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Global attractor and asymptotic smoothing effects
for the weakly damped cubic Schrodinger equation

in L*(T)

Luc Molinet
L.A.G.A., Institut Galilée, Université Paris-Nord,

93430 Villetaneuse, France.

E-mail : molinet@math.univ-paris13.fr.

Abstract. We prove that the weakly damped cubic Schrodinger flow in L?(T)
provides a dynamical system that possesses a global attractor. The proof relies
on a sharp study of the behavior of the associated flow-map with respect to the
weak L?(T)-convergence inspired by [[[§. Combining the compactness in L(T) of
the attractor with the approach developed in [@], we show that the attractor is
actually a compact set of H?(T). This asymptotic smoothing effect is optimal in
view of the regularity of the steady states.

1 Introduction

The cubic nonlinear Schrédinger equation (NLS) can be derived as an asymp-
totic model to describe long wave propagation in different dispersive media.
In some physical contexts, an exterior forcing and damping effects have to
be taken into account and this can lead to the following cubic NLS equation

Ug + YU+ gy Filul?u = f, (1)

where v > 0 is the damping parameter and f is the forcing term. In this
paper we focus on the case where u(t,z) is a function from Ry x T to C,
with T = R/27Z, and f € L*(T) does not depend on time. Also since the
sign in front of the nonlinear term will not play any role in our analysis, we
will take the + sign in all this paper.

It is well-known since the work of Bourgain [{] that (fl) provides an
infinite dimensional dynamical system on H*(T) for s > 0. Using an a priori
estimate in H'(T) related to the energy conservation of the classical cubic
NLS equation, the existence of a global attractor in H!(T) can be obtained
by a standard method (see for instance 23] or [[]] where the additional



regularity of the attractor is also proved). This method principally contains
two steps. A first step consists in proving the continuity of the flow-map
associated with the equation with respect to the weak topology of the phase
space. This ensures the existence of a compact global attractor for the weak
topology. The second step uses the argument of Ball [fl] to convert the weak
convergence to the attractor into a strong one. The standard way to prove
the first step is to use the well-posedness of the equation in a larger function
space where the phase space is compactly embedded (cf. for instance [f]).
This approach cannot be applied to ([) in L?(T) since the well-posedness of
this equation is not known in such a space. Actually, the strong ill-posedness
of the classical cubic NLS equation in H*(T), s < 0, has been even proved (cf.
Hl, 1§). In [IJ Goubet and the author used another approach involving
the so called Kato local smoothing effect for ([IJ) on R to establish the weak
continuity of the flow-map in L?(R). The situation in L?(T) seems more
complicated since, as was shown in [[[§], the flow-map of the classical cubic
NLS equation is discontinuous for the weak topology of L?(T). Note however
that the result in [[[§] shows that the flow-map associated with the modified
Schrédinger equation (see ([l below) introduced by Christ [[] is continuous
for this weak topology. Let us mention here that the well-posedness of
the modified NLS equation in a function space where L?(T) is continuously
(but not compactly) embedded is obtained in [ (see also [[J] for a related
result). Using results of [[§], we clarify some behaviors of the flow-map
of ()with respect to the weak L?(T)-convergence. From this information
supplemented with the argument of Ball we deduce the existence of a global
attractor in L?(T). Finally, combining the approach developed in B- )
with the compactness of the attractor, we prove that the global attractor
actually belongs to H?(T) which can be viewed as an asymptotic smoothing
effect. This smoothing effect is optimal since for f belonging to L?(T) but
not to H*(T), with s > 0, the steady state to (fl) does not belong to H*(T)
for s > 2.

Denoting by S(-) the nonlinear group associated with ([I]), i.e. S(¢)ug :=
u(t), t € R, where u is the solution of (f]) associated with the initial data
ug, our main result is as follows :

Theorem 1.1 The nonlinear group S(-) associated with ([]) provides an
infinite-dimensional dynamical system in L*(T) that has a global attractor A
which is a compact set of H*(T). More precisely, A is a connected and com-
pact set of H*(T), invariant (positively and negatively) by S(-) that attracts
for the L*(T)-metric all positive orbits uniformly with respect to bounded
sets of initial data in L*(T).



Remark 1.2 Ezxactly the same proof as in Section 5 below shows that the
L?(R) global attractor to ([{) on the line, that was constructed in [{3], is
actually a compact set of H*(R).

The main new ingredient for proving Theorem [L.1 is the following result
on the behavior of the flow-map of ([) with respect to the weak L?(T)-
convergence.

Theorem 1.3 Let {ug,} be a sequence of L*(T) converging weakly to ug in
L?(T) and let {u,} be the sequence of the associated emanating solutions of
the weakly damped cubic Schrédinger equation ([1). For any adherence value
ao of {|[uonl32} there exists a continuous function t — a(t) from R to Ry,
with a(0) = ap, and a subsequence {uy, } of {un} such that, for any t € R,

U, (t) converges weakly in L*(T) to v(t) where v € C(R; LQ(T))OL‘Z‘OC(RXT)
s the unique solution to

0+ g 0 oo+ = (al) — oO)l3: o = £

v(0) = ug

Remark 1.4 [t is worth noticing that this theorem ensures that, in sharp
contrast with the case on the line (cf. ), the flow-map associated with
@) is not continuous for the weak topology of L?(T). Indeed, following [1§],
let ug € L*(T) be different from 0 and let {¢,} C L*(T) be a sequence such
that ¢n, — 0 in L*(T) and ||¢n||32 — 27 as n goes to infinity (one can take
for instance ¢, = e""). Setting uo, = uy + ¢n, we get that up, — ug in
L*(T) and ||luopn |32 — |luol|32 + 27 as n — oco. On account of Theorem [[.3,
the emanating solutions u, tend weakly in L?(T) for any fized t € R to v
satisfying (B). Observe that w = v — u is solution of
{ Wi+ Wge + YW + i(!vlzw + (wu + wﬁ)u) = —%(a(') - Hv()H%)v
w(0) =0

(3)
Since v(0) = ug # 0 and a(0) = [Jugl|32 + 27 # |[|v(0)||3, we infer that the
L%(T)-norm of the right-hand side of () cannot vanish for small t # 0.
Hence w(t) = 0 is not a solution of () and thus v(t) # u(t) for small t # 0.
Finally, note that, since L*(T) is compactly embedded in H*(T) for s < 0,
this proves that ([1) is ill-posed in H*(T) as soon as s < 0.

