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NONPARAMETRIC ADAPTIVE ESTIMATION FOR PURE JUMP
LEVY PROCESSES.

F. COMTE AND V. GENON-CATALOT!

ABSTRACT. This paper is concerned with nonparametric estimation of the Lévy density
of a pure jump Lévy process. The sample path is observed at n discrete instants with fixed
sampling interval. We construct a collection of estimators obtained by deconvolution
methods and deduced from appropriate estimators of the characteristic function and its
first derivative. We obtain a bound for the L2-risk, under general assumptions on the
model. Then we propose a penalty function that allows to build an adaptive estimator.
The risk bound for the adaptive estimator is obtained under additional assumptions on
the Lévy density. Examples of models fitting in our framework are described and rates
of convergence of the estimator are discussed. June 20, 2008

KEYWORDS. Adaptive Estimation; Deconvolution; Lévy process; Nonparametric Projec-
tion Estimator.

1. INTRODUCTION

In recent years, the use of Lévy processes for modelling purposes has become very pop-
ular in many areas and especially in the field of finance (see e.g. Eberlein and Keller
(1995), Barndorff-Nielsen and Shephard (2001), Cont and Tankov (2004); see also Bertoin
(1996) or Sato (1999) for a comprehensive study for these processes). The distribution of
a Lévy process is usually specified by its characteristic triple (drift, Gaussian component
and Lévy measure) rather than by the distribution of its independent increments. Indeed,
the exact distribution of these increments is most often intractable or even has no closed
form formula. For this reason, the standard parametric approach by likelihood methods
is a difficult task and many authors have rather considered nonparametric methods. For
Lévy processes, estimating the Lévy measure is of crucial importance since this measure
specifies the jumps behavior. Nonparametric estimation of the Lévy measure has been
the subject of several recent contributions. The statistical approaches depend on the way
observations are performed. For instance, Basawa and Brockwell (1982) consider non de-
creasing Lévy processes and observations of jumps with size larger than some positive ¢, or
discrete observations with fixed sampling interval. They build nonparametric estimators of
a distribution function linked with the Lévy measure. More recently, Figueroa-Lépez and
Houdré (2006) consider a continuous-time observation of a general Lévy process and study
penalized projection estimators of the Lévy density based on integrals of functions with
respect to the random Poisson measure associated with the jumps of the process. However,
their approach remains theoretical since these Poisson integrals are hardly accessible.

! Université Paris V, MAP5, UMR CNRS 8145. email: fabienne.comte@univ-paris5.fr and genon@math-
info.univ-parisb.fr.
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2 F. COMTE AND V. GENON-CATALOT

In this paper, we consider nonparametric estimation of the Lévy measure for real-valued
Lévy processes of pure jump type, i.e. without drift and Gaussian component. We rely on
the common assumption that the Lévy measure admits a density n(z) on R and assume
that the process is discretely observed with fixed sampling interval A. Let (L;) denote the
underlying Lévy process and (Zk,A =Lga—Lg—pask=1,... ,n) be the observed random
variables which are independent and identically distributed. Under our assumption, the
characteristic function of L = ZlA is given by the following simple formula:

(1) Ya(u) = E(expiuZf) = exp (A/R(eiw — D)n(x)dx)

where the unknown function is the Lévy density n(z). It is therefore natural to investi-
gate the nonparametric estimation of n(x) using empirical estimators of the charasteristic
functions and its derivatives and then recover the Lévy density by Fourier inversion. This
approach is illustrated by Watteel and Kulperger (2003) and Neumann and Reiss (2000).
However, these authors consider general Lévy processes, with drift and Gaussian compo-
nent. Hence, at least two derivatives of the characteristic function are necessary to reach
the Lévy density. Moreover, the way Fourier inversion is done in concrete is not detailed
in these papers. In our case, under the assumption that [ |z[n(z)dr < co, we get the
simple relation:

) '(0) = [ eglade = —ig A,

with g(z) = xn(x). This equation indicates that we can estimate ¢g*(u) by using empirical
counterparts of ¢a (u) and ¢/, (u) only. Then, the problem of recovering an estimator of g
looks like a classical deconvolution problem. We have at hand the methods used for esti-
mating unknown densities of random variables observed with additive independent noise.
This requires the additional assumption that g belongs to L?(R). However, the problem
of deconvolution set by equation (f) is not standard and looks more like deconvolution in
presence of unknown errors densities. This is due to the fact that both the numerator and
the denominator are unknown and have to be estimated from the same data. This is why
our estimator of 1A (u) is not a simple empirical counterpart. Instead, we use a truncated
version analogous to the one used in Neumann (1997) and Neumann and Reiss (2000).

Below, we show how to adapt the deconvolution method described in Comte et al. (2006).
We consider an adequate sequence (S,,,m = 1,...,m,) of subspaces of L2(R) and build
a collection of projection estimators (g,,). Then using a penalization device, we select
through a data-driven procedure the best estimator in the collection. We study the L2-
risk of the resulting estimator under the asymptotic framework that n tends to infinity.
Although the sampling interval A is fixed, we keep it as much as possible in all formulae
since the distributions of the observed random variables highly depend on A.

In Section 2, we give assumptions and some preliminary properties. Section 3 contains
examples of models included in our framework. Section 4 describes the statistical strategy.
We present the projection spaces and define the collection of estimators. Proposition 4.1
gives the upper bound for the risk of a projection estimator on a fixed projection space.
This proposition guides the choice of the penalty function and allows to discuss the rates of
convergence of the projection estimators. Afterwards, we introduce a theoretical penalty
(depending on the unknown characteristic function 1) and study the risk bound of a false
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estimator (actually not an estimator) (Theorem 4.1). Then, we replace the theoretical
penalty by an estimated counterpart and give the upper bound of the risk of the resulting
penalized estimator (Theorem 4.2). Section 6 gives some conclusions and open problems.
Proofs are gathered in Section 6. In the Appendix, a fondamental result used in our proofs
is recalled.

