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When computing numerical solutions to the Vlasov—Maxwell equations, the source terms
in Maxwell’s equations usually fail to satisfy the continuity equation. Since this condi-
tion is required for the well-posedness of Maxwell’s equations, it is necessary to introduce
generalized Maxwell’s equations which remain well-posed when there are errors in the
sources. These approaches, which involve a hyperbolic, a parabolic and an elliptic cor-
rection, have been recently analyzed mathematically. The goal of this paper is to carry
out the numerical analysis for several variants of Maxwell’s equations with an elliptic
correction.

Keywords: Vlasov—Maxwell; generalized Maxwell equations; elliptic correction; Lagrange
multiplier; fully discrete schemes.
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Introduction

The interaction of (non-relativistic) charged particles is governed by the Vlasov—
Maxwell system of equations, which writes

0
9 o Vof+ L(E+vxB)-Vof =0,
ot m
8_E —c?curl B = —i,
ot €0

0B
5 +curl E =0,

divE =2,
£0
divB = 0.

Above, one has

g:/fdv, ansz/fvdv,
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where p is the charge density and J is the current density. The distribution function
f = f(=x,v,t) represents the particle density in phase space, while E = E(x,t), B =
B(x,t) are respectively the electric and magnetic fields. For Maxwell’s equations to
be well-posed, it is well-known that the charge and current densities ¢ and J must
satisfy the so-called continuity equation

% +divJ =0. (0.1)
Otherwise, there is no solution to Maxwell’s equations. When ¢ and J are com-
puted by numerically solving the Vlasov equation and integrating in v, they fail (in
general) to verify a discrete equivalent to the continuity equation. To address this
problem, one can choose either to compute discrete g and J that satisfy a discrete
continuity equation (see Refs. 40, 10), or to perform a correction on the electromag-
netic field (see Refs. 33, 32, 11). Here, we focus on the second remedy, which can
be achieved by the introduction of a correction term in Maxwell’s equations. This
results in the so-called generalized Maxwell equations. The aim of this paper is to
carry out the numerical analysis of the method, after full discretization (in space
and time) of the equations.

To be able to define the electromagnetic field in a unique way, we have to sup-
plement the equations that govern its behavior inside the domain with boundary
conditions and initial conditions (set at time ¢ = 0). Let n denote the unit outward
normal vector to the boundary, and assume that the domain in which we solve
Maxwell’s equations is surrounded by a perfect conductor, which imposes,

E xn =0 and B-n =0 on the boundary. (0.2)

The initial condition is simply
(E, B)|;—o = (Eo, Bo), (0.3)

for some given data (Eg, By).

The paper is organized as follows. In section 1, we introduce the notations that
we will use throughout this paper. In the next section, we introduce the generalized
Maxwell equations, and we describe briefly the different corrections: hyperbolic,
parabolic and elliptic. Then, we focus our attention in section 3 on the elliptic cor-
rection, for which we remark that two (equivalent) expressions can be used. Also,
one can choose between two formulations to represent Maxwell’s equations without
correction: namely, it is plain, or augmented. Then, in section 4, we propose full
(space and time) discretizations of the generalized Maxwell equations with ellip-
tic correction. To perform the discretization in time, we rely mainly on implicit
schemes (note that the choice of the correction yields different numerical schemes).
To discretize the formulations in space, we propose edge elements for the plain for-
mulation 3°-36
formulations (see
of the fully discrete schemes in the case of the Maxwell equations without correction

, whereas we choose continuous approximations for the augmented

8,7,27,25,6,28,5 oy 23,16,28,19,18) \We carry out the numerical analysis
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in section 5: we rely either on the techniques developed by Raviart-Thomas3®, or
by Ciarlet-Zou?? and Chen et al. 1° to perform the analysis. The case of the numer-
ical analysis of the generalized Maxwell equations is finally addressed in sections 6
and 7: we rely here on some techniques and results proved in Refs. 15 and 18. In par-
ticular, we establish rigorously convergence results for the augmented formulation
in all cases.

1. Framework

Let us introduce first to some mathematical definitions. Let 2 be a bounded, simply
connected, open polyhedron with a Lipschitz, connected boundary 9f). Consider
L?(2) the Lebesgue space of measurable and square integrable functions over €,
with (- | -)o and || - || its associated scalar product and norm, and H'(f2) the space
of L?() functions with gradients in L?(€)3. From now on, we adopt the notations
L2(Q) = L*(Q)3, H*(Q) = H*(Q2)3. The scalar product in L*(Q) or L?(Q) may also
be denoted (- | -), without any subscript, when there is no ambiguity.

The electric field naturally belongs to the Sobolev space Hy(curl; ), where

H(curl; Q) := {v € L*(Q) : curlv € L?(Q)},
Hy(curl; Q) := {v € H(curl; Q) : v x njpq = 0}.

When considering augmented formulations, two situations might actually occur,
depending on whether or not the domain is convex'®. In the convex case, one can
use the Sobolev space

H(div; Q) := {v € L*(Q) : divw € L*(Q)}.

This leads to an augmented formulation for the electric field, as described in Assous
et al.%, in the functional space

Xo := Hp(curl; Q) N H(div; Q),

which can be discretised by nodal finite elements. We refer to this case as the usual
nodal element method (UNEM). When 2 is non-convex, i.e., when its boundary
00 includes reentrant corners and/or edges, the previous approach is no longer
available. Indeed, on the one hand, Xy does not possess a dense subspace included
in H'(2); on the other hand, any finite element conformal in H(curl; Q) NH(div; )
is in fact conformal in H'(Q2). As of now, there are two known methods for over-
coming this hindrance.

The singular complement method (SCM) 87:27:25.6,28,5 takes advantage of the
regular-singular decomposition

XO = chg S Xsing7

where the regular space X,eg = Xg N H'(Q) can be approached by continuous
finite elements, while the singular space Xging needs a specific treatment. This
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method is easy to use in a two-dimensional (cartesian or axisymmetric) setting,
since in this case Xging is finite-dimensional and bases are explicitly known. Thus,
the knowledge of the singular part of the electric field is equivalent to finding a finite
(often small) number of singularity coefficients. In a forthcoming paper, we shall
present the extension of the SCM to certain three-dimensional situations through
Fourier analysis. However, its implementation in general 3D non-convex Lipschitz
domains (or even polyhedra) is probably very difficult.

The weighted regularisation method (WRM) 23:24:16:18 congists in evaluating the
divergence of the fields in a weighted L? space to obtain valid numerical approxima-
tions of the whole field by continuous finite elements. More precisely, let E be the
non-empty set of reentrant edges of 02, and let d be the distance to E. Consider
w~ a smooth non-negative function of z, that depends on a real parameter . The
weight w., is chosen to behave locally as d” in the neighborhood of reentrant edges
and corners, and is bounded above and below by a strictly positive constant outside
a fixed neighborhood of E. We then define, for v > 0:

L3(Q) :={v € L, (Q) = wyv € LXQ)}, [[vllosy = [lwy vllo

loc

L2(Q) = {v € Lie(Q) : wyv € LAQ)}, [ollo,—y = [lw—y vllo,

H(,(div; Q) := {v € L*(Q) : dive € L3(Q)}, [[v[[F, , = [[o[§ + [|divol[g, ,
X, :={v € Hy(curl; Q) : divw € L2(Q)} := Hy(curl; Q) N H,)(div; ).

The scalar product in L2(f2) is denoted (- | -)o. The augmented formulation is
set in the space X, for suitable values of the parameter v (cf. Refs. 23, 16, 19).
This choice constrains the value of the parameter. To measure the divergence of the
fields, we want that L*(Q) C L2(Q2) € H~'(2), so one must impose the condition

€ (0,1). What is more, assume that € is a 3D non-convex Lipschitz polyhedron.
Then, there exists a lower bound ~in such that, for any v € (ymin, 1), elements of
X, are approximable by conforming continuous finite elements?®. More precisely,
one has Ypin = 2 — oa, where oa is the minimum singularity exponent for the
Laplace problem with homogeneous boundary condition.

(o€ HYQ) : A€ LXQ)) C H™ (@) =y, H@. )
{o€ HYQ) : Ape L@} ¢ H™> (@) |

As can be seen by direct inspection, oA € (%, 2), so that ymin € (0, %)

By a slight abuse of notation, we set wy = 1, and we shall often consider L?(),
H(div; Q) and X as limiting cases of L2(Q), H,)(div; 2) and X,. We shall also
write X to cover both cases: either Xg, or X, where 7y belongs to the suitable range
for the WRM. An important feature, in both cases, is that the bilinear® form and

2We shall use the word “bilinear” to mean either bilinear or sequilinear; the theory equally ap-
plies to real and complex spaces. Likewise, it is understood that all the linear and bilinear forms
considered are continuous.
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the semi-norm

ay(u,v) == (curlu | curlw)y + (dive | dive)o,  [Jullx = a (u, uw)/?,
define a scalar product and a norm in X. When v = 0, this is a consequence of
Weber’s theorem #!. This norm will be used throughout the paper; orthogonality
in X will always refer to it.