This paper is organized as follows. In the next section we introduce some
notation and the function spaces we will work with. Section 3 is devoted to



the proof of Theorem [[.J and Section 4 is devoted to the existence of the
global attractor. Finally in Section 5 we prove the asymptotic smoothing
effect.

2 Function spaces and notation

When we affirm that a proposition is valid for z+ (respectively xz—) with
x € R, we mean that there exists a small real number ¢ > 0 such that the
proposition is valid for any real number in the interval |z, x + €[ (respectively
]z —€,x]). For (z,y) € R?, < y means that there exists C' > 0 such that
x < Cy. We will also denote by € any function from R into itself that goes
to zero at infinity.

For a 2m-periodic function ¢, we define its space Fourier transform by

1

T2

@(k) : / e ke po(z)de, VkeZ,
T

and we denote by Py¢ and Qn¢ the L?(T) orthogonal projections on re-
spectively the space Fourier modes |k| < N and |k| > N.
We denote by V(-) the free group associated with the linearized Schrédinger
equation, -

V(t)olk) = et o(k), keZ.

The Sobolev spaces H*(T) for 2m-periodic functions are defined as usually
and endowed with

el sy = KB D(R)li2(zy = Il ol 2Ty »

where () := (1 + |- |2)/2 and J3p(k) := (k)*3(k).
For a function u(t,z) on R x T, we define its space-time Fourier transform
by

1 .
W(r, &) == Fra(u)(r,§) := %/R Te_Z(THM) u(t,z)dtdr, Y(1,k) e RxZ.
X

and define the Bourgain spaces X and X®* of functions on R x T respec-
tively endowed with the norm

[l xois == [T + B2 (k) il L2 maz(zy) = (T (k)° Foa(V(—t)0) || L2 2 (22 -

and
ll go.e == (T — B2 (k) 0l 2 (raz(zy) = 1) (k)* Foo(V(E)0)l| L2 mo2(2)) -
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Finally, for an open interval I C R we define the restriction in time spaces
X?’s of functions on I x T endowed with the norm

llull yo.e :== inf {[Jv][xes, v(-) =u(-) on I}.
I veEXb:s

It is worth noticing that the X?’s spaces are Hilbert spaces with dual (for
the L2-duality) Xl_b’_s and that for any 6 € [0, 1] it holds

0b1+(1—0)ba,s o b1,s b2,s10
XI - [X[ 7X[ ] :

Moreover, for b > 1/2, X?’s is continuously embedding in L>°(I; H*(T)) with
a constant of continuity that depends on b and on |I| the length of I, i.e.

b,s
1wl Loo (115 (1)) < C(b \[\)”UHX?»M Vue Xp (4)

3 Proof of Theorem

Theorem is based on the observation made in [I§] on the cubic NLS
equation posed on the one-dimensional torus. We first recall the following
well-posedness result due to Bourgain ([fJ]) for (). Let us mention that this
result was established for the cubic Schrodinger equation without damping
and forcing but the adaptations for ([l) are straightforward.

Theorem 3.1 Let s > 0. For any ug € H*(T), f € H*(T) and any T > 0,
there exists a unique solution

u € LY —T,T[xT)

satisfying (@) in D'(]—T, T[xT). Moreover u € C([-T,T); H*(T)) ﬂX]l_/;Jer‘E
and the map data to solution uy — wu is real analytic from H*(T) to C([-T,T]; H*(T)).

Let us recall that this theorem principally use the linear estimates in Bour-
gain’s spaces for the free evolution and the retarded Duhamel operator

V@)ellyes < CT0)ellas ,beR, seR,0<T <1, (5)
JoTT

and forany 0 <e<<land 0< 7T <1,

t
H/ V(t—)g(t) d | ve < C.) T Ngoriee . 1/2<b< 1, (6)
0 1-T,7( 1-T,T]



as well as the following linear dispersive estimate
ol 2@y S 0l xasso, Vo€ X350 (7)

This estimate is proven in [J] for functions on T? but also holds for functions
on R x T (See [[[7] for a shorter proof that works also clearly on R x T ).
Moreover, according to [, () ensures that for 0 < 7' < 1 it holds

IV®ellLag-rrixT) S T1/8H<PHL2(T)7 Vo € L*(T), (8)

which gives directly the existence and uniqueness in L*(] — T, T[xT) by

classical TT™* arguments. On the other hand, to prove that u € X] L/ T+T([)

has to notice that, applying () with v, () clearly also holds with X 3/8,0
replaced by X3/80. Therefore,

one

IF Dz S 1ol gamo = ol xomo . Vo€ X330 (9)
and ([@-() yield

3
1/2,0
lurustall /2.0 ST el X0 Vi€ X) ey (10)

=1

Writing the Duhamel formulation of ([[), using (f)-(f) and ([d) and choos-

ing some small positive real number €, one can eventually derive the key
estimate:

U o < |lu +T0+[u2 + )| o+ ].11
| ||X]17/2T’+T<EN|| oll 2 () (Il HXfoT,?T 20l ||X]112T,+T? 1 fllz2emy | - (11)

This leads to the local existence result in X 1/ 2+ 0 . Finally, the fact that the

time of existence in Theorem B.1] can be chosen arbltrarly large follows from
the a priori bound on the L?*(T)-norm of the solution (see ([3)-([4) below).