2. FRAMEWORK AND ASSUMPTIONS.

Recall that we consider the discrete time observation with sample step A of a Lévy
process L; with Lévy density n and characteristic function given by (fl). We assume
that (L;) is a pure jump process with finite variation on compacts. When the Lévy
measure n(z)dz is concentrated on (0, +00), then (L;) has increasing paths and is called
a subordinator. We focus on the estimation of the real valued function

3) g(z) = zn(z),

and introduce the following assumptions on the function g:
(H1)  [gl|z|n(z)de < co.
(H2(p)) For p integer, [ |z[P~|g(z)|dz < cc.
(H3)  The function g belongs to La(R).

Note that (H1) is stronger than the usual assumption [(|z] A1)n(z)dz < +oo, and is also
a moment assumption for L;. Under the usual assumption, (H2(p)) for p > 1 implies (H1)

and (H2(k)) for k < p.

Our estimation procedure is based on the random variables
A .
(4) Zi = Lin — Lii_pa,t=1,...,n,

which are independent, identically distributed, with common characteristic function ¥a (u).
The moments of ZlA are linked with the function g. More precisely, we have:

Proposition 2.1. Let p > 1 integer. Under (H2)(p), B|Z2P < co. Moreover, setting,
fork=1,...p, My = [p 2" g(z)dz, we have E(Z{) = AM;, E[(Z{)?] = AMs + A2M;,
and more generally, E[(Z8)] = A My + o(A) for alll =1,...,p

Proof. By the assumption, the exponent of the exponential in ([l]) is p times differentiable
and, by derivating ©¥a, we get the result. O

Assumption (H1) yields the relation (f), which is the basis of our estimation procedure.
We need a precise control of ¢)ao. For this, we introduce the assumption that, for m,, an
integer to be defined later, the following holds:

(H4)  Vz € R, we have ¢, (1 +22)780/2 < |ya(z)| < Cy(1 +22) =202,

for some given constants cy,Cy and 3 > 0. Note that an assumption of this type is also
considered in Neumann and Reiss (2007).
For the adaptive version of our estimator, we need additional assumptions for g:

(H5)  There exists some positive a such that [ |g*(z)*(1 + 2%)%dz < +oo,
and
(H6)  [22¢*(x)dz < +oo.
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We must set independent assumptions for 1A and g, since there may be no relation at all
between these two functions (see the examples). Note that, in Assumption (H5), which is
a classical regularity assumption, the knowledge of a is not required.

3. EXAMPLES.

3.1. Compound Poisson processes. Let L; = ZzN:t1 Y;, where (V) is a Poisson process
with constant intensity ¢ and (Y;) is a sequence of i.i.d. random variables with density f
independent of the process (N¢). Then, (L;) is a compound Poisson process with charac-
teristic function

(5) Pr(u) = exp ct/(ei““” — 1) f(z)dz.

R
Its Lévy density is n(x) = c¢f(z). Assumptions (H1)-(H2)(p) are equivalent to E(|Y1|P) <
co. Assumption (H3) is equivalent to [ #?f?(z)dz < oo, which holds for instance if
sup, f(r) < 4+oo and E(Y?) < 4+o0o. We can compute the distribution of Z& = La as
follows:

(cA)"

(6) Pya(dz) = 2 (ldz) + 3 (o) S 2).
n>1

We have the following bound:

(7) 1> [gpa(u)| > €722,

On this example, it appears clearly that we can not link the regularity assumption on g
and (H4) which holds with 5 = 0.

3.2. The Lévy gamma process. Let « > 0,3 > 0. The Lévy gamma process (L;) with
parameters (3, «) is a subordinator such that, for all ¢ > 0, L; has distribution Gamma
with parameters (5t, «), i.e. has density:

Bt
« -1 -
®) RN
The characteristic function of Z{ is equal to:

9) vl = (2 )m.

o — 1

The Lévy density is n(z) = ﬂx_le_o‘xl{goo} so that g(z) = Be™ "1, satisfies our
assumptions. We have:

Yalw) _ .\ B o’

(10) A AT el = o
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3.3. Another class of subordinators. Consider the Lévy process (L;) with Lévy den-
sity

n(z) = ca® e 76$1x>0,
where (9, 3, ¢) are positive parameters. If § > 1/2, f (x)dx < +o0, and we recover
compound Poisson processes. If 0 < § < 1/2, f dm = +o0 and g(x) = zn(z)

belongs to L2(R)NL!(R). The case § = 0, which corresponds to the Lévy inverse Gaussian
process does not fit in our framework. For 0 < ¢ < 1/2, we find

. T(5+1/2
o) = e
and

[ (z)| = exp <_c%+_15/2)[(52 +2?) 6122 _ 5_(5_1/2)]> .

It is important to mention that A above does not satisfy assumption (H4) since

(11) [YA ()] ~eotoo K(B,9) exp(_cA%x—&H/Z)

where K((3,0) = exp < Arl/é;_lﬂ)ﬂ (60— 1/2)). Thus, it has an exponential rate of decrease.

3.4. The bilateral Gamma process. This process has been recently introduced by
Kiichler and Tappe (2008). Consider X,Y two independent random variables, X with
distribution T'(83, @) and Y with distribution I'(#’, ’). Then, Z = X — Y has distribution
bilateral gamma with parameters (5, «, 3, '), that we denote by I'(3,a;0',a’). The
characteristic function of Z is equal to:

(12) v = (; fiu)ﬁ (a‘ju)ﬁ = exp ([ (¢ = Dnte)e),

with

and, for x € R,
9(x) = Be ™ 1o ooy — Be™ M1 0)(2).
The bilateral Gamma process (L;) has characteristic function 1 (u) = 1 (u)’.

