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STRACT. We consider
ou

Au =0 in ©, 3 =Af(u) onTy, u=0 onI}y
v

where A > 0, f(u) = e" or f(u) = (1 +w)? and I'y, I'y is a partition of 9 and
Q c RY. We determine sharp conditions on the dimension N and p > 1 such that

the extremal solution is bounded, where the extremal solution refers to the one

associated to the largest A for which a solution exists.

AMS MATHEMATICS SUBJECT CLASSIFICATION 2000: 26D07, 35J25, 35J65, 35R35.

(1)

1. INTRODUCTION

We study the semilinear boundary value problem

Au=0 in Q

0

a—Zz)\f(u) on I'y
u=20 on I'y

where A > 0 is a parameter, f(u) is a nonlinear smooth function of u, 2 C RY is

by
©)
®)

(4)

mooth, bounded domain and I'y, I's is a partition of J¢) into surfaces separated
a smooth interface. We will assume that

f is smooth, nondecreasing, convex and f(0) > 0,

lim M

u—o0 U

=00, and

lim inf Fe

t—+4o0 f(t) > L

1
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Assumption (4) is not essential, but it simplifies some of the arguments and holds
for the examples f(u) = €%, f(u) = (1+u)?, p> 1.
We say that u is a weak solution of (1) if u € W11(Q), f(u) € L'(I';) and

/ u(—Ap) = / Af(w)e for all ¢ € C?(Q) such that p| =0 and 9 =0.
Q I I, ovIr,

Problem (1) shares many properties with the following generalization of the so-
called Gelfand’s problem

—Au=Af(u) inQ
5 (oo

u=20 on 0f)

which has been widely considered [3, 4, 10, 11, 19, 20]. In particular, the following
result can be proved as in [3].

Proposition 1.1. There exists \* € (0,00) such that

e (1) has a smooth solution for 0 < X\ < \*,
e (1) has a weak solution for A = \*,
e (1) has no solution for X\ > X\* (even in the weak sense) .

Moreover, for 0 < XA < A* there exists a minimal solution uy which is bounded,
positive and stable, in the sense that the linearized operator at uy s positive, i.e.

(6) inf Ja Vel dz — Xy, J'(ux)¢? ds >0
PECT(Q),0=0 on Ty fI‘l 02 ds

The monotone limit u* := limy ~\~ uy is a weak solution for A = X* and satisfies
(7) [ pane? < / Vol2dz, Ve (), 0 =0 onTs.
ry Q

We call u* the extremal solution of (1).

Remark 1.2. Under assumption (4) we have u* € HY(Q). The proof is analogous
to the argument for (5) in [4], so we skip it.

Proposition 1.1 suggests the following natural question : is u* a bounded solu-
tion?

In the context of (5), no complete answer has been given yet. For the case f(u) = e*,
that is the original Gelfand problem, it was shown by Joseph and Lundgren [19]
that if Q is a ball, then u* is bounded if and only if N < 10. Crandall and
Rabinowitz [11] showed that if f(u) = €¢* and N < 10 then for any smooth and
bounded domain, v* is bounded. Brezis and Vézquez [4] provided a different proof
of the unboundedness of u* in the case 2 = By and N > 10 : they established in
particular that a singular solution which is stable must be the extremal one. In
applying this criterion in dimension N > 10 they use Hardy’s inequality valid for
N>3:
2 2
© W2 [ o< [ 196k, weecr®Y)
RN |7 RN

Other explicit nonlinearities, for instance f(u) = (1+u)? with p > 1, are considered
in these references, but in the general case, little is known. In this direction, we
mention the result of Nedev [21], which asserts that for any function f satisfying
(2) and (3), and any smooth bounded domain in RY, N < 3, u* is bounded. This
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result has been extended by Cabré to the case N = 4 and Q strictly convex [5].
Finally, Cabré and Capella [6] showed that if Q is a ball and N < 9 then for any
nonlinearity f satisfying (2),(3) the extremal solution is bounded.

Proving that u* is unbounded seems to be much more difficult. Besides the
radial case Dévila and Dupaigne [13] have shown that in domains that are small
perturbations of a ball and for the nonlinearities e* and (1 + u)? the extremal

solution is singular for large dimensions (N > 11 and N > 2 + 1% + 4, /p%
respectively).

Returning to (1), we are interested in determining whether the extremal solution
u* is bounded or singular in the cases f(u) = €% and f(u) = (1 +u)?, p > 1.

Theorem 1.3. Let f(u) = e*. In any dimension N > 10 there exists a domain
Q C RN and a partition in smooth sets T'1,Ty of OQ such that u* & L>(Q).

The proof is an adaptation of the argument of Brezis and Vazquez [4], using a
stability criterion. In our case the singular solution has the form ug(z) = —log |z|
for x € 8Rf and its linearized stability in dimension N > 10 is obtained thanks
to:

2 _
©) [werzy [ 2 vpe o@D,
RY ORY Ed

which holds for N > 3 and where the best constant

Joy [Vl
(10) Hy =inf{ = e H'RY),p| #0

Joy & om

ORY |z|
is given by
Py

where I' is the Gamma function. Inequality (9) is known as Kato’s inequality and
a proof of it was given by Herbst [18].

We will give here a different proof of this result which offers a sharper version,
analogous to improvements of (8) found by Brezis and Vézquez [4] or Vézquez and
Zuazua [22] (see also [2, 4, 12, 17, 22] for other improved versions of the Hardy
inequality (8)) :

Theorem 1.4. Let B = B1(0) be the unit ball in RN, N > 3. Then for any
1< q < 2 there exists c = ¢(N,q) > 0 such that

2
' 00
Loovepzm [ s clolmyas. Ve e CFETND).
RYNB ORNNB [T

As a converse to Theorem 1.3 we prove :

Theorem 1.5. Let f(u) = e, N <9 and suppose ) C Rf is open, bounded and
satisfies:
e 00 =T1UTy, where'; C 8Rf and T'y C ]Rf
o () is symmetric with respect to the hyperplanes x1 =0,...,xny_1 =0, and
e  is convexr with respect to all directions x1,...,Tn_1.