Now, let ug € L*(T) and {ug,} C L?(T) be a sequence converging weakly
to ug in L?(T). Note that, from Banach Steinhaus’theorem, {||ug .|| r2(m} is
bounded in R,.. It is well-known that the solutions of ([]), given by Theorem
B.1], satisfy for all t € R,

1d /
U + vllu Re [ fudx 12
5l + ey = Re [ (12)



By Young’s inequality and Gronwall’s lemma, we deduce that the L?-solutions
satisfy for any ¢t € Ry,
_ 1—e
L ) e L (13)
Performing the change of variables (t,x) — (—t,x) and proceeding as above
we also infer that for any ¢ € R_ it holds

et — 1
THJCH%?(T) (14)

Therefore, from ([[J), we deduce that for any (to,t1) € R? with #; > tq,

t1 t1
= ‘27/ ||’LL(T)||%2(T)dT+2Re/ /f’L_L(T)d$dT‘
to T

to

(@)l 22y < €M luolZacr +

lu(t)[72 — [lu(to)l|72

637|t1

-1
Il

1 2
— 2 . 15
I e (15)

IN

|t1 — to| {37 (egv‘tl‘HUOHZL%T) +

Denoting by u, the solution to ([]) associated with the initial data ug,, this
last inequality ensures that the sequence {t — ||un(t)||7. (T)} is uniformly
equi-continuous on any bounded interval of R. It follows from Ascoli’s the-
orem that there exists a subsequence {t — ||un, (t)|[7. (11‘)} that converges to
some function ¢t — a(t) in C([-T,T);R4) for any T > 0. Moreover, from
Theorem B.1 we know that {u,, } is bounded in X. /240 and thus, up to the

}_TvT[
. . 1/24,0
extraction of a subsequence, converges weakly to some v in X]_T [

Now, in ([[§], Lemmas 2 & 3 ) it is proven that the nonlinear term of the
modified Schrédinger equation introduced in [f]:

1
A(w) = fuf?u = ~Jul3u (16)
is continuous from (X 11 / 2+’0)3 into X, 7/16,0 equipped with their respective

weak topology. We thus rewrite the Duhamel formulation for u, in the
following way :

unt) = V(o — i /0 Vit — YA (un (1) dt’

_%/OtV(t—t’)(”un(t/)H%Qun(t/)) dt/—v/otv(t_t/)un(t/)dt,

+ /0 Vit —t)fdt . (17)



Since up, — v in X}l_/;}? — C([-T,T); L*(T)) and a,,(-) — a(-) in
C([-T,T); L*(T)), it follows that an, (-)un, — a(-)v in C([-T,T]; L*(T)).
According to the continuity of the Duhamel operator from C([-T, T); L*(T))
into itself, the linear estimates (f§)-(f]), the continuity result on A for the
weak topology and the above convergence results, we can pass to the limit

to obtain that

v(t) = V(t)uo—z'/o V(t—t)A(v(t")) dt’

—— /0 Vit —t)(at)v))dt — ’y/o Vit —to(t)dt + /0 V(t—t)fdt

™

and v is solution of the following Cauchy problem on | — T, T:
Vi + Vo + Y0 + iA(V) + %a(')fu — f in D'(] - T,T[xT) a8)
v(0) = ug

Proceeding exactly as for the cubic Schrodinger equation, it is easy to prove
that this Cauchy problem is globally well-posed[] in H*(T), s > 0, with a
solution belonging for all T' > 0 to

C([~T,T); H(T)) N L*(] - T, T[xT)

with uniqueness in L*(] — T, T[xT). Therefore, there exists only one pos-
sible limit and thus the sequence {u,, }, and not only a subsequence of it,

converges weakly to v in X}l_/ ftio. Moreover, using the equation satisfied by

the u, and the uniform bound in L>(] — T,T[; L*(T)) N L*(] — T, T[xT),
it is easy to check that for any smooth 2w-periodic function ¢, the family
{t — (un, (t),#)r2} is bounded in C([—1,1]) and uniformly equi-continuous
on [—1,1]. Ascoli’s theorem then ensures that (uy,,¢) converges to (v, ¢)
on [—1,1] and thus u,, (t) — v(t) in L*(T) for all t € [-1,1]. By direct
iteration this clearly also holds for all ¢ € R.

Finally, according to ([Lf]), v can be also characterized as the unique solution
in L] — T, T[xT) to

(st 0B =1
v(0) = wo

'Note that the L?-norm is controlled on any bounded interval of R



4 Existence of the global attractor

Let us denote by S(t) the nonlinear group associated with (fl), i.e.
S(t)up :=u(t), teR.
On account of Theorem and ([[J), we infer that the ball of L?(T),

X = {v € LA(T), [[v]lp2my < Mo := 2% }
is a global absorbing set for the dynamical system under consideration and
that S(t) acts continuously on X . To prove that there exists a global
attractor it suffices to check the relative compactness in L?(T) of sequences
of the type {S(t,)b,} with ¢, T +o00 and {b,} C X. This is the aim of the
following proposition.

Proposition 4.1 For any sequences {b,} C X and {t,} T +oo, the se-
quence {S(t,)b,} has an adherence value in L*(T).