The method can be generalized and we may consider Lévy processes on R obtained by
bilateralisation of two subordinators.

3.5. Subordinated Processes. Let (W;) be a Brownian motion, and let (Z;) be an
increasing Lévy process (subordinator), independent of (W;). Assume that the observed
process is
Li=Wjy,.
We have ,
ba(u) = E(eba) = B(e 5 7).
As Z, is positive, we consider, for A > 0,

ﬂAQ):E@Mh):em)<ﬁ34+wﬂs—eAﬂnzuﬁm>,
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where nz denotes the Lévy density of (Z;). Now let us assume that gz(z) = znz(z) is
integrable over (0, +00). We have:

log(@a(\)) = —A / o imz v = —A / = / 5248\ (x)da

= —A/ </ mamz(ﬂc)dac> ds.
¥a(u) = exp (—A/OUQ/Z (/O+OO e_“gz(x)dx> ds) .

Moreover, it is possible to relate the Lévy density ny, of (L;) with the Lévy density nz of
(Z:) as follows. Consider f a non negative function on R, with f(0) = 0. Given the whole
path (Z;), the jumps §Ls = Wy, — Wy, are centered Gaussian with variance 6Z5. Hence,

B F6L) = B[ Swexp (~u/202) )

s<t s<t

= o[ st ([ e (/20220 )

This gives np(u) = f0+oo exp (—u2/2x)m. By the same tools, we see that

Hence,

V2rz
E(S I6Ly)) = 2/wEZ¢57 )=t / Vanz(e

Therefore, if the above integral is finite, the process (L;) has finite variation on compact
sets and it holds that [p [u|ng(u)du < oc.

With (Z;) a Lévy-Gamma process, gz(x) = fe”*1,;59. Then f+°° e TBe *dr =

B/(a+ ), and
Ap
wu):( %) .
Oé+7

This model is the Variance Gamma stochastic volatility model described by Madan and
Seneta (1990). As noted in Kiichler and Tappe (2008), the Variance Gamma distributions
are special cases of bilateral Gamma distributions. The condition f0+°° Vrng(z)dr < oo
holds. We can compute, for instance using the norming constant for an inverse Gaussian
density,

+o0 1 u2
nr(u) = / exp (—5(; + 2a)
0

B3/ dx
V2T

4. STATISTICAL STRATEGY

= B(20)")[ul " exp (—(20)?[ul)

4.1. Notations Subsequently we denote by u* the Fourier transform of the function u
defined as u*(y) = [ e¥®u(x)dz, and by ||ul|, < u,v >, u* v the quantities

Jul? = / fu(z) P,
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<u,v >= /u(ﬂ:)@(ﬂ:)dm with 2z = |z|* and u % v(z) = /u(y)@(:ﬂ —y)dy.
Moreover, we recall that for any integrable and square-integrable functions u, u1, us,
(13) (u*)*(z) = 2mu(—2) and (uy,uz) = (21) " (ul, ul).
4.2. The projection spaces. As we use projection estimators, we describe now the
projection spaces. Let us define

o) = Singx) and @ j(z) = Vme(mz — j),

where m is an integer, that can be taken equal to 2. Tt is well known (see Meyer (1990),
p.22) that {¢n, j}jez is an orthonormal basis of the space of square integrable functions
having Fourier transforms with compact support included into [—7m,7m]. Indeed an
elementary computation yields

eimj/m

(14) (p;kn,j (1’) = WI[—Wm,ﬂm] (1’)

We denote by S, such a space:
Sm = Span{y, , jE€ZL} ={he L*(R), supp(h*) C [-mm, mn]}.
We denote by (S, )mem,, the collection of linear spaces, where
M, ={1,...,my,}

and m, < n is the maximal admissible value of m, subject to constraints to be precised
later.

In practice, we should consider the truncated spaces ST(:LL) = Span{yp,, ;, j€Z, |j| <
K,}, where K, is an integer depending on n, and the associated estimators. Under
assumption (H6), it is possible and does not change the main part of the study (see Comte
et al. (2006)). For the sake of simplicity, we consider here sums over Z.

4.3. Estimation strategy. We want to estimate g such that

RN N €N N
(15) 9" (z) = _ZAi/?A(x) = Ai?A(x)’
with

va(@) = E(@70), Oa(x) = —itiy(x) = E(ZPe™7T).
The orthogonal projection g,, of g on Sy, is given by
(16) 9m = Zam,j(g)@m,j with am,j(g) - / cpm,j(x)g(x)dx - <(Pm,jag>-
jez R
We have at hand the empirical versions of 1A and Oa:

. 1 o— . 1 — ,
wA(x):EZGMZkA’ HA(x):EZZkAemzkA
k=1 k=1

Following Neumann (1997) and Neumann and Reiss (2007), we truncate 1/1a and set
1 1

= — = I 7 —1/2-
Va(z)  Pa(z) [ (z)[>ryn=1/

(17)
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Now, for ¢ belonging to a space Sy, of the collection (Sp,)mem,,, let us define

n

(15) )= 33 (1P - 522 [ % 2 ar),

k=1 (INED
Consider 7, (t) as an approximation of the theoretical contrast

o L o L A [ egati(—x )x
w0 =23 (I WAZk/ o).

k=1

The following sequence of equalities, relying on ([[3), explams the choice of the contrast:

i ati(=a) IR
E(MZICA/G i T,Z)A( )dw ~ op A/ dx_%<tag>_<t’g>'

Therefore, we find that E(v/(t)) = [[t]|* —2{g,t) = Ht—9!!2 —|lgl? is minimal when ¢ = g.
Thus, we define the estimator belonging to S,, by

(19) Jm = Argmintesmfyn(t)
This estimator can also be written
P i (=)
20 ith & Z{L’ZA mvj d
( ) %am]gpm]? Wit Q5 = WHAZ / (@) xz,
or

A tpm,J x)
Qpm,j = 27TA/ @ dx.