Then the extremal solution u* of (1) belongs to L*>°(Q).
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Remark 1.6. In order to prove Theorem 1.5, one is at first tempted to imitate the
classical argument of Crandall and Rabinowitz [11]: roughly speaking, one uses the
stability inequality (7) and the equation (1) with test functions of the form ¢ = e/*,
7 > 1. This does not lead to the optimal dimension N = 9 but applies to general
domains (see Proposition 1.7 below). We use instead test functions @, which are
not functions of u, but which have the expected behavior of e/* near a singular point,
assuming it exists.

Proposition 1.7. Let f(u) = e* and assume Q C RY is a smooth bounded domain
such that 02 = I'y UTs, where I'y C 3R_1~\_[ and I'y C Rf. Assume further that
N < 6. Then the extremal solution u* of (1) belongs to L>°(£2).

This raises the following question

Open Problem 1. Does Theorem 1.5 hold in any smooth bounded domain €2 C Rf
such that 0Q =T'y Uy, where I'y C 6Rf and I'y C ]Rf ?

Next we look at (1) in the case f(u) = (1+uw)?,p>1. Given0 < a < N —1
define

(12) wole) = [ Kyl dy for o e RY,
oRY
where K(z,y) = Jf,ij]vv |z — y|~ is the Green’s function for the Dirichlet problem

in RY (see e.g. [16]). Clearly, w, > 0 in RY. Moreover w, is harmonic in RY and
w, extends to a function belonging to C>°(RY \ {0}) with

(13) wo(z) = |z|7* for all z € ORY \ {0}.

It is not difficult to verify that for some constant C' (N, a) we have

Owyg,
ov

In Section 2 we shall show that

(r) = C(N,a)|z| >t vz € ORY \ {0}.

L(5+ )" - %)

L(5r(* 2 - %)

A heuristic calculation shows that for (1) with nonlinearity f(u) = (1 4+ w)P, the
expected behavior of a solution u which is singular at 0 € 99 should be u(x) ~

\x|ﬁ The boundedness of u* is then related to the value of C(N, p—il) Observe
that C(N, p—il) is defined for p > % In the sequel, when writing C (N, ﬁ) we
will implicitly assume that this condition holds.

Theorem 1.8. Consider (1) with f(u) = (1 + u)?. Assume Q C RY is a bounded

domain such that 9 =T'1 UT, where I'y C aRf and 'y C Rﬁ\_f and such that the
following condition holds

(14) C(N,a) =2

e O is conver with respect to x’ and
o IIN(Q) =T, where I is the projection on 8Rf.

If pC(N, p—il) >Hyorl<p< % then u* is bounded.
In the above, Q is said to be convex with respect to z’ if (ta’,zn) + ((1 —

t)y',xn) € Q whenever t € [0,1], z = (2/,zy) € Qand y = (v, zn) € Q. Ty is
defined by Iy (2/,2n) = zy for all 2 = (z/,2n) € RY.
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Remark 1.9. It is not difficult to verify that the same result holds if

e ) is convex with respect to all directions x1,...,xny_1 and
o ) is symmetric with respect to the hyperplanes x1 =0,...,xny_1 = 0.
Theorem 1.10. Consider (1) with f(u) = (1 + u)?. prC’(N,]ﬁ) < Hy and

p> % there exists a domain €1 such that u* is singular.

Remark 1.11. The condition p C(N, ﬁ) < Hy is not enough to guarantee that
the extremal solution is singular for some domain. Actually this condition can
hold for some values of p in the range % <p< % In this case a singular
solution exists in some domains, but it does not correspond to the extremal one.
See Theorem 6.2 in [4] for a similar phenomenon.

The organization of the paper is as follows. In Section 2 we derive formula (14)
and we prove Theorem 1.4 in Section 3. In Section 4 we analyze the exponential
case and give a proof of Theorems 1.3 and 1.5. The proofs of Theorems 1.8 and
1.10 are given in Section 5.

2. COMPUTATION OF C(N, @)

We write z = (2, zn) € RY with 2/ € R¥™!, 2 > 0. It follows from (12) and
a simple change of variables that

Wa (2, 2N) = wo(e(x'), zN) for all rotations e € O(N — 1).
and similarly
(15) wo(R2',Rrn) = R~ “w, (2, xN).
Differentiating with respect to xy yields

Owy,
(R:E/, RxN) = Riailﬁ(x/, .TN)

Let z € ORY, z = (2/,0) and plug R = ﬁ = L in the previous formula to find

Owy,
axN

Owg  OWa, ooy aed Owg 1 '
B O = gy @O =l ( amN(m’O))'

/

(16) O(N,a) = aw“(x 0)

Oy ||

Define

and observe that it is independent of ' € RV—1.
Using (15) and the radial symmetry of w in the variables z’, there exists a
function v : [0, 00) — R such that
' xn —a (TN
) = 2|7 ()

(17) wa(z', 2y) = |2/ wa( 2]

[a']" |2’
Writing r = |2/|, t = i, we have

r () = wa (2, rt), Vo' e RN |2f| =1
The equation Aw = 0 is equivalent to

(18) (142" (t) + 2a4+4— N)t'(t) + ala — N+ 3)w(t) =0, t>0,
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while (13) implies
v(0) = 1.
The initial condition for v’ is related to (16)
v'(0) = —C(N, ).