Proof . We combine Theorem [[.J with the famous J. Ball’s argument (see [B],
B2, [6]). Let {b,} C X and let {¢,,} be a sequence of positive real numbers
that goes to infinity. From ([[3) the sequence {S(t,)b,} remains bounded
in L?(T) and thus, up to the extraction of a subsequence, converges weakly
in L?(T) to some vg. According to Theorem there exists a subsequence
{S(tn,)bn,} and a continuous function ¢ — a(t) from R to Ry such that
the solutions emanating from {S(t,, by, )} converge weakly in L%(T) for all
t € R to v(t) where v is the unique solution to

{ Ut + g + Y0 +ifo] o+ %(““ ~ IOl )o=7 (20)
v(0) = vo

From ([[J) we infer that for 7 > 0 fixed and n, large enough,

1t o35y = €271t =7 [y =2Re [ [ 2T S0, ~)biy s
(21)

where ||S(tn, — 7)bn, |72 1) < Mg and, according to the weak convergence

and the dominated convergence theorem,

lim 2Re/ /e‘zWSTS(tnk—s)bnkda:ds: 2Re/ /6_2“’371)(—3)dxds.
oo o Jr o Jr
(22)



On the other hand, using the energy identity for equation (RQ) , we get
1ol [72(py = €™ l[o(=7)|[72(p) — 236/0 /Te_z'*sfv(—S)dwd& (23)

But since S(t,, — 7)bn, — v(—7) in L*(T), it follows from ([[J) that
(=) 172 (py < Mg -
Gathering the above three equalities, we thus infer that for any fixed 7 > 0,

lim sup ||S(tnk)bnk||%z(1r) < ||U0||%2(11‘) +2e7 Mg, (24)

ng—+00

which ensures that S(t,, )b, converges actually strongly to vg in L?(T).
This completes the proof of Proposition [L..

Proposition [L.1] ensures the existence of a compact global attractor in L?(T).
More precisely, from classical arguments (see for instance the proof of The-
orem 1.1 in [R0]), it follows that the positively invariant connected closed
set
A=wX) = Jsw®x
s>0t>s

is non-empty and attracts any bounded set of L?(T). The compactness of
A follows as well. Indeed, let {a,} C A. Taking a sequence {t,} T +oo and
setting b, = S(—ty)a,, we get that a, = S(t,)b, with {b,} C A C X and
thus {a,} has got an adherence point in L?(T). Finally, it is worth noticing
that, by construction, A is also negatively invariant.

5 Asymptotic smoothing effect

In this section we prove that the global attractor lies actually in H?(T) and
is moreover compact in this space. Following the approach developed in
[[0), we split the solution u(t) = S(t)ug emanating from ug into two parts
by settingf]

Ut + Wpp + YU + i|v|2v =f- iPN(|u|2u) + z'PN(|v|2v) (25)

Wy + MWee +yw = —iQ N (Jw|?w — 2|w|?u — w?7) —iQ N (2|ul*w + v?W) (26)

2Recall that Py and Qn are the projections on respectively the spatial Fourier modes
k| < N and |k| > N.
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with initial conditions

v(0) = Pn(up) and w(0) = Qn(uo) - (27)

Remark 5.1 Proceeding as for the equation ([]) it is easy to check that,

u € X%/2+’0 and f € L*(T) being given, the Cauchy problems (23) and (£4)
are locally well-posed in L*(T). Hence, there exists a > 0 and a unique

solution v € X/*+0 of B3) and w € X}l_/ig[o of (B8). Actually we will see

}_O"a[

in this section that w € C(Ry; L?(T)) and v € C(Ry; HX(T)).

In ], Goubet introduced this decomposition for the weakly damped KdV
equation. A first step of his analysis consists in proving that the high fre-
quency part w(t) is decreasing to 0 in L*(T). This decay of |Jw(t)| z2(r)
, which is uniform for all ug in the absorbing ball, is obtained by using
the dispersive damping effect on the high-high frequencies interactions that
occurs for the nonlinear part of the KdV equation above H~'/2(T). This
is related to the fact that the associated Cauchy problem is well-posed in
H*(T) for s > —1/2. For the cubic Schrédinger equation the situation is
more delicate since as recalled in the introduction this equation is ill-posed
in H*(T) for s < 0. Actually, due to some resonant parts in the nonlinear
term, there is no damping effect on high-high-high interactions. To over-
come this difficulty we will work directly on the global attractor and use in
a crucial way that we already proved that it is compact in L?(T). Note that
the a priori compactness of the global attractor is not required in ] where
the compactness of the attractor can be obtained as a consequence of the
asymptotic behavior of v and w.

The second step of the analysis in [[L(] consists in proving an uniform
bound in H3(T) on v. This uniform estimate follows from an uniform bound
in L?(T) on the time derivative v; of v. To get this last bound the author uses
that, in view of the equation satisfied by v, the low frequencies Pyv; belongs
to any H*(T), s € R. We will not be able to use this approach here since
for v € L?(T), Py(|v|>v) does not belong a priori to any H*(T). Inspired by
[R1]] we will instead introduce the auxiliary function z := Qn(v — g), where

g is defined by g(k) := —{k@rv’ and prove that z is uniformly bounded in
H?(T).
The key proposition to derive the regularity of the attractor is the following.

11



Proposition 5.2 There ezist functions h and K : Ry — Ry with limy_, 4o h(t) =
0 such that for all N > 0 large enough and all ug € A the function v and w

constructed in (23)-([7) satisfy
lw®)l[z2(ry < h(t) and [[o(®)] g2y < K(N), VEe Ry (28)

With Proposition p.2 at hand it is straightforward to check that A is em-
bedded in H?(T). Indeed, let @ € A and {t,} T 4+oc. For all n € N we can
write a as

a = S(tn)S(—tn)a = S(tn)bn

with b, = S(—t,)a € A. From Proposition p.9 it follows that, for any n € N,
a can be decomposed as a = vy, +wy, With [[v,[|g2(ry < K and [[wy /g2ty — 0
as n — 4o00. Therefore a € H*(T) and |lal| g2(r) < K. Hence, there exists
K > 0, such that the following uniform bound holds on the attractor :

”CLHH2(T) < K, Va € A. (29)

5.1 Proof of Proposition
5.1.1 Preliminaries

The L?(T)-compactness of A ensures the following uniform bound on the
L?(T)-norm of the high frequency part to the elements of A.

