
thus {a,} has got an adherence point in L*(T).



5 Asymptotic smoothing effect

In this section we prove that the global attractor lies actually in H?(T) and
is moreover compact in this space. Following the approach developed in [{],
we split the solution wu(t) = S(t)up emanating from wug into two parts by
setting?

Vg + 1Vpr + YU + |v|2v :f—PN(|u|2u)+PN(|v|20) (24)

wy + Wy + yw + Qn(|ul*u) — Qn(Jv]*v) =0 (25)

with initial conditions
v(0) = Pn(up) and w(0) = Qn(uo) (26)

In [[], Goubet introduced this decomposition for the weakly damped KdV
equation. A first step of his analysis consists in proving that the high fre-
quency part w(t) is decreasing to 0 in L*(T). This decay of ||w(t)]| 2t
, which is uniform for all ug in the absorbing ball, is obtained by using
the dispersive damping effect on the high-high frequencies interactions that
occurs for the nonlinear part of the KdV equation above H~'/2(T). This
is related to the fact that the associated Cauchy problem is well-posed in
H*(T) for s > —1/2. For the cubic Schrédinger equation the situation is
more delicate since as recalled in the introduction, this equation is ill-posed
below L?(T). Actually, due to some resonant parts in the nonlinear term,
there is no damping effect on high-high-high interactions. To overcome this
difficulty we will work directly on the global attractor and use in a cru-
cial way that we already proved that it is compact in L?(T). Note that,
the a priori compactness of the global attractor is not required in [ where
the compactness of the attractor can be obtained as a consequence of the
asymptotic behavior of v and w.

The second step of the analysis in [[]] consists in proving an uniform
bound in H3(T) on v. This uniform estimate follows from an uniform bound
in L2(T) on the time derivative v; of v. To get this last bound the author
uses among others that, in view of the equation satisfied by v, the low
frequencies Pyv; belongs to any H*(T), s € R. We will not be able to use
this approach here since for v € L?(T), Py(|v|?v) does not belong a priori to
any H*(T). Inspired by [[7]] we will instead introduce the auxiliary function

z := QNv — gN, where gy is defined by gy (k) := ?;};{E@, and prove that z

2Recall that Py and Qx are the projections on respectively the spatial Fourier modes
|k|] < N and |k| > 0.
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is uniformly bounded in H?(T).

The key proposition to derive the regularity of the attractor is the following.

Proposition 5.1 There exist functions h and K : Ry — Ry with limy_, o h(t) =
0 such that for all N > 0 large enough and all ug € A the function v and w

constructed in ([24)-(B8) satisfy
w2 < b(6) and [o(®)ll ey < K(N) V€ Ry. (27

With Proposition p.1] in hand it is straightforward to check that A is em-
bedded in H?(T). Indeed, let @ € A and {t,} T +oc. For all n € N we can
write a as

a = S(tn)S(~tn)a = S(tn)bn

with b, = S(—t,)a € A. From Proposition p.J] it follows that, for any n € N,
a can be decomposed as a = v, +wp, With ||v,[|g2(ry < K and |Jwy[p2¢1y — 0
as n — +oo. Therefore a € H?(T) and lallg2(ry < K. Hence, there exists
K > 0 such that the following uniform bound holds on the attractor :

”aHH2(T) § K, Ya € A (28)

5.1 Proof of Proposition b.1]
5.1.1 Preliminaries

The L?(T)-compactness of A ensures the following uniform bound on the
L?(T)-norm of the high frequency part to the elements of A.

Proposition 5.2 There exists a function € from Ry into itself that goes to
zero at infinity such that

@nallp2(ry <e(N), Vae A. (29)

Thanks to this remark we will have to prove a damping effect only on terms
of the form Py ou1 Pyju2@nus. This is the aim of the following lemma :

Lemma 5.3 Let I C R be a bounded interval, N be a positive integer and

let u; € X}/Q’O, 1=1,2,3. Then it holds

3
HPN/QMPN/QWQNWHxl—l/zo SNT HUiHXIl/zO (30)
i=1

11



Proof. We take extensions v; of the u;’s such that [|v;]|x1/20 < 2[|ui y1/20.
I

By duality we have to prove that

| s~ T el e
=1

sup ‘ (wa PN/2”1PN/2UZM)>

2
lwll 1/2,0=1 L*RxT)

It thus suffices to estimate
J= / ST 1B B[ (k) [53(72, ko) |[T5 (7, k)| dry iy
B (k1 k2 k) €A (V)

where 7 =7 + 79+ 73, kK = k1 + ko + k3 and

A(N) == {(ky, ko, k3) € Z3, |k1| < N/2, |ko| < N/2 and |k3| > N} .
To do this we will use the famous resonant relation for the Schrodinger
equation. Setting o =7+ k2, 01 =71 + k?, 00 = 72 + k2 and 53 = 73 — k%,
it holds

0'—0'1—0'2—5‘3:2(k33+k1)(k33—|—]€2) . (31)
This ensures that on R3 x A(N),
max(|o, o1, o2l [53]) Z N?.