4.4. Risk bound of the collection of estimators. First, we recall a key Lemma,
borrowed from Neumann (1997) (see his Lemma 2.1):

Lemma 4.1. It holds that, for any p > 1,
1 1

E e ! n’
( Tale) D@ ) < ([ " )
where 1/ is defined by (7).

Neumann’s result is for p = 1 but the extension to any p is straighforward. See also
Neumann and Reiss (2007). This lemma allows to prove the following risk bound.

Proposition 4.1. Under Assumptions (H1)-(H2)(4)-(H3), then for all m:

EV2((Z2)4 [T, da/|va(@))?
nA?2 '

(21) E(llg — gml?) <llg — gml® + K
where K is a constant.

It is worth stressing that (H4) is not required for the above result. Therefore, it holds
even for exponential decay of ¥a.

Proof of Proposition {.7]. First with Pythagoras Theorem, we have
(22) lg = Gmll* = g = gmll* + lgm — gm1*.
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Let

som,] )
am,;(9) 27TA/ @) dzx.

Then, using Parseval’s formula and ([14), we obtaln

i = gl = 3 Jimy — s ()P = =y [
5J 5J 27TA2 _

JEZ

It follows that

™ N 2
E(|lgm — gm[?) < A—{ / _ Elfalz) (1;:@)‘%1(@) o
™ B (z) — Oa(z)[?
L d””}
1 1

(23) < A—{ I (E(!ém)—m)r?
[ (A%g*(x)ww)r%( i

Ua(z)  Yalz)

o) 9a@ )dm
2\ 1Bz,
) T rm‘<x>\2> ! }

2
_ /2014 x () — 1/2 1
ROEENG > < EV2(|0a(2)~0a(2)[)E <‘7/)A NS

Then, with the Rosenthal inequality E(|0a(z) — 0a(2)[*) < cE[(Z2)4]/n? and by using

Lemma [T,
4
< C
) = [Ya(z)lt

so that
o 12010 x (2) — 2)HELY2 1 ! - CEl/Q[(Zﬁ)ﬂ o dx
/_m (E (0a(0) = 0a@NET 5 @) ~ vat) )d R /_mwm)@

For the second term, we use Lemma [L.1], to get
2) < Cn~1
= Y@
We obtain

1) Bllin gl < S5 @R+ Al 4B [

where ||g|l1 = [ |g(z)|dx. Therefore, gathering (P2) and (24) implies the result. O

1 1

The Schwarz Inequality yields

E <|9A<:c> — Oa(2)2 | :

)

1 1
¢ (‘wx) NG

1 1
. (‘m@) IRONG)
dx,

Remark 4.1. In papers concerned with deconvolution in presence of unknown error den-
sities, the error characteristic function is estimated using a preliminary and independent
set of data. This solution is possible here: we may split the sample and use the first half
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to obtain a preliminary and independent estimator of Ya, and then estimate g from the
second half. This would simplify the above proof, but not the study of the adaptive case.

4.5. Discussion about the rates. Let us study some examples and use (BJ) to get a
relevant choice of m. We have ||g — gm||* = f|$|>7rm |g* (x)|?dx. Suppose that g belongs to
the Sobolev class -

S(a,L) = {1, / F@)P? + 1) < L),

Then, the bias term satisfies
lg = gmll* = O(m™=2?).

Under (H4), the bound of the variance term satisfies
[, dafla@P _  (mssts
nA nA )

The optimal choice for m is O((nA)Y(28A+2a+1) and the resulting rate for the risk is
(nA)~20/(2BA+2a+1) Tt i5 worth noting that the sampling interval A explicitely appears
in the exponent of the rate. Therefore, for positive 3, the rate is worse for large A that
for small A.

e Let us consider the example of the compound process. In this case § = 0, the upper

bound of the mean integrated squared error is of order O((nA)~2%/(2¢+1)) "if ¢ helongs to
the Sobolev class S(a, L). Note that if g is analytic i.e. belongs to a class

A Q) = (1. [(@% 4 e PIp (@) Pdr < Q).
then the risk is of order O(In(nA)/(nA)) (choose m = O(In(nA))).

e For the Levy Gamma process, we have a more precise result since we have
a’d . g
v (u)| = 21wy Y (z) = PR
Therefore f\x\zwm lg*(x)|?dx = O(m~!) and f[—wm,nm] dz/|pa(z)? = O(m?PA+1). The
resulting rate is of order (nA)~Y2PA+2) for a choice of m of order O((nA)!/(264+2)),

e For the Bilateral Gamma process with (3, a) = (', a/), we have
BA &
a N
Ya(u) = m, g (z) = 2t 2
Therefore f‘x‘%rm lg* (x)|?dx = O(m™3) and f[—wm ) dz/|pa(z)? = O(m*PA+1). The
resulting rate is of order (nA)~3/(42+4) for a choice of m of order O((nA)l/(4BA+4)),

These examples illustrate that the relevant choice of m depends on the unknown func-
tion, in particular on its smoothness. The model selection procedure proposes a data
driven criterion to select m.

e Consider now the process described in Section B.3. In that case, it follows from ([LT) that
[ o /16 () P = O(mH 12 explem ) and. [, |g* (@)dw = O(m~2). In
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this case, choosing km'/2=% = In(nA)/2 gives the rate [In(nA)]~2% which is thus very slow,
but known to be optimal in the usual deconvolution setting (see Fan (1991)). This case is
not considered in the following for the adaptative strategy since it does not satisfy (H4).