Proposition 5.3 There exists a function € from Ry into itself that goes to
zero at infinity such that

[@nallp2ry <e(N), Vae A. (30)
Thanks to this remark we will have to prove a damping effect only on terms
of the form Py/ou1 Pyjau2@nus. This is the aim of the following lemma :
Lemma 5.4 Let I C R be a bounded interval and let u; € X}/w, i=1,2,3.
Then for e > 0 small enough it holds

3
~— < n—1/442€ ,
”PN/2U1PN/2U2QNU3HX;1/2+€,0 SN H HUzHX}/z,o . (31)

i=1
Proof. We take extensions v; of the u;’s such that [|v;[| y1/20 < 2[|uif y1/20.
I

By duality we have to prove that

3
AR ey | (e
1=1

sup ‘ <w, Pyjov1 PN/2U2W)>

2
[wll 41/2—c0=1 L*(RxT

12



It thus suffices to estimate

/ > @(7, k)| |01 (71, k1) ||83(72, ko) |[U3(73, ks)| dry drs drs
R (1 kaoks) EA(N)
where T =71 + 1+ 73, k = k1 + ko + k3 and
A(N) := {(k1, ko, k3) € Z3, |k1| < N/2, |ko| < N/2 and |ks| > N} .

To do this we will use the famous resonance relation for the Schrédinger
equation. Setting 0 =74 k%, oy = 11 + k‘%, 09 = To + k% and 63 = 73 — k:%,
it holds

0'—01—02—5‘3:2(k73+k1)(k73—|—k72) . (32)

This ensures that on R3 x A(N),
max(|ol, [o1], |02, a3]) 2 N?.

Therefore we get, thanks to ([]) and (f),

J < 1/4+26/ Z oY=\ @ (7, k)| |o |V8) 51 (71, K )|
(k1,k2,k3)EA(N)
|0’2|1/8|U2(T2,k’z)||0’3|1/8|U3(7'3vki’))|dT1 dr drs
S _1/4+2€|| ~7'—_1(|O-|1/8_6|{E|)”L4(R><T)||~7:_1(|5-|1/8|U_3|)||L4(]R><T)
Huf (o * 8Dl 22 ey
3
< NV aaco [ il xs0 -
i=1

This completes the proof of the lemma.

We are now in position to prove the Proposition p.4 Let ug € A we
decompose u(t) = S(t)ug by
u(t) = v(t) +w(t) (33)

where v and w are defined as in (25)-(R7). Note that (PG) can be rewritten
as
Wy + 1Wey + yw = —iQn(|ul*u) +iQn(|v|*v)

which clearly ensures that (BJ) holds.

13



5.1.2 Decay in time of w

From Theorem B.1, ([L1]) and the fact that u belongs to the attractor, we
know that for all ¢ € R (recall that A is positively and negatively invariant
by the flow),

”uHX1/2+,0 S Mo and HQNUHX1/2,0 5 E(N) . (34)
Jt—1,t+1] Jt—1,t+1]

Since u € X}l_/gfql? for any T' > 0, proceeding as in Theorem B.1] it is easy

to prove that the Cauchy problem for w is locally well-posed in L?(T) and
thus w € C([~a, a]; L*(T)) for some o > 0. Moreover, proceeding as in the
proof of Theorem B.1, we get the following estimate on w for all ¢ €] — o, o]
and 0 < 0 < min(|t — al, |t + af),

lullgross S Tyt ol (Iolyaco +Hulse +1).

]t 8,646
(35)
Assuming that [[w(t)|z2(r) is bounded by some constant A > 0 on [0, 7] for
some positive time T' €]0, af, we deduce that there exists oy = Jp(A) > 0
such that for 0 < § < Jp small enough,

[wll 1240 S llw®)llzeery, VE€[0,T]. (36)
Jt—6,t+46]

From now on, we fix 0 < § < &y such that (Bf) holds. From this last
inequality and (f]) we infer that

inf w()ll L2y 2 llw(®)r2er), V¢ € [0,T]. (37)
TELt40[
Multiplying (R€) with 2w and integrating over T we get
d N
Gl + 2wl < 2| [ Clufu-wiaa]

+2( /T u2w2‘ . (38)

Integrating (BY) with respect to time we obtain the following estimate for
any t € [0,T],

t+9
lw(t+0) 7oy < lw®llE2) 6_”’5—7/t e 1w (s) |72 ds
+2‘/ v(t+o— /(2|w|2u—w2ﬂ)wds‘

+2‘/t+5 y(t+o- / @2613‘. (39)

14



From (B7) we infer that,

t+4
[T ) gy ds < =C (1= ) Ol ey - (40)

Let us estimate now the two last time integrals in (). To do this we will

extensively use that, following [LT]], for h € X ~1/24a,0 XL/

Jt,t+0] and g € Jt,t+4]
with 0 < a << 1, it holds

t+0
‘/ e—’y(t+5—8)/h(s,az)g(s,x)d:pds < C(9, a)||h||X—1/2+a,O||g||X1/2+a,O .
t T 1t,t+6] Jt,t+6]
(41)