2. Correction methods for Maxwell’s equations

As can be found for instance in Refs. 10, 11 and references therein, the general form
of Maxwell’s equations with correction reads
OFE J

— —Pcurl B+ cfgradp = ——,
ot €o

0B
a0 +curl B =0,

g(p) +divE = ﬁ,
€0

divB =0,

where ¢ is a linear differential operator that defines the type of correction. The
added term in the first equation allows to take into account data ¢ and J that fail
to satisfy the continuity equation (0.1). Indeed, the corrector p is solution to:

99(p) YRS § @ :
T c“Ap = = \a +divd ). (2.1)

Assuming ad hoc boundary conditions have been chosen, p vanishes if, and only if,
the continuity equation is satisfied. The elliptic (respectively parabolic, or hyper-
bolic) correction corresponds to g(p) = 0 (resp. g(p) = p, or g(p) = &p). As far as
the boundary conditions are concerned, they are purely homogeneous Dirichlet in
the elliptic and parabolic cases:

p = 0 on the boundary, (2.2)

whereas it can be chosen as d;p+ cd,p = 0 on the boundary in the hyperbolic case.

In this paper, we focus on the elliptic correction, as announced. Then, the initial
condition on the corrector is:

1 /0
Plt=0 = po, Where: — AApy = — 98 L divg . (2.3)
€o ot [t=0
Furthermore, we assume that Ey, By satisfy the conditions

div Eg = 94—, div.Bg =0,
Eyxn =0, By-n =0 on the boundary.
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Then, one can prove that the pair (E,p) satisfies the following set of equations

0’E 0 1 0J
T + c?curlcurl E + ¢* grada_lt) T T ot (2.4)
dvE =2, (2.5)
€0
with boundary conditions (0.2) and (2.2), and initial conditions (0.3), (2.3) and
E 1
8_ = E;, where E; = ¢? curl By + ¢? gradpy — — Jji=o- (2.6)
Ot |t=0 €0

The problem (2.4-2.5) has a saddle-point structure: Eq. (2.5) appears as a con-
straint, and P := —0yp as the associated Lagrange multiplier in (2.4). We shall
refer to this problem as the formulation with constraint. Conversely, if all the initial
conditions are satisfied, Eqgs. (2.4-2.5) imply (2.1), with g(p) = 0. The set of equa-
tions (2.4) and (2.1), where p can be computed from (g, J) and then enters (2.4) as
a data, will be called the formulation with correction.

In this paper, we shall consider the discretization of both formulations. They
turn out not to be equivalent when nodal finite elements are used. For the sake of
simplicity, we set from now on ¢ = g9 = 1. Most of this work can be generalised
to media with variable coefficients, but, having in mind applications to Vlasov—
Maxwell computations, there is obviously no such need.

3. Abstract variational formulations
3.1. Without constraint or correction

Let H and V be two Hilbert spaces (respectively called the pivot space and energy
space), the injection V < H being continuous and dense. Moreover, let us consider
a(+,-) a quasi-V-elliptic bilinear form, i.e. which satisfies

Yo eV, a(v,v)>alv|i - Clll,

for some constants @ > 0 and C > 0. Let @ be a function that belongs
to L2(0,T; H). The variational formulation:
Find E € H'(0,T; H)N L*(0,T; V) such that

d2

S (B) | F)y +a(B(t), F) = ((0) | F)g, VF eV, (3.1)
satisfies the hypotheses of Lions’s theorem (see th. 8.1, chap. III of %), and thus
admits a unique solution E € C°(0,7;V) N CY0,T;H) N H*(0,T;V’). As far
as Maxwell’'s equations are concerned, this framework allows to prove the well-
posedness of:

e the plain VF, defined by H = L2?(Q), V = Hy(curL;Q), a(u,v) =
api(u,v) := (curlu | curlw)y, ¥ = —0,J;
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o the augmented VF, where H = L?(Q), V = X, a(u,v) = a,(u,v), and
(¥ [ v)n = — (0 [v)o + (0] divv)o,y, ie., ¥ = —0,J — grad (v} o) if 0
is regular enough (see remark 3.1 below).

These formulations are the weak forms of vector wave equations, which are equiva-
lent to the first-order Maxwell system* iff the continuity equation (0.1) is satisfied.

Remark 3.1. Provided g is regular enough (w? ¢ € L*(0,T; H§(9))), the second
formulation is a consequence of the “classical” augmented variational formulation:
d2

SS(B() | F) +a,(B(t), F) = —(0,J(t) | F)+ (o(t) | div F)o,, ¥F € X,

(3.2)

3.2. With correction

We keep the same notations as in the previous paragraph. Above, we noticed that
the correction method consists in simply modifying the r.h.s. of the evolution equa-
tion for E. Let Q be the space of correctors, and ¢(+,-) a bilinear form on H x Q.
Assume that o € H2(0,T; Q') and J € H*(0,T; H). The corrector p € H*(0,T; Q)
is, at any time, the solution to the elliptic problem:

Find p(t) € Q such that, for all g € Q,

(p() | @) = o/ (ro(t) +divJ,q)o, Vqe Q. (3.3)
In practice, we take @ = H{(Q), equipped with the scalar product (p | ¢)g =
(grad p | grad q)o. Next, let ¢(v,q) :== —(v | grad ¢)p = g-1(div v, q)H}). Then, the
variational formulation of (2.4) reads:
Find E € H'(0,T; H) N L*(0,T;V) such that
d2
dt?
it comes in the basic and augmented versions.

(E@) | F)g+a(E@),F)= @) | F)g+c(F,op(t)), YFeV; (34)

3.3. With constraint

Let V C H, a(-,-) and 1 be as in §3.2. We consider a third Hilbert space @, which
will be that of multipliers, and b(-, ) a bilinear form on V' x Q. Let ¢ be a function
in L2(0,T;Q’). The problem under consideration is:
Find E € HY(0,T; H) N L?(0,T;V) and P € L*(0,T;Q) such that
d2
o2 (EQ) | F)r +a(EQ®), F) +b(F, P(t)) = (b(t) | F)u, VFeV, (3.5)

b(E(t),q) = o (e(t);9)q; Yee@Q.  (3.6)

The specific instances of this formulation include:

o the mized unaugmented VF, where H, V, a = ap), ¥ are the same as in
the plain formulation, while @ = H}(Q) and b(v,q) = —(v | grad q)o; this
is the weak form of (2.4-2.5), with P := —0;p;
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o the mized augmented VF, where H, V, a = a-, 1 are the same as in the
augmented formulation, @ = L2 (Q) and b(v,q) = 2 (g, divv)pz.

The well-posedness is proven in %! for the formulation in V = Hg(curl; Q). Gen-
eralising to the mixed augmented cases (V = X, or X)) is straightforward once
one notices that, in all three cases:

e the kernel of the form b is the same: K := {v € Hy(curl;Q2) : dive = 0});

e its orthogonal in V, both w.r.t. the L? scalar product and the form a(, ),
is a space of gradients, namely, Ki: = grad H§(Q) N V;

e the forms a and b satisfy the Babuska—Brezzi conditions, namely:

— the form a is elliptic on K;
— the form b satisfies an inf-sup condition with the norms of @ and V.

Remark 3.2. Under the same regularity assumption as in Remark 3.1, we obtain
the “classical” mixed augmented variational formulation:

2
%(E(t) | F) +a,(E(t), F) + (P(t) | div F) = —(9, J(t) | F) + (o(t) | div F)o 5,
VFeX,; (3.7)

r2(divE(t),q)r> = r2(e(t).q)r2 , Vg€ L2, (). (3.8)

2
Remark 3.3. The generalised Maxwell equations, like the usual ones, consist of
two subsystems of distinct nature. The evolution equations involve the curl operator
only; while the divergence equations are constraints. This clearly appears when
a Hodge decomposition of the electric field is performed, if one uses the above
connections between the forms a, and b. The longitudinal (curl-free) part Ep of
the field satisfies, at any time, the static mixed augmented formulation:

ay (Er(t), F) + b(F, Pr(t)) = (o(t) | div F)o.y, VE €V (3.9)
in the mixed unaugmented formulation, a, is replaced with ap1 and the r.h.s. of (3.9)

with zero. In both cases, one easily checks that P;, = 0. The transversal (divergence-
free) part Er satisfies the evolution equation, with Pr = P:

L Er(0)| P+ a(Br(t).F) + W(F. Pr(t)
- QIO | F)y — o (B0) | g, YFeV: (1)
b(Er(t),q) =0, VqeQ. (3.12)

If the continuity equation is satisfied, the two systems can be entirely uncoupled by
noting that 0;J + 0?E, = 0;Jr, the derivative of the divergence-free part of the
current. In this case, and in this case only, Pr = 0.



June 27,2008 11:6 WSPC/INSTRUCTION FILE X

Numerical analysis of the generalized Mazwell equations 9

4. Discretizations
4.1. General framework

The discretisation of the variational formulations (3.1), resp. (3.3-3.4) or (3.5-3.6)
will follow the usual principles. The variational space V will be approached by a
finite-dimensional space V}, spanned by finite element basis functions. The plain
and mixed unaugmented formulations, with the variational space V' = Hy(curl; Q2),
will be approached by edge elements; the augmented and mixed augmented formu-
lations, with the variational space V' = Xy or X, will be approached by nodal
elements, complemented by singular functions in the case of the SCM.

The edge element method has been extensively studied 3%:36:31:37 5o we shall
concentrate upon the various nodal element methods. We suppose that we have
given ourselves an interpolation/projection operator II;, : X — X,, depending on
the numerical method.