Therefore we get, thanks to ([]),
T NS e e b )

(k1,k2,k3)€A(N)

1/8 1/8

|02 |81 03 (72, ka)||G5] /B [05 (73, ks )| dry drs drs

S NV F o@D s geny IF (1515 103]) | o ey HIIF (11T 1 ey

3

S Nl [T Ivillxieo
i=1

where we used that according to the remark after ([f),
IF= (51 P ah)ll sy S 173151720 = losllxaseo -

This completes the proof of the lemma. O

We are now in position to prove the Proposition f.1 Let ug € A we
decompose u(t) = S(t)ug by

u(t) = v(t) +w(t)
where v and w are defined as in (R4))-(P4).

12



5.1.2 Decay in time of w
The equation for w can be rewritten as
Wy +iWee +yw+iQ N (Jw]?w — 2w|*u —w?*T) +iQ N (2|u|*w+u*w) = 0. (32)

1/2+,0
}_TvT[
prove that the Cauchy problem for w is locally well-posed in L?(T). We can

thus multiply (B3) with 2w and integrate over T to obtain

d —_—\—
Gl +2llolbg < | [ @ulu- v

+‘ /T u%Q( . (33)

From Theorem B.J], (I0) and the fact that u belongs to the attractor, we
know that for all t € R |

[ull y1/2400 S Mo and [|@null 1720 S e(N). (34)
Jt—1,t4+1[ t—1,t+1

Since u € for any T > 0, proceeding as in Theorem B.1] it is easy to

Therefore, proceeding as in the proof of Theorem B.1|, we get the following
estimate on w for all t € R and 0 < 9 < 1,

ol gyzee S To@lzm+0" ol gz (l0lyase +HulBazo 1)

(35)
Assuming that [[w(t)| z2(r) is bounded by some constant A > 0 on [0, T for
some positive time 7" > 0, we deduce that there exists 0y = dp(A) > 0 such

that for 0 < § < 4y,
[wll 17240 S lw®)llz2ery, vt e[0,T]. (36)
Jt—6,t+46]
From now on, we fix 0 < § < &y such that (Bf) holds. From this last
inequality and (f]) we infer that

inf lw(7)llL2m) 2 lw(®)ll2(r), V¢ € 10,77, (37)
TE|t,t+4[

Integrating (BJ) with respect to time we obtain the following estimate for
any t € [0,T],

t+6
ot + 0)[|72ry < Hw(f)H%?(T)@_w—W/t e 1) Jlw(s) |72y ds

t+9

n / )
t

t+6

+/ e

t

/T(z\w\?u ~ wPmy| ds

/ UQEQ‘ ds . (38)
T

—y(t—s)
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From (B7) we infer that,
t+4 5
o [ Iy ds < ~C (L= Dy - (9

Let us estimate now the two last time integrals in (BY). First, we deduce

from (f), (4) and (Bg) that

t+8
L = / e~ (t=s) /(2|w|2u—w2ﬂ)@‘ds
t T

< 2lw|?u — w?a)|| .- w
S e — Dl ymolul o

< w|? ( w + || )
S lolymn (ollgme + el

S w2 (o) 2w + Mo ) (40)

To estimate the last time integral we split it into two parts in the following

way :
/u2w2‘ ds
T

I, = /Hé e~ (t=s)
/ (Quj2u(s)) (@ zus) + 2Py zu(s))(@(s))?] ds
T

46
— / eV (t=5)
t

t+0
+/t e~V (t=s) /T(PN/ZU(S))Z(W(S))Q‘CLS
= Iy + 1. "

To estimate I5; we proceed as above using (B4) and (B§) to get
2

Ir1 < Ju U w
a1 S HX]It{ffMHQN/z HX]l/ffa[H HX]lt{ffa[

S Moe(N/2)w)|Zz ) - (42)

