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✈♦t❡s ❛♥ ❡♥t✐r❡ ❝❤❛♣t❡r t♦ ♣♦❧②♥♦♠✐❛❧s ❛♥❞ ♠♦r❡ ❡s♣❡❝✐❛❧❧② t♦ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ s♠❛❧❧
❜❛❝❦✇❛r❞ ❡rr♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡s ✐♥ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❥✉st✐✜❡s ✐ts ♣r❛❝✲
t✐❝❛❧ ✐♥t❡r❡st✳ ◆❡✈❡rt❤❡❧❡ss t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ r❡t✉r♥s r❡s✉❧ts ❛r❜✐tr❛r✐❧② ❧❡ss ❛❝❝✉r❛t❡ t❤❛♥
t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ✇❤❡♥ ❡✈❛❧✉❛t✐♥❣ p(x) ✐s ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞✳ ❚❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
❝♦♠♣✉t❡❞ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✭❍♦r♥❡r✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧ ❦♥♦✇♥ ❛
♣r✐♦r✐ ❜♦✉♥❞✱

|Horner(p, x) − p(x)|

|p(x)|
≤ cond(p, x) ×O(u). ✭✶✮

■♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ t❤✐s ✐♥❡q✉❛❧✐t②✱ u ✐s t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r
cond(p, x) ✐s ❛ s❝❛❧❛r ❧❛r❣❡r t❤❛♥ 1 t❤❛t ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ❡♥tr② x ❛♥❞ ♦♥ t❤❡ ❝♦❡✣❝✐❡♥ts
♦❢ p ✖✐ts ❡①♣r❡ss✐♦♥ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ❢✉rt❤❡r✳ ❊✈❛❧✉❛t✐♦♥ ✐s ✐❧❧ ❝♦♥❞✐t✐♦♥❡❞ ❢♦r ❡①❛♠♣❧❡ ✐♥ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ♠✉❧t✐♣❧❡ r♦♦ts ✇❤❡r❡ ♠♦st ♦❢ t❤❡ ❞✐❣✐ts✱ ♦r ❡✈❡♥ t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡
❝♦♠♣✉t❡❞ ✈❛❧✉❡ ♦❢ p(x) ❝❛♥ ❜❡ ❢❛❧s❡ ❬✸❪✳

◆✉♠❡r♦✉s ♠✉❧t✐♣r❡❝✐s✐♦♥ ❧✐❜r❛r✐❡s ❛r❡ ❛✈❛✐❧❛❜❧❡ ✇❤❡♥ t❤❡ ❝♦♠♣✉t✐♥❣ ♣r❡❝✐s✐♦♥ u ✐s ♥♦t
s✉✣❝✐❡♥t t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①♣❡❝t❡❞ ❛❝❝✉r❛❝②✳ ❋✐①❡❞✲❧❡♥❣t❤ ❡①♣❛♥s✐♦♥s s✉❝❤ ❛s ❞♦✉❜❧❡✲❞♦✉❜❧❡
♦r q✉❛❞✲❞♦✉❜❧❡ ❧✐❜r❛r✐❡s ❬✶❪ ❛r❡ ❡✛❡❝t✐✈❡ s♦❧✉t✐♦♥s t♦ s✐♠✉❧❛t❡ t✇✐❝❡ ♦r ❢♦✉r t✐♠❡s t❤❡ ■❊❊❊✲✼✺✹
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳ ❚❤❡s❡ ✜①❡❞✲❧❡♥❣t❤ ❡①♣❛♥s✐♦♥s ❛r❡ ❝✉rr❡♥t❧② ❡♠❜❡❞❞❡❞ ✐♥ ♠❛❥♦r ❞❡✈❡❧♦♣♠❡♥ts
s✉❝❤ ❛s t❤❡ ♥❡✇ ❡①t❡♥❞❡❞ ❛♥❞ ♠✐①❡❞ ♣r❡❝✐s✐♦♥ ❇▲❆❙ ❬✶✺❪✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❡❝❤♥✐q✉❡s s✐♠✐❧❛r
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t♦ t❤❡ ❝♦♠♣❡♥s❛t❡❞ s✉♠♠❛t✐♦♥ ✭s❡❡ ❬✼✱ ♣✳✽✸✕✽✽❪✮ ❝❛♥ ❜❡ ✉s❡❞✱ s✉❝❤ ❛s ✐♥ ❬✶✽❪ ✇❤❡r❡ ❡✣❝✐❡♥t ❛❧❣♦✲
r✐t❤♠s ❢♦r s✉♠♠❛t✐♦♥ ❛♥❞ ❞♦t ♣r♦❞✉❝t ❛r❡ ✐♥tr♦❞✉❝❡❞ ♦♥❧② ✉s✐♥❣ t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳

❚❤❡ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s ✇❡ ❤❡r❡ ❝♦♥s✐❞❡r ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❢ ❖❣✐t❛✱ ❘✉♠♣ ❛♥❞
❖✐s❤✐ ❬✶✽❪✳ ❚❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✹❪ ✐s ❛ ❢❛st ❛❧t❡r♥❛t✐✈❡ t♦ t❤❡
❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝✳ ❇② ❢❛st ✇❡ ♠❡❛♥ t❤❛t t❤✐s ❝♦♠✲
♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ r✉♥s ❛t ❧❡❛st t✇✐❝❡ ❛s ❢❛st ❛s t❤❡ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ❝♦✉♥t❡r♣❛rt ✇✐t❤ t❤❡ s❛♠❡
♦✉t♣✉t ❛❝❝✉r❛❝②✳ ❆s t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✇✐t❤ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝✱ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡
❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✭❈♦♠♣❍♦r♥❡r✮ ♥♦✇ s❛t✐s✜❡s

|CompHorner(p, x) − p(x)|

|p(x)|
≤ u + cond(p, x) ×O(u2). ✭✷✮

❈♦♠♣❛r✐♥❣ t♦ ❘❡❧❛t✐♦♥ ✭✶✮✱ t❤✐s r❡❧❛t✐♦♥ ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ✐s ♥♦✇ ❛s ❛❝❝✉r❛t❡
❛s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ t✇✐❝❡ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✇✐t❤ ❛ ✜♥❛❧
r♦✉♥❞✐♥❣ ❜❛❝❦ t♦ t❤✐s ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ✖t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ✐s ♣r♦✈❡❞ ✐♥ ❬✶✽❪ ❢♦r ❝♦♠♣❡♥✲
s❛t❡❞ s✉♠♠❛t✐♦♥ ❛♥❞ ❞♦t ♣r♦❞✉❝t✳ ❚❤✐s ♠♦t✐✈❛t❡s t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ✐ss✉❡s ✇❡ ❢♦❝✉s ✐♥ t❤✐s ♣❛♣❡r✳