4.6. Study of the adaptive estimator. We have to select an adequate value of m. For
this, we start by defining the term

29 N

—rm [Ya(@)]*
and the following theoretical penalty
P, (m
(26) pen(m) = w(1 +E[(2)7)/2) 220,
We set

i = arg min {¥n(Gm) + pen(m)},

and study first the “risk” of gy.
Moreover we need the following assumption on the collection of models M,, = {1,...,m,},
my, < n:

(HT) Je,0 < e <1, m2PA < Cn'—¢,

where C is a fixed constant and 3 is defined by (H4).
For instance, Assumption (H7) is fulfilled if:

(1) pen(m,) < C. In such a case, we have m,, < C(nA)Y28A+1),
(2) A is small enough to ensure 26A < 1. In such a case we can take M,, = {1,...,n}.

Remark 4.2. Assumption (H7) raises a problem since it depends on the unknown [
and concrete implementation requires the knowledge of m,,. It is worth stressing that the
analogous difficulty arises in deconvolution with unknown error density (see Comte and
Lacour (2008)). In the compound Poisson model, 5 =0 and nothing is needed. Otherwise
one should at least know if ¥ is in a class of polynomial decay. The estimator @A may
be used to that purpose and to provide an estimator of 3 (see e.g. Diggle et Hall (1993)).

Let us define
1 T A 2 T A
08 (2) = B(ZP 1 58y ya€2), 0% (0) = E(Z0T 4o, vae™2)

so that O = G(Al) + 9(A2) and analogously Op = é(Al) + ég) For any two functions ¢, s in .S,
the contrast =, satisfies:

W(t) =mls) = Nt =gl* = lls —gI* =20V (t — ) = 20D (t = 9)

4
(27) —2) "R (t - ),
i=1
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with
() = 27TA /
) = 27TA /
RO = o [
RA() = 2rA /
RI(t) = 27TA /
RO =

27TA

F. COMTE AND V. GENON-CATALOT

9(1)( )
<m> o
e j 5 (Ve (@) ~ da(@))ds
1 1
%) = 6al2) (wx) - wx)) o
:U) - 1 1
2w = a0 (= - 72 ) o
N <m — 0% (=)
oal@
Oa ()

()5 oy Wsi<na v

Using this decomposition and Talagrand’s inequality, we can prove

Theorem 4.1. Assume that assumptions (H1)-(H2)(8)-(H3)-(H

—gl)<C

E(llgr

where K is a constant.

Remark 4.3. Assumption (H6) is satisfied for the Levy-Gamma process. For the com-
pound Poisson process, it is equivalent to fx4f2(:v)dx < 400, where f denotes the density

of Y; (see Section [3).

7) hold. Then

In?(n)
nA -’

nf (Ilg — gm|* + pen(m)) + K

To get an estimator, we replace the theoretical penalty by:

n ™m 2 ~ " 9 .
pen(m) = &’ <1+% (ZA)2> S dx/[a(z)|*d .

In that case we can prove:

Theorem 4.2. Assume that assumptions (H1)-(H2)(8)-(H3)-(H
the estimator defined with m = arg minmet, (Y (Gm) + pei(m)).

E(g—gl*) <

C inf — gml? K
mg}m(Hg gm|” + pen(m)) + K

n

7) hold and let g =
Then

n(r)

where K\ is a constant depending on A (and on fized quantities but not on n).

Theorem (1.9 shows that the adaptive estimator automatically achieves the best rate
that can be hoped. If g belongs to the Sobolev ball S(a, L), and under (H4

automatically of order O((nA)~2¢/(284+2a+1)) " See Section 4.5.

Remark 4.4.

(1) It is possible to extend our study of the adaptive estimator to the
case YA having exponential decay. Note that the faster |a| decays, the more

difficult it will be to estimate g.

), the rate is
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(2) Few results on rates of convergence are available in the literature for this problem.
The results of Neumann and Reiss (2007) are difficult to compare with ours since
the point of view is different.

5. PROOFS

5.1. Proof of Theorem [{.1]. Writing that v, (g, ) + pen(n) < v,(gm) + pen(m) in view
of (1) implies that
4
lgm — glI> < llgm — gll* + 205 (@i — gm) + 202 (G0 — gm) + 2> B (310 — gim)
i=1
+pen(m) — pen(m).
Let us take expectations of both sides and bound each r.h.s. term.

. 1 .
EW (G5 —gm))] < =E(lgm — §all*) + 16E sup IVS)(t)Iz]
tESm'i‘va”t”:l

16

IN

1 . 1
SE(lg = 3all®) + 5l = gml?

+16E sup [V ()P = pa(m, i) |+ 16E(py (m, 1m)).
tesm\/mvlltllzl +

(2)

The same kind of bounds are obtained for v’ and the residuals leading to

mVm

2 14
SElgn—al®) < Zlg—gml®+16 > E( , S \Vé”(t)\z—pl(m,m’))
te

m/'EM, ’7||t||:1 +

+16E< sup IVr(f)(t)IQ—pz(m,m))

tEvam,”tllil +

2
+16ZE< sup IRS)(t)Iz—m(m,m))
=1

teSmVrﬁv”t”:l

4
+162E ( sup \Rﬁf)(t)IQ)

5 \t€Smy, lltl=1
(28) +pen(m) + E(48p1(m, i) + 16p2(m, i) — pen(rm)).
Next, definition of pen(.) comes from the following constraint:
(29) 48p1 (m,m’) + 16pa(m,m’) < pen(m’) + pen(m).

