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Propagation of compressional elastic waves through a
1-D medium with contact nonlinearities

B. Lombard? and J. Piraut®)

(1) LMA - CNRS, 31 chemin Joseph Aiguier - 13402 Marseillearfige.

Summary. Propagation of monochromatic elastic waves across cradksestigated in 1D,
both theoretically and numerically. Cracks are modeled dwylinear jump conditions. The
mean dilatation of a single crack and the generation of haitsaare estimated by a pertur-
bation analysis, and computed by the harmonic balance mhetWdh a periodic and finite
network of cracks, direct numerical simulations are penfed and compared with Bloch-
Floguet’s analysis.

1 Introduction

Failure processes resulting in a crack generally produgghrarack faces. Once crack open-
ing has taken place, and the crack faces have undergoné rigtive sliding displacement,
the crack will never completely close again due to the nofaraming surfaces in partial con-
tact. A complicated interaction between crack faces is egok depending strongly on the
magnitudes of the tractions transmitted across the roudacas in contact[[9].

The interaction of ultrasonic waves with cracks has beeastigated by many authors,
assuming that the wavelength is much larger than a chaistatdength of the roughness of
the contacting surfaces. Linear slip-displacement moaletsack-face interaction have been
widely used 0]. However, a non-physical penetratiocoatacting surfaces may occur in
linear models. Moreover, laboratory experiments have shtbyat methods of non-destructive
evaluation based on linear models may fail to detect pariiédsed cracks|E3].

Here, we study wave propagation with a nonlinear model ofamirproposed |rﬂ]|] 2].A
monochromatic compressional wave propagates normallyptare flaw surface, leading to a
1D problem detailed in secticﬁh 2. Analysis of scattered §iescberformed in sectioﬂ 3. With
a single crack, the generation of harmonics and the meatatidia of the crack are addressed
analytically and numerically. Propagation through pedagtworks of contact nonlinearities
is studied by Bloch-Floquet's analysﬂ [8] and simulatioNsmerical experiments are pro-
Eosed in sectioﬁl 4. Conclusions are drawn and future pdigpe@re suggested in section
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2 Problem statement

2.1 Configuration

X

Fig. 1. Elastic mediaQy and Q1 separated by vacuum, with rough contact surfaces. Static
(left) and dynamic (right) case, with incident (1), reflett@) and transmitted (T) waves.

We consider a single crack with rough faces separating twiian@, and Q; linearly
elastic and isotropic, with density and elastic speed of the compressional waxeBhese
parameters are piecewise constant and may be discontiavowsd the crack(pg, o) if x €
Qo, (p1, C1) if x € Q1. The media are subject to a constant static stpegd rest, the distance
between planes of average heigh€igp) > 0 (figure[IL, left). An incident monochromatic
wave, emitted by a ponctual stress source atxs in Qq, gives rise to reflected (ifRy) and
transmitted (inR1) compressional waves. These perturbation@g¢randQ; are described by
the 1D elastodynamic equations

p%’:%, Z—?:pCZ%—FZpoc%voé(x—xs) sinat, (1)
wherevy is the amplitude of the incident elastic velocity, amd= 27t f is the angular fre-
guency of the source. The elastic velooity: ‘f,—‘i‘, the elastic displacement and the elastic
stress perturbatioa aroundp, are averaged fields per unit area in crack’s plane. The dignam
stresses induced by the elastic waves affect the thickhg$f the crack (figuréﬂ 1, right).
The constraint

E=&+[U>&—-0>0 2

must be satisfied, wheife] = u™ — u~ is the difference between the elastic displacements
on the two sides of the crack, addp) > 0 is themaximum allowable closur@]. We also
assume that the wavelengths are much larger ghareglecting the propagation time through
the crack, and replacing it by a zero-thicknagerfaceatx = a: [u] = [u(a, t)] = u(a™,t) —
u(a,t).
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ad, t)

Fig. 2. Nonlinear relation between stress and slip displacement.