In addition to these initial conditions we remark that w, is a smooth function in
RY and this together with (17) implies that

(19) lim v(t)t* exists.
t—o0

Using the change of variables z = it with ¢ the imaginary unit and defining the
new unknown h(z) := v(—iz) equation (18) becomes

(20) (1—23R"(2) = (2a +4 — N)zh/'(2) — ala — N + 3)h(z) = 0,
with initial conditions
. . _ . ’/ - .
(21) t>%1,1¥1—>0 h(it) =1, D%{I{LOh (it) = iC(N, o).
On the other hand (19) implies
(22) teRl,HtILoo h(it)t® exists.

The substitution
(23) g(z) = (1 — 223+~ T p(z)

transforms equation (20) into

(24) (1= 22)g"(2) = 229/ (=) + (v + 1) = T5—)9(z) = 0,
with
(25) u:a—k#, Vz%.

The general solution to (24) is well known. Indeed, equation (24) belongs to
the class of Legendre’s equations. Following [1], two linearly independent solutions
of (24) are given by the Legendre functions P¥(z), Q%(z), which are defined in
C\ {—1,1} and analytic in C\ (—o0, 1] (see [1, Formulas 8.1.2 — 8.1.6]). Moreover
the limits of P#(z), Q“(z) on both sides of (—1,1) exist and we shall use the
notation

P (x4 1i0) = lim  P(z), —-l<z<]1,
(26) z—xz,Re(z)>0
Pz —1i0) = lim  PH(z), —-l<z<]1,

z—z,Re(2)<0

and a similar notation for Q¥.
The solution g of (24) is therefore given by

9(2) = a1 PY/(2) + 2Q3(2),

for appropriate constants ci, co. These constants are determined by the initial
conditions (21), which imply:

(27) 1 PH(0 +140) + c2Q4(0 + i0) = 1,

d . d . )
(28) 01%P5(0+10) +02£Q’j(0+10) =1C(N, ).
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In order to evaluate C'(V, @), we use also condition (22), which is equivalent to

(29) . limt R(clP,ﬁ‘(it) + QM (it))t > 1 exists.
—00, te

But according to [1, Formulas 8.1.3, 8.1.5]
P!(z) ~ 2" as |z| — o0
Q"(2) ~z " tas |z — o0
This and (23),(29) imply that ¢; = 0 and we obtain from (27),(28)
faio+i)
Q%4 (0 +140)

From the properties and formulas in [1] the following values can be deduced:

(30) C(N,a) =

S N A )
(31) Q%0 4 i0) = —i2HIgzeirnvE 22 12 T 2/
L(s-5+1)

d v LD+ +1)

(32) —QU(0+i0) = gzt s 2 2 L
dz L(5—5+3)

The relations (30),(31),(32) and the values (25) yield formula (14).

3. IMPROVED KATO INEQUALITY

We begin with some remarks on (9).

1
||

Remark 3.1. a) The singular weight in the right-hand side of (9) is optimal,

in the sense that it may not be replaced by ﬁ with o > 1. This can be easily seen
—2

by choosing p € H'(RY) such that o(z) = |:1c|_NT‘*‘(%1 in a neighborhood of the
origin.

Moreover, the infimum in (10) is not achieved.
b) In dimension N = 2 the infimum (10) is zero, see [14]. Nonetheless, if the

test-functions ¢ are required to vanish on the half line x1 > 0 then the infimum has
been computed in [14] :

. fW Vel® 112 1
(33) inf +7¢2: pe H (R, p(x1,0)=0 if 21>0,0|  #0p=—
Jore B ORZ. 77

OR?. 1]

¢) Using Stirling’s formula it is easy to see that

N -3 1
d) The estimates
N -3 N-3)2+1
(35) cmy< VNI HL

2

can be obtained in a more straightforward way using particular test functions. We
give a proof of this at the end of Section 3. Also observe that (34) could be deduced
from (35).
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Let us explain first informally the idea behind the proof of Theorem 1.4, assuming
for a moment that a minimizer w € H*(RY) of (10) exists. w then satisfies the
associated Euler-Lagrange equation:

Aw =0 in RY,
(36) ow w
 — Hyv—
o Nl
Elementary changes of variables show that given R > 0 and a rotation e € O(N —1),

N
on JR .

Wp = R%E(Rx) and W, := w(e(z'),xn) are also minimizers of (10). Thus it is
natural to assume W = Wi = W, for all R > 0 and e € O(N — 1). In particular a
constant multiple of w solves

Aw=0 in RY,
w= |:z:|7¥ on ORY.

Unfortunately, such a function w does not belong to H'(RY). Let w = w, with
o = ¥=2 as defined in (12). Observe that C(N, ¥>2) = Hy by (16) and hence w
is indeed a solution of(36).

Following an idea of Brezis and Vdzquez (equation (4.6) on page 453 of [4]), we

restate (9) in terms of the new variable v = p/w.

Proof of Theorem 1.4. When N > 3, C5°(RY \ {0}) is dense in H'(RY). So
it suffices to prove (9) for ¢ € C§°(RY \ {0}). Fix such a ¢ # 0 and let w be the
function defined by (12). Notice that, on supp ¢, w is smooth and bounded from

above and from below by some positive constants. Hence v := £ € Cg° (@) is well
defined. Now, ¢ = vw, Vo = vVw + wVv and

|Vo|? = 02|Vl + w?| Vo] + 20wVoVw.