❚❤❡ ❜♦✉♥❞ ✭✷✮ t❡❧❧s ✉s t❤❛t t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♠❛② ②✐❡❧❞ ❛ ❢✉❧❧ ♣r❡❝✐s✐♦♥
❛❝❝✉r❛❝② ❢♦r ♥♦t t♦♦ ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ♣♦❧②♥♦♠✐❛❧s✱ t❤❛t ✐s ❢♦r p ❛♥❞ x s✉❝❤ t❤❛t t❤❡ s❡❝♦♥❞ t❡r♠
cond(p, x)×O(u2) ✐s s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u✳ ❲❡ ❞❡s❝r✐❜❡ ❤♦✇ t♦ ❣✉❛r❛♥t❡❡
❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ❡✈❛❧✉❛t✐♦♥✱ ✐✳❡✳✱ ❤♦✇ t♦ ❝♦♠♣✉t❡ ♦♥❡ ♦❢ t❤❡ t✇♦ ❝♦♥s❡❝✉t✐✈❡ ✢♦❛t✐♥❣ ♣♦✐♥t
✈❛❧✉❡s t❤❛t ❡♥❝❧♦s❡ p(x)✳

❆s ✐♥ ❘❡❧❛t✐♦♥ ✭✶✮ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t st✐❧❧ ❞❡♣❡♥❞s ♦♥ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ❛♥❞ ♠❛② ❜❡ ❛r❜✐tr❛r✐❧② ❜❛❞ ❢♦r ✐❧❧✲❝♦♥❞✐t✐♦♥❡❞ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥s✳ ❲❡ ❞❡s❝r✐❜❡ ❤♦✇
t♦ ✐t❡r❛t❡ t❤❡ ❝♦♠♣❡♥s❛t✐♥❣ ♣r♦❝❡ss ❛♥❞ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ❜② ❛ ❢❛❝t♦r
u ❛t ❡✈❡r② ✐t❡r❛t✐♦♥ st❡♣✳ ❙♦ ✇❡ ❞❡r✐✈❡ ❈♦♠♣❍♦r♥❡r❑✱ ❛ K✲❢♦❧❞ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠
t❤❛t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ❢♦r ❛♥② ❛r❜✐tr❛r② ✐♥t❡❣❡r K✱

|CompHornerK(p, x) − p(x)|

|p(x)|
≤ u + cond(p, x) ×O(uK). ✭✸✮

❈♦♠♣❛r✐♥❣ t♦ ❘❡❧❛t✐♦♥ ✭✶✮✱ ❘❡❧❛t✐♦♥ ✭✸✮ ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣✉t❡❞ ✈❛❧✉❡ ✇✐t❤ ❈♦♠♣❍♦r♥❡r❑ ✐s
♥♦✇ ❛s ❛❝❝✉r❛t❡ ❛s t❤❡ r❡s✉❧t ♦❢ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣
♣r❡❝✐s✐♦♥ ✇✐t❤ ❛ ✜♥❛❧ r♦✉♥❞✐♥❣ ❜❛❝❦ t♦ t❤✐s ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❲❡ ✐♥✈✐t❡ t❤❡ r❡❛❞❡r t♦ ❥✉♠♣ t♦
❋✐❣✉r❡ ✹ ❛t t❤❡ ❡♥❞ ♦❢ t❤✐s ❛rt✐❝❧❡ t♦ ✈✐s✉❛❧✐s❡ t❤✐s ✐♥t❡r❡st✐♥❣ ❜❡❤❛✈✐♦r✳

❚❤❡ t✐♠❡ ♣❡♥❛❧t② t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ✇✐t❤ t❤❡s❡ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s ❥✉st✐✜❡s t❤❡✐r
♣r❛❝t✐❝❛❧ ✐♥t❡r❡st✳ ❈♦♠♣❍♦r♥❡r ✐s ❛t ❧❡❛st t✇✐❝❡ ❢❛st❡r t❤❛♥ ✐ts ❝❤❛❧❧❡♥❣❡r ✐♥ ❞♦✉❜❧❡✲❞♦✉❜❧❡
❛r✐t❤♠❡t✐❝✳ ❋♦r K ≤ 4✱ ❈♦♠♣❍♦r♥❡r❑ ✐s ❛♥ ❡✣❝✐❡♥t ❛❧t❡r♥❛t✐✈❡ t♦ ♦t❤❡r s♦❢t✇❛r❡ s♦❧✉t✐♦♥s s✉❝❤
❛s t❤❡ q✉❛❞✲❞♦✉❜❧❡ ❧✐❜r❛r② ❬✻❪ ♦r ▼P❋❘ ❬✶✻❪✳ ❲❡ r❡♣♦rt s✐❣♥✐✜❝❛♥t ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s
✇❤❡r❡ ❛♥ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❈♦♠♣❍♦r♥❡r❑✇✐t❤ K = 4 r✉♥s ❛❜♦✉t ✹✵✪ ❢❛st❡r t❤❛♥ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ r♦✉t✐♥❡ ✇✐t❤ q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝✳ ■♥ ❬✶✸❪ ✇❡ ❡①❤✐❜✐t t❤❛t t❤❡ ✐♥str✉❝t✐♦♥ ❧❡✈❡❧
♣❛r❛❧❧❡❧✐s♠ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s ❥✉st✐✜❡s s✉❝❤ ❣♦♦❞ ♠❡❛s✉r❡❞ ❝♦♠♣✉t✐♥❣ t✐♠❡s ✇❤❡♥
r✉♥♥✐♥❣ ♦♥ ✉♣✲t♦✲❞❛t❡ s✉♣❡rs❝❛❧❛r ♣r♦❝❡ss♦rs✳

▼❛♥② ♣r♦❜❧❡♠s ✐♥ ❈♦♠♣✉t❡r ❆ss✐st❡❞ ❉❡s✐❣♥ ✭❈❆❉✮ r❡❞✉❝❡ t♦ ✜♥❞ t❤❡ r♦♦ts ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧
❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s s✉❜❥❡❝t❡❞ t♦ ❛❝❝✉r❛❝② ♣r♦❜❧❡♠s ✇❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤ ♠✉❧t✐♣❧❡ r♦♦ts✳ ❆❝❝✉r❛t❡
♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ❛❧❣♦r✐t❤♠s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ❛r❡❛ ❬✽❪✳ ❖✉r ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s
♠❛② ❜❡ ✉s❡❞ ✇✐t❤ s✉❝❝❡ss ✐♥ s✉❝❤ ❝❛s❡s s✐♥❝❡ ♥♦ r❡str✐❝t✐♦♥ ❛♣♣❧✐❡s t♦ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ |x|✱ ♥♦r
t♦ t❤❡ ❝♦❡✣❝✐❡♥ts ♥❡✐t❤❡r t♦ t❤❡ ❞❡❣r❡❡ ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✳