This leads to

pen(m) 4 E(48py(m,m) + 16pz(m, 1) — pen(n)) < 2pen(m).
First, we apply Talagrand’s Inequality recalled in Lemma .1 to prove the following result:
Proposition 5.1. Under the assumptions of Theorem [[.1, define

w(mvm/)

pilm,m') = (GEIZEP) [ ()| 2dn)/(ma?),

—7m(mvm/')
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then

(30) > E<tes sup |u,9><t>|2—p1<m,m’>> <

vl lef=1 N

CRES

mvm/>
Next we prove:

Proposition 5.2. Under the assumptions of Theorem [[.1, define pa(m,m’) =0 if —a +
BA <0 and pa(m,m') = (f:r(mvm )) |Ya(z)|~2dx) /n otherwise. Then

w(mvm/
(31) E sup @@ = pa(m,m) | < E.
tesm\/ﬁu”tllzl + n

For the residual terms, two type of results can be obtained.
Proposition 5.3. Under the assumptions of Theorem [[.1, fori= 1,2,
E < sup [RD(1)]? — pl(m,m)> < E
tES,mllt|=1 nA
and
Proposition 5.4. Under the assumptions of theorem [[.1, for i = 3,4
i) (4112 In*(n)
Then the choice pen(m) given by (R6) gives, following (R§) and (R9),

In?(n)
nA -’

1 R 7
1Elgs — gl*) < Zllg = gm|* + 2pen(m) + C
which is the result. O

5.2. Proof of Proposition p.1. Let

Aagcrva) [t (=2)
2rA Ya(z)

wt(Z) = X

and notice that
n

1
vV (t) = - Z [wi(Z8) — E(wi(Z5))] -
k=1
To apply Lemma [6.1], we compute Mi, H; and vy defined therein. First, we have

E( ap yu,<3><t>r2) < B3 0o

tEva”t”:l ]EZ

1 m™m
2nA?

E[(Z1)?]
2mnA2

2

UNCRUNCGI

Ya(z)

Dy (m),
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where ®,(m) is defined in (B§). We can take, for m* =m Vv m/,

E[(Z1)]
HY = —=L2=&,,(m").
1 27T’I’LA2 ¢(m )
Then it is easy to see that if ||t|| =1 and t € Sm* then
we(z < D, (m*) == M.
we(2)] < 2m/— p(m*) =M
Lastly, for t € S, ||t| =1, t = ZjeZ tm,jPm,j
z 2 t*(—u)t*(v)
Var(wt(Zl 27[_ 2A2 // I|Z1A|§kn\/5) > mdﬂdv

(
1 A P i (—wer, (V)
= ——— tnjtm E el(“ V2R (ZR1 ) P~ dudo.
(27TA)2],Z]; K k// % ‘ZIA‘Sk"*/_)) Ya(w)a(-v)
Denoting by
* YA
(32) ha(u) = Ele i (ZlAI\ZlA\Skn\/Z)2]7

we obtain:
A Spm,j( u)gp;kn,k(v)
Var(w¢(Z7)) < < 27TA // R (u RO INED) dudv
R (u — v) 2dudv> 2

2) 1/2
- 27TA2 (// (—m,wm)2 | ¥ W

where the last equality follows from the Parseval equality. Next with the Schwarz inequal-
ity and the Fubini theorem, we obtain

h* _ 2 1/2
Var(wt(ZlA)) < 27TA2 (// S | W}Z( )—7}4” du d’u)
du

1 *
- (/[ I v du/|h |dz>

\/fffm dz/[pa(@) | px |
< .
- 2 A A

Now we use the following Lemma:

Lemma 5.1. Under the assumptions of Theorem [[.1,

1/2
Iral/a < 27 ([ s + S0P =
Thus, under (H5), £ is finite. We set

e\ d /s (o)
2A '

V1 =
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Therefore, setting €2 = 1/2,

Py (m*)

pi(m,m') = 4E[(Z{*)*/A] (=2(1+26")HY).

2mnA
Using (H4) and the fact that E[(Z{)2/A] is bounded, we find
*\2B8A+1/2 _
B[ s WP im0 e
tES ||t =1 N nA

k@ (M) i g
+ A e )

Here K = K(cy, Cy). Moreover, we take
(33) kn = K'v/n/((26A + 3)In(n))

and we obtain

> E( sup [Vr(zl)(t)]z—m(m,m')) gii

m' EMy, tesm* 7||t||:1 +
5.3. Proof of Proposition p.2. The study of 1/7(5) is slightly different.

L™ [0a(@) L™ gt @)
E sup [P @))?] < / dr = / dz.
<t65m7“t”1| ( )| 2mnA? —mm WJA(QU)’A‘ 2 J _rm W}A(x)‘z

With assumptions (H4) and (H5), we can see that if —a + A < 0, then

™n (o 2 ™ . u 1 +1.2 —a+6A 1 . u L
—m WA(x)‘ —7m ci/’ cd’ Cw

In that case, we simply take pa(m,m’) = 0 and write

E sup  [VPP@) | <E sup  [22(b) gi?.
teSm\/rﬁvnt”:l tESmn7”t”:1 ncw

Now we study the case —a + SA > 0 and find the constants H = Hs,v = v9,€ = €3 to
apply Lemma [6.1. Consider

Gu(z) = (1/24) / 74" (—u) {6 (u),/[oa ()]} du.

/Wm lg* ()[? g < L 201288
—em [WA(@)PT T €

we take

Next, we have
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and we use the rough bound vo = nH32. Moreover, we take €3 = (—2a+23A+2) In(m*) /K.