/ |V<p|2:/ vQ\Vw|2+/ wQ\W|2+2/ vwVoVw
Rf RN RN RN

+ + +

Integrating

and by Green’s formula

/ 1)2|Vw|2=/ UQw%—/ wV (v Vw)
R

:/ viw— —2/ wuvVwVu,
ORY ov RY

since w is harmonic in ]Rf . Thus,

2
on [ ver= [ wrwrs [ Do [ e [ 200
RN RY ORY v RY omY W ov

+ +

N
+

ow
But by (16) 2~ @) — Hy for g € ORY and hence,

w(w) [Eq]
2
(38) / Vel > HN/ z +/ w?| Vo2 Ve € HY(RY).
RY ORY Ed REY

The second term in the right hand side of the above inequality yields the improve-
ment of Kato’s inequality when ¢ has support in the unit ball.
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Now we assume ¢ € C§° (@\ {0} N B) and, as before, set v = £. Our aim is to
prove that given 1 < g < 2 there exists C' > 0 such that

1
(39) 1= / W Vo2 > Llgllwn
N C

+

/ N= 1/ 2(r0)|Vu(ro)|2do dr

where S = S NRY and $; = {x € RV /|z| = 1} is the sphere of radius 1. From
(15) we have w(z) > %|x|f¥ for some C' > 0 and all z € BNRY. Hence

I>—/ /|er9|d9dr

Let us compute the Sobolev norm of ¢ :

1
llltr.s = / Vp|tdz = / N1 / Vo(r6)[2d6 dr
RNNB 0 st

+

In spherical coordinates

= [ [ 90000) ) + Futet) o) i
0 st

1
gcq/ rN_l/ Vo(r0)|7|w(r0) |7 + [Veo(r0)|7|o(r6)|%d6 dr.
0 sy
Define .
I ;:/ er1/ IV 0(r0)[2]w(r6)|7d6 dr
0 sy
1
L ::/ rN_l/ Vo (r6) |7 o(r6)|7d8 dr.
0 Sy
Since w(x) < C|x|*¥ we have by Holder’s inequality

I < c/ N-1-5 2”/ \Vu(r6)[9d9 dr

(40) <C/ / IVo(ro) 2d9dr]%[/ <N—1—¥+%>%—qdr]%=cz%

since ¢ < 2.
Using |Vw(z)| < C|z|~2 we estimate I :

1
I < C/ / PN 15y (r0) | dr df.
st Jo

From the classical Hardy inequality

/ R ars (25) / P dr

(p>1,v> -1, f e C§°(0,1)) we deduce

1 1
/ N=1=5 1y (r0) |7 dr < c/ PN 1= 7y (1) |9 drr
0
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and therefore
1
_1_Na
I, < c/ / rNTI=S Ty ()| dr db.
s Jo

Holder’s inequality yields

(41)
1 % 1 q9.,.9 1_% a
Izgc[/ /r\w(re)P dr da] [/ /MN—l—NTﬁ)% drdo| ° =cCI?,
st Jo st Jo

where we have used ¢ < 2. Gathering (40) and (41) we conclude that (39) holds. O
Now we pass to the proof of item (d) of Remark 3.1.

Proof of (35). We shall first show the inequality

N —
S Hy, YN >4
One may assume that u = u(r,t) where r = |(x1,...,2x-1)| and t = x . Then
2 0
/ v (N — l)wN_l/ u(r, 0)%rN =3 dr,
oRY || 0

where wx_1 is the volume of the unit ball in R¥N—!. But

du

u(r,0) = —2/0 u(r,t) 5 (r,t)dt.
So,

2 o] 0
/ al —2(N — Dwy_1 / u(r, t)%(r7 t)rN =3 dr dt
P 0 ot

R” e

0
< 2(N — wy_1 /OOO (/O u(r, t)2rN_4dr)1/2 (/OOO (%(r, t))er—er)l/g dt.

We use now the inequality

e 4 > r0u 2
2 N-4 . ou N-2
/0 u(r, t)°r dr < V3 /0 (87“ (r, t)) r dr,

which is one of the classical version of Hardy’s inequality (in dimension N —1). We
obtain

/ v
ORY ||

ety [ ([ Qo] [ eyl

IN
=
| [N}
w
=
I
=
€
b
ﬁ
S—
3
—
5
~—
()
—
Q
S
~—
M
=
P4
b
QU
3
QL
~

To prove

(42) Hy <
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we consider, for fixed a > 0 and € | 0, the function

2-N .
roz e N/ ifr >

o(ryry) = _
(p(a N) {EzzNeth/E if’r‘gé‘,

where » = (2/,zn) € RY ™! x Ry, r = |2/|. With the test function

p=mnp
where € C*(RY), 0 <7 < 1,7 =1in B;(0) and n = 0 outside of By(0) and a
suitable choice of a one obtains (42). We omit the details.

4. THE EXPONENTIAL CASE

We need the following result that characterizes extremal singular solutions be-
longing to H'(2), see [4, Theorem 3.1 |. The proof is an adaptation of the one in
this reference.

Lemma 4.1. Assume that v € H'(Q) is an unbounded solution of (1) for some
A > 0. Assume furthermore the stability condition

(43) A f)e? < / Vo> Vo e CHQ),p=0 onTy.
I Q

Then X\ = \* and v = u*.

Remark 4.2. We have not shown that there is a unique weak solution of (1) when
A=A A result of Martel [20] guarantees that this is indeed the case for problem
(5) and this was used by Brezis and Vdzquez in the proof of [4, Theorem 3.1 ]. In
our context, we take u* = limy ~x« uy as the definition of the extremal solution.
Knowing that u* € H(Q), the proof of [4, Theorem 3.1] shows that X = \* and
v =u*.

To prove Theorems 1.3 and 1.5 it will be convenient to study the function wg
defined by

1
(44) uo(z) = K(z,y)log — dy for z € RY,
ORY [yl
where as before K(x,y) = injjvv |z — y|~N. Then ug is harmonic in RY and

1
up(z) = log Tl for z € ORY , z # 0.
Note that
1
uo(Rzx) = up(z) + log ok

Let r = |2|. Then

1
(45) Uo(xl,xN) :’U(xTN)‘f'].Og ;7
for some v : [0, 00) — R such that v(0) = 0. We see that
8u0 o auO - 1 ’
G = aoylev=0 = 0O
S0
0
% = Ao, ne™ on 8Rf,
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where we let
Ao.n = —0'(0).
Let
Qo = {z e RY 1 up(z) > 0}
I =00Nn0oRY  TIy=00)\0RY.

