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LOWER ORDER TERMS FOR THE ONE-LEVEL DENSITIES OF
SYMMETRIC POWER L-FUNCTIONS IN THE LEVEL ASPECT

GUILLAUME RICOTTA AND EMMANUEL ROYER

ABSTRACT. In [12], the authors determined, among other things, the main terms for
the one-level densities for low-lying zeros of symmetric power L-functions in the level
aspect. In this paper, the lower order terms of these one-level densities are found.
The combinatorial difficulties, which should arise in such context, are drastically re-
duced thanks to Chebyshev polynomials, which are the characters of the irreducible
representations of SU(2).
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1. INTRODUCTION AND STATEMENT OF THE RESULT

1.1. Description of the families of L-functions studied. The purpose of this paper
is to compute the lower order terms of some particular statistics associated to low-lying
zeros of several families of symmetric power L-functions in the level aspect: the one-level
densities. First of all, we give a short description of these families. To any primitive
holomorphic cusp form f of prime level ¢ and even weight! x > 2 (see [12, § 2.1] for the
automorphic background) say f € H(q), one can associate its r-th symmetric power
L-function denoted by L(Sym" f,s) for any integer r > 1. It is given by the following
absolutely convergent and non-vanishing Euler product of degree r + 1 on fes > 1

L(Symr fa 5) = H Lp(symr fa 5)

peEP

Date: Version of June 18, 2008.
n this paper, the weight « is a fized even integer and the level ¢ goes to infinity among the prime
numbers.
1



2 G. RICOTTA AND E. ROYER

where .
, A o
ay(p)Br(p)""
LSy’ f,5) =[] (1 R
=0 p
for any prime number p. From now on, ay(p), B¢(p) are the Satake parameters of f
at the prime number p and (Af(n)), 5, is its sequence of Hecke eigenvalues, which is
arithmetically normalised: Af(1) = 1 and |Af(p)| < 2 for any prime p. We also define

[1, (3.16) and (3.17)] a local factor at co which is given by a product of r + 1 Gamma
factors namely

Lo(Sym’ f,5)= [ Te(s+(2a+1)(x —1)/2) Tk (s + 1+ (2a+1)(r — 1)/2)
0<ag(r—1)/2

(1.1)
if r is odd and

Loo(Sym” f,s) =Tr(s + ftxr) H I'r(s+a(k—1)Tr(s+1+a(k—1)) (1.2)
1<a<r/2

if 7 is even where
1 ifr(k—1)/2is odd,
Higr = .
0 otherwise.

The completed L-function is defined by
A(Sym" f,) = (¢")*/? Loo(Sym" f,5)L(Sym" f,5)

and ¢" is the arithmetic conductor. We will need some control on the analytic behaviour
of this function. Unfortunately, such information is not currently known in all generality.
We sum up our main assumption in the following statement.

Hypothesis Nice(r, f)— The function A (Sym” f,s) is a completed L-function in the
sense that it satisfies the following nice analytic properties:

e it can be extended to an holomorphic function of order 1 on C,
e it satisfies a functional equation of the shape

A(Sym" f,s) = (Sym" f) A(Sym" f,1—s)
where the sign € (Sym” f) = +1 of the functional equation is given by

1 . .
e(Sym" f) = T if rois f_zven, (1.3)
efr(q) x e(k,r) otherwise
with

" if =1 (mod 8),

e(k,r) = S -+ -1 if r=3 (mod 8),

, —i" if r=5 (mod 8),

+1 4ifr =7 (mod 8)

and €¢(q) = —/q s(q) = £1.

Remark 1- Hypothesis Nice(r, f) is known for » = 1 (E. Hecke [3, 4, 5]), » = 2 thanks
to the work of S. Gelbart and H. Jacquet [2] and r = 3,4 from the works of H. Kim and
F. Shahidi [9, 8, 7].