2.2 Contact law

Cracks are classically modeled by linear jump conditi@ ith stiffness K

o(a, 0] =0, [u(a,1)]= ¢ o(a* 1) ®
If K — +o, welded conditions are recovered. Conditicﬂus (©)] violﬂyemder large compres-
sion loadingso(at,t) < —K& = & < & — 8. Hence, the linear regime induced tﬂ/ 3)is
realistic only with very small perturbations. With largeres, nonlinear jump conditions are
required.

Compression loading increases the number and the surfacentdcting faces. Conse-
quently, a smaller stress is needed to open than to closeck ofa given displacement;
an infinite stress is even required to close the crack facegpletely. This behavior can be
modeled by the global jump conditions propose(ﬂrﬂl, 2]

1 o(a®t)t)

[O'(CH t)} - 07 [U(Cf, t)} - K 1— O'(Gi, t)/(K 5) ’ (4)
satisfying [|2) and implyingr(a*,t) < K &. The second relation ir[l(4) is sketched in figl]re 2.
The straight line with a slopk tangential to the hyperbola at the origin amounts to thealine
jump conditionsMS); as deduced fronﬁh (4), the linear regisnealid only if|o(a*,t)| < K.
A second limit-case not investigated here is obtainedl-f 0 andK bounded: the hyperbola
tends towards the nondifferentiable graph of the unildtewatact, denoted by bold straight
segments in figurE 2.

3 Analysis of scattered fields

3.1 Single crack

Analytical approach. The scattered fields can be expressed in ternvgtof= [u(a, t)]. Fol-
lowing [@ﬁ] gives the nonlinear ordinary differentialuegion (ODE)
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dl+[j Y
dt "©1+Y/5

=2Vvp sinwt, (5)

satisfied byy, with B = K((po o) "+ (p1c1)~1). Inspection of[{5) and dimensional analysis
show thaty is & times a function of%, %’ andwt. To solve ﬂS), we assum¥|/d < 1, which
leads to the series

< (=1)"
—0 o"

An approximate solution 0ﬂ(6) is sought byparturbation approximatiorfPA) [E]

Y
dy +B Y™ = 2vg sinwt. (6)
at P

Y(t) = nivnm - ni%yna). ™

Nothing ensures thaﬂ(?) convergds{/d < 1 is always satisfied whevi < 0, but it is true
whenY > 0 only if % is sufficiently small. PIugging[k?) intcﬂ(G) and identifyirtige terms
with identical power o® leads to an infinite series

% +BYo = 2vp sinwt,

A By=BR. @
%+5YZ=3)’0 (23/1*)’(2)),

and so on. There is no influence of the truncation oli@n the accuracy of the solutiof

with n < N. The recursive and linear ODE are much simpler to solve thamonlinear ODE

(E), even if computing;, with n > 2 is cumbersome. This computation has been automatized
with computer algebra tools. Since the number of term¥yifs roughly 21, very high
orders are currently out of reach. Computigup toN = 8 takes 20 mn on a Pentium 3 GHz.
We detail the cashl = 1. Settingpg = arctan%’, the zero-th order periodic solution cﬂ‘ (7ﬂ-(8)

IS
Yo(t) = 2% __r sin(wt — o). 9)
1+ (w/B)?

Settingg; = arctanf-,, the first-order periodic solution of| (7}(8) is
2

R

B0 1+ (w/B) 1+ (2w/B)?

Two properties are deduced froEklO). First, the mean vdie i3 non-null

V5 1
£ i wlp) w

Yi(t) = sin2wt —2¢o + ¢1)) . (10)

Yi=2

_ 2n4-2 _
More generally, the mean valtey 1 of Y1 iS proportional tad (%) ,andY,, = 0.