Indeed, taking time extensions h and § of h and g such that ||| y—1/2+a0 <

2lgll 172400 0 [Fllx1/2000 < 2hl 172100, we have
t t,

‘/tt+5e_fy(t+5—s)/Th(s’x)mdxds‘ _ ‘/R/T71(3,m)X[t,t+5}€_7(t+5_s)md$dS
S HilHXfl/Ha»OHX[t7t+6}G_V(H(S_s)g”)(l/zfa,o

with

HX[t,tM}e_W(tM_s)gHXl/?fa,o S ”X[t,t+5]e_ﬁ{(t+5_s)HL°°”g”xl/zfa,o

_ 5— ~
+xt,e457€ i 8)”H1/2*a”g”LC’O(R;LQ(T))

S C(%‘S)ngxl/ﬂa,o

With ([]) at hand, we deduce from ([[(]), (B4) and (B4) that

t+0
L = ‘/ eV (tH+0=s) /(2[w[2u— w2ﬂ)wds‘
t T

< 2lw|?u — w?a)l| ., - w
S M@wlu = wiml ool g
S.; w 3 (w /24,0 + ||w / )>
Ielg (e ey
S Hw(t)H?iz(qr) (Hw(t)”L2(T) + Mo) (42)

To estimate the last time integral we split it into two parts in the following
way:

t+9
I, = ‘/ e_“/(t’L‘S_S)/uzw2 ds‘
t T

15



t+6
= | [ e [ (@) Quaus) + 2Pu(s)) ) ds

t+9
N /t e—(t+d=3) /T (PN/zu(s))Q(@(S))zdS(
= 121+I22- (43)

To estimate Io; we proceed as above and use (B4) to get

Iny < Ju U wl|?
21 S| \\X]lt{ﬁé?“QN/z ”X]lt{fj(gf” ”Xft{ffé?

< Moe(N/2) w7z - (44)

Finally, to estimate Iy2 we use Lemma [.4 (recall that w = Qnw) and (B6)
to obtain

Is < |[(Prnyov(s)) W] - w
22 S [(Pnyzv(s)) HX]t,ltngOH HX]I/SI(;?

M2
< 0 2
S N1/ HwHX]lt/ﬁé?
M2
S Nl—/?l_||w(t)||i2(qr) : (45)

Gathering (B9)-({) we thus infer that for all ¢ € [0, T,

lwt+ )22 — lw@)l22mqe
Mg
< [0 (@ Lzomy o)l agry + Mo) + Mo e(N/2) + <5
—~Ca(1 = )] Ju®) 2 - (46)

Since w(0) = Qn(ug), according to Proposition .3, we can choose N > 0
large enough so that the right-hand side of the above inequality is negative
at t = 0. By direct iteration in time and (B7) we thus infer that

lw(t)lz2ry S e w(O)llL2(ry S e Q@nuollzzr) < e e(N), Yt € [0,T].

(47)
In particular, |[w(t)||z2(r) is bounded by A = Cl[w(0)|z2(ry on [0,T] and
from the local well-posedness of (Bf) we infer that w € C(R,; L?(T)) and
that ({7) holds actually for any 7' > 0. This proves the first assertion of
Proposition f.3.
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5.1.3 Estimate on Qnv

First since ©u = v + w we deduce from the preceding subsection that, for IV
large enough, v is well defined for all positive time and v € C(Ry; L*(T)).
Now, since by construction Pyv = Pyu and u belongs to the global attrac-
tor, we get thanks to (B4) that

[1Pxo(@)lg2 S [[Pru(t)][ gz < C(N), V& = 0. (48)

It thus remains to control the high frequencies of v. Inspired by [R1] we
introduce the functions g and gy defined by

(k)

so that gy satisfies the equation
OtgN + 10z2gN +V7IN = QNS -
Therefore, setting z := Qnv — gn, 2 = Qnz and is solution of

{ 2+ i2p0 +v2 +iQN([v]?v) =0 (50)

2(0) = —gn

We plan to prove that z(¢) is uniformly bounded in H?(T) for positive times.
We will need the following result on the behavior of gy with respect to V.

Lemma 5.5 gy € H*(T) N X}l_/f’i[ and it holds

9N [l 2y + ||9N||X]113,1[ <e(N) (51)
where e(N) — 0 as N — +o00.
Proof. It is clear that

||9N||H2(11‘) < HQNfHLz(T) —0as N — +00.

Let now ¢ € C§°(] — 2,2[) such that ¢y =1 on [—1,1]. It holds

IN

lonllzs < Iawlx = + K220 )

A

> ”<T>1/27Z}”L2(R)H<k>g}VHL2(Z) + H1/1”L2(1R)”<k>29§V”L2(Z) S HQNHH2(T) .

17



This completes the proof of the lemma.

It is worth noticing that combining ([B0), (1), (B4), (B4) and ({7), there
exists dg > 0 such that

122y < e(N) and [|z]| 17240 S Mo, V>0, (52)

]t—éo,t+60[

where ¢(N) — 0 as N — +oo. Therefore, taking 5 > 0 small enough, it
holds

20 1
I2llgrrz0 Szl o0 [ e S e(N) (53)
X]t7507t+60[ X]OtE(;OytJr(;O[ X]lt/ft;:)%i%[

where ¢/(N) — 0 as N — +o0.
According to the linear estimates ([{)-(f), to prove that the equation (B()
is globally well-posed in H?(T), it suffices to prove the following estimate :

Lemma 5.6 Assuming that z € X11/2+’2
|[I| < 1. The following estimate holds :

for some time interval I C R with

2
[@nteP o) e S COD + ol gyrae (54)
Proof. We decompose v as v = Pyu + z + gy so that we have to estimate
HQN (lPNU + 2+ gn[P(Pru+z + gN)) qume,z :
I

Let us first estimate the expression containing gp, i.e. terms of the form
||QN(g_Nw1w2)||X;1/2+e,2 or ||QN(wlgN’w2)||X;1/2+e,2 with (wl, wg) € {gN, Pnu, z}2.
By the triangle inequality we can write