We aim at studying the lower order terms of the one-level density for the family of
L-functions given by
| {L(Sym" f,5), f € Hi(q)}
q prime

for any integer r > 1.
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1.2. One-level densities of these families. The purpose of this work is to determine
the lower order terms of the one-level densities associated to these families of L-functions.
Let us give the statement of our result, in which v is a positive real number, ® is an
even Schwartz function, whose Fourier transform D is compactly supported in [—v, +v]
(denoted by ® € S,(R)) and f is a primitive holomorphic cusp form of prime level ¢
and even weight x > 2 for which hypothesis Nice(r, f) holds®. We refer to [12, § 2.2]
for the probabilistic background. Note that, thanks to Fourier inversion formula, such a
function ® can be extended to an entire even function which satisfies

exp (v|Sm s|)
(1+[s))"
for any integer n > 0. The one-level density (relatively to ®) of Sym” f is defined by

log (¢" 1 .
Dy g[®;7)(f) = Z @(% <§Rep—§+zi‘mp>>
ps A(Sym" f,p)=0

where the sum is over the non-trivial zeros p of L(Sym” f, s) repeated with multiplicities.
The asymptotic expectation of the one-level density is by definition

lim Z q(f)Dl,q[‘I)§ T](f)

q prime
g—+oo fEH(q)

Vs e C, ®(s) <, (1.4)

where wy(f) = ﬁ is the harmonic weight of f. Before stating our result, let us

define the following constants:

Cpnr = <1 + /1+OO 0(’22_ ! dt) , (1.5)

logp
-y ke 19
pEPp
Coo = —(7“+1)10g7r+C’p (1.7)

where 6 is the first Chebyshev function:

> logp,

p prime
Pt

S {<I%> <i+(2a+1}l(l€—l)>+<%’> <%+%+(2a+1i(m—1)>}

0<a(r—1)/2
(1.8)

if r is odd and

o= ()55 2 (D625 (2]

1<a<r/2
(1.9)

if r is even.

Theorem A— Let r > 1 be any integer and e = +1. We assume that hypothesis Nice(r, f)
holds for any prime number q and any primitive holomorphic cusp form of level ¢ and
even weight k > 2. Let

1 2
max bl ’0 = 1 YR D)
V1,max(rs 5, 60) < 2k — 200)> r2

2Note that we do not assume any Generalised Riemann Hypothesis for the symmetric power L-
functions.



4 G. RICOTTA AND E. ROYER
with 6y = 7/64. If v < V1 max(r, k,0p) then the asymptotic expectation of the one-level
density is

B(0) + =™

~

®(0) 1
O0)| + |Cxo —2(—1)"C — 24y),.C +0 .
O)f + [ = 21y Cowr = 200,C] 107 <10g3(q7")>
Remark 2— The main terms of the asymptotic expectation of these one-level densities
have already been found in [12] (see Theorem B). The new information is the lower
order terms namely terms of size 1/log (¢").

Remark 3— Note that 6y = 7/64 is the best known approximation towards Ramanujan-
Peterson-Selberg’s conjecture (see [12, hypothesis Ho(#) page 16]) thanks to the works
of H. Kim, F. Shahidi and P. Sarnak ([8, 7]). The value 6 = 0 is expected.

Remark 4—Tt is clear from the proof of Theorem A that the same result holds for the
signed families with the same restriction on the support as in [12].

Remark 5— The particular case r = 1 has already been investigated by S.J. Miller[11].

Notation— We write P for the set of prime numbers and the main parameter in this paper
s a prime number q, whose name is the level, which goes to infinity among P. Thus, if
f and g are some C-valued functions of the real variable then the notations f(q) <a 9(q)
or f(q) = Oa(g(q)) mean that |f(q)| is smaller than a “constant” which only depends on
A times g(q) at least for q a large enough prime number.

2. CHEBYSHEV POLYNOMIALS AND HECKE EIGENVALUES

Recall that the general facts about holomorphic cusp forms can be found in [12, § 2.1].
Let p # ¢ a prime number and f € H}(q). Denote by xg; the character of the standard
representation St of SU(2). By the work of Deligne, there exists 6, € [0, 7] such that

ei@f,p 0
Ar(p) = Xst ( 0 e—ief,p> :

Moreover the multiplicativity relation reads

y erp 0 ¢i0s.p 0
a0 = s (©07 ) =% (s ()7 o)) =)

where xsym> is the character of the irreducible representation Sym"” St of SU(2) and the
polynomials X, are defined by their generating series

DR () ——— (2.2)

_ 2°
>0 1—axt+t

They are equivalentely defined by

sin ((v 4+ 1)0)
sin(9)

These polynomials are known as Chebyshev polynomials of second kind. Each X, has

degree v, is even if v is even and odd otherwise. The family (X, ), is a basis for the
polynomial vector space Q[T'], orthonormal with respect to the inner product

2
(P.Qlsr = £ [ Pw)1- T a.

The following proposition lists Chebyshev polynomials’ needed properties for this work.