✷



❲❡ st❛rt ✐❧❧✉str❛t✐♥❣ t❤✐s ♠♦t✐✈❛t✐♦♥ ✇✐t❤ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❡✈❛❧✉❛✲
t✐♦♥ ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ♠✉❧t✐♣❧❡ r♦♦ts ♦❢ p(x) = (0.75 − x)5(1 − x)11✱ ✇r✐tt❡♥ ✐♥ ✐ts
❡①♣❛♥❞❡❞ ❢♦r♠✳ ❉♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ■❊❊❊✲✼✺✹ ❛r✐t❤♠❡t✐❝ ✐s ✉s❡❞ ❢♦r t❤❡s❡ ❡①♣❡r✐♠❡♥ts ❛♥❞ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ p ✐♥ t❤❡ ♠♦♥♦♠✐❛❧ ❜❛s✐s ❛r❡ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ♥✉♠❜❡rs✳ ❲❡ ❡✈❛❧✉❛t❡ p(x) ✐♥ t❤❡
♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ♠✉❧t✐♣❧❡ r♦♦ts 0.75 ❛♥❞ 1 ✇✐t❤ t❤❡ t❤r❡❡ ❛❧❣♦r✐t❤♠s ❍♦r♥❡r✱ ❈♦♠♣❍♦r♥❡r ❛♥❞
❈♦♠♣❍♦r♥❡r❑✇✐t❤ K = 3✳ ❋✐❣✉r❡ ✶ ♣r❡s❡♥ts t❤❡s❡ ❡✈❛❧✉❛t✐♦♥s ❢♦r ✹✵✵ ❡q✉❛❧❧② s♣❛❝❡❞ ♣♦✐♥ts ✐♥
✐♥t❡r✈❛❧s [0.68, 1.15]✱ [0.74995, 0.75005] ❛♥❞ [0.9935, 1.0065]✳ ■t ✐s ❝❧❡❛r t❤❛t ❛❝❝✉r❛t❡ ♣♦❧②♥♦♠✐❛❧
❡✈❛❧✉❛t✐♦♥ ✐s ♥❡❝❡ss❛r② t♦ r❡❝♦✈❡r t❤❡ ❡①♣❡❝t❡❞ s♠♦♦t❤ ❞r❛✇✐♥❣ ❛t ❛ r❡❛s♦♥❛❜❧❡ ❢♦❝✉s✳
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❋✐❣✉r❡ ✶✿ ❊✈❛❧✉❛t✐♦♥ ♦❢ p(x) = (0.75 − x)5(1 − x)11 ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✐ts ♠✉❧t✐♣❧❡ r♦♦ts✱
✉s✐♥❣ ❍♦r♥❡r ✭❧❡❢t✮✱ ❈♦♠♣❍♦r♥❡r ✭❝❡♥t❡r✮ ❛♥❞ ❈♦♠♣❍♦r♥❡r❑✇✐t❤ K = 3 ✭r✐❣❤t✮✳

❚❤❡ ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷ ✇❡ r❡❝❛❧❧ t❤❡ ❝❧❛ss✐❝ ♥♦t❛t✐♦♥s ❛♥❞ t❤❡ ❜❛s✐❝
❡rr♦r ❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭❊❋❚✮ ❢♦r ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ❛ ✜rst ❝♦♠♣❡♥s❛t❡❞
❛❧❣♦r✐t❤♠ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✱ ❈♦♠♣❍♦r♥❡r✱ ✐s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ❛♥❞ ✐ts
❛ss♦❝✐❛t❡❞ ❊❋❚✳ ■♥ ❙❡❝t✐♦♥ ✹ ✇❡ ❤✐❣❤❧✐❣❤t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠
❡①❤✐❜✐t✐♥❣ ❤♦✇ t♦ ❣✉❛r❛♥t❡❡ ❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥❀ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
❛❧s♦ ✐❧❧✉str❛t❡ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❞②♥❛♠✐❝ ❜♦✉♥❞ ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ❛❝❝✉r❛❝②✳ ■♥
❙❡❝t✐♦♥ ✺ ✇❡ ❡①♣❧❛✐♥ ❤♦✇ t♦ ❞❡r✐✈❡ ♥❡✇ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳ ■♥ ❙❡❝t✐♦♥ ✻ ✇❡ ❛♣♣❧②
t❤✐s r❡❝✉rs✐✈❡ ❊❋❚ ❛♥❞ ✐♥tr♦❞✉❝❡ ❛ ❑✲❢♦❧❞ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠✱ ❈♦♠♣❍♦r♥❡r❑❀ ✇❡ ♣r♦✈❡
✐ts ❛❝❝✉r❛❝② s❛t✐s✜❡s ❘❡❧❛t✐♦♥ ✭✸✮ ❛♥❞ ✐❧❧✉str❛t❡ ✐t ✇✐t❤ s♦♠❡ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts✳ ■♥ t❤❡
❧❛st ❙❡❝t✐♦♥ ✼ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ♣r❛❝t✐❝❛❧ ❡✣❝✐❡♥❝② ✐♥ t❡r♠s ♦❢ r✉♥♥✐♥❣ t✐♠❡ ❝♦♠♣❛r✐♥❣ ♦✉r
❛❧❣♦r✐t❤♠s ❛♥❞ ✉♣✲t♦✲❞❛t❡ ❝❤❛❧❧❡♥❣❡rs ♦♥ s❡✈❡r❛❧ s✐❣♥✐✜❝❛♥t ❝♦♠♣✉t✐♥❣ ❡♥✈✐r♦♥♠❡♥ts✳

❉✉❡ t♦ ♣❛❣❡ ❧✐♠✐t❛t✐♦♥ ♠♦st ♦❢ t❤❡ ♣r♦♦❢s ❤❛✈❡ ♥♦t ❜❡❡♥ ❞❡t❛✐❧❡❞ ❛♥❞ s♦♠❡ ❡✈❡♥ ♥♦t ✐♥❝❧✉❞❡❞✳
❙♦♠❡ t❡❝❤♥✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥ts ❤❛✈❡ ♥♦t ❜❡❡♥ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ❡✳❣✳✱ ❤♦✇ t♦ t❛❦❡ ❝❛r❡ ♦❢ ✉♥❞❡r✢♦✇
❛♥❞ ❞❡♥♦r♠❛❧✐s❡❞ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ♦r ❤♦✇ t♦ ❜❡♥❡✜t ❢r♦♠ s♦♠❡ s♣❡❝✐✜❝ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t♦r
♦r ❤♦✇ t♦ ❡①♣❧❛✐♥ t❤❛t t❤❡ ♠❡❛s✉r❡❞ r✉♥♥✐♥❣ t✐♠❡s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❜❡tt❡r t❤❛♥ t❤❡ ❝❧❛ss✐❝ ✢♦♣