There exists mg, such that for m* > my,
2(1 + 265)H < ®y(m*)/n.
We set pa(m,m') = @, (m*)/n. Introducing

Wy (m,m') = sup [P P(t) — pa(m,m)|
tesm\/m/7||t||:1 +
we find that
> EWn(m,m) = > EWa(mm)+ Y E(Wu(m,m))
m/eMpy m/|m*<my m/|m*>mg
< E( sup [P (1) - 201+ 263)H3 )
mipmrsmo t€Smelltl=1
+ > pa(m,m) = 2(1 + 265) Hj)|
m/|m*<mg
+ Y. E( sup PP —2(1+26)Hsly).
m! |m*>mo teS,+,|t||=1
Therefore
> EWn(m,m)) < 2 > E( sup  [uP ()] —2(1+263)H5ly)
m'eEMy, m' M teSm*,||t||:1

Y palmon) 201+ 23)H3)

m/|m*<mg

< 2 Y E( swp PO -201+26)H5],) +
m’'eM, tesm*vlltllzl

n

Talagrand’s Inequality again can be then applied and gives that

E(( swp P —2(1+28)H3],) <
‘e M, tesm*vlltllzl

m'e

The result for y,(f) in this case follows then by saying as for 1/7(3) that

E(Wn(m,m) < Y E(Wn(m,m)).
m/eMn,

5.4. Proof of Proposition [.3. First define Q(z) = Q(x) N Qy(x) with
M(r) = {|éA(x) —Oa(z)] < 8El/2[(ZlA)Q](logl/Q(n)nfl/z} ’

s1Q

T) = L1 og'/?(n)n® z)?) .
() = {525~ | < Ve s |
Then split: Rg)(t) = R%l’l)(t) + Ry (t) where
A = v bn — oy [ -
RO = o [0 = 00)0) (2 = s ) Tacod

C(mo)
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and R? (t) the integral on the complement of (x).

E( sup 1R53><t>12>52E< sup \R&l’l><t>12>+2E< sup \RS’”(t)r?)

tEvamHtH:l tesm\/fnvlltllzl teSmnvIItllzl

E sup RV ()
teSm\/rﬁvnt":l

1 W(mvm) R 9
< o ( [ o) s ()

—7(mVih)

1 1

2
Ia(z)  Uale) IQ(””’“)
B(EI(Z£)/D) ( /ﬂmm e da ) < AB(ZR)] g Dulm v i)

) < E(pl(m7 m))7

n W
B 2mnA —n(mvii) [a (@)t A nA

under the condition —2w + (1 — ) < 0. Therefore we choose w = (1 — ¢)/2. Note that if
B = 0 the decomposition is useless and the residual is straightforwardly negligible.

On the other hand, Lemma (f.]) yields:

El/4 [ 1

N
balz)  Yalz)

8
<G
n|Ya()|
Now, we find

E( sup IRS’z)(f)F)

tE€Smn,[It]=1

< 5 / L PPOEIE 0al) — @I || - o ]d
CEVA[(Z2)%] [ PY2(Q(x)°)
S T o /m a(@)

1/47( 7A\81,,2(1—£)+1—b /
CE/*[(ZT) ;n < ZAf P(Q(z)°) < n~% and 2l—¢)—0b<0.
n

<

n
We take b = 2(1 — ¢). In fact,

P(Q(2)) < P(Q(2)%) + P(Q2(2)%).
We use the Markov Inequality to bound P(Qa(x)¢):

og? (n)n?P z)|*P LI
log? (n)n|sa (x) E(‘wm) T

P(Q2a(x)%)

IN

2p>
< logP(n)n?Pv?,

The choice of p is thus constrained by 2pw — p = —p(1 — 2w) < —4(1 — ¢) that is p >
41 —-¢€)/e, eg. p=5(1 —¢)/e.

We use the decomposition of Oa(z) = G(Al)(x) + H(AQ) (x) with

nE[(Z1)?]

fn VA = 8y/log(n)
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We use the Bernstein Inequality to bound P(2;(x)¢). If X,..., X, are i.i.d. variables
with variance less than v? and such that | X;| < ¢, then for S,, = >°I' | X;, we have:

ne? /2
P —E > <2 — .
(18, ~ B(8,)] > ne) < 2exp (~ 51 )

This yields

B(i(z)) < P (\
P

N
|
—_
[=2]
g
w
+
S
B
>
—~
8
~—
|
s
>S
—~
8
~—
o
~—

16E[(Z2)?]log(n)
n—16/3 E[(ZlA)zIIZlAlzknﬂ]

<

= 16E[(Z1)2] log(n)

< pol6/3 84E[(Z1A)6] 10g2(”)

- 16E3[(Z1)2]n?
—16/3 c

This gives the result of Proposition for RS). The study of Rg) follows the same line
and is omitted.

5.5. Proof of Proposition f.4. First we study RY.

1 52) @, (=) |
E sup Rg’) t)|? < ——E sup /9( x)— 03 (x dx
(tesmn,utul' W Am2A? | e, =1 0s7() ~ 05 ))%(fﬂ)

L™ i@ @ y2_ 9T

< E - B

S R NCEURCIE e

B 1 /7””” Var(ZlAI|Z1A|2kn\/Z) dx

T owmA? ) . n b ()|

< E[(Z1)5]®y (mn)

- 2nkS A4

< KE[(Zf)%]In°(n)

_ ’I’L2+€A4 9

using the choice of k,, given by (BJ).
Next,

m
" C

1 .
E sup  [RP@P) < — 9" (@)*P(|a(@)] < ky/Vn)de < —.
<t€5mn,||t||1| (®)| 2 A _ﬂmn| (2)[*P(Jtha ()] w/V/n) —
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If 1A ()] > 26Ky /+/n, then
P(|ga(u)| < kpn™ %) < P(da(u) — valu)| < [da(u)] — wyn~"/?)
P(|da(u) — pa(u)l > slpa(u))

< exp(—cn|a(u)?)

for some ¢ > 0, where the last inequality follows from Bernstein’s Inequality.
Now, it follows from (H4) that [ta(u)| > cp(1 + u?)~28/2. Therefore, for |u| < mm,,

with m2?® < Cnl=* by (HT),

A
<

IN

lWa(u)] > dm P2 > 2/%71_1/2.

n

Moreover, with the previous remarks, exp(—cn|¢a (u)[?) < exp(—cn®) and thus

[ @R @) < Vs < 1971 exp-cn).