The corrector and multiplier spaces, @ and @, will be approached by the finite-
dimensional spaces Qp and @p; in all cases, they will be generated by nodal finite
elements. As far as the constrained (mixed) formulations are concerned, we will
always choose the couple (Vj,, Q) such as to satisfy the two usual requirements,
namely, the ellipticity of a on the discrete kernel of b, and a uniform discrete inf-
sup condition. For instance, this works ! for the mixed unaugmented formulation,
by using Nédélec’s first family of elements ** to build Vi, and setting Qn = Py,
the space of P; finite elements which is conformal in H{(Q). For the UNEM and
SCM, one can use V;, = Xy, the space of Pr41 finite elements which is conformal
in Xo, and Qp, = Py p, the space of Py, finite elements seen as a subspace of L?((2).
This amounts to using the well-known Py ; — P, Taylor-Hood finite element 3%13.
Finally, for the WRM, one uses V}, = X}, this time seen as a subspace of X, and
Qn = P,;h C Lg,Y(Q), made up of elements of Py ; that vanish near the reentrant
edges '8, see Eq. (C.3) in Appendix C.

As for the time discretisation, one can consider either an explicit centred scheme,
which gives a higher-order approximation in time and is computationally very effi-
cient when mass lumping is used, or a totally implicit scheme which is incondition-
ally stable. The time mesh being defined by the instants t™ = n 7, the value of the
field u at time ™ is denoted u™; the successive (continuous) time derivatives, if they
exist, are denoted w" = yu(t"), @" = 0?u(t"), etc. The discrete time derivatives
of the field u are given by: O;u" := 771 (u" —u"~ 1), Go,u™ := (27) 71 (u" —u"~2).

4.2. Formulations without correction or constraint

We now examine the discretisation, in space and time, of (3.1). The totally implicit
scheme (hereafter denoted TT) reads:
Find Ey*' € Vi, such that, for all Fj, € Vi,

OZEL | Fro)n +a(ERT Fr) = (27 | Fr)m, (4.1)
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while the explicit centred scheme (EC) is:
(OB | Fu)m + a(Ey, Fr) = (W0 | Fa)u. (4.2)

Above, 1/:£ is a suitable approximation of 1(¢‘). The application of the TI scheme
to the plain formulation is examined in 2°. As for the augmented formulation (3.2),
the two schemes read:

Find E}* € Xy, such that, for all Fj, € Xy,

TL (2B} | Fy) 4+ ay (B} Fr) = — (0" | Fr) + (0" | div Fp)o ., (4.3)
EC: (O2E}™ | Fu) + ay(E}, Fr) = —(Oor I | Fy) + (0" | div Fp)o,.  (44)

If J is known at the instants ¢t"*1/2, the derivative 9o, J™ " can be replaced with
o gt/ 2 without changing the order of the scheme and the subsequent analysis.
These equations must be supplemented with initial conditions; so one sets:

E) =II,E,, E; solution to: (4.5)
72 (E, — E) —tII,E1 | F},) + ay(E}, — 3 E}, F,)

=—(0:J' =10 J° | Fp) + (o' — 20" | divF})o, (TD);  (4.6)
T2 (Ey, — E) —rIILE1 | F},) + ay(3 E}), Fy)

= (302, J" | Fi)oqy + (30" | divFp)o,,  (EC); (4.7)

they will be justified in Equations (5.4, 5.5). The operator Il is the interpola-
tion/projection operator which depends on the numerical method.

4.3. Formulations with correction

The numerical correction schemes, both implicit and explicit, consist of two suc-
cessive steps: the corrector is computed first, then the field is updated. Thus, the
totally implicit scheme is given by the algorithm:

(1) Find py*' € Qy such that, for all g, € Qp,
P [ an)o = o (0-0" T +divI™ Y gr)o,  Van € Qn, (4.8)
(2) Find E}* € Vi, such that, for all Fj, € Vi,
OZE ™ | Fr)m +a(ET L Fr) = (0 | Fr)g + c(Fp 0,9, (4.9)
And the explicit centred scheme reads:
(1) Find pz+1/2 € Oy, such that, for all qn € Qp,
(% [ an)o = 0/ (@r0™ ! + div g (I £ T, an)e, Van € Qu,  (4.10)
(2) Find E*' € Vi, such that, for all Fj, € Vi,
(2B | Fu)u + a(By, Fr) = (7 | Fa)m +e(Fu, 0y ™% (4.11)

The quantity 3 (J"*" + J") in the r.hs. of (4.10) serves as an approximation
of J"1/2; of course the latter can be used if it is known. The analysis is similar to
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that of the above scheme. The discrete corrections vanish as soon as some discrete
version of the continuity equation is satisfied, namely

TL Vn, 8.0""' +divJ" =0in Q) ; (4.12)
EC: Vn, 00" +divi (J" +J") =01 Q. (4.13)

4.4. Formulations with constraint

The totally implicit scheme for the mixed formulations reads:
Find (B}, PPt € Vi, x Q, such that, for all (Fp,qn) € Vi X Q,
(OZER | Fo)m + a(By ™ Fr) + b(Fp, PP = (04 | Fr)m,  (4.14)
b(E an) = @ (" an)q;  (4.15)
and the explicit centred scheme is:
(OZE T | Fr)m + a(Ey, Fr) +b(Fn, P = (97 | Fu)a, (4.16)
b(EZJrvaIh) = Q/<Qn+17Qh>Q' (417)
Let us turn (for a while) to the unaugmented formulations. As far as the edge
element method is concerned, it is worth noting that most of its versions yield
commuting discrete de Rham complexes 3137, Therefore, if we set ¢! := —0,J"
(TI) resp. —do, J"T (EC), and provided Equations (4.12) or (4.13) are satisfied
(with Qj, replaced with @},), the solution EZ‘H of (4.14-4.15), respectively (4.16—
4.17), coincides with that of (4.1), resp. (4.2), and P;'*' = 0. On the other hand,

this property is violated by all known nodal element methods, hence the necessity
of the specific analysis of §7.

5. Numerical analysis without correction or constraint
5.1. Definitions and assumptions

In order to obtain error estimates, we shall consider a functional space X C X,

whose norm will be denoted || - ||. We suppose that the interpolation/projection
operator ITj : X — X, satisfies
Vu e X, lu—Iyulx < €(h) ||lulx. (5.1)

The suitable choices for the spaces X and the associated interpolation error esti-
mates are detailed in Appendix A, Appendix B and Appendix C, respectively for
the SCM, the UNEM and the WRM.
We also consider P, : X — X, the orthogonal projection operator in X:
V(u,vp) € X x Xp,,  ay(Pru,vp) = ay(u | vp). (5.2)
Of course, one also has
VueX, |u—Puullo S lu— Puullx S e(h) |ullx; (5.3)

the first inequality stems from Weber’s theorem *'.
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In all of §85 to 7, we shall assume that the data and the solution are reg-
ular enough, typically J € H?*(—k7,T + k7;L%*(Q)) and E € H3(—kr,T +
kT;L2(Q)) N H?(—=k7,T + kr;X), where k is a small integer. For some esti-
mates on the EC schemes, we shall require J € H3(—k7,T + k7;L?(Q)) and
E ¢ HY—kr,T + kr;L*(Q)) N H*(—k7, T + k7;X). The corresponding norms
will be denoted [|J1|gs(r2), [ Bl 2%, ete.

5.2. A la Raviart—Thomas

The problem (3.2) and its total discretisations (4.3) or (4.4), belong in the framework
of hyperbolic symmetric problems of order 2 in time, studied in Chapter 8 of Ref. 38.
We shall follow the main lines of this study. The only slight difference is that the
continuous time derivative 0;J is replaced with a discrete derivative in the r.h.s. of
the discrete formulations, thus generating an extra consistency error.

Indeed, let us define:
0,J" =9, J" (TI) or &5, J"*! (EC); o = —0,J" — grad (w2 o").

We consider the following variational formulation, where G} is an approximation
of E(t"):
Find (EZ"H, GZ'H) € Xy, X Xy, such that, for all v, € Xy,

T (BT - By -G [ vn) +ay(BELT + (5 - ) Ejy,vn)

= (BYPIT+ (53— B) YT [ on), (5.4)
TG =GRl on) + (S ERT 4+ (1= 0) By, on) = (S92 + (1= 6) 9L | o),
E)=T,E),, G)=T1I,E. (5.5)

The totally implicit scheme (4.3) corresponds to (8,6) = (1,2), the explicit
scheme (4.4) to (5,9) = (0, %) As usual, we first examine the errors:

e} =E! — P,E", g7 =Gl - P,E".
These are solution of the variational schemes

2 (eftt —ef — g |vi) +ay(Bert + (1 —B) ey, vn) = (ef | vn), (5.6)

T gt —gh [ vn) +ay(Sep T 4+ (1 - 8) e, vn) = (n)y | wn), (5.7)
where the consistency errors are given by:
(ehlvn) = (B
+ (ﬁE"*l + (- E" vh) g (Ph(E"“ B E")| vh) ,
(i | vn) = (6(J )

+ (5 BT v a-0E" vh) . (Ph(E

e+ (5= ) (" =) )

n+1
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Using Taylor expansions, we can bound these errors as:

tn+1 tn+1
letlo and fnilos [ 0] @+ [ B, @
tn—1 0 tn 0
tn+1
4! / H(I —B) E@)HO dt, (5.8)
t’Vl

for the totally implicit scheme, and

tn+1 tn+1

letto s [ F@,a+ [ B a
tn—1 n

tn+1
+Tf{/ | =P B, a (5.9)
t’Vl
tn+2 oo tn+1 P
il [ NF@ly e [ B, o
tn— tn
tn+1 .
L / H([_ Ph)E(t)HO dt, (5.10)
t’Vl

for the explicit centred scheme.