Finally, to estimate Iz2 we use Lemma [.d (recall that w = Qnw) and (B6)
to obtain

9__
Iy S [[(Pny2v(s)) wHX];;/fé?|!w|!X1/2,o

Jt,t+6]
M2
< 0 2
~  N1/4 HwHX]lt{fjros[

14



Gathering (BY)-({J) we thus infer that for all ¢ € [0, 7],

lw(t+ )72y — lw®)iame ™
2

< [Cl <Hw(t)”L2(’]1‘)(”w(t)HLQ(T) + Mo) + Moe(N/2) + ]3{94)

~Co1 = )] (®) e ry (44)

Since w(0) = Qn(ug), according to Proposition .3, we can choose N > 0
large enough so that the right-hand side of the above inequality is negative
at t = 0. By direct iteration in time and (B7) we thus infer that

lw(®)llzzm) < e " wO)lr2(ry S e Quuollzzry S e e(N), Yt € [0,T] .
(45)
In particular, [[w(t)||z2(r) is bounded by
A= Cllw(0)||2(ry S lluollz2(ry S Mo

on [0,T] and thus, by a continuity argument, (f5) holds actually for any
T > 0. This proves the first assertion of Proposition f.1.
5.1.3 Estimate on Qnv

For N fixed, since by construction Pyv = Pyu and u belongs to the global
attractor, we get thanks to (B4) that

| Pnvo(t)]| g2 < HPNUHX1/2+,2 < C(N),VteR. (46)

Jt—1,t41]

It thus remains to control the high frequencies of v. Inspired by [[7] we
introduce the function gy defined by

aw(e) = LB (47)

so that gy satisfies the equation

Ogn +i02gn +79 = QNS .

Therefore, setting z := Qnv — gn, 2 = @z and is solution of

2 + i2p0 +v2 +iQN([v]?v) =0
{Z@Z—m | (48)

We plan to prove that z(t) is uniformly bounded in H?(T) for positive times.
We will need the following result on the behavior of gy with respect to V.

15



Lemma 5.4 gy € H*(T) N X}l_/f’i[ and it holds

lon 2oy + llawl vz < () (49)

where e(N) — 0 as N — +o0.

Proof. 1t is clear that

lgnllm2(ry < QN fllL2(ry — 0 as N — 400 .

Let now ¢ € C§°(] — 2,2[) such that ¢ =1 on [—1,1]. It holds
HgNHXJl—/f’}[ < gnllxien = 1T+ )2 (k) dgn | 2 mxz)
< Y2l 2y 1N r2 2y + 181 2@ 1K) 2 an 22y S gl -

It is worth noticing that combining (BY), (£9), B4), (B6) and (&7 it
clearly holds

12Dl L2y < e(N) and [|2]] 17240 S Mo, V¢ >0, (50)

]t 1,t41]

where e(N) — 0 as N — +oo. Therefore, taking # > 0 small enough, it
holds

_28
Izl g1720 Sz H;EQ(? H ||1+12/§+50 S e(N) (51)
Jt—1,24+1] ]t 1t+1]

where ¢(N) — 0 as N — +o0.
According to the linear estimates ([f)-(f), to prove that the equation ([ig)
is globally well-posed in H?(T), it suffices to prove the following estimate :

Lemma 5.5 Assuming that z € X}/2+’2 for some time interval I C R with
|[I| < 1. The following estimate holds :

|an (o)

jovases S OO+ 2l g (52)
Proof. We decompose v as v = Pyu + z + gy so that we have to estimate
HQN (!PNU + 2+ gy (Pyvu+ 2 + gN)) HX_UM,Q :

I

Let us first estimate the expression containing gn, i.e. terms of the form
|’QN(g_Nw1w2)HXI—1/2+e,2 or ”QN(mlgNwz)HXI_1/2+5,2 with (w1, ws2) € {gn, Pnu, 2}2.