X, (2cos0) = (2.3)

Proposition 2.1—
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o Ifw > 0 is any integer then

o
X7 =) (w1 j)X; (2.4)
§=0
with
, 2 [Tsin® ((r+1)0)sin((j + 1)0)
s Ty = XwaX = - do. 2.5
o) = (X7 Ko = = [ e 25
In particular,
. 0 ifj=rw+1 (mod 2),
w(@rd) =9 (Z) .. . ‘ (2.6)
Tre/2 if w is even, r =1 and j = 0.
o If a is a complex number of norm 1 and n > 0 is an integer then
2Xo(a +a™1) ifn=0,
a"+a "= Xi(a+at) ifn=1, (2.7)
Xp(a+a ™) — X, o(a+a™t)  otherwise.
o If a is a complexr number of norm 1 and r,n > 1 are some integers then
T
S(a;n,r) = Z a™Z7r) = Sopr + Z [ozj" + ofj”] (2.8)
=0 1<G<r
j=r (mod 2)
= Z [(Xjn(a+a™) = Xjn_ola+a™)] (2.9)
0<j<r
j=r (mod 2)
= r(an + a_n) (210)

where X_1 = X_o =0 by convention.
e Ifr>1 and n > 1 are some integers then
s
Yo Xjn— Xjnal =Y (-1 X0 X (2.11)
0<j<r =0
j=r (mod 2)
where X_1 = X_o =0 by convention.
o If? >0 is an integer then

_ 04 u)/2
X, — 1\(t—uw)/2 ( U )
D S ) )T (2.12)
0<u<t
u={¢ (mod 2)
Proof of proposition 2.1. The first point follows from the fact that X is an polynomial
of degree rw, which is even if rw is even and odd otherwise. Thus, (2.4) is the expansion
of this polynomial in the orthonormal basis (X) The second point follows from
the equality

0srw”

2 cos (n#)sin (6) = sin ((n 4+ 1)8) — sin ((n — 1)0).
If & = exp (i0) then this equality combined with (2.3) lead to
2cos (nf) = X, (2cos ) — X,,_2(2cos b)),

which is the desired result since 2cos = o+ o~ and 2cos (nf) = o™ + a~". The third
point is a direct consequence of the second one, of the direct computation

o™Mr+l) _ 4—n(r+1)

S(a;n,r) = N T—
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and of
o™r+l) _ 4—n(r+1)

X (" +a™™) = X, (2cos (nh)) = N T—

if &« = exp (i6). The fourth point is easily deduced from the fact that

T

S(a;n,r) = Z(—l)in_z(a + Oc_l)Xn(r_j)(a + 04_1)
j=0

for any complex number « of norm 1. Let us prove the previous equality. According to
[13, Page 727, first and second equations],

Zan(a—i—ofl)r 14+ X, o(@+a™? ZX (@™ 4+ a ™)t".

r>0 r>0

As a consequence,
Xnr(a+ oz_l) =X, (a"+a ")+ X, o(a+ oz_l)Xr,l(oz" +a™"),

which implies
T
Xp(@"+a ) =Y (=1)/X]_y(a+a ) Xyojla+a™h).
§=0

The last point is obtained by developping (2.2) as an entire series in . O

3. RIEMANN’S EXPLICIT FORMULA FOR SYMMETRIC POWER L-FUNCTIONS

To study D 4[®;7](f) for any ® € S, (R), we transform this sum over zeros into a sum
over primes in the next proposition. In other words, we establish an explicit formula for
symmetric power L-functions.

Proposition 3.1— Let r > 1 and f € H}(q) for which hypothesis Nice(r, f) holds and let
® €S, (R). We have

- _1\r+1 d
D1y [:r(f) = [<I><o>+( 12) - <I><0>] . 10‘1;((0}) [Coe + 21 Cr = 203,C]

where Cpyr is defined in (1.5), C in (1.6), Cs in (1.7) whereas

U () = — 2 ~1ogp= (" logp
P (f) > 0) <1>< )),

log (¢") VP \log(q"
pla
- 2 o(r—m)\ logp= ( 2logp
P/[®;r,m](f) = log(qr)z;))\f (p > P ® log (¢")
g
, . logp~ [ nlogp
P3[®;7)(f) = — Ar(@™) = A (I)< >
223 7](f) 1og 2732% Z ™) =M 0" )| 50 iog o
plq i=r (mod 2)

for any integer m € {0,...,r —1}.