To obtain an estimate in L? norm, one can use the following result, from Theo-

rem 8.6-1 of 38:

n—1

llello < lledllo + Ighllo +7 > (7 llekllo + Imllo) - (5.11)
£=0

In the EC case, this result holds under a CFL condition 7 < C h, where the con-
stant C' is independent of 7, h and E (see below). The initial error is bounded
as:

lebllo < llehlix < e(h) | Bolix,  llghllo S e(h) [ E1l%- (5.12)

Writing E) — E" = e} — (I — P,)E", plugging (5.8) or (5.9-5.10) into (5.11), and
using the bound (5.3) for the operator P, we get:

1B, — E"[ly S €() [ Ellyzazy + 7 [[1lw2a@e) + 1 Ellwsa@e@)y]  (5:13)
for the TI scheme, and

|ER — E"[|y < e(h) ||E||W2,1(5() +77 [||J||W3’1(L2(Q)) + ||E||W4’1(L2(Q))} (5.14)
for the EC scheme, under the CFL condition.

We now adapt these arguments to obtain an estimate in energy norm. Let [ =
I(h) be the dimension of Xp,; we denote by A1 < Ao < ... < A; the eigenvalues of
ay(wp,vp) = A(wp | V), You € Xy

we shall often use w; := /A; and 6; := w; 7. The (w;)1<i<s are the corresponding
eigenfunctions, which are taken (as usual) orthonormal in L? (and thus ||w;||x = w;)
and orthogonal in X. For any vector up € X, we shall denote u; = (up | w;).
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Let us take v), = w; in (5.6-5.7). Introducing the notations:

U (m:i>7 Hn (@-3) ;
9i ;

1 6? 0; 1 0
1 62 1 6? 1 62
B(6;) = iy N ORS¢ s
—0; | 1— 1-—

( 2(1+59i2)) 1+ 362 14362

we obtain the recurrence relation
Ut = B(6;) U + 7 D(6;) H,

and finally

Uy UO—I—TZB ) D(0;) HY. (5.15)

Because of the normalisation of the basis vectors w;, there holds: ||} ||% + ||g7 |13 =
S>L L |UZ[2, with the Euclidean norm in R2. The method converges (cf. p. 200
ff. of Ref. 38) iff the spectral radius of B(f;) is less or equal to 1, and the block
corresponding to the eigenvalues of modulus one is diagonalisable. This condition is
satisfied by the TI scheme for any 6; (sup;, max; 6; < co), while for the EC scheme
it is true iff sup;, max; 6; < 2 (1 — €) for some € > 0. And, given that

0,
, 1125 0t
]D)(ei)Hi = 362 ! (TI)v 192 V4 V4 (EC)7
S R 4 —50iEtm
IR R 2

one infers from (5.15) — assuming the CFL condition sup, wr 7 < 2(1 — €) in the
explicit case — that

! 1/2 I 1/2 nel / I 1/2
Bl + lgilo ~ (Dum?) < (zw) s (z |sf|2+|nfl2>
=0 =1

i=1 =1
n—1

Sledlix +llghllo+7 Y (lekllo + Imilo) - (5.16)
=0

Finally, using the bounds (5.8) or (5.9-5.10), one obtains :
1B — E"|x < e(h) |Ellyen gy + 7 [T lwr ey + | EBllwsr @z - (5.17)

Remark 5.1. Note that, contrary to the L? estimate, the error bound is not better
in the explicit case than in the implicit one. Indeed, a power of 7 is lost in front
of |lek [lo- Thus, in the TI case, terms in €}, and nf are of the same order in 7; in
the EC case, it is the term ef; that limits the order of convergence.

Remark 5.2. Assume we are given a series of quasi-uniform triangulations (7).
Then the largest eigenvalue A7,y behaves like O(h™?). So the CFL writes: 7 < C h.
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5.3. A la Ciarlet—Zou

The analysis has been carried out in §4.1 of Ref. 20 with edge elements and an
implicit time scheme. Here we present its adaptation to the augmented formulations
(UNEM, SCM and WRM) in both implicit and explicit cases. First, we estimate
the error ef; = Efl — PhEé, for 1 < ¢ < n, in the implicit case. Let F = F', € Xj,.
Integrating (3.2) on the interval [t'=1, /], we get:

t t

T (aTE‘Z | Fh) +/e a, (E,Fp) dt = —7 (8ij | Fh) +/ (o] div Fy),,, dt.
tf—1

te—1
Subtracting this from 7 times (4.3) with £ = n + 1, yields:

tﬁ

r (0-0. B, - E') | 1) +/

tl—

o, (Bl - B.F)) at
1

tﬁ
= / (" — o dith)O ., dt. (5.18)
] :

£—1

We remark that 9,E; — E = d-ef + 8. (P,E' — E") + (0,E" — EZ) and
o, (Bl ~ B.F)) = a (e}, Fu) + a, (E — B, Fy). Taking F, = dref, in (5.18),
we have:
(Oref, — (9Tef;_1 | Orer) + ay(ef, €, — ei_l)
—r (aEEf ~ P,O*E" | aTei) +r (aT(E’Z — 8, EY | afe;;)
t* tt
+/t a, (E _ Ef,aTeﬁ) dt + /ttl (¢f — o] divoref), . dt

—1

= Il —|—12+13 —|—I4 (519)

Using (5.3) and the Taylor estimates 2° for the time derivatives, we find:

t 2
. ) ..
I < 5 ||8Tefz||o +e(h)? /tefz EHX dt;
. - , 2
I, < 5 HafehHo +Cr /t,g,2 EHO dt.

Then we rewrite

tt t*
I+ 1, = /tu/t {—% (E,@Tei) + (o) divaTefl)Ow} ds dt.

But, differentiating (3.2) with respect to time yields:

(E|F) + ay (E,F) :—(J|F) +(0|divF),  ;
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and thus:
t* tt
13+I4=/ (/ {E—f—j}ds‘aTefL) at
te—1 t
- oz o [N (a2 (R
< 5 lorekll = [ (], 9]} o

Taking into account the above estimates, we now add the equalities (5.19) from
£ =2 to n. To do so, we make use of the Abel summation formula, valid for any
scalar product (- | -):

ni ni
23 (W fuf =) = P = P Y et =R (5.20)
L=ng £=ng

Thus, we obtain:
|0-exlls + llerlk < €' 7 {HE“iﬁ(L?(Q)) + |‘JH§{2(L2(Q))} +4e(h)? ||EH§12(5<)

+l0-ebl2 + llehlk +37 > [|oreh]]s (5.21)
(=2

To bound the error for £ = 1, we use (4.6) and proceed like in §5.2. Formulas (5.8
5.12), with n = 1, yield:

lerllx and [|0-e4]| < e(h) [ Eollx + | E1llx]

tl
AR e R AT

Applying the discrete Gronwall lemma to (5.21), we get:

10-€R 3 + el S € 1Bl i) + 7 (1B ey + 113 @amy | -

All together, the squared error between the continuous and discrete solutions is the
sum of the squared L? norm of

n

0.Ey — E" = (0. B}, — Py0,E") + (P40, E" — 0. E") + (9, E" — E")

and the squared || - ||x norm of: E} — E" = (E} — P,E") + (P,E" — E").
Combining the above arguments, we finally obtain:

n n n n 2
0. B}, — OE" |5+ | B, — E™ X% < () |1 Bl g2

+ 72 (1Bl ey + 19 ey - (5:22)
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The adaptation to the explicit scheme goes as follows. We integrate (3.2) on the

interval [t~1,#**1] and subtract the result from 27 times (4.4) (with n = £). Then
we take F = 0, el € X}, as test function; reasoning as above, we get:

n
14 4
0t E — 10reh 3 - Znae“ Orehl3 + llep % — llehl + > lleh — eh Ik
(=1

gt 2 w12 1|2
<o Stoetiive [ [0 el oo ([ +9])]

while taking F', = 0 eh ! yields the estimate:

n n
10-e5 M IE — 10-enll§ + D ore™ — Orehllf + e Ik — llenllk — Y len™ — ehllk
=1

n e 2 2 (2
<o Yolorei g [ [t [+ (B 1))
< T;n el + e(h)?® | Bl +7 I,
Adding the two bounds, we obtain:

20-e; 5 + e ™ Ik + lenllx — llen ™ —enlk

n+1
< 2|0ej 5 + llepllk + llehllk — lleh — edll% + 67 > l9-¢, 13
=1
12 (|2
+2C/ { ‘EH 472 (HEH + HJH )] dt. (5.23)
0 0
First, we remark that: |le} ™" ||% +|lel|% —llef T —er||% > —3 [lef T —ef||%- More-
over, on the finite-dimensional space X},, the norms || - [ and I - I|Ix are equivalent,
namely, ||vp]|x < wr||vnllo — see §5.2. Thus, the Lh.s. of (5.23) is greater or equal

to:
2— 5 (1 +n*)?w7) [0-en I +0” llen ™ Ik,

for n € [0, 1]. Under a CFL condition sup,, 7 wf(h) <4(1-€)/(1+n?), we deduce:

10, B =0 E" |3+ | ER—E" % S e(h)? 1B )72 (1Bl oy + 1930 e -

Since € and 7 are arbitrary, this inequality as well as the CFL are equivalent to
those of §5.2.

6. Numerical analysis with correction

We adopt the generic approach of §3.2, set in @ = H}(f2), which we discretise.