✸



❝♦✉♥t✳ ❲❡ ✐♥✈✐t❡ t❤❡ ✐♥t❡r❡st❡❞ r❡❛❞❡rs t♦ ❝♦♥s✐❞❡r t❤❡ r❡❢❡r❡♥❝❡s ❬✶✶✱ ✹✱ ✺✱ ✶✷✱ ✶✸✱ ✶✹❪✱ ❢r♦♠ t❤❡
❛✉t❤♦rs✱ t♦ ❝♦♠♣❧❡t❡ t❤✐s s✉r✈❡② ♦♥ ❛❝❝✉r❛t❡✱ ✈❛❧✐❞❛t❡❞ ❛♥❞ ❢❛st ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ t❤❛♥❦s
t♦ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s✳

✷ ❋❧♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❛♥❞ ❜❛s✐❝ ❡rr♦r✲❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥s

❚❤r♦✉❣❤♦✉t t❤✐s ♣❛♣❡r✱ ✇❡ ❛ss✉♠❡ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝ ❛❞❤❡r✐♥❣ t♦ t❤❡ ■❊❊❊✲✼✺✹ ✢♦❛t✐♥❣
♣♦✐♥t st❛♥❞❛r❞ ❬✾❪✳ ❲❡ ❝♦♥str❛✐♥t ❛❧❧ t❤❡ ❝♦♠♣✉t❛t✐♦♥s t♦ ❜❡ ♣❡r❢♦r♠❡❞ ✐♥ ♦♥❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱
✇✐t❤ t❤❡ ✏r♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st✑ r♦✉♥❞✐♥❣ ♠♦❞❡✳ ❲❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t ♥♦ ♦✈❡r✢♦✇ ♥♦r ✉♥❞❡r✢♦✇
♦❝❝✉rs ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳

✷✳✶ ❙t❛♥❞❛r❞ ♥♦t❛t✐♦♥s ❢♦r ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝

◆❡①t ♥♦t❛t✐♦♥s ❛r❡ st❛♥❞❛r❞ ✖s❡❡ ❬✼✱ ❝❤❛♣✳ ✷❪ ❢♦r ❡①❛♠♣❧❡✳ F ✐s t❤❡ s❡t ♦❢ ❛❧❧ ♥♦r♠❛❧✐③❡❞ ✢♦❛t✐♥❣
♣♦✐♥t ♥✉♠❜❡rs ❛♥❞ u ❞❡♥♦t❡s t❤❡ ✉♥✐t r♦✉♥❞✲♦✛✱ t❤❛t ✐s ❤❛❧❢ t❤❡ s♣❛❝✐♥❣ ❜❡t✇❡❡♥ 1 ❛♥❞ t❤❡ ♥❡①t
r❡♣r❡s❡♥t❛❜❧❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❋♦r ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✇✐t❤ r♦✉♥❞✐♥❣ t♦ t❤❡ ♥❡❛r❡st✱
✇❡ ❤❛✈❡ u = 2−53 ≈ 1.11 · 10−16✳

❚❤❡ s②♠❜♦❧s ⊕✱ ⊖✱ ⊗ ❛♥❞ ⊘ r❡♣r❡s❡♥t r❡s♣❡❝t✐✈❡❧② t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❛❞❞✐t✐♦♥✱ s✉❜tr❛❝t✐♦♥✱
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❛♥❞ ❞✐✈✐s✐♦♥✳ ❋♦r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❛r✐t❤♠❡t✐❝ ❡①♣r❡ss✐♦♥s✱ fl(·) ❞❡♥♦t❡s t❤❡ r❡s✉❧t
♦❢ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥ ✇❤❡r❡ ❡✈❡r② ♦♣❡r❛t✐♦♥ ✐♥s✐❞❡ t❤❡ ♣❛r❡♥t❤❡s✐s ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡
✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❙♦ ✇❡ ❤❛✈❡ ❢♦r ❡①❛♠♣❧❡✱ a ⊕ b = fl(a + b)✳

❲❤❡♥ ♥♦ ✉♥❞❡r✢♦✇ ♥♦r ♦✈❡r✢♦✇ ♦❝❝✉rs✱ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ♠♦❞❡❧ ❞❡s❝r✐❜❡s t❤❡ ❛❝❝✉r❛❝②
♦❢ ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦♠♣✉t❛t✐♦♥✿ ❢♦r a, b ∈ F ❛♥❞ ❢♦r ◦ ∈ {+,−,×, /}✱ ✇✐t❤ ❤❛✈❡

fl(a ◦ b) = (a ◦ b)(1 + ε1) = (a ◦ b)/(1 + ε2), ✇✐t❤ |ε1|, |ε2| ≤ u. ✭✹✮

❚♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ (1 + ε) ❢❛❝t♦rs ✐♥ t❤❡ ❡rr♦r ❛♥❛❧②s✐s✱ ✇❡ ✉s❡ t❤❡ ❝❧❛ss✐❝ (1 + θk) ❛♥❞ γk

♥♦t❛t✐♦♥s ❬✼✱ ❝❤❛♣✳ ✸❪✳ ❋♦r ❛♥② ♣♦s✐t✐✈❡ ✐♥t❡❣❡r k✱ θk ❞❡♥♦t❡s ❛ q✉❛♥t✐t② ❜♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦
|θk| ≤ γk := ku/(1 − ku). ❲❤❡♥ ✉s✐♥❣ t❤❡s❡ ♥♦t❛t✐♦♥s✱ ✇❡ ❛❧✇❛②s ✐♠♣❧✐❝✐t❧② ❛ss✉♠❡ ku < 1✳ ■♥
❢✉rt❤❡r ❛ ♣r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s✱ ✇❡ ❡ss❡♥t✐❛❧❧② ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s✿

(1 + θk)(1 + θj) ≤ (1 + θk+j), ku ≤ γk, γk ≤ γk+1.

❚♦ ❞❡r✐✈❡ ✈❛❧✐❞❛t❡❞ ❛♥❞ ❞②♥❛♠✐❝ ❜♦✉♥❞s ✇❡ ❛❧s♦ ✉s❡ t❤❡ ♥❡①t r❡❧❛t✐♦♥s ❬✶✽❪✿

γ̂k := (ku) ⊘ (1 ⊖ ku), γk ≤ (1 + u) γ̂k, (1 + u)n|x| ≤ fl

(
|x|

1 − (n + 1)u

)
. ✭✺✮

❲❡ ❞❡✜♥❡ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♣r❡❞❡❝❡ss♦r ❛♥❞ s✉❝❝❡ss♦r ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r r ❛s ❢♦❧❧♦✇s✱

pred(r) = max{f ∈ F/f < r} ❛♥❞ succ(r) = min{f ∈ F/r < f}.