— My,

Therefore
c
E sup  [RY@®))? ) < —.
(tesmn,ntn:l ! n&
5.6. Proof of Lemma P.1. Let us denote by Pa the distribution of Z{ and define
pa(dz) = A712Pa(dz). Let us set u(dx) = g(x)dx. Equation ([[§) states that
pa = W PA.
Hence, ua = pu* Pa. Therefore, ua has a density given by
[ 9tz = wPa(ay) =Eg(: - 20).

Moreover, we have, for any compactly supported function ¢:

%E(th(zf)) _ / H)Eg(s — Z2Vdz = / E(t(x + Z2)g(x)de.

Hence, we apply first Parseval formula:

A = /\h*A(x)\Qdm _ 27r/h2A(x)dm _ 271A/z2lzgkn\/zE2(g(z 78z

< 2rAE (/ 21 vad (2 — Zf)dz>
< 27AE </(:c - Z1A)292(x)dx> < 47 AR (/(3:2 + (ZlA)Q)gz(z)dz>
<

i ( [ ) + BUZE o).

This ends the proof. O
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2 m dx
weh | m(x)l?}
Lson r7A)2
92:{ nZZ:l[ZZ ] _

D ’“}

Take 0 < k1 < 1/2 and 0 < k2 < 1. On 4, we have, Ym € M,

Tm dz Tm dz wm dz 2 mm dz
/—m Fap = Rt /_m a@P /m Ga@)P = 1—2k /m [ (@)

and on 9, we find

5.7. Proof of Theorem [.2. Let us define the sets

m™m 1

B 1
—7m, &A(x) ¢A(x)

and

n

—ZZA (1+ ka)E[(Z2)?) and B[(Z2)?] < — 12[2?]2.

T 1—kon“

11 follows that, on 1 NQy :=Qy 9, we can choose «’ large enough to ensure
48p1 (m, M) + 16ps(m, m) + pen(m) — pen(im) < C(a, b)pen(m).
This allows to extend the result of Theorem [L.] as follows: Vm € M,

G K In?(n
E(llg - 9”2191,2) <C(llg- gmll® + pen(m)) + T()

Next we need to prove that
/

~ K
(34) E (g - gl*Tag, ) < =
First, we prove that P(Qf ;) < c¢/n? by proving that P(Q) < ¢/n? and P(Q5) < ¢/n.

) 1 |2 ™o dx
P((€1)%) < Z ( - ‘¢A ~ Ya() > /ﬂm W)

meMy,
2 P
S S —
—TM | YA (T) Ya(z)
< E
- mg\;n k1 @y (m)

(2rm)P~1 /”m 1 1 2P
< T g = — dz
a mg\; (k1 @y (m))P ~ \ oz [ha(z)  Yal(=)

o d /YA (z) |
< C mp—ln—p —Tm
mg:\/ln g ((Ibw(m))p

"' P (P=1)—P(2BA+)+4pSA+L _ 1 2PBA
< Cpyn~Pm Clm

meMy, meM,,

< Cwnl—p—l—p(l—e) < Cwnl—pe

As m?P2+1 /(nA) is bounded m?PP2n=P = O(n 2pﬁA/(25A+1) Py = O(n p/(2BA+1))  There-
fore, choosing p = 3/¢ ensures that n!=7) = n=2 and P(Q) < C/n?
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On the other hand,

P[Q5] <

Here the choice p = 4 gives P[Qg] = (1 /n ) with a simple variance inequality, provided
that E[(Z£)8] < +oo.
Next, we write that

lg =Gl =l — 9212 + llgz, — 321 < lgl* + > las,, - az ,(9)?
JEZ

and

4
Z |&1§L,j — arzn,j(g)|2 = Z |V7(L1)(80§L7j) + Vr(L2)(901§L,j) + kz ng)(90§b7j)|2
=1

JEZ. JEZ
4

< O e ) + 105, )+ 21RO )P
JE =1

= C sup V@ + sup ()
tes Jltl=1 tes ltl=1

4
+Y sup [RY (t)!2}

i ies- ltl=1

It follows that, E(Hg”zlgb) = ||gH2P(Q§72) <¢/n, and for k = 3,4,

E( sup |R,&k><t>|21952>g1a< sup |R,<f><t>|2>g0/n
tesS ’

solltl=1 tESmnp ,It]|=1

as it has been proved previously. Lastly,

B s 0P, | < B[ s {p0@)P - pen(d) }
teS- litll=1 ’ tes- litl=1

+E <pen IQC >

+

< olx +nP()) <

using the proof of Theorem [L.1] and the fact that pen(.) is less than O(n). The same line
can be followed for the other terms.

6. APPENDIX

Lemma 6.1. Let Y1, ..., Y, be independent random variables, let vy y (f) = (1/n) Y0, [f (Vi) —
E(f(Yi))] and let F be a countable class of uniformly bounded measurable functions. Then
for €2 >0

4 (v 2 nH? 98 M2 _2K1C(2)e nH
E 2_901 22H2} < 2 (Ve RN Ty
?elglvnvy(f)\ (1+2)H7| < & \n® * K2 (3)° :
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with C(?) =V1+¢e2 -1, K1 = 1/6, and

1
sup [|flloo < M, E[sup vy (f)]] < H, sup -
fer fer ferm

> Var(f(Ve)) <v.
k=1

This result follows from the concentration inequality given in Klein and Rio (2005) and

arguments in Birgé and Massart (1998) (see the proof of their Corollary 2 page 354). It
can be extended to the case where F is a unit ball of a linear space.
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