June 27,2008 11:6 WSPC/INSTRUCTION FILE X

18 P. Cliarlet Jr. and S. Labrunie

6.1. Definitions and assumptions
In addition to the hypotheses of §5.1, we now assume
(HO) There exists a subspace Q' C Q' (or Q@ C @) such that, for any f € @, the

solution to the elliptic problem Find u € Q such that, for all v € Q,

(ulv)o = o (fiv)e

belongs to H*(f2), for some s > 1.
In practice, we take Q = L2(f2). Consider first the case where Q is a non-convex
polyhedron. With the help of (1.1), we conclude that (HO) is fufilled for any s < oa.
Now, assume that we use Lagrange P; elements to discretize the above equation.
Thanks to the usual approximation result for elliptic equations, one has an approxi-
mation error bounded by €.(h) = h727179 (times || f||o), where § > 0 is an arbitrary

small parameter. On the other hand, (HO) is fulfilled with s = 2 when  is convex,
which yields an error bounded by e.(h) = h (times ||f|lo) in this case.

As far as the regularity of the data is concerned, we now suppose that J €
HY(—k7,T + kr;H(div; Q) N H?>(=k7,T + k7;L%*(Q)) and o € H?*(—k7,T +
kr;L2(Q) N H3(—k7,T + kr; H '(Q)). To obtain certain estimates for the
EC scheme, we will have to assume J € H3(—kr,T + kr;L*(Q)) and o €
H*(—k7,T + kT; H1(Q)).

6.2. A la Raviart—Thomas

We already remarked that the formulations with correction, (4.9) resp. (4.11), only
differ from the uncorrected ones, (4.1) resp. (4.2), by a modified right-hand side.
Using the notations

o pp = 0:py (TI) or O;p;, /2 (EC); g = —0,.J" —grad (w?y o™) —grad (0.p}})

we rewrite the formulations with corrections as a system of first-order equations in
(E}, G similar to (5.4-5.5), but with the r.h.s. 9 instead of 4. The errors
(e}, gy) are solution to the variational schemes (5.6-5.7), where the consistency
errors are now given by:

(eh Jon) = (8™ 0T 4 (5= 8) ("~ 0.07) | w1
+ (grad (8 (" — ;p;;“) +(3-0) (" = .p})) | vn)
(ﬁEnJr1 +(3-BE " ’Uh) —772 (Ph(E"+1 ~E"-7TE")| vh) ;
(i | on) = (6 (3" =0, )+ (1= 6) (I" = 2,0™) | wy,)
+ (grad (6" —olppth) + (1 6) (5" — 0%p}) | vn)
+ (BB (=0 E" o) =7 (P - B ).
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In each expression, only the second line (with p) does not appear in its counterpart
in §5.2. In order to analyse this part, we introduce the variable p,, solution to a
continuous problem like (3.3) with the same r.h.s. as in the discrete formulation (4.8)
or (4.10): Find p?, resp. P2 e H{(Q) such that, for all g € H{(Q):

TT: (gradp! | gradq)o = y-1(9-0" +divJ", q) g1 ; (6.1)
EC: (gradpf+1/2 | gradq)o = g-1(0-0" T +div i (J* +J™), an)m- (6.2)

Then, we write:

B =0 |, < [B° = 00p" |+ [0hp —0lpl|, + [0hpl — 0ph |, =L+ L+

By a simple Taylor expansion, we estimate I; in both cases:

tt tt
e ns [ whdes [ {IEo1+130l)
(/2 f1/2
e Lt [ ohass [ (17O [TO)
te—1/2 te—1/2
Now, the continuity estimate for the elliptic problems (3.3) and (6.1-6.2) leads to:
4

T LS -0 S [ 1)
.

EC: I < |02 + div O, JH — 0,072 — diva, JH2

tl+1

St/ T+ 1T} d
so—
Finally, I3 is bounded thanks to the usual approximation result for elliptic equations:

I3 < e.(h) [[020° + divo,J*o

< ey ! { o aolodrs [ 130l o dt} (),

¢

t@+1 tl+1
resp. gec(h)T*1 {/g ) ||@(1€)H0dt—|—/7l |J(t)||div,odt} (EC).

tl— ¢

Adding the previous bounds (for £ = n and n+1) to those already obtained in (5.8),
(5.9) and (5.10), we obtain:

tn+1 tn+1

leftlo and o S [ NF®llade+ [ 15t
tn— tn—

tn+1 tn+1
Fedh)r! { [ taoars [ ||J<t>||div,odt}

tn+1 tn+1
+/ HE(t)H dt—i—T’le(h)/ HE(t)H~ a,  (6.3)
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for the totally implicit scheme, and

tm
et s 7 [ T+ 1201 a
tm

et [ {1600+ 1@ o} d

tn+l tn+1

+/ HE(t)H dt+7-_1e(h)/ HE(t)H~ dt, (6.4)
in 0 n X
tn+2

il <7 [ ITO+ 18 O]}
et [ {1600+ 170 o} o

tn+1 tn+1

+T/m B (@], dt+ 7" e(h) /t B, a.  ©5)

for the explicit centred scheme. The above bounds can be plugged into the formu-
las (5.11) and (5.16); while the error (I — P,) E" and the error on the initial con-
ditions are estimated as in §5.2. Thus, we arrive at the error estimates in L? norm:

TL [|E} — E"[|y < e(h) | Elly2ax) + ec(h) [[lellwaz2) + [T lwa gaivioy]
+ 7 ([T llwz1 e ) + lollwsa -1 @) + 1 Elwsiwz@y) > (6.6)
EC: | B}, = E"|o S €(h) [|1Ely2n(x) + ec(h) [llollwzacrzy + [T llwa gaivo]
+ 72 (I llws e @) + lellwas -1 + |1 Bllwar gz )] 6.7)
and at the estimate in X norms, for both schemes:
IER — E"[lx < e(h) | Ellyzax) + €c(h) [llellw2 2y + 1w excaivon]
+7 [T llwer@e) + lelwsi 1@ + 1 Ellwsiwe@y] - (6.8)

The estimates for the EC scheme are valid under the CFL condition sup, wy) 7 <
2(1 —e).

7. Numerical analysis with constraint
7.1. Definitions and assumptions

We make two hypotheses on the abstract problems:

(H1) If a vector field belongs to X, so do its longitudinal and transversal parts.
(H2) For any g € L?(Q) and u € H*(Q), the solution (u,x) € X x @ to the
problem

a(u,v) +b(v,x) = (g |v)o, YveX; (7.1)
b(u,q) = (1, q), Vg€ Q;
belongs to X x H'(Q), and [ullx + [IxIlm < lgllo + llullm
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As far as the approximation properties are concerned, we still make all the hypothe-
ses of §5.1, and we assume the ellipticity of a(-,) on the discrete kernel

K; = {’Uh e Xy : b(vh,qh) =0, th S Qh}, (7.3)

and the uniform discrete inf-sup condition of §4.1. Moreover, we add an approxi-
mation property:

Vge QNH'(Q), inf llg—anllo Sh'77 gl (7.4)
an€Qn

For the SCM and the UNEM (v = 0), this is a standard approximation property,
whereas, for the WRM, this result can be found in Ref. 14.

Remark 7.1. When 7 is close to one, this estimate is rather poor for the WRM.
There exist several ways to improve it. Let us mention two of them. The first
one is to assume that the quantity of interest ¢ vanishes over the set of points
Qs ={x e Q : w,(xr) <}, where 6 > 0 is given. For those elements, the
L? , horm is equivalent to the usual L? norm, and moreover one can choose discrete
fields gp, that vanish over €5, so one recovers a r.h.s. in (7.4) of the form h||q| g:.
Or, one can assume that g belongs to H?(£). Then, the standard approximation
property reads infg, cq, 1|/¢ — gnllgr S I ||g| g2. On the other hand, since v € (0, 1),
one has the continuous imbedding H'(€2) C L?_(£2), so one recovers this time a
r.h.s. in (7.4) of the form h ||q|| 2. These improved estimates will be of use in §7.3.

Considering the discrete problem associated to (7.1-7.2), namely
a(wn, vn) +b(vh, Xn) = (g | vr)o, Von € Xp; (7.5)
b(un,qn) = (L qn), Van € Qn;

we know from Theorem 1.1, page 114 of 26 that

[ = unllx + Ix = xnllo < e(h) lullx + 27 (x|l (7.7)

Let us take u € K N X; we recall that K = kerb = {u € X : diva = 0}. The
solution to (7.1-7.2) with g = curlcurlu and p = 0 — the scalar product in (7.1)
being replaced with a duality pairing between Hg(curl; Q) and its dual — is (u,0).
Moreover, the corresponding discrete solution (uy, x1) satisfies u;, € Kj. Thus, the
estimate (7.7) implies that the orthogonal projection PEK : X — Kj, satisfies:

vueKNX, [u-PluloSlu-PRulx Se(h) fulg.  (78)
Conversely, let us take any g € L*(Q); we denote (¢,,&g) the solution to (7.1-7.2)

with © = 0. As a consequence of (7.7), we have

sup —— inf — + inf — } <e(h)+ =7 = ¢ (h).
QGLZI()Q) HgHO {¢h€Kh H(pg ¢hHX En€QR Hgg gh”Q ( ) b( )
(7.9)

This bound will be used for obtaining estimates in L? norm. According to the above,
one has €,(h) = o(1) in all cases.
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7.2. A la Raviart—-Thomas

We introduce a “pseudo-Hodge” decomposition of the numerical field: E}; = E7 j, +
T P = Pr, + Pp ., where the “longitudinal” part is not discrete-curl-free, but
does satisfy a static formulation, at any time step ¢™:
ar(ET 1y Fn) +0(Fp, Pr ) = (0" | div Fp)oy, VF € Xy (7.10)
b(ET 1y qn) = 2" an)12 , Vg € Q. (7.11)
As for the “transversal” part, it is discrete-divergence-free by construction (E7. ), €
K},). In the TI case, it is governed by the evolution equation:

(OB | Fi)+ay(BR3! Fi) +b(Fy, PEiY) = —(0-0" + 2B} | ),
VF, € Xp; (7.12)
b(ETH an) =0, Van € Qn, (7.13)

with an evident adaptation in the EC case.