❆ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r f ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ ❛ r❡❛❧ ♥✉♠❜❡r r ✐❢

pred(f) < r < succ(f).

❲❡ ♣r❡s❡♥t ❢✉rt❤❡r ❤♦✇ t♦ ❝♦♠♣✉t❡ ❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧✳ ❋❛✐t❤❢✉❧
r♦✉♥❞✐♥❣ ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ❡q✉❛❧s t❤❡ ❡①❛❝t r❡s✉❧t ✐❢ t❤❡ ❧❛tt❡r ✐s ❛ ✢♦❛t✐♥❣ ♣♦✐♥t
♥✉♠❜❡r ❛♥❞ ♦t❤❡r✇✐s❡ ✐s ♦♥❡ ♦❢ t❤❡ t✇♦ ❛❞❥❛❝❡♥t ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ♦❢ t❤❡ ❡①❛❝t r❡s✉❧t p(x)✳

✹



✷✳✷ ❊❋❚ ❢♦r t❤❡ ❡❧❡♠❡♥t❛r② ♦♣❡r❛t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ ✇❡❧❧ ❦♥♦✇♥ r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ t❤❡ ❡rr♦r ❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥s ✭❊❋❚✮
♦❢ t❤❡ ❡❧❡♠❡♥t❛r② ✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s ⊕✱ ⊖ ❛♥❞ ⊗✳ ❚❤❡s❡ ❊❋❚ ❛r❡ t❤❡ ❝♦r❡ ♦❢ t❤❡
✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✜①❡❞ ❧❡♥❣t❤ ❡①♣❛♥s✐♦♥s✱ ❛s ❞♦✉❜❧❡✲❞♦✉❜❧❡ ♦r q✉❛❞✲❞♦✉❜❧❡ ❬✶❪❀ ✇❡ ✇✐❧❧ ❛❧s♦
✉s❡ ✐t ✇✐t❤✐♥ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠s✳

▲❡t ◦ ❜❡ ❛♥ ♦♣❡r❛t♦r ✐♥ {+,−,×}✱ a ❛♥❞ b ❜❡ t✇♦ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs✱ ❛♥❞ x̂ = fl(a ◦ b)✳
❚❤❡♥ t❤❡r❡ ❡①✐st ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡ y s✉❝❤ t❤❛t

a ◦ b = x̂ + y. ✭✻✮

❚❤❡ ❞✐✛❡r❡♥❝❡ y ❜❡t✇❡❡♥ t❤❡ ❡①❛❝t r❡s✉❧t ❛♥❞ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ✐s t❤❡ ❡❧❡♠❡♥t❛r② r♦✉♥❞✐♥❣
❡rr♦r ✐♥ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ x̂✳ ▲❡t ✉s ❡♠♣❤❛s✐③❡ t❤❛t ❘❡❧❛t✐♦♥ ✭✻✮ ❜❡t✇❡❡♥ ❢♦✉r ✢♦❛t✐♥❣ ♣♦✐♥t
✈❛❧✉❡s r❡❧✐❡s ♦♥ r❡❛❧ ♦♣❡r❛t♦rs ❛♥❞ ❡①❛❝t ❡q✉❛❧✐t②✱ ✐✳❡✳✱ ♥♦t ♦♥ ❛♣♣r♦①✐♠❛t❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦✉♥✲
t❡r♣❛rts✳ ❖❣✐t❛ ❡t ❛❧✳ ❬✶✽❪ ❝❛❧❧ s✉❝❤ ❡q✉❛❧✐t② ❛♥ ❡rr♦r ❢r❡❡ tr❛♥s❢♦r♠❛t✐♦♥ ✭❊❋❚✮✳ ❚❤❡ ♣r❛❝t✐❝❛❧
✐♥t❡r❡st ♦❢ t❤❡ ❊❋❚ ❝♦♠❡s ❢r♦♠ ♥❡①t ❆❧❣♦r✐t❤♠s ✶ ❛♥❞ ✸ t❤❛t ❝♦♠♣✉t❡ t❤❡ ❡①❛❝t ❡rr♦r t❡r♠ y
❢♦r ⊕ ❛♥❞ ⊗✳

❆❧❣♦r✐t❤♠ ✶✳ ❊❋❚ ♦❢ t❤❡ s✉♠ ♦❢ t✇♦ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs✳

❢✉♥❝t✐♦♥ [x, y] = TwoSum(a, b)
x = a ⊕ b
z = x ⊖ a
y = (a ⊖ (x ⊖ z)) ⊕ (b ⊖ z)

❆❧❣♦r✐t❤♠ ✷✳ ❙♣❧✐tt✐♥❣ ♦❢ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r ✐♥t♦ t✇♦ ♣❛rts✳

❢✉♥❝t✐♦♥ [x, y] = Split(a)
z = a ⊗ (2r + 1)
x = z ⊖ (z ⊖ a)
y = a ⊖ x

❆❧❣♦r✐t❤♠ ✸✳ ❊❋❚ ♦❢ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs✳

❢✉♥❝t✐♦♥ [x, y] = TwoProd(a, b)
x = a ⊗ b
[ah, al] = Split(a)
[bh, bl] = Split(b)
y = al ⊗ bl ⊖ (((x ⊖ ah ⊗ bh) ⊖ al ⊗ bh) ⊖ ah ⊗ bl)