The boundary 9 is not smooth itself but I'y, T'y are, and it can be checked that
Proposition 1.1 still holds in this case.
It can be verified that Qg can be written as Qo = {(2/,2x5) € RN "I xR, : |2/ <
v(zn/ Il‘/l)}
e .

Lemma 4.3. We have
Vit (3 -3) .
o = [NV iV 2
if N =3.

Proof. We give details for N > 4, the case N = 3 being similar. We need to
compute v'(0). Calculating Aug in terms of v (see (45)) we obtain that v satisfies

1 +tH"(t) + (4= N)tv'(t) +3 - N =0
and thus v’ is given by
v'(t)z(N—s)(Ht?)#/ (145255 ds + (1+12) "7/ (0).
0
Integrating and using v(0) = 0 yields
(46)
t N—4 t N—4
v(t):(N—3)/ (1+72)T/ (1452 dsdr /(0 )/ (1472 ar.
0 0 0

We look at the asymptotics of the two integrals above, as ¢t — co. For the second
integral, we have

e W) T dr )
1m = = .
t—o00 tN=3 (N — 3)tN_4 N -3
And for the first integral
fot(l—l—r T(1+4s2)* 7 dsdr i (1+2)" 7 5(14—52)%6[5

Jim. IN—3 = A (N — 3)tN—4

-7 /w<1+2>¥d
“N_3/, s §
1 Val(y —3)

T N-3 2 (% —1)

Going back to (46), we obtain that

o(t) = (fF(éY

2r(&

3)
; >tN_3 =+ O(tN_3).
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Now, recall that for z > 0, lim,_ov(zn/r) 4 log T = ug(0,zy) € R exists and is
finite. Hence, we must have

VAT -

)
2r(§ —1)

— ol

O

Proof of Theorem 1.3. We have shown that ug defined in (44) is a solution to
(1) with = Q¢ and A = A9 n. This solution satisfies the stability condition (43)
if and only if (by scaling)

don [ E< [ W6l o e GYET (o),
ORY |z REY
In the Appendix we prove that
(47) Hy > Ao n if and only if N > 10
and this completes the proof of the theorem. O

Proof of Theorem 1.5.
We prove the theorem by contradiction, assuming that u* is unbounded. We use

an idea of Crandall and Rabinowitz [11], but With different test functions
Let ¢(x deN (z,y)|y[*~Ntedy and (x deN (z,y)|y| =" dy. Then,
8¢ 1-N+e &ﬁ =fte
(19) 00— Kol o = Kyl

where the constants K4, Ky are given by
Ky =Xne+O0(e?) and Ky = Hy+O(e).
Indeed, since up and ¢ are harmonic in €2,
oy T v
Clearly, fr ‘gbauo‘ < C, for some constant C' independent of €. So

1 1

1\ 1 1 A

F'qs/ In <r) ;T27N+ETN72dT:)\O7N/ ;T2—N+5TN72d,r 0(1) = 29Y L o(1).
0 0

Now, fol In Lr=1*€dr = % so we end up with
Ky = Ao,ne + O(e).
Similarly, since ¢ and w (defined in (12)) are harmonic in €2, we have
[ [ot
You T a0 Ov’
As before the boundary terms on I'; are bounded independently of € so

1 1
Ky / i edr = HN/ r~edr + 0(1).
0 0

Hence,
K¢ =Hy + O(E)
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Multiplying the equation (1) by ¢ and integrating by parts twice yields

o .
49 / ut — = \* et .
(49) o Ov 9

Let n € C°(RY) be such that n = 1 in Bg(0) where R > 0 is small and fixed, and
17 =0 on T'y. Using the stability condition (7) with 71 yields

o [ ers [ v = [ Sowom) - [ s
(50) < /F Wyte

1NBR(0) ov

where the constant C' does not depend on ¢. Since 1 = ¢ on 8R combining (49)

and (50) we obtain
[etof o
a0

81/ FlﬁBR(O 8V

Using (48) we arrive at

Kd)/ ’U,*|.’IJ|1_N+E Ssz/ |1’|1_N+8+C
I'1NBR(0) I'1NBr(0)

and thus

H
(51) / u*|x|1_N+€ <OJ _17—2—‘,—0(7)’
T'1NBr(0) Ao,N € €

where wy_1 is the area of the N — 1 dimensional sphere.
Next we claim that for any given 0 < o < 1 there exists r(¢) > 0 such that

(52) W' () > (1 - o) log ﬁ
Observe first that for all 0 < A < A* the minimal solution u) is symmetric in the
variables x1,...,xy_1 by uniqueness of the minimal solution and it achieves its
maximum at the origin by the moving plane method (see Proposition 5.2 in [7]).

Assume by contradiction that (52) is false. Then there exists ¢ > 0 and a
sequence xp € I'1 with zp — 0 such that

Vo €Ty, |z| <r(o).