The mean thickness of the cradk deduced from [[2) satisfie = & +Y > &, with
Y = 3 Y. The dilatation predicted here is similar to tB& signal measured b),[|[6] with
glass-piezoceramic interface. The second property delduom ) concerns the term with
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angular frequency &. Its importance is quantified by the ratio of amplitudes hestw sinu-
soidal terms in@O) anc[|(9)

Vo 1
PO 1t (w/B)? 1+ (20/B)?

Consequently, nonlinear effects increase v%(%nand decrease Wit%?.

o= (12)

Numerical approach. To compute the scattered fields with high accuracy and ni lim
tation about the range of validity, one implements the nicaéharmonic balance method
(HBM). The periodic elastic displacements are writtkfi-€ w/co, k1 = w/c1)

u(xt) = "73 {cowt —koX)— 1} ,
Ur(X, t) = R§+ g {Rﬁsinn(wt+k0x)+RRcosn(wt+kox)}, 13)
=1

ur(t) =Tg+ Y {Tna sinn(wt — ky x) + TP cosn (wt fklx)}.
n=1

The elastic stresses are deduced frﬂ] (13). Fields areateshatN and injected in|]4). The
truncation implies thaRﬁ’b and Tﬁ"‘"b depend orlN. The terms with identical trigonometric
arguments are put together, and the terms with a trigonaegument greater thaxwt are
removed. The first conditiorﬂ(4) implied\2linear equations, withouR3 andT§. The second
condition Bl) implies A + 1 nonlinear equations, including' — R§ +vo/w. Finally, we get
a(4N+1) x (4N + 1) nonlinear system with first-order or second-order polyradrantries

_ — V(
F(X):Q X:(Y7 Rilvav RgvavmaR%le\?)Tv Y:TOa_R8+60‘ (14)

To solve ), three cases may be considered:

e linear regime, for all N @) becomes a linear system whose solution is easy to dempu
analytically. In this limit-caseY = 0 andR&® = T2 = 0if n> 2;

e nonlinear case, N= 1: @) can be solved analytically. A detailed study shovet the
solution may not be unique: ify is lower than a critical valugg; there exists only one
real root; ifvg > Vo, there are three real roots. Moreovér;> 0; an approximation of this
jump recovers the valué; deduced from the P,Cﬁlll);

e nonlinear case, N> 1: (Bl) is solved numerically by the Newton-Raphson metfda:
determination ofF and of its jacobian) has been automatized with computer algebra
tools: computingF and J with N = 100 roughly takes 1 second on a Pentium 3 GHz.
The root of ) may be not unique, like with= 1 andvp > V. The initialization must
therefore be done carefully, e.g. using the exact valuebeofitst 5 components of at
N = 1, and setting the other components to zero. This simpl&lizétion works up to
Vo =~ Vp. With stronger nonlinearities, this approach is couplethwibasic continuation.

3.2 Network of cracks

Analytical approach. A Bloch-Floquet’s analysis[[S] is applied to an infinite apédriodic
network in linear regime. With constant parameters, thpedision relation is
pcw

coskh= coskh— oK sinkh, (15)
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wherek is the effective wavenumber aids the spacing between cracks. If

ey @

-0 1-6
— < Sk < |
‘1+e =co h—‘1+e

the waves are not attenuated. Otherwise, the waves areseesmevith decay

Omk= — 2 cosir? (coskh— pew sinkh) A 7
h 2K

Numerical approach. The analysis is much harder in nonlinear regime, sinceessiee har-
monics generated across cracks may not belong to the sasybgag structure. Consequently,
nonlinear regime as well as non-periodic configurationsirarestigated bydirect numerical
simulations(DNS). A fourth-order ADER scheme solveﬂ (1) in the time domahe jump
conditions Kkl) are enforced numerically by an interfacehmetﬂ']. With high nonlinearities,
space-time mesh refinement is implemented around the craclscretize correctly the stiff
fronts. Obviously, this approach also works with a singkeckr hence it will be used to get
reference solutions in each experiment.