❋♦r t❤❡ ❊❋❚ ♦❢ t❤❡ ❛❞❞✐t✐♦♥ ✇❡ ✉s❡ ❆❧❣♦r✐t❤♠ ✶✱ t❤❡ ✇❡❧❧ ❦♥♦✇♥ ❚✇♦❙✉♠ ❛❧❣♦r✐t❤♠ ❜②
❑♥✉t❤ ❬✶✵❪ t❤❛t r❡q✉✐r❡s ✻ ✢♦♣ ✭✢♦❛t✐♥❣ ♣♦✐♥t ♦♣❡r❛t✐♦♥s✮✳ ❋♦r t❤❡ ♣r♦❞✉❝t✱ ✇❡ ✜rst ♥❡❡❞ t♦
s♣❧✐t t❤❡ ✐♥♣✉t ❛r❣✉♠❡♥ts ✐♥t♦ t✇♦ ♣❛rts✳ ■t ✐s ❞♦♥❡ ✉s✐♥❣ ❆❧❣♦r✐t❤♠ ✷ ♦❢ ❉❡❦❦❡r ❬✷❪✳ ■❢ q ✐s t❤❡
♥✉♠❜❡r ♦❢ ❜✐ts ♦❢ t❤❡ ♠❛♥t✐ss❛✱ ❧❡t r = ⌈q/2⌉✳ ❆❧❣♦r✐t❤♠ ✷ s♣❧✐ts ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r a ✐♥t♦
t✇♦ ♣❛rts x ❛♥❞ y✱ ❜♦t❤ ❤❛✈✐♥❣ ❛t ♠♦st r − 1 ♥♦♥③❡r♦ ❜✐ts✱ s✉❝❤ t❤❛t a = x + y✳ ❋♦r ❡①❛♠♣❧❡✱
✇✐t❤ t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ q = 53✱ r = 27✱ t❤❡r❡❢♦r❡ t❤❡ ♦✉t♣✉t ♥✉♠❜❡rs ❤❛✈❡ ❛t ♠♦st
26 ❜✐ts✳ ❚❤❡ tr✐❝❦ ✐s t❤❛t ♦♥❡ ❜✐t s✐❣♥ ✐s ✉s❡❞ ❢♦r t❤❡ s♣❧✐tt✐♥❣✳ ◆❡①t✱ ❆❧❣♦r✐t❤♠ ✸ ♦❢ ❱❡❧t❦❛♠♣
✭s❡❡ ❬✷❪✮ ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t❤❡ ❊❋❚ ♦❢ t❤❡ ♣r♦❞✉❝t✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❝♦♠♠♦♥❧② ❝❛❧❧❡❞ ❚✇♦Pr♦❞
❛♥❞ r❡q✉✐r❡s ✶✼ ✢♦♣✳

❚❤❡ ♥❡①t t❤❡♦r❡♠ ❡①❤✐❜✐ts t❤❡ ♣r❡✈✐♦✉s❧② ❛♥♥♦✉♥❝❡❞ ♣r♦♣❡rt✐❡s ♦❢ ❚✇♦❙✉♠ ❛♥❞ ❚✇♦Pr♦❞✳

✺



❚❤❡♦r❡♠ ✹ ✭❬✶✽❪✮✳ ▲❡t a, b ✐♥ F ❛♥❞ x, y ∈ F s✉❝❤ t❤❛t [x, y] = TwoSum(a, b) ✭❆❧❣♦r✐t❤♠ ✶✮✳
❚❤❡♥ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❛❞❞✐t✐♦♥ ✈❡r✐✜❡s

a + b = x + y, x = a ⊕ b, |y| ≤ u|x|, |y| ≤ u|a + b|.

▲❡t a, b ∈ F ❛♥❞ x, y ∈ F s✉❝❤ t❤❛t [x, y] = TwoProd(a, b) ✭❆❧❣♦r✐t❤♠ ✸✮✳ ❚❤❡♥ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t
♣r♦❞✉❝t ✈❡r✐✜❡s

a × b = x + y, x = a ⊗ b, |y| ≤ u|x|, |y| ≤ u|a × b|.

❲❡ ♥♦t✐❝❡ t❤❛t ❛❧❣♦r✐t❤♠s ❚✇♦❙✉♠ ❛♥❞ ❚✇♦Pr♦❞ ♦♥❧② r❡q✉✐r❡ ✇❡❧❧ ♦♣t✐♠✐③❛❜❧❡ ✢♦❛t✐♥❣ ♣♦✐♥t
♦♣❡r❛t✐♦♥s✳ ❚❤❡② ❞♦ ♥♦t ✉s❡ ❜r❛♥❝❤❡s✱ ♥♦r ❛❝❝❡ss t♦ t❤❡ ♠❛♥t✐ss❛ t❤❛t ❝❛♥ ❜❡ t✐♠❡✲❝♦♥s✉♠✐♥❣✳
❚✇♦Pr♦❞ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ str❛✐❣❤t❢♦r✇❛r❞❧② ❢♦r ♣r♦❝❡ss♦rs t❤❛t ♣r♦✈✐❞❡ ❛ ❋✉s❡❞✲▼✉❧t✐♣❧②✲❛♥❞✲
❆❞❞ ♦♣❡r❛t♦r ✭❋▼❆✮✱ s✉❝❤ ❛s ■♥t❡❧ ■t❛♥✐✉♠ ♦r ■❇▼ P♦✇❡rP❈ ❬✶✼✱ ✶✽❪✳ ❋♦r a✱ b ❛♥❞ c ✐♥ F✱
FMA(a, b, c) ✐s t❤❡ ❡①❛❝t r❡s✉❧t a × b + c r♦✉♥❞❡❞ t♦ t❤❡ ♥❡❛r❡st ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❚❤✉s
y = a × b − a ⊗ b = FMA(a, b,−a ⊗ b) t❤❛t ♥♦✇ ♦♥❧② ❝♦sts ✷ ✢♦♣✳ ❲❡ ❞✐s❝✉ss ❤♦✇ t♦ ♠❛♥❛❣❡
s✉❝❤ ♦♣t✐♠✐③❛t✐♦♥ ✐♥ ❬✺❪✳

✸ ❋r♦♠ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ t♦ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❲❡ r❡❝❛❧❧ t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ t♦ ✐♥tr♦❞✉❝❡ ❛ ✜rst ❊❋❚ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✳ ❲❡
❛♣♣❧② t❤✐s ❊❋❚❍♦r♥❡r t♦ ❞❡r✐✈❡ ♦✉r ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳ ❲❡ ❡♥❞ t❤✐s s❡❝t✐♦♥ ♣r♦✈✐♥❣
t❤❡ ❛❝❝✉r❛❝② ❜❡❤❛✈✐♦r ♦❢ t❤✐s ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ♣r❡✈✐♦✉s❧② ❛♥♥♦✉♥❝❡❞ ❜② ❘❡❧❛t✐♦♥ ✭✷✮✳

✸✳✶ ❆❝❝✉r❛❝② ✇✐t❤ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❚❤❡ ❝❧❛ss✐❝ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p(x) =
∑n

i=0 aix
i ❛t ❛ ❣✐✈❡♥ ❡♥tr② x ✐s ❬✸❪

cond(p, x) =

∑n
i=0 |ai||x|

i

|
∑n

i=0 aixi|
:=

p̃(x)

|p(x)|
. ✭✼✮

❋♦r ❛♥② ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡ x ✇❡ ❞❡♥♦t❡ ❜② Horner(p, x) t❤❡ r❡s✉❧t ♦❢ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥
♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ p ❛t x ✉s✐♥❣ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✺✳ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