QNN w1wa)ll 17242 < @V (INWIWR)] 172400 + ||QN(9_ND§w1w2)||X;1/2+e,o
"‘HQN(Q_Nwng%ﬂD)”X;1/2+€,0 + HQN(D:%gNwlwg)HX;1/2+5,0

+HQN(9_ND92EQNW2)|’X;1/2+e,0 (55)

with (w;,ws) € {Pnu,z}. The terms containing no derivative on gy of the
above right-hand side can be estimated thanks to (i), (1) and (§2) by

lonll 120 (1PN ull 122 + Wizl 122 + llgnll g rr20) (P ull 1720 + 2]l 1720 + gl 5 1720)

< e(N)(MEN? + MQHZ”X}/z,Q +e(N)) . (56)
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For the terms that contains two derivatives on gy we write

||QN(D§Q_N’lU1’lU2)||X;1/2+e,0 S lgnllazen llwi ]l Lse oo (m) [lw2l| e oo ()
3/4 3/4 1/4 1/4
S e hwr 758 pa oy I e gy ot ot gz oy e o g
S eNMEN? +e(N) 2] 1212 +(N)) - (57)

The terms of the form ||Qn(Wgnws)||, —1/24c2 can be treated exactly in the

I

same way. It remains to consider the terms where gy is not involved. From
(@ and (B3)
2 2 2
o2l ovmsea S Delasolzll e S (VP el ooy (58)
and

Prulz ||y —1/21e + | Pnuz®|| 1724
1Pxul e[l -v/oree + 1 Pvuzllyoaove
S|P P 2
S IPvull yrzallzl govaalel goze + 1Pl xovsallelmo
< €(N)M0||Z||X1/2,0 + N2M0€(N)N_2||z||X1/2,2
I I
Se(N)Mol|zll 172 - (59)
I
To deal with (Pyu)?Z we decompose it as
(Pnu)’Z = (Qn/oPnu) (Qnja Pnu+2Py jpu)Z+(Pyjpu)’Z == A1+ A; . (60)
Clearly, (B4) yields
”A1HX71/2+5,2 SJE(N/Q)MOHZ”Xuz,z (61)
I I
and using Lemma [.4 it is easy to check that

[Azllx-1/2¢c2 S N_1/4M5||Z|IX;/2,2 - (62)

Finally,

Il Pl 2lllx-1/2e2 S 1PN ull 20| Puull yzall2] gareo + IIPNUIIi}/z,oIIzIIX;/z,z

SMF(N?NT2+1)|2ll 122 S MG 2] /2 (63)
I I

and
I1Pvul* Pvull -vjases S N*M - (64)

~
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Gathering all the above estimates, (54) follows.

From the above lemma and (f])-(f}) we deduce that z € X]i/_2 (;Lti 5 for any

t >0 and any 0 < § < §p. Moreover, it holds

lellyrace S 1@l +C 8 (CO) + 1zl gycs ).
Jt—8,t+35[

]t 8,646

This ensures that for §o > 0 small enough,

2l yrore S Nz@llg2(ry + C(N) - (65)
Jt—6¢,t+dg]

0

We will proceed as in the preceding subsection. From now on we fix 0 <
§ < &o such that (B3) holds. As in (B7), this implies that

@l 2 Cle®llmm - CW), w2 0. (56)

On the other hand, taking the real part of the H?(T) hermitian-product of
(p0) with 2z, we get

d .
aHZ”%IZ(T) + 2'7“2”%12(’]1‘) = %{_22((QN(’U’2U)72))H2 . (67)

Integrating with respect to time this implies the following estimate for any
t>0,

t+9
ot + )y < DeOlmmye ™ =7 [ s ey ds
t+6
2 [ eI [(@n o) Po(). () e ds
<Ol mye ™ + (1 = %) (CIN) = Cllz®) 3z

—%2ks[jft+5e—7“+6-6>«hms>ﬁims>,z<s>»ffzds]1 (68)

To estimate the last term of the above right-hand side we decompose v as
in Lemma [.4. In view of (1) and (F5)-(p3) to get the following estimate :

t+6
3 /t eI ([us)P0(s), 2(5) ) ds ]| £ CON) + (N el
(69)
we only have to care about

t+6
I:= ( /t e VU= ((| Pyu(s)|?2(s), 2(s) gz ds| -

20



To deal with this term we decompose S((|Pyu(s)|>2(s), 2(s))) g2 as

S((|Pyul’z, 2) p ds + %/ <28x(]PNu\2)8xz + ag(\PNuP)z) 027
T

+%/ | Pyul2|022 ]2 da (70)
T
and notice that the last term vanishes. We thus get thanks to () and ([IJ),

I<|||Pyul?z| .- z —i—HQ@ Pu282+82Pu2zH z
S Pul HX];{S?;;[H ”Xffg{ia[ (| Pyvul®) 0z 2 + 05 (| Pyul”) X]ﬁfﬂ’?[u ”Xffg{ia[

1/2
SMEN) el v+ (MEN(N) 22l Drs + MEN?S(N)) Izl gm0

It Jt—6,t+46]

Se)ll2l31 /210 [+C(N)- (71)

1t—6,t4+6

Combining this last estimate with (56))-(53), (69) follows.
We thus infer that

2t + ) 32(zy < 122 rye ™™ + C(N)
+C1 (e(N) = G (1= ) 2Oy - (72)

For N large enough the last term of the right-hand side is clearly negative
and is bounded from above by

|22

for some small real number « > 0. This ensures that, taking N > 0 large
enoug, there exists C'(N) > 0 such that

12O 2(my < C(N), vt >0, (73)

and thus on account of (i), (F1)), (Fg) and the definition of z, there exists
K(N) > 0 such that

[o@) |2y < K(N), vt =0. (74)

This completes the proof of Proposition [.3.
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5.2 Compactness in H*(T)

To prove the compactness in H?(T), it suffices to show that
12(8) a2 qry < V), WE 2 0. (75)

Indeed, this will imply the same estimate on v and thus on any a € A
which will clearly prove the H%(T) compactness of A. For proving ([5), we
revisit Lemma p.6 with (29) at hand. It is then easy to check that the terms
involving gy in Lemma [.q (see (5d)-(54)) can now be controlled by

gl s2cry (g gz emy Pl e ey HI o 2y ) S € (1211720 041)

(76)
and that (see ([[) above)

( <) / P o) <|PNu(s)|2z(s), z(s))

t H?