16



By the triangular inequality we can write
QN @GNw1ws) || —1/24e2 S QN (@NWIwS)|| 172400 + QN (AN DZD1w2)|| y—1/2400
I I I
HQn (@GN wr Do)l 172000 + [Qn (D2gnw1ws) ]y -1/24c0

+[|Qn(GN D2 gnws) l-1/24e0 (53)

with (w1, w2) € {Pyu, z}. The terms containing no derivative on gy of the
above right-hand side can be estimated thanks to (), (f), (9) and (Bd) by

lgwll 120 (PNl 122 + N2l 1722 + g | rrz0) PNl 120 + Nzl 1720 + llgnl y120)
< e(N)(MEN? + MQHZ”X1/2,2 +e(N)) . (54)
I
For the terms that contains two derivatives on gy we write
IIQN(Dig_Nwle)IIX;l/M,O S lanlmmlwillzge o my lwell zge poe ()
3/4 3/4 1/4 1/4
S el 75 oy w3 1oy oo oy o2l

S e(N)(MN? + (N2l 17242 + (N)) - (55)

The terms of the form [|[Qn(Wgnw2)| —1/2+c2 can be treated exactly in the
I

same way. It remains to consider the terms where gy is not involved. From

@, () and E1)
1220y -1/2e2 S ||Z\|§(Il/z,o\|z||xll/z,2 S e(NPlll 122, (56)
and
Prulz|| —1/21e2 + | Pnuz®|| o —1/24
IPrulzl g vares + PR 1joves
S ||PNUHX}/2,0 ||ZHX11/2,0 HZ||XI1/2,2 + HPNU||X1/2,2 HZ||§(1/2,0
Se(N)Moll2 y1/22 + N?Moe(N)N 2|zl 1722
I I
56(N)Mo||z\|xll/2,2 - (57)
To deal with (Pyu)?Z we decompose it as
(Pyu)’Z = (Qn/oaPnu) (Qnja Pnu+2Py jpu)Z+(Pyjpu)’Z := A1+ A . (58)
Clearly, (B4) yields
”A1HX_1/2+5,2 S E(N/Q)MOHZ”X1/2,2 (59)
I I

17



and using Lemma p.J it is easy to check that
—1/4 72
1As || x-1/2002 S N7 Mgll=ll 1722 - (60)
Finally,

Il Prvulzlllx-1/24c2 S IPvull g1/20ll Pl iz 2l 120 + HPNU||§(11/2,0HZ||X}/22

SMENPN 2 4+ D)zl oz S MB )2l a2 (61)
and
1Pxul Prull g -1/2eea S N2M (62)
Gathering all the above estimates, (53) follows. U From the above

lemma and ([)-(f)we deduce that z € Xl1 /%2 and that , for any ¢t > 0 and
any 0 < < 1, it holds

12l xrr2s2 S 1)y +C 6™ (CON) + 12l gz )
Jt—68,t+38[

]t 8,646

This ensures that for § > 0 small enough,
12l 1242 S N2l g2(m) + C(N) - (63)
Jt—8,t+6]

We will proceed as in the preceding subsection. From now on we fix 0 <

§ < 1 such that (63) holds. As in (B7), this implies that

nf Z - C(N R. 4
Te]tlff;,tw[” (7 )”H2 Cllz ()”H2(T) C(N), Yt e (64)

On the other hand, taking the real part of the H?(T) hermitian-product of
(Bg) with 2z, we get

d .
2z ) + 222l oy = R[—2(Q@u (o), 2Dz | - (65)

Integrating with respect to time this implies the following estimate for any
t>0,

t45
12t + 0) |32y < HZ(’f)H?m(qr)e*mS - ’Y/t efw(tfs)HZ(S)”fm(T) ds

t+0
2 [ eI [(@uloe)Po(s). 2 ds
< e@lme ™ + (1 = ) (CIN) = Clat) 2y

w23 [ ottt ]| (66

18



To estimate the last term of the above right-hand side we decompose v as
in Lemma p.5. In view of (54)-(63) to get the following estimate :

S ot e ]

we only have to care about

I:= ‘%/ttJré(]PNu(s)]Qz(s),z(s))H2 ds‘ .

To deal with this term we decompose it as

SCWN) +e(N)ellzijzr2  (67)

t+9 t+9
I< ‘g/ (|Pyul?2, 2) ds( + ‘%/ /(23x(\PNu\2)3xz +a§(yPNu\2)z>a§zdxds(
t t T

t+6
—}—‘%/ / | Pyul?|0%2|* dxds (68)
t T
and notice that the last term of the right-hand side vanishes. We thus get
ISPy ulelly-rjoa 2l ron + HQ@m(|PNu|2)amz + 320 Pvul)z|| L aollzll e
1t,t4+68] 1t,t46] 1,643 1t,t46]
1/2
S M)l yr/22 + (MENE(N) 22110, + MEN2E(N)) 2] g1/2
Jt,t+3( Xy iter Jt,t+3(
SeN)zl21/22 +C(N). (69)
[