(53) u*(zy) < (1—0)log —
|2k ]

Let s = |zx| and choose 0 < A\, < A* such that

1
(54) maxuy, = uy,(0) =log —.
Q Sk

Note that Ay — A*, otherwise uy, would remain bounded. Let

1
:71 "EEQ]CE*Q.
Sk
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Then 0 < v, < 1, v5(0) = 1, Avg, =0 in Q and

1
% x) = @sk)\k exp(uy, (skx))
A
< b0
Og;

by (54). By elliptic regularity vy — v uniformly on compact sets of @ to a function
v satisfying 0 < v < 1, v(0) = 1, Av = 0 in RY, % = 0 on JRY. Extending v
evenly to R we deduce that v = 1. Since |xj| = s we deduce that

Uy, (xk)

T — 1
logs—)c

9

which contradicts (53).
Going back to (51) and using (52) we find

re) g Kyl Hy 1 1
55 1— log= r*ldr < =2+ 0= _ 1 0(~).
(55) ( 0)/0 og T T*K¢5+ /\O,N52+ (8)
Integrating
1 1 1 Hy 1 1
1-— — 4 - flog — | < ——= +0(-).
(1= 0) (Grlo) + Trioor 5 ) < 3+ 0()
Letting € — 0 yields
Hy
l—0) < —.
( ) < o
As o is arbitrarily small we deduce )\Péfjv > 1 which by (47) forces N > 10, a
contradiction. ' O

Proof of Proposition 1.7. Let indeed u = uy be the minimal solution of (1).
Working as in [11] we take ¢ = e/* — 1, j > 0in (6) and multiply (1) by ¢ = e/ —1.

‘We obtain \ \

—2/ e® (ej“ — 1)2 ds < —/ e (er“ — 1) ds.
J° Jry 25 Jr,

It follows that

(1__1>/ e<2j+1>uds§Z/ LD g
J 2)Jn JJr,

< E/ e(j+1>ud3+3/ eU+Du gg.
J JrinA J JrinB

where A = [(1/j = 1/2)e®T < 2e0%D%) and B = [(1/j — 1/2)e D >

%e(j"’l)“]. Given j € (0,2), we see that u remains uniformly bounded on A, while

2/ e(j+1>ud5§1(¥1)/ D gy
J JrinB 2\J7 2/ Jr,

We conclude that e* is bounded in L2/+1(9Q) independently of A. If 2j+1 > N —1
we obtain by elliptic estimates a bound for u in C%(Q), for some « € (0,1). Thus
if N < 6 we can choose j € (0,2) such that N —1 < 2j+1 < 5 and obtain a bound
for v in C*(Q) independent of . However, for N = 6,7,8 or 9, this argument does
not prove that u* € L>(). O
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5. THE POWER CASE

Proof of Theorem 1.8. We shall give here the proof of the case p C(N, p%l) >

Hy. If p < &, the boundedness of u* follows from standard techniques, using

N-2°
the Sobolev trace embedding theorem H'()) — L= (092).
Let v = C(N, pil)ﬁw%. Then v satisfies

Av=0 ian
% =9” on 8]1%4]\_].

> Iy on 9RY \ {0} and hence

|]

pC(N,71y)
|
faRf |V%‘7|2 _pfaRf vP~1p?

(56 inf = -0
) J: oRY o

Observe that pvP~! =

where the infimum is taken over the functions ¢ € C§° (@) that do not vanish
identically on E)Rf .
Assume that u* is singular. For R > 0 and 0 < A < \* let

ug(x) = /\ﬁRﬁu,\(Rx +xy),
where x) denotes a point of maximum of u). Observe that since u) is positive and
harmonic in Q, x) € I';.
1 1
For 0 < A < A*, we choose R such that ug(0) = 1i.e. such that A\T=7 RP=Tuy () =

1. Since uy(zy) — oo as A T A\* we have R — 0 as A T \*.
Then ug verifies

AuR:O in QR

0

% = ()\ﬁRﬁ +ugr)? on F{%
ug =0 on T'E,

where
Qr = (Q—1z))/R, T§=(y—z))/R, T&=(T2—z))/R.
Furthermore ug satisfies the stability condition

/ Vel? ZP/ AFTRFT +up)P 'p? Yy e CP(QrUTH).
Qr TR

1

Let
¢(R) = sup{r > 0/ B, NORY c I'{*}.

The moving plane method implies that the distance of the point ) € I'; to '1 NT'y
stays bounded away from zero, see [7] for this method in the context of non-linear
Neumann condition. Thus implies that

(57) $(R) - +o0 as R— 0.

Step 1. We have
(58) up <v  in TN Byp).
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Proof. Suppose not. Define
ro =sup{r > 0|r < ¢(R), ugr <wvin B, NTE}L

Since v is singular at 0, ry > 0 and we have ug < v in B,, N T'f. Furthermore,
there exists zg € 8Rf such that |zg| = r¢ and ug(zg,0) = v(zo,0).
Let z € ' be such that || = rq. If ug(z,0) = v(z,0) then %(x, 0) =v(z,0)? <

()\ﬁRﬁ +ug(z,0))P = agf (2,0) and hence for some d, > 0
Ov Oup 9 L9 _ @

1) > —(y,t — t° <0z,
ooy WD > 5 W) el 2

(59)

It follows that for some m, > 0 (and decreasing if necessary ¢,)

(60) ur(y,t) <v(y,t), ifly—z|>+t> <82, t>m(|yl —ro), t>0.

Indeed, because of (59) and ur(y,0) < v(y,0) for |y| < ry we immediately obtain
ur(y,t) <v(y,t) for |y —x* +1* < 62, |y| < ro, t > 0.

If (60) is false, then there are sequences yr — z, ¢t — 0 with |yx| > 7o and
‘yktfx‘ — oo such that v(yg,tx) < ur(yg,tx). Then by the mean value theorem
there exists a point & in the segment from (yx,tx) to (z,0) such that V(v(&;) —

ur(&k)) - wr < 0 where wy, is the unit vector wy = w Taking the limit we

obtain %(v(w, 0) —ur(z,0)) < 0 which contradicts (59) (recall that 2 = —afN ).
This proves (60).

Suppose = € I'? is such that |z| = ry and ug(z,0) < v(x,0). The by continuity
there is d, > 0 such that (60) still holds.

Then by compactness for some § > 0 and m > 0 we have

(61) ug(z,t) <v(w,t), if (|z|—re)* +t* <8 t>m(|z|—rg),t > 0.