Proof of proposition 3.1. Let

G =0 (B (- 1)),
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From [6, eq. (4.11) and (4.14)] we get

~ 1 ~
Dyg[®:7](/) = 8(0) = (r +1)1-223(0)
m r—im| & mlogp\ logp
logq ;;n; lz P @) ] (I)< log " )pm/2

EBER (o) o) o

Let us focus on the third term in(3.1). Not that the contribution of the prime ¢ is given

by
2 X A"\~ (m 1
23 (MF) () < e

m=1

and for p # g we use

<3

ay(p)™ By (p)" ™ = S (af(p);m, )

7=0
with the notation of (2.8). We obtain
S (ap(p);L,r) = X (ap(p) +ap()™h) = Ar (o)
according to (2.1) and
Slappr2r) = > Ko (agp) +ag(p)™) = Xajoa (s () + oy (1))
j=r tmed 2
= Z X2(r 7) ( ) + af(p)il) (Cf (211))
7=0
r—1

(=1 (P07) + (-1

m=0

As a consequence,

Ae(pT)logp= ( lo
S

peEP m=1 = peEP
P#q piq
logp ~ (log (p?)
+z(z e () ) 2 (el
S\ < ) p log (¢")
plq

-~ logp = (log (p?)
T ; p <I)<log(q’”)>
plq

(o). ) 08P G (log (")
+p;§35( ()i, )p”/2q)<1og(qr))' (3.2)
pla

We have isolated the three first terms in (3.2) since they may contribute as main terms
and not only lower order terms. Let us estimate the third term of (3.2). By partial
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summation, this term equals, up to O(g~%?),

0 T (@ (o) - ()=
Then,

S = <—1)T/1+OO <‘$ (kfglo(it)) N 1og2(qr)a <1iglo(it)>> %

T /lm o (3’ <l2gl<§t>> oLl (12;5))) =

Since ®(u) = ®(0) + O(u?) and &' (u) < |ul, we get

0 r +oo +oo R too _
S3 = (—1)71%/0 D (u) du—(—l)”/o D' (u) du+(_1)rq)(0)/l o(t) tdt

2
()
and finally
5= e + g (1+ [ 2t ar) o ()

We finally take care of the fourth term of (3.2). According to (2.1) and (2.8), we have
S(appin,r) =dye+ > A0 = A 0]

Iggsr
j=r (mod 2)

One may remark that

logp (nlogp) Zzlogp ( 1 >
22 7 T
pePn>3 P /2 \log ( pePn>3 P /2 log” (q")
plq

since ®(u) = ®(0) + O(u?). Then, we easily get

1 1
S E=Yne

vePn>s P pep P

p'

4. PROOF OF THEOREM A
The aim of this part is to determine an asymptotic expansion of
> wo(F)Drgl®;7)(f) = By (D1,g[®;7])
feH(q)

According to proposition 3.1 and the proof of [12, eq. (4.6) and (4.7)], if
1 2
l———— ] = 4.1
< ( 2(/{—29)) r2 (4.1)

:1\)(0) r+1
log (qr) [Coo + 2(—1) CPNT — 252‘,16']

then

Eg (D1q[®:7]) = [513(0) + & 2)r+1<1>(0)] +

1
LB (PA[s () + O <W> . (42)
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The first term in (4.2) is the main term given in Theorem A. We now estimate the
penultemate term of (4.2) wia the trace formula given in [12, Proposition 2.2]:

ED (P3[®;7]) = P2 o [@57] + P2 1 [@; 7] (4.3)

q,new

where

) . logp~ [ nlo
Blalir) = o 2m 5 | F (- b ) | B2 (1)

pEPn>3 1<5<r
plq ji=r (mod 2)
and
P2 [ ®; 7] lo Z Z > ST (AR 1) - AR L))
q g Z\q pE'Pn>3 1< <r
ptq i=r (mod 2)

logp$ < nlogp >
p"/2 " \log(q") )

S(mél;c) . <47T\C/m>

For m # 1 we have

Ap(m,1) = 2mi" Y

c21
kle

where S(m,1;¢) is a Kloosterman sum. Let us estimate the new part which can be
written as

3 S 2(2mn) ) 3 o
Pq new[@’r] - E E qnew (I) r,]n] Pq new[‘bvrvjn—Q])
log (qT’) 1<5<r n>=3

j=r (mod 2)
where
logp =~ log p S(pk, 1;¢) 4/ pF
P3 o[ @57 K] = ) ( > " Ty | ) (4.4)
gnewl =11
et pn/2 log (qr/n) = c c
P#q qle

By [12, lemma 3.10], the ¢-sum in (4.4) is bounded by

1/2
o [ (F) e

q

rk—1
a <@> otherwise.