Longitudinal part. The saddle-point problem (7.10-7.11) appears as the usual
finite element approximation of (3.9-3.10). Applying the results of §7.1, we have:

|2~ bl + | PEall < () 1B . (7.14)

Remember that P} = 0. As E7 ; appears in the r.h.s. of the equation (7.12), we

have to obtain an estimate in L? norm in order to analyse the effects of this error
on the transversal part. Theorem 1.2, page 119 of 25 and the bound (7.9) yield:

|ELn = EL|, < elh) e(h) | EL|Ix. (7.15)

7
)

We shall see later need estimates for (?fE’Llﬁll - E;

O2ETH! — EZH and ‘
’ 0
Using (7.15) and a simple Taylor estimate, we obtain:

|2Bis! - 2B | < olh) () 102E7 I

tn+1

Samdn [

tn—1

o], .

Then, other Taylor expansions of the function E (t) yield:

gt
’(?szﬁll_ELHoﬁrftil [E L), at
t"+1 .
+r*16(h)eb(h)/ HEL(t)HX dt. (7.16)
tn—1
- n+1 G
et g« [ ] o
’ 0 tn—1 0
t"+1 .
+r*16(h)eb(h)/ HEL(t)HX dt. (7.17)
tnfl

We conclude this paragraph by noting that similar estimates can be achieved for
the first order time-derivative of the longitudinal part of the electric field.
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Transversal part. As this part belongs to Ky, it suffices to study its coordinates
in a suitable basis of Kj. To this end, we consider the eigenvalue problem:

av(uh,vh) + b(vh, Xh) =\ (uh | ’Uh)o, Yo, € Xp; (7.18)
b(un,qn) =0, Van € Q. (7.19)

It is easy to check the following properties. There are J = J(h) := dim X}, —dim Qp,
eigenvalues with repetition: 0 < X] < ... < X;. The corresponding (u;)1<;<s can
be chosen such as to constitute a basis of Kj, which is orthonormal in L? and

orthogonal in X, and [Ju;l|x = |/A} = w}.

Then, we remark that Egtll is solution to the variational formulation:
Pind ET}' € Ky, such that, for all Fj, € Kp:

TL (OZERY | Fu) + ay(ERL Fr) = —(0-J" T + OZETY! | Fr); (7.20)
EC: (0ZERS | Fr) + ay(EYy,, Fy) = — (00, " + 2B | Fy). (7.21)

The above equations are completely similar to (4.1-4.2); they can be analysed by
following the lines of §5.2. With the notation:

OIEL, = 0EL, (TI), OIEL) (EC); of:=—0.J" —0lE],,

we rewrite the second-order formulation as a system of first-order equations in
(E;J;Ll, G;ﬁf) € Ky, similar to (5.4-5.5). The errors

e, = Eg, — PEEr(t), gp= Th— PEEr(t"),
are solution of the variational schemes (5.6-5.7), where the consistency errors are
given by:
(eh lvn) = (B
+ (BEL" = 2B + (5 - 8) (B 2B} ,) | v,
+ (BB + (3-8 By | o) — 772 (PE(EF — By — 7 B7) | o)
(i | vn) = (67

- n+41 n ik n
+ (0B, 2B + (1-0) (B — 2B} ) | vn)

Lo+ (B (T =0 | v)

Y (1= 8) (T —0,d™) | vh)

+ (0B + (-0 EL vn) — ! (PEEL — ) o).

To bound these errors, we proceed as in (5.8-5.10). Using (7.8) and (7.17) or (7.16),
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we obtain:
tn+1 tn+1
lefilo and o < [ 3o ae+ [ B a
tnfl 0 tn72 0
tn+1 tn+1
+T*16(h)eb(h)/ ]1‘3«3@)”~ dt+/ HET(t)H at
n—2 X tn 0
tn+1
+r*16(h)/ HET(t)HX dt, (7.22)
tn
for the totally implicit scheme, and
gntt gntt
leilos e [ @l ater [ [Ewwl, o
gt tntt
+T*16(h)eb(h)/ HEL(t)H~ dt+/ HET(t)H at
tn—l X tn 0
tntt
+r L e(h) / | )] ar (7.23)
tn
2 2
Imilos [ IT@l,deer [ B, a
tn— tn—
2 trtt
+fle(h)eb(h)/ B0 dt+7-/ IE)], dt
tnfl tn
tntt
+r*16(h)/ HET(t)HX dt, (7.24)
tn

for the explicit centred scheme.

The computations follow as in §5.2, replacing w; and w; with u; and w;. We plug
the previous estimates into the formulas (5.11) and (5.16), use (7.8) to bound the
initial error on Ep, and refer to the bounds (7.14) and (7.15) on the longitudinal
error. We recall that the longitudinal-transversal decomposition is continuous in
both L? and X norms, and that e,(h) = o(1). Finally, we get the estimates:

TI& BEC:  [|EL — E"||x < €(h) [|Elly20 %,
+ 7 [ Tlw2awe) + | Bllwsawe@)] 5 (7:25)

TL | ER — E"|, < €(h) [ Elly2ax)
+ 7 [ Tllw2awe@) + | Bllwsa@e@)] 5 (7.26)

EC: ||EL — E"|y S e(h) | Elly20 %)
+72 [ llwer e + 1 Bllwarway] - (7:27)

The estimates for the EC scheme are valid under a CFL condition sup, wf](h) T <

2(1—e¢). For a series of quasi-uniform triangulations (7), one expects A, to behave
like O(h=2), so the CFL should be once more: 7 < C h.
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7.3. A la Chen et al

We focus on the implicit case (with constraint). Let F' = Fj, € X,. Integrating (3.5)
on the interval [t'~1 ¢¢], we get:
.0 t*
(0B | Fu)+ | {ay (B, Fy)+b(Fy, P)} dt
-1
tl

= —7 (8,,.Je | Fh) + /e (Q | diVFh)07,Y dt.
tf—1

Subtracting this from 7 times (4.14) with £ = n + 1, yields:
2

~ (0-(0- B - EY) | Fy)+ /t

-1

{av(Ef; — E,F),) +b(F), Pl — P)} dt

tl

_ / (o' — | divFy), dt. (7.28)
-1 ’

To continue, let us introduce an orthogonal projection operator with constraint,

denoted Py, : XxQ — X}, x Q. Namely, for all (u, x) € XxQ, (up,x,) = Pn(u, x)

is such that

Yo, € X, ay(wy,, vn) +b(vn, X, ) = ay(w, vn) + b(vs, X)
h (7.29)
Van € Qn, b(wy, qn) = b(u, qn).
According to (7.7), for all (u,x) € X x H'(Q), one has the error estimate
[ =y |lx + Ix = x,llo < €(h) lullx + 2 (x| (7.30)

By linearity, one has 8, Py, (E*, P*) = Py, (8. E*, 8, P), so 0, (E");, = (0, E")..
Now, let ef = E! — (E")),. After some elementary computations, we find that

0. E! —E' =08,el +0.(EY — EY) + (0, E' — E') ; (7.31)

a,(E}, — E, F},) + b(Fp, P, — P) = a,(e},, F1) + b(Fp, P, — (P)n) +
a(E' — E,F},) + b(F,,P* = P), VYF,cXy; (7.32)

b(es,,qn) =0, Van € Qn - (7.33)

Now, taking Fj, = 0-€} in (7.28) and using (7.31)-(7.33) yields
(Oref, — Orel | Oreh) +a. (e, ef, — ey )
- (azEf — (2E" | aTefg) tr (aT(EZ —9,EY | aTefg)
tt tt
+/tf1 a~ (E - Ez,&.eé) dt +/t (gl -0} div&.eﬁ)oﬁ dt

£ 2—1
tl

+/ b(dreh, P — PYYdt :=J; +Jo + J3 + Iy + Js. (7.34)
téfl

There is one main difference with the expression (5.19), due to the presence of an
additional term, Js.
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The first term, J;, can be estimated as in §5.3, with the help of (7.30), thus intro-
ducing an extra term in the upper bound, which now writes

2 o
n<s ||8Tef;H§+Ce(h)2/e Bl| ar+ o0 /t 1P|2: dt.  (7.35)

tt—2

The second term, Js, is bounded as before.
Then, one takes Js into account together with J3 + J4. Indeed, one has

tt ptt
Js+J4+Js :/ / {_a7 (E,aTef;) —b(dref, P) + (5] divoyel), } ds dt.
te=1 Jt Y
Now, differentiating (3.5) with respect to time yields:
(E | F) +a, (EF) +H(F,P) = — (J | F) + (6] divF),, ;

and thus:

tﬁ

tl
J3+J4+J5:/ (/ {E+J} ds‘aTeﬁ> dt.
te—1 \ Jt

In other words, the same expression as for Is+14 in §5.3. The only difference with the
computations of §5.3 is the addition of one term (see (7.35)) in the r.h.s.. Therefore,
one can carry out the computations as before, to reach