Now consider
z(z,t) = p*(sin(a(f — 6p)) + b(0 — 60)?),
where (p, 6) are polar coordinates around (rg,0) i.e.
|x| = 7o + pcos(f), t= psin(h).

We choose 0y € (0, %) is close enough to T so that tanfy > m. The parameters «,
b are chosen later on.
We shall use the maximum principle to prove that for sufficiently small § > 0,

€ > 0 we have
v(x,0) —ug(z,0) > ez(x,0), ro—3d<|z|<ro.
We have

a—2
Az = p

7o+ peos(8) 2brg + a?bro(0 — 6p)* + p( — (N = 2)asin(8) cos(a(fd — 6p))

— 2b(N — 2)sin(0)(0 — 0g) + 2bcos(8) + (N — 2)a cos(0) sin(a (6 — 6p))
+ba(a+ N — 2)cos(0)(0 — 90)2)]

(62) = 5772 (2 +02H(0 — 0)* + O(p)), a5p— 0
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and, observing that for § = 7 we are on ORY

0z 10z a1 B B
o poal, P (acos(am — bp)) + 2b(m — bp)).

But 7 — 6y > 7. We fix 0 < o < 1 close enough to 1 such that cos(a(r —6p)) < 0,
and then take b > 0 small enough so that a cos(a(m — 6y)) + 2b(m — 6) < 0. Thus,
setting

a = —(acos(a(m —0y)) + 2b(m — 6p)) > 0,

we have

% = —apafl for p > 0 small.
v

On the other hand, by (62)
(63) Az > p*2(2b+0(p)) asp—0
uniformly for 6y < 6 < w. Now consider the region
D={(z,t)| (x| —ro)> +t* < t >m(jz| =), t >0} ={(p,0) |0<p<6,0p<O <7}
and write 9D = 57 U Sy U A where
S1={(p0)|0<p<d,0=00}, S2={(p0)|0<p<d,O=m}
and
A={(p.0)|p=0,00 <0<}

By (63) and choosing ¢ > 0 smaller if necessary we achieve Az > 0 in D. On S;
we have z =0 and v — ugr > 0. Now we seek € > 0, 6 > 0 smaller than before such
that

. 0z 1
Ty > = @
1112f( ) » ) 58112p L (156

and

inf(v —ug) > esupz = ed*C
A A

where C; = sin(a(m — 6p)) + b(m — 6p)?. Writing K = — infgz(% - ag—f) < 0o and
co = inf4(v —ug) > 0 we first choose § > 0 small such that

sE
a Cl
and then € such that 61_0‘% <e< %016_0‘.
The calculations above and the maximum principle then yield v —up > €z in D,
which was the desired conclusion. Now this implies that v — u g is not differentiable
at (z9,0), a contradiction.

Step 2. We let A T A* and hence R — 0. Since 0 < ugp < ug(0) =1, ugp — u
uniformly on compact sets of Rf and u satisfies

Au=0 inRY
(64) ou

= uP  on 81[%1’
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and
u(0) = 1.
Also, u satisfies
(65) / Vel? zp/ wPlp? Yy e Cgo(RY).
RY ORY

By (57) and the previous step we deduce
u<v in G]Rf .
Let

(66) j=sup - <1
ORN U

We claim that p = 1. Let indeed

- u(y)? N
u(x):cl/ ———dy r € OR% .
ORY \x - Z/|N 2 *

Then @ is harmonic in Rf and agrees with v on GRQI . Since u is bounded by 1 and
@ is bounded, we see that & — u must be a constant. But then, since a(x,0) — 0
and u(z,0) — 0 as |z| — oo we see that u = 4.

Thus

u(y)? v(y)” N

u(z) =/ fdyﬁcmp/ Ty dy=pv(r)  zeIRY.
ORY |z —y|N =2 ORY |z —y[V 2 *

This implies p < pP and since p # 0, we conclude p = 1.

Step 3. Observe that the supremum in (66) is not attained. Otherwise v —u would

achieve a minimum at a point x € 8Rﬂ:’ , where the normal derivative would be zero.

By Hopf’s lemma, we would have u = v, which is impossible since u is bounded
and v is not. Let z, € ORY be such that |2x| — oo and Zgi:g — 1. Let

_1
ug(z) = |zg| P~ Tu(|r|v).

Since v is invariant under the above transformation we have u; < v in aRf . Thus,
for a subsequence we have uy, — ug and ug solves (64). Since uk(é—:‘) — v(y) where
y = lim %, again using Hopf’s lemma we see that ug = v. But ug satisfies the

condition (65), contradicting (56).
Proof of Theorem 1.10. Set u = w_1_—1so that
=

(67) Au=0 in RY
ou
(68) 5, — CW, ) (1 +w)? on 9RY

Let @ = {z € RY |u(z) > 0}, Ty = 0QNIRY, T'y = 90\ ORY. Then u is a singular
solution to (67), (68) with

u=0 onlIs.
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To apply Lemma 4.1 we need to verify that u € HY(Q). We are assuming that

pC(N, —) < Hy and p > . Actually we must have p > ~. For this it is
convement to observe that :

(69) C(N,a)=C(N,N—-2—-—a) YO<a<N-2

(70) a— C(N,a) is increasing for 0 < o < &2

Property (69) is direct from (16) and we leave (70) to the appendix. From these
properties we deduce that p > % and therefore u € H'(Q). This solution satisfies
the stability condition (43) if and only if (by scaling)

2
ot [ E< [ vl veeGIRT\ oy
+

Ry 2]~

which is guaranteed by Kato’s inequality (9). Thus we may apply Lemma 4.1 and
conclude that u is the extremal solution.