~—

q

We deduce
qu new (P37, Jn] K = 1/2 Z Z Tn(nfl)/2 log p
n=>3 7L>3p<qru/n
T 1 o
3<n<vrlog q/log 2
(@) ik 1)r— ,
< qn(l)/Qq rl(k=1)r 1]/2q /3 log log(3¢)
1

<L —5
qi/?
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as soon as v < 2/r? (and in particular if (4.1) is satisfied). We make the same compu-
tations for jn — 2 and find then that P3 _ [®;7, k] is an admissible error term. The old
part is

2(2mi"™) . .
P? al®;7] = 7log () Z Z (P2 al®; 7, jn] — B} o1a[®; 7, jn — 2])
1<<r n=3
j=r (mod 2)
where
logp~ [ logp 1
3 . _ k 52
Pq,old[(bvra k] - Z pn/2 P <log qr/n Z ZAl(p 14 71)'
peP L) g
P#q

From [12, eq (3.2) and (3.3)] we have

1
D M0 1) <2k + 1)

tg>
so that
ZPZ,Om[@;r,jn] <1
n>3
and similary for IF’;Old[(I); r,jn — 2]. Finally El (P?[®;r]) enters the O(1/log®q") term.

APPENDIX A. SOME COMMENTS ON AN AESTHETIC IDENTITY

It is possible to prove on induction on kg > 1 the following equality in Q[T]:

Xoy — Xogo s = ROZI >, [ﬁ (k Ek/;H) {T%j - (2/3) } |

J=0 1<k <kj_1<--<ki1<ko =0
(A.1)
As a consequence, if K > 1 then
Xogg1— Xogo1= (DT [ 14+ D (1% KXok, — Xopy—2 | - (A.2)

1<ko <K

Now, use (2.4) with » =1 (so that X; = T') to get from (A.1) the equality

2k;

£ e[ )] B ()

J=0 1<k <kj_1<--<ki1<ko 1=0 =0

and compare the coefficients of Xy to obtain, thanks to (2.6) the equality

kozl > (—1) [ﬁ (k Ek;“l)] <2k]jj> 1 -Iijkj =0

J=0 1<k <kj_1<--<ki1<ko i=0

We could have expressed formulas (A.1) and (A.2) in terms of Fourier coefficients of
primitive forms to determine the lower order terms. However, this is definitely not the
best way to proceed since it consists in decomposing the polynomial Xx — X5 in the
canonical basis of Q[T'] and decomposing again each element of this canonical basis in
the Chebyshev basis (X)sen.
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APPENDIX B. S.J. MILLER'S IDENTITY AND CHEBYCHEV POLYNOMIALS

S.J. Miller ([10, Equation (3.12) Page 6]) recently proved that

ar@®+ 8" = D ekrr()” (B.1)
0<k<K
k=K (mod 2)

where ¢ =0if k= K +1 (mod 2) and
co,0 = 0,
CoK,0 = 2(—1)K (K > 1),
2(-1)EHEK(K + L —1)!
QCL)(K — L)
(—)EFL(2K 4+ 1)(K + L)!
QL+ D)I(K — L)!

We would like to give a quick proof of this identity, the crucial tool being Chebychev
polynomials.

CoK 2L = (1< L<K),

COK 412041 = (0K L<KK).

Proof of equation (B.1). We know that

ar®)X + 80K = Xe(Ap(p)) — Xx—2(\r(p))

for K > 2 according to (2.7). Thus, the proof consists in decomposing the polynomial
Xx — Xk—2 in the canonical basis of Q[T]. This can be done via (2.12). It entails that

oy (p) < 457 (p) = Z (—1)K-w)/2 [((K - u)/2> N <(K - uu)/2 — 1)] A (o)

u
0<u<K—2
u=K (mod 2)

u K +u)/2 u
Y (e )/2<( ’ )/ )Af(p) 7
K—-1<u<K
u=K (mod 2)
which is an equivalent formulation of (B.1). O

Remark B.1- Equation (B.1) could be used to recover the lower order terms coming from
Pg[@; r] but,once again, it is not the most clever way to proceed since it would imply
decomposing the polynomials X — X _o in the canonical basis of Q[T] at the beginning
of the process and decomposing the polynomials 77 in the basis (X7)r>0 just before the
end of the proof in order to be able to apply some trace formula for the Fourier coefficients
of cusp forms.
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