10-Ef; — 8. E™ | + | B} — E"||x S (0)® | Bll72 ) + h* ™ 1Pl ey
+7° [||E||§{3(L2(Q)) + HJHiP(L?(Q))} - (7.36)
In the case of the WRM, we note that according to remark 7.1 we can obtain
10: B} — "3 + | B} — E" & S e(h)? B2 + B 1P agurs,
2 2
+72 (1Bl sy + M1y - (7:37)

The adaptation to the explicit scheme is no difficulty. Under a CFL condition which
writes sup;, 72 (cu('](h))2 <4(1—¢)/(1+n?), with arbitrary ¢ and 7, one obtains

c||0 B — 0. E"|[§+ | B — E" % S €(B)” 1 Elfr %) + 277 NP2y
+7? [||E||§{3(L2(Q)) + ”JH%Z(L?(Q))}
in all cases, and
e||0- B — HE" |5+ || B — E"[% S ()’ | El72x) + B 1Pl )
+77 |:||EH§{3(L2(Q)) + ”J”§{2(L2(Q))}

for the WRM.
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Appendix A. The plane polygon and the SCM

The setting is the same as in 7% and we briefly recall the results of those articles. In
dimension 2, there is a vector curl operator, which takes a scalar and is nothing but
a rotated gradient, and a scalar curl or rotational operator which takes a vector:

curlp = 0ype, — Orpey, 10tV = 0x0y — Oyvy.
In this case, Xy = Hp(rot; Q) N H(div;Q), with obvious notations; this space
will be denoted X in this appendix. The bilinear form a reads: a(u,v) =
(rotu | rotv)g + (divu | div v)g.
The domain € is a polygon. The opening of the corner ¢ is denoted 7/a,; in a
neighbourhood 2. of this corner, one defines local polar coordinates (r.,6.), with
0 <6, < m/ae. When a, > 1, the corner is salient (locally convex) and the elements

of X are regular (i.e. H'(Q.)) in its neighbourhood; when 1/2 < a, < 1, the corner

is reentrant and the fields can be locally decomposed into u = u§ + A S¢, where
ué € HY(Q,) and S, = r2~! [sin(a.0.) e, + cos(a.b.) eg]. Globally, there holds:

VueX, u=u.+ Y ASc=ur+ Y AX (A1)

r.c. r.c.
where: u, € HY(Q), wup€ Xreg;
xg € X, x¢ =8, on Q., and is smooth elsewhere.

For instance, one can take x§ as S, minus a lifting of its tangential trace, which is
smooth.

A.1. The space X and the related approxrimation inequality

We begin by checking the conditions of §4.1 and §5.1. For any s > 1, we define the
space X° as:

X = (HS(Q) ® @ span Sc> NX=MHWQ)NX)s @spanxcs. (A.2)

r.c.

In other words, it appears as the space of fields in X whose regular parts u, or ug,
as defined in (A.1), belong to H*(€2). We endow it with the norm:

lulk: = lurlf@ + > A (A.3)
r.c.
Of course, there holds X! = X the norm || - ||x: is equivalent to the usual one,

thanks to well-known equivalence of the norms ||-||x and ||-||1 on X,eg. The relevance
of this scale stems from the following result, whose proof we postpone to §A.3. Let
€(1,2) be

s« = min{a,, c is a salient corner ; 2q., ¢ is a reentrant corner}. (A.4)
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Then we have:
Vu € X, Vs € [1,s,), (rotu,divu) € H1(Q)? «— ueX"’. (A.5)
As will appear in the proof, the condition s < s, is sharp. Thus, we set:
X :=X*79  where § > 0 is arbitrary.

We continue by establishing the approximation inequality (5.1). To begin with,
let us examine the case of regular fields. If we use Lagrange Pj elements, they will
be approximated within the space

Xk, ={v, €COQ)’NX vy €PR(T)?, VT € Tp} . (A.6)

Even with very smooth data, the regular part of the electric field will not be gener-
ically smoother than H** (Q2) := (,_,, H*(Q). According to the geometry, s, can
be very close to 1; this condition requires the use of a Clément regularisation op-
erator.” We now briefly explain its construction, which follows §IX.3 of 2. For
each node a; in the principal lattice of the triangulation, one selects a triangle T;
which contains a;. Then, one introduces ;, the L2-orthogonal projection operator
onto Py (T;): for any w € LY(T;), mw € Px(T;) and

Vp € Pr(T3), / (w— mw) pdQ = 0.
T;

In order to enforce the boundary condition, one classifies the nodes into three cat-
egories:

(1) the interior nodes, which do not stand on 9€;
(2) the nodes standing on the sides of 052, excluding the corners;
(3) the corners, at the intersection of two sides of 9€;

one denotes Ky = {i : the node a; is of category ¢}, for £ = 1, 2, 3. Notice that:
(i) the outgoing normal vector v; is unambiguously defined at each node of cat-
egory 2, since the sides are straight; (ii) the regular fields vanish at the nodes of
category 3. Denoting by ¢; the basis function associated with a;, one defines the
regularisation operator ITy : L?(Q2) — X[ as:
pu(z) == Z {miuz(a;) ex + miuy(ai) ey} pi(x)
ey
+ Z miuy (@) vi pi(x). (A7)

ieo

bFurthermore, s, < 2 unless all angles are less or equal to w/2, i.e., Q is either a rectangle, or
an acute-angle or right-angle triangle. Thus, for correction methods, P; will be sufficient in most
situations. When using mixed element formulations, however, one might consider higher-degree
elements in order to have the theoretical framework for proving convergence.
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Asin 12 — and interpolating for the non-integral values of s — one gets the estimate,
valid for s € [1,k + 1]:

Vu e HYQ)NX, h~' u— Iul, + lu— Iul, <Al (AS)

Now we proceed with the general case. Near a reentrant corner ¢, the numerical
space Xy, is spanned by the finite elements plus the singular field S.; away from
it, the singular field is generally (according to the details of the numerical method)
represented by an interpolate, or a lifting of its trace. This is of no importance,
since S, is C*° there, so the approximation will be as good as the finite elements
allow. Globally, X}, can be thus described as:

X, = Xfcg ® @ spanx”, where:
r.c.

xcs’h eX, xg’h =S, on Q, ‘xg’h - xg . < Kk

Consequently, we can define a modified operator II;, on X as follows:

II;, : u:uR—i—Z)\cx‘fg — HZUR‘FZ)\cXgh- (A.9)
Given the definition (A.3) of the norm in X*, and the estimate (A.8) for regular
fields, one immediately obtains:

Vu € X5, |lu— Myully < APRELR |jy)x.. (A.10)

For s = s, — 8, we have obtained the approximation inequality (5.1) in X := X5 —9,
with e(h) = b 179,

To improve this bound, one can choose to use locally graded meshes (towards
corners of 92), as analysed in Ref. 2. An alternative improvement to the SCM has
been studied in 29 and is summarised in §A.4 below.

A.2. Corrector and multiplier spaces

For correction methods, Hypothesis (HO0) of §6.1 is satisfied with Q' = L2(f)
or Hn~1(Q) and e.(h) = h®in=9 where ami, = min{a.} on all corners c. The
numerical space of correctors will be a space of Py elements:

Q= Pkoz_’h = {’Uh S Co(ﬁ) D Un|T S ]P)k/(T), VT € 75, and Vh|oQ = 0} . (A.ll)

Note that there is no use doing SCM to solve (4.8). Indeed, as soon as there is at
least one reentrant corner, there holds oA = 1 + amin > 20min > S«; the rate of
convergence of the usual nodal element method for this problem will be better than
that of the SCM for the field. In other words, e.(h) = o(e(h)). (However, it may be
necessary to implement the SCM for the corrector if the improved SCM of §A.4 is

used for the field.)
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To solve the formulation with constraint, mixed element methods are used. The
space of multipliers can be taken as Q = {vy € C°(Q) : vn)p € Pu (T), VT € Tp};
the degrees (k, k') of the elements defining X}, and @, must be chosen so as to have
the usual conditions on these spaces. Typically, for k > k' + 1 the theory developed
by Stenberg 39 (see also 13)
of finite spaces satisfy a uniform discrete inf-sup condition. An alternative is the

for Taylor-Hood finite elements applies: the couples

Py-iso-P; Taylor-Hood element, as described in 7, and analysed in !7. In all cases,
the approximation inequality (7.4) is standard since Q = L*(Q).

A.3. Proof of (A.5) and Hypotheses (H1) € (H2)

We begin by proving (A.5). Assume u € X¥; as divS. = rotS. = 0, there holds
(divu,rotu) = (divus,rotu,) € H*~1(Q)% Conversely, assume (rotu,divu) €
H*71(Q) x H*1(Q2). We perform the Helmholtz decomposition: u = curly™ —
grad p?, where the potentials (¢?,1") are solution in H'(f2) respectively to the
Poisson problems:

Al =divy inQ, ¢?=0 ondQ; (A.12)
—AY" =rotu inQ, J,¥" =0 on 09, P = 0. (A.13)
Q

Suppose that for all corners ¢, s/a. ¢ N; we then set m. = |s/a,|. The asymptotic
expansion 34 of ¢ and 1" reads:

Pl T D MeSter VU=V + Y DL ASk,  (A19)
c 1<t<m. c 1<4<m,
with: {SZC, SZC} = rfe {sin(la.b.), cos(fa.f.)} and (cp‘[i+1}, Vi1 € HsTHQ) x
H*T1(Q). Thus, near a salient corner, the potentials belong to H**1(Q) as long as
s < «g; near a reentrant corner, the parts which remain after removing the first
singular functions A{ , S¢ . or /\fC I’ belong to H*T'(Q) as long as s < 2a.. We
conclude by noting that —grad S{l’c =curl 57", = —a.S..