+<Hax(’PNU\Q)5x2’HL°<>(]t,t+5[;L2(T)) + Ha:%(\PNU\Q)ZHLoo(}t,tJra[;L?(T))) 12| oo t,44-51: 2 (T))

S PNl oo gr sz emy (N 2+ N2 e grerspmr2my)

SNz .
SN XY/

To conclude we need the following estimate that we will prove hereafter.

—1/2+4,2 5 €(N), Vt 2 0 . (78)

t—1,t+1]

RGO

Proceeding as in the derivation of (B9) but with([fg)-(7§) at hand it is now
easy to see that it actually holds

‘%[/tm e (Qu(o(s) o), 2(5)) ) | ds] | S 2N+ 12120 2)

1t,t+6[

and thus

2t + 0) 2wy < 12(0) lr2gmye ™ + £(N)
+C1 (2(N) = Co(1 = ) o)y - (79)

which proves ([75).

22
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5.2.1 Proof of Estimate ([73).

Note first that due to the frequency projections it clearly holds

HQN <|PNU|2PNU> fol/“vz S HQN <|PNU|2PNQN/3U> HX71/2+’2

Jt,t+38[ 1t,t48]

1 G (Gt erveny

t,t4+6]

Therefore, on account of (R9) it is easy to check that we have only to care
about

for (st | e+ Jos (PP )|
Jt—1,t41] Jt—1,t4+1]
(80)
since ([/§) is obvious for terms that involved less that two derivatives on
Qny/3u.
To bound (B() we will use that there exist C' > 0 such that for all ¢ > 0,
u—ge€ Xﬁ/ff't’il[ (see (9) for the definition of g) with

lu—gll 17212 <C. (81)
Jt—1,t+1]

Indeed from () and (65) we know that for Ny > 0 large enough there exists
d > 0 and C(Ny) > 0 such that

QN (v — 9)||X1/2+,2 = ||ZHX1/2+,2 < C(Ny), Vt=>0,
Jt—6,t+6] Jt—8,t+46]

1/2+,2
t—4,t+0
ceeding as in the proof of (B9) we can decompose u as u = v, + w, with

lwallLoe(-1,100):22(T)) — 0 @81 — 00 and [[vp —g|| y1/242 < Cforallt > 0.
Jt—1,t+1[
We thus infer that

and thus v — ¢ is bounded in X] [ uniformly in ¢ > 0. Now, pro-

wy, — 0 weakly star in L>(Jt — 1,¢ + 1[; L*(T))

and thus
be /24,2

vn =g —u—gin X

which proves (BI)).
Now, on account of Lemma f.j, it clearly holds

|@n (1PxuPo2PryQnys9) HX]W,O[ + | Qn ((Pxw)?B2PyQuss9) | 1jov o

t—1,t41 Jt—1,t41]
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S Qnssall e Pyl i, r2ery) S €(NV) -

It thus remains to estimate

HQN(\PNU’ 02PNQn/3(u—g) )H 1/2+0+HQN< (Pnu)*92PNQn3(u—g )H L1240

]t 1,t41[ Jt—1,t41]

We take extensions 6 = Py6 of Pyu and ¥ = Qn/3PnV of Qn/3Pn(u — g)
such that ”9HX1/2,0 < 2”PNU”X1/2»0 and Hﬁ”X1/2,2 < 2|’QN/3PN79HX1/2,2
Je—1,t4+1] J—1,

t41]

By duality it suffices to prove that for ¢ > 0 small enough,

sup H(h QN(|9|28319))L2‘+‘<h, QN(92535))L2H < e(N)10]1%1 /0 [0 x1/2.2

1”1l 1/2—c0=1

and thus to estimate

J:= / ST R RO, k)02, ko) lks |20 (7s, ks)| dry dry dr
(k1,k2,k3)EA(N)

/ ST R RO, k)02, ko) |les |2 [0 (7s, ks)| dry dry drs
(k1,k2,k3)EA(N)

where T =71 + 1+ 73, k = k1 + ko + k3 and

A(N) := {(k1, k2, k3) € Z3, |k;| < N for i € {1,2,3}, |ks| > N/3, N < |kyi+ka+ks| <3N} .

On R? x A(N), the resonance relation (B2) clearly yields
max(|o], |o1], o2, 53]) 2 (k1 + ks) (ke + ks)| 2 N?

where 0 = 7+ k2, 01 = 71 + k‘%, o9 =To + k‘% and 63 = 13 — k:?z, Moreover,
noticing that k; + ko # 0 on A(N), we infer that

max(|o|,|o1], |52, |o3]) 2 [(k1 + k2)(ks + k2)| 2 N,

where 69 = ™9 — k;% and o3 = 73 + k:?z, Therefore proceeding as in the proof
of Lemma [5.4 we obtain

3
TSNV bl 120 [TI01%1 2019 x1/2-2
i=1
,gCMOQN_l/S—H”hHXl/z%,o ;

which completes the proof of ([7§).
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