4 Numerical experiments

A crack ata = 0.5 m in aluminium is studiedog = p1 = 2600 kg/n¥, cg = ¢; = 6400 m/s,
K = 10'2 Pa/m,5 = 310" m. Three amplitudesy are considered:.01 m/s, 013 m/s, and
0.6 m/s. The source is at = 0.25 m, andf = 100 kHz.

First, the elastic stress transmitted across the crackoisrsin figureﬂ%. In the left col-
umn, ot computed by HBM ¢) is compared with the DNS (-). In the right column, the nor-
malized harmonic$; (i = 1,..., 5) are shown. The amplitudg = 0.01 m/s (a-b) is too small
to mobilize the nonlinearity of the crack, ami= 2 harmonics are sufficient. We measure
> =0.017, to compare witly, = 0.016: the approximatiorlIIlZ) is good. With = 0.13 m/s
(c-d), N = 10 harmonics are used, agl = 0.24 is measured, to compare wigh = 0.25.
Lastly, withvg = 0.6 m/s,N = 50 harmonics are required (e). We meaduyre- 0.60, to com-
pare withy, = 1.02: the approximatiormm) becomes poor. In the three cagkasdeduced
from the PA (sectio@.l), the nonlinearity increases withAt a givenvy, thel;’s decrease
strictly withii.

Second, the influence ®f on the jumpyY is illustrated in figur{|4. The left column shows
snapshots ofi computed by DNS. The jump between mean values yieldsY. In the right
column, the time history o¥(t) = [u(a,t)] is computed by fourth-order Runge-Kutta in-
tegration of ﬂi) (-) and by PAd). At smallt, PA differs from RK 4 because it does not
compute transients. Wity = 0.01 m/sY = 5.4210 11 m/s (to compare with the approxima-
tion Y1 = 5.026 1011 m/s) is not visible (a), antl = 2 in the PA (b). Withvy = 0.13 m/s,

Y =5.84108 m/s is measured (c), to compare with=5.60108 m/s, and\N = 6 is required
(d). In that case, the maximum valueXft) is roughly 0994: with greater values ofy, then
max|Y|/d > 1, and the PA may not converge. It is what happens wjth 0.6 m/s: only RK
4 is shown (f), and@ = 9.8210 7 m/s is measured, to be compared With= 1.0210 7 m/s.

Parametric studies performed by the HBM £ 50) are proposed in figuﬂa 5. Alog-log
scale shows thaf is very close to the line with slope 2 deduced frc@ (11), evdngh vy (a).
The amplitude of; increases strictly withp, andl tends towardg, at smallvg (b).

Lastly, propagation across a periodic and finite networkratks is simulated in figure

. Two spacings are considerdt:= 1.72102 m andh = 5.1710"2 m. In linear regime and
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Fig. 3. Transmitted stress, withh = 0.01 m/s (a-b)¥p = 0.13 m/s (c-d),vp = 0.6 m/s (e-f).
Left column: values otrr on a period; right column: normalized harmoniggi = 1, ..., 5).
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Fig. 5. Parametric studies in termsaf: Y (a), normalized harmonids (i = 2, ..., 5) (b).

with an infinite network, the Bloch-Floquet’s analysis potsl respectively a pass-band and a
stop-band behavior, observed with small amplitudes (&4®. attenuation measured in (a) is
in good agreement with the theoretical attenuatEh (173h\wigher amplitudes (c to f), the
behaviors are maintained.

5 Conclusion

The main results of this work are as follows:

1. with one crack, two phenomena are induced by the noniigeanean dilatation of the
crack, generation of harmonics, that both increase mndg;

2. with many cracks, simulations show that properties ofitdilinear networks are valid
in nonlinear regime with finite networks much greater thawetength.

Three directions are distinguished for further investmat

1. investigation of shear effects, coupled or not with cosspional effortsI]]D 9;
2. analysis of the periodic solution (ﬂ (5), to prove- 0 anddY/d % >0;
3. effective properties of a random linear and nonlineawoeks E].
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