The verification of Hypothesis (H1) of §7.1 follows immediately. Let us now
examine (H2). For g € L2(2) and pu € H**(Q) (s, > 0), let (u,x) be the solution
0 (7.1)—(7.2). From (cf. (7.2)), it follows first that divw = p in L?(Q2). Then, (7.1)

becomes
(rotw | rotv)o + (dive | x + p)o = (g | v)o, Vv e X. (A.15)

To characterize X, one can proceed as follows. For any f € L?(2), let ¢ € H}(Q)
be (uniquely) defined by Ap = f in Q. The field v := grad ¢ belongs to X by
construction, so it can be plugged in (A.15), which yields

(f [ x+n)=(g]grad¢)o.

To carry on, let us perform the Helmholtz decomposition g = curlwyg — grad &g,
with { € H{(Q) and ¢g € H*(Q2), [, g = 0. Then, one can apply integration by
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parts formulas to the right-hand side of the previous equation:

(g | grad )y = (curlyy | grad ¢)o — (grad &g | grad @)o =0+ (§g | f)o-

In other words, one has

(fIx+r—E)o=0, VfelL*Q),

so x =& — pin L2(9).

To end the characterization of u, let us focus on its rotational. For any f’ € L?(1),
with [, /=0, let ¢’ € H'(Q) be defined by A¢’ = f’ in Q, with 9,,¢’ = 0 on IQ
(Laplace problem with Neumann boundary condition; the compatibility condition
on the data f’ is fulfilled). The field v := curl ¢’ belongs to X by construction, so
it can be plugged in (A.15), which yields by integration by parts

—(f" | rotu) = (curlyy | curly’)y — (grad &y | curl¢’)o = — (g | f')o + 0.

In other words, one has
(' | rotu —wglo =0, Vi€ LA(Q), / =0
Q

Since by construction rot u+14 belongs to L?(Q) and [, (rot u+1g) = 0, it follows
that rot u = 14 in L*(Q).

To conclude, recall that according to (A.4), one has s, — 1 € (0,1). If one assumes
that s, > s, — 1, the property (A.5) yields

rotu =ty € H'(Q)

X5+ o— X5 - — _ Hmin(l,su) Q).
divu:MeHsu(Q)}éue— X5 x=¢-npe ()

5<S4

Assumption (H2) follows, considering finally s, = 1.

A.4. Principle of an impoved SCM

If we go back to the expansion (A.14) of the potentials, we see that, if (rot u,divu) €
H*71(Q)? for some s > s,, then the part of u which remains after removing the first
m. = |s/a.] terms of the expansions of —grad ¢? and curl™ near each corner c,
belongs to H*(€2). Thus, it is possible to improve the approximation rate of such
fields, provided: (i) the finite elements are of sufficient degree; (ii) one can compute
precisely enough the “weakly singular parts” which are in H!() but not in H*(2).
Indeed, the corresponding singularity coefficients can be extracted by dual singular

functions, much like in >678,

As an example : suppose we are using P; elements, and the electric field is such
that rot E and div E € H'(Q2), and regular enough in time. Then one can achieve
optimal convergence in h', see 2°. The dimension of the local singular space is
m. = 0 near an acute salient corner (a. > 2), m, = 1 near an obtuse salient corner
(1 < a¢ < 2), me = 2 near an obtuse reentrant corner (2/3 < a. < 1), and m, = 3
near an acute reentrant corner (1/2 < a. < 2/3).
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In the limiting cases of right angles (a. = 2 or 2/3), one has a convergence
in A'79 for any § > 0, with the help of 0 and 2 singular fields respectively.

When implementing a correction method, one should then do “ordinary SCM”
(one singular function for each reentrant corner) for the corrector, so that it con-
verges in h' and does not deteriorate the overall convergence rate.

Appendix B. The convex polyhedron and the UNEM

In this section, we suppose that € is a convex polyhedron. It is well-known, in
this case, that the space X is algebraically and topologically included in H! ().
Moreover, we have the following result, which is a consequence of Theorem 5.2
of 2. There is a s, > 1 such that:

curlu € H*71(Q)
divu € H*71(Q)

The limiting exponent s, depends on the openings of the edges of Q and of the
exponents of singularity of the Laplacian (with Dirichlet and Neumann boundary

Yu € X, Vs € [1,s4), } — ucHQ). (B.1)

conditions) at the vertices. The point is that s, is always greater than one when Q
is convex, though it may be arbitrarily close to one.

As a consequence, one defines X*® := H*(Q) N X and ||u||x: := ||u||s. The space
X}, is the 3D version of that defined in (A.6); and the construction of the opera-
tor II}, is similar to (A.7), taking into account the fact that the fields vanish a.e. on
the edges and vertices of €. All this leads to the approximation inequality (5.1),
with X := X**=% and e(h) = h™*(+=1=3k) To improve the value of €(h), one can
choose to use locally graded meshes (towards corners and edges of 92), as analysed
in Ref. 3.

The corrector and multiplier spaces, too, are the 3D versions of those defined
in §A.2. Hypothesis (HO) holds true with @ = L?*(Q) and s = 2; since the domain
is convex, one has €.(h) = h. The verification of (H1) and (H2) follows, once more,
from ?'. For g € L?(Q) and p € H*(Q) (s, > 0), let (u,x) be the solution to
(7.1)—(7.2). Then, one goes along the lines of the end of Appendix A, with the help
of the Helmholtz decomposition®¢:! g = curl P, —grad§y, with §; € H}(Q) and
p, € H'(Q), divep, = 0 in Q. One finds successively that dive = p in L*(Q),
X = &g — pin L?(Q2), and finally curlu = Py in L2(2). We conclude that, provided
s, —1 < min(1,s,), property (B.1) leads to

u e X% = ﬂ X° X € Hmin(l’sﬂ)(ﬂ).
S5<S4
Appendix C. The polyhedron and the WRM

In order to obtain error estimates, we need to consider a well-suited subspace of X.,.
This analysis has been carried out in 2324 for divergence-free fields, and more re-
cently in '8 for fields of X, with non-vanishing divergence. The chosen subspace is
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defined by
X = {u e X, : curlcurlu € L*(Q) and divu € H (Q)}. (C.1)

For elements of this subspace, one has an approximation inequality (5.1), with
e(h) = h™in(r=1min=0k) for the approximation space

Xy = {'Uh S CO(Q)S n X’Y tUnp|T € ]P)k(T)3, VT € 7;1} . (02)

The limiting value ymin € (0, %) depends only on the geometry of 2, and & > 0 is
an arbitrary small parameter. Recall that ymin = 2 — oa, with oa defined in (1.1),
and that one must choose 7 € (Ymin, 1). Again, to improve the value of €(h), one
can use locally graded meshes.

For the approach with correction, we note that Hypothesis (HO) holds true with
Q = L2(Q) and e.(h) = h'~n=% where &' > 0 is an arbitrary small parameter.
Interestingly, since v < 1, one has always the property e.(h) = o(e(h)), so the
introduction of a corrector does not deteriorate the accuracy of the method (see the
estimates at the end of §6).

For the multiplier space, it is advised in Ref. 18 to discard the obvious Taylor-
Hood finite elements. In the same Ref., a suitable space for multipliers is introduced,
considering Zero Near Singularity finite elements, namely

Qn =P, = {vw € C°(Q) : vijr € Pr(T), VI € Tp, vnj, =0}, (C.3)

where Fj, denotes the set of all tetrahedra of 7;, that intersect one or several reen-
trant edges of the boundary 9. Indeed, if one chooses k > k' + 1, the couples of
finite spaces (X, @n) satisfy a uniform discrete inf-sup condition. Finally, Hypoth-
esis (H1) is easily checked, and Hypothesis (H2) can be inferred as in the previous
Appendices. Consider g € L?*(Q) and p € H'(Q2), and let (u,x) be the solution
to (7.1)—(7.2). One uses the Helmholtz decomposition?® g = A, — grad £,, with
&g € HY(Q) and Ay € L2(), divAg = 0 in Q. The successive results are then
dive = pin L2(Q), x = & — (wy)?p in L2 (Q), and finally curl curlu = Ag.
According to (C.1), we conclude that u € X and x € H'(Q).

Evidently, one can use the WRM in a 2D polygon. However, the regularity
requirements are more stringent, since transposing (C.1) yields

X ={uecX, rotu € H' and divu € H'(Q)} (C.4)

(The rotational of elements of X must be more regular in 2D than in 3D).

Also, these requirements are more restrictive than those imposed for the SCM, see
(A.5) in Appendix A where s, < 2. When the solution belongs to the space (C.4),
the WRM converges better than the SCM (since 7 — ymin — 0 = oa — 1 = ¢ =
Qmin — 0" > 2amin — 1 — 6 > s, — 1 —¢'), but not as well as the improved SCM
of §A 4.