❢✉♥❝t✐♦♥ r0 = Horner(p, x)
rn = an

❢♦r i = n − 1 : −1 : 0
ri = ri+1 ⊗ x ⊕ ai

❡♥❞

❲❡ ❝❛♥ ♥♦✇ ✇r✐t❡ ❘❡❧❛t✐♦♥ ✭✶✮ ✇✐t❤ ♠♦r❡ ❞❡t❛✐❧s✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ r❡s✉❧t ♦❢ ❆❧❣♦r✐t❤♠ ✺
✐s ❧✐♥❦❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ t❤❛♥❦s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r✇❛r❞
❡rr♦r ❜♦✉♥❞✱

|Horner(p, x) − p(x)|

|p(x)|
≤ γ2n cond(p, x). ✭✽✮

❈❧❡❛r❧②✱ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r cond(p, x) ❝❛♥ ❜❡ ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❤❡♥
cond(p, x) > γ−1

2n ✱ ✇❡ ❝❛♥♥♦t ❣✉❛r❛♥t❡❡ t❤❛t t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t Horner(p, x) ❝♦♥t❛✐♥s ❛♥②
❝♦rr❡❝t ❞✐❣✐t✳

✻



✸✳✷ ❆♥ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❲❡ ♥♦✇ ♣r♦♣♦s❡ ❛♥ ❊❋❚ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳ ❲❡ ♣r♦✈❡
t❤❛t t❤❡ ❡rr♦r ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐s ❡①❛❝t❧② t❤❡ s✉♠ ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤
✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✳ ❚❤✐s ❛❧❧♦✇ ✉s t♦ ✇r✐t❡ ❛♥ ❛❧❣♦r✐t❤♠ t♦ ❛♣♣r♦①✐♠❛t❡ t❤✐s ❣❡♥❡r❛t❡❞
❡rr♦r✳

❆❧❣♦r✐t❤♠ ✻✳ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳
❢✉♥❝t✐♦♥ [r0, pπ, pσ] = EFTHorner(p, x)

rn = an

❢♦r i = n − 1 : −1 : 0
[pi, πi] = TwoProd(ri+1, x)
[ri, σi] = TwoSum(pi, ai)
▲❡t πi ❜❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ i ✐♥ pπ

▲❡t σi ❜❡ t❤❡ ❝♦❡✣❝✐❡♥t ♦❢ ❞❡❣r❡❡ i ✐♥ pσ

❡♥❞

❚❤❡♦r❡♠ ✼✳ ▲❡t p(x) =
∑n

i=0 aix
i ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱

❛♥❞ ❧❡t x ❜❡ ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❚❤❡♥ ❊❋❚❍♦r♥❡r ✭❆❧❣♦r✐t❤♠ ✻✮ ❝♦♠♣✉t❡s ❜♦t❤

✐✮ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ Horner(p, x) ❛♥❞

✐✐✮ t✇♦ ♣♦❧②♥♦♠✐❛❧s pπ ❛♥❞ pσ ♦❢ ❞❡❣r❡❡ n − 1 ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱

s✉❝❤ t❤❛t
[Horner(p, x), pπ, pσ] = EFTHorner(p, x).

❚❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ s❛t✐s✜❡s

p(x) = Horner(p, x) + (pπ + pσ)(x); ✭✾✮

❛♥❞ ✇❡ ❤❛✈❡
( ˜pπ + pσ)(x) ≤ ( p̃π + p̃σ)(x) ≤ γ2n p̃(x). ✭✶✵✮

❘❡❧❛t✐♦♥ ✭✾✮ ♠❡❛♥s t❤❛t ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r ✐s ❛♥ ❊❋❚ ❢♦r t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤
t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳ ❙✐♥❝❡ ❚✇♦Pr♦❞ ❛♥❞ ❚✇♦❙✉♠ ❛r❡ ❊❋❚ ❢r♦♠ ❚❤❡♦r❡♠ ✹✱ ✐t ✐s ❡❛s② t♦ ✈❡r✐❢②
t❤❛t ❛t t❤❡ ❡♥❞ ♦❢ t❤❡ ❧♦♦♣ ✇❡ ❤❛✈❡

r0 =

n∑

i=0

aix
i −

n−1∑

i=0

πix
i −

n−1∑

i=0

σix
i,

✇❤✐❝❤ ♣r♦✈❡s ❘❡❧❛t✐♦♥ ✭✾✮✳ ❯s✐♥❣ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ♦❢ ✢♦❛t✐♥❣✲♣♦✐♥t ❛r✐t❤♠❡t✐❝ ✐t ❝❛♥ ❜❡
♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ✇❡ ❤❛✈❡

|pn−i| ≤ (1 + γ2i−1)

i∑

j=1

|an−i+j ||x
j |, ❛♥❞ |rn−i| ≤ (1 + γ2i)

i∑

j=0

|an−i+j ||x
j |,

❢♦r i = 1, . . . , n✳ ❙✐♥❝❡ [pi, πi] = TwoProd(ri+1, x) ❛♥❞ [ri, σi] = TwoSum(pi, ai)✱ ❛❝❝♦r❞✐♥❣ t♦
❚❤❡♦r❡♠ ✹ ✇❡ ❤❛✈❡ |πi| ≤ u|pi| ❛♥❞ |σi| ≤ u|ri| ❢♦r i = 0, . . . , n − 1✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱

( p̃π + p̃σ)(x) ≤ u

n∑

i=1

(|pn−i| + |rn−i|)|x
n−i| ≤ u

n∑

i=1

(2 + 2γ2i) p̃(x) ≤ 2nu (1 + γ2n) p̃(x).

❙✐♥❝❡ 2nu(1 + γ2n) = γ2n✱ ✇❡ ♦❜t❛✐♥ ( p̃π + p̃σ)(x) ≤ γ2n p̃(x)✳ �

■t ✐s ♥♦✇ ❡❛s② t♦ ❞❡✜♥❡ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

✼



✸✳✸ ❈♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❋r♦♠ ❚❤❡♦r❡♠ ✼ t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ❡✈❛❧✉❛t✐♦♥ ♦❢ p ❛t x ✇✐t❤ t❤❡ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ✐s

c = p(x) − Horner(p, x) = (pπ + pσ)(x),

✇❤❡r❡ t❤❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s pπ ❛♥❞ pσ ❛r❡ ❡①❛❝t❧② ✐❞❡♥t✐✜❡❞ ❜② ❊❋❚❍♦r♥❡r ✭❆❧❣♦r✐t❤♠ ✻✮ ✖t❤✐s
❧❛tt❡r ❛❧s♦ ❝♦♠♣✉t❡s Horner(p, x)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❦❡② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ✐♥ t❤✐s s❡❝t✐♦♥
✐s t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ĉ ♦❢ t❤❡ ❢♦r✇❛r❞ ❡rr♦r c ✐♥ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱ ❛♥❞ t❤❡♥ ❛
❝♦rr❡❝t❡❞ r❡s✉❧t

r = Horner(p, x) ⊕ ĉ.