APPENDIX

Proof of (47). We have Hy = 2 [ r(%) ] = 2f(N/4)? where f(z) = b= and

/—\

N "“2 >
|

m\»—A

3
similarly we have Aoy = /7252 SF(N i)) :\/%F(%fl) =7f (4§ —1). Then

Hy 2f(N/4)2

Yo VAP (-1

Since Hyg = 9{ > Xo,10 = 35—” it follows that
Hio

20,10

50(3)2) 2
Hg ( 127 ) - 3.039

—

>

On the other hand

wis-3) P53
ey [f’(i)_f’(%-%)]
27 G-D [ TG

Recall that

I'(z) = do(2)1(z),  where (z) = — (1 Y (n - i))

n=1

In particular, g is a positive increasing function on |Z, co[ where E &~ 1.4 is the
unique zero of ¥g in Ry, and

f(z) = [wo(z) — (2 — ;)] F(l;(j)%) >0  for z €]1/2,00].
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Calculating

d f'(x) , 1, & 1 1 )
%f(ff)_¢O(x)_w0(x_§)_;(n+x)2_(n+x_l)2<0 forx>§.

[

I'(5) L_))>0f0rx>2.

f(x) . . 1 . 1
So Flo) 18 decreasing for x > 5 and it follows that i€l =

Wl o)

Hence
Hy > Xo,ny only for N > 10.
O

ACKNOWLEDGMENT. We thank Michal Kowalczyk for pointing out to us reference
[1].

We also wish to thank Augusto C. Ponce for his interest and useful references.
J.D. was supported by Fondecyt 1020815.
L.D. was supported by CNPq-CNRS 490093/2004-3 and Fondecyt 7040153.
M.M. was supported by CNPq-CNRS 490093/2004-3 and FAPESP 04/06678-0.

REFERENCES

[1] M. Abramowitz, I.A. Stegun (eds.) Handbook of mathematical functions with formulas,
graphs, and mathematical tables. Reprint of the 1972 edition. Dover Publications, Inc., New
York, 1992.

[2] G. Barbatis, S. Filippas, A. Tertikas, A unified approach to improved LP Hardy inequalities
with best constants, Trans. Amer. Math. Soc. 356 (2004), 2169-2196.

[3] H. Brezis, T. Cazenave, Y. Martel, A. Ramiandrisoa, Blow-up for ux — Au = g(u) revisited,
Adv. Differential Equations 1 (1996), 73-90.

[4] H. Brezis, J. L. Vazquez, Blow-up solutions of some nonlinear elliptic problems, Rev. Mat.
Univ. Complut. Madrid 10 (1997), 443-469.

[5] X. Cabré, personal communication.

[6] X. Cabré, A. Capella, Regularity of radial minimizers and extremal solutions of semilinear
elliptic equations. Preprint, 2005.

[7] M. Chipot, M. Chlebik, M. Fila, I. Shafrir Ezistence of positive solutions of a semilinear
elliptic equation in R with a nonlinear boundary condition. J. Mat. Anal. App. 223 (1998),
429-471.

[8] X. Cabré, Y. Martel, Weak eigenfunctions for the linearization of extremal elliptic problems,
J. Funct. Anal. 156 (1998), 30-56.

[9] X. Cabré, J. Sola-Morales, Layer solutions in a halfspace for boundary reactions, Preprint,
2005.

[10] D.S. Cohen and H. B. Keller, Some positone problems suggested by nonlinear heat generation,
J. Math. Mech. 16 (1967), 1361-1376.

[11] M.G. Crandall, P.H. Rabinowitz, Some continuation and variational methods for positive
solutions of nonlinear elliptic eigenvalue problems, Arch. Rational Mech. Anal. 58 (1975),
207-218.

[12] J. D4vila, L. Dupaigne, Comparison results for PDEs with a singular potential, Proc. Roy.
Soc. Edinburgh Sect. A 133 (2003), 61-83.

[13] J. Dévila, L. Dupaigne, Perturbing singular solutions of the Gelfand problem. Submitted,
2006.

[14] J. D4vila, M. Montenegro, Nonlinear problems with solutions exhibiting a free boundary on
the boundary, Ann. Inst. H. Poincaré Anal. Non Linéaire 22 (2005), 303-330.

[15] L. Dupaigne, A nonlinear elliptic PDE with the inverse square potential, J. Anal. Math. 86
(2002), 359-398.

[16] L.C. Evans. Partial differential equations. Graduate Studies in Mathematics, 19. American
Mathematical Society, Providence, RI, 1998.

[17] F. Gazzola, H.-C. Grunau, E. Mitidieri, Hardy inequalities with optimal constants and re-
mainder terms, Trans. Amer. Math. Soc. 356 (2004), 2149-2168.



22

(18]
19]
20]
21]
(22]

23]

DAVILA, DUPAIGNE, MONTENEGRO

L.W. Herbst, Spectral theory of the operator (p? + m2)1/2 — Ze2 /r, Comm. Math. Phys. 53
(1977), 285-294.

D.D. Joseph, T.S. Lundgren, Quasilinear Dirichlet problems driven by positive sources, Arch.
Rational Mech. Anal. 49 (1972/73), 241-269.

Y. Martel, Uniqueness of weak extremal solutions of nonlinear elliptic problems, Houston J.
Math. 23 (1997) 161-168.

G. Nedev, Regularity of the extremal solution of semilinear elliptic equations, C. R. Acad.
Sci. Paris Sér. I Math. 330 (2000) 997-1002.

J. L. Vazquez, E. Zuazua, The Hardy inequality and the asymptotic behaviour of the heat
equation with an inverse-square potential, J. Funct. Anal. 173 (2000), 103-153.

E.T. Whittaker, G.N. Watson. A course of modern analysis. An introduction to the general
theory of infinite processes and of analytic functions; with an account of the principal tran-
scendental functions. Reprint of the fourth (1927) edition. Cambridge Mathematical Library.
Cambridge University Press, Cambridge, 1996.