Jt,t+6
Combining this last estimate with (54)-(p1), (£7) follows.
We thus infer that

o€t + )y < I=(O) 2y + C(N)
+C1 ((N) = Col1 = 7)) |2(O) 2y ds . (70)

For N large enough the last term of the right-hand side is clearly negative
and is bounded from above by

—a |z,
for some small real number o« > 0. This ensures that, taking N > 0 large
enough, there exists C(N) > 0 such that

12@) | r2(ry < C(N), Vvt =0, (71)

and thus on account of ({6), (B9), (b3) and the definition of z, there exists
K(N) > 0 such that

[ollgarove + 00 zcry < K(N), vt 0. (72)

This completes the proof of Proposition p.1. O
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5.2 Compactness in H*(T)

To prove the compactness in H?(T), it suffices to show that
|20z ry < (N, V2 0. (73)

Indeed, this will imply the same estimate on v and thus on any a € A which
will clearly prove the H%(T) compactness of A. For proving ([7J), we revisit
Lemma p.5 with (R§) in hand. Combining Theorem B.1] with (R§), the crucial
new information is that there exists C' > 0 such that

[[ull /24,2 < C,VteR.

Jt—1,t+1

It is then easy to check that the terms involving gy in Lemma (F3) can now
be estimated by

N 1). 4
e( )(HZ||XI1/2+,2 + > (74)
and that (see (pg) above)

‘S/t+5(!PNu(S)!2z(S)7z(8)> ds‘ < <€(N)(Mg+c2)+M§CN71)”ZH2 s
! s Xi¢ it

(75)
To conclude we need the following estimate that we will prove hereafter.

HQN(!PNu\QPNu> Hx‘l/“ <e(N), ViER. (76)

Jt—1,t41]

Proceeding as in the obtention of (57) but with([4)-(f6) in hand it is easy
to see that it actually holds

(9uw((@zv(\v(s)!?v(s)), Z(s))>H2 ds} ( Se(N) A+ [121%/242) (77)

1t,t48]

and thus

2t + ) lr2(my < 12l z2mye ™ + e(N)
+C1 (s(V) = Co(1 = ) =@y - (78)

which ensures that ([fJ) holds.
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5.2.1 Proof of Estimate ([74).

We take an extension 6 of Pyu such that § = Pn0, [|0]| x1/22 < 2[[Pyull 1722
]

t—1,t+1[

and [|Qny/60] x1/22 < 2||QN/6PNUHX1/272 . By duality we have to prove
Jt—1,t+1[
that
s |(h,Qu(101%0))

Al 1/2,—2=1

3
LQ(RXT)‘ S E(N)Ha”xl/z,g .

It thus suffices to estimate

1:/ > (W (7, ) |0(71, k1) ||0(72, k2)||0(73, k3 )| dry ds ds
R

3
(k1,k2,k3)€A(N)

where T =1 + 1 4+ 73, k = k1 + ko + k3 and
A(N) = {(/{?1,]{2,/{?3) € Zs, ’kz’ < N forie {1,2,3}, N < ‘k1+/€2+/€3’ < 3N} .

By symetry we can assume that |k1| > |k2|. Note that by the definition of
A(N), we must have max(|k;|) > |k|/3 > N/3. We divide A(N) into two
regions :

e The region |k1+k3| < max(|k1], |k3|)/2. In this region it holds min(|k1], |k3]) >
N/6 and it is easy to check using ([{) and (B4) that

IS Ml x a2 -2 1101 x172.0 Q@60 x 1720 10| x1/2.2
S CMO E(N/ﬁ)HhHXl/z,—Q .

e The region |ki + k3| > max(|k1], |k3|)/2.. In this region we use the resonant
relation (BI)). Notice that, in A(N), |k; +k;| > 1 for i # j. (BI) thus ensures
that on R? x A(N),

max(|o|,[o1], |02, |F3]) 2 ignlagg(\ki!) 2 2[(k1 + k3) (k2 + k3)| 2 1kl 2 N,

— 54

where 0 =7+ k2, 01 =11 + k%, o9 = To + k:% and 63 = 73 — kzg Therefore
proceeding as in the proof of Lemma p.J we obtain

3
TSN xa T 101 %1200l 1722
=1
SCOMEN Y8R 1y,

which completes the proof of ([7§).
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