❲❡ s❛② t❤❛t ĉ ✐s ❛ ❝♦rr❡❝t✐♥❣ t❡r♠ ❢♦r Horner(p, x)✳ ❚❤❡ ❝♦rr❡❝t❡❞ r❡s✉❧t r̄ ✐s ❡①♣❡❝t❡❞ t♦ ❜❡
♠♦r❡ ❛❝❝✉r❛t❡ t❤❛♥ t❤❡ ✜rst r❡s✉❧t Horner(p, x) ❛s ♣r♦✈❡❞ ✐♥ t❤❡ r❡st ♦❢ t❤❡ s❡❝t✐♦♥✳ ❚❤❡ ♣r❡✈✐♦✉s
r❡♠❛r❦s ❧❡❛❞s t♦ ♥❡①t ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r ✭❆❧❣♦r✐t❤♠ ✽✮✳

❆❧❣♦r✐t❤♠ ✽✳ ❈♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

❢✉♥❝t✐♦♥ r = CompHorner(p, x)
[ r̂, pπ, pσ] = EFTHorner(p, x)
ĉ = Horner(pπ ⊕ pσ, x)
r = r̂ ⊕ ĉ

✸✳✹ ❆❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠

❲❡ ♣r♦✈❡ ❤❡r❡❛❢t❡r t❤❛t t❤❡ r❡s✉❧t ♦❢ ❛ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ❝♦♠♣✉t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❡♥s❛t❡❞
❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✭❈♦♠♣❍♦r♥❡r✮ ✐s ❛s ❛❝❝✉r❛t❡ ❛s ✐❢ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠
✭❍♦r♥❡r✮ ✉s✐♥❣ t✇✐❝❡ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡♥ r♦✉♥❞❡❞ t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

❚❤❡♦r❡♠ ✾✳ ❈♦♥s✐❞❡r ❛ ♣♦❧②♥♦♠✐❛❧ p ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❛ ✢♦❛t✐♥❣
♣♦✐♥t ✈❛❧✉❡✳ ❚❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐s s✉❝❤ t❤❛t

|CompHorner(p, x) − p(x)| ≤ u|p(x)| + γ2
2n p̃(x). ✭✶✶✮

Pr♦♦❢✳ ❚❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ ❆❧❣♦r✐t❤♠ ✽ ✐s

| r − p(x)| = |( r̂ ⊕ ĉ) − p(x)| = |(1 + ε)( r̂ + ĉ) − p(x)| ✇✐t❤ |ε| ≤ u.

▲❡t c = (pπ + pσ)(x)✳ ❋r♦♠ ❚❤❡♦r❡♠ ✼ ✇❡ ❤❛✈❡ r̂ = Horner(p, x) = p(x) − c✱ t❤✉s

| r − p(x)| = |(1 + ε) (p(x) − c + ĉ) − p(x)| ≤ u|p(x)| + (1 + u)| ĉ − c|.

❙✐♥❝❡ ĉ = Horner(pπ ⊕ pσ, x) ✇✐t❤ pπ ❛♥❞ pσ t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ n − 1✱ ✇❡ ✈❡r✐❢② t❤❛t

| ĉ − c| ≤ γ2n−1( ˜pπ + pσ)(x)✳ ❚❤❡♥ ✉s✐♥❣ ✭✶✵✮ ✇❡ ❤❛✈❡ | ĉ − c| ≤ γ2n−1γ2n p̃(x)✳ ❙✐♥❝❡ (1 +
u)γ2n−1 ≤ γ2n✱ ✇❡ ✜♥❛❧❧② ✇r✐t❡ t❤❡ ❡①♣❡❝t❡❞ ❡rr♦r ❜♦✉♥❞ ✭✶✶✮✳ �

■♥ ❬✹❪ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ s❛♠❡ ❜❡❤❛✈✐♦r ✐s st✐❧❧ s❛t✐s✜❡❞ ✇❤❡♥ ✉♥❞❡r✢♦✇ ♦❝❝✉rs✳ ❋♦r ❧❛t❡r ✉s❡✱
✇❡ ♥♦t✐❝❡ t❤❛t | ĉ − c| ≤ γ2n−1γ2n p̃(x) ✐♠♣❧✐❡s

| ĉ − c| ≤ γ2
2n p̃(x). ✭✶✷✮

■t ✐s ✐♥t❡r❡st✐♥❣ t♦ ✐♥t❡r♣r❡t t❤❡ ♣r❡✈✐♦✉s t❤❡♦r❡♠ ✐♥ t❡r♠s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡
♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ♦❢ p ❛t x✳ ❈♦♠❜✐♥✐♥❣ t❤❡ ❡rr♦r ❜♦✉♥❞ ✭✶✶✮ ✇✐t❤ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✭✼✮
❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ❣✐✈❡s

|CompHorner(p, x) − p(x)|

|p(x)|
≤ u + γ2

2n cond(p, x). ✭✶✸✮

✽



■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ♦❢ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t ✐s ❡ss❡♥t✐❛❧❧② γ2
2n t✐♠❡s

t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥✱ ♣❧✉s t❤❡ ✐♥❡✈✐t❛❜❧❡ t❡r♠ u ❢♦r r♦✉♥❞✐♥❣ t❤❡
r❡s✉❧t t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ cond(p, x) < γ−1

2n ✱ t❤❡♥ t❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢
t❤❡ r❡s✉❧t ✐s ❜♦✉♥❞❡❞ ❜② ❛ ❝♦♥st❛♥t ♦❢ t❤❡ ♦r❞❡r u✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ❝♦♠♣✉t❡s ❛♥ ❡✈❛❧✉❛t✐♦♥ ❛❝❝✉r❛t❡ t♦ t❤❡ ❧❛st ❢❡✇ ❜✐ts ❛s ❧♦♥❣ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r
✐s s♠❛❧❧❡r t❤❛♥ γ−1

2n ≈ (2nu)−1✳ ❇❡s✐❞❡s t❤❛t✱ ❘❡❧❛t✐♦♥ ✭✶✸✮ t❡❧❧s ✉s t❤❛t t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t
✐s ❛s ❛❝❝✉r❛t❡ ❛s ✐❢ ❝♦♠♣✉t❡❞ ❜② t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✇✐t❤ t✇✐❝❡ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱
❛♥❞ t❤❡♥ r♦✉♥❞❡❞ t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

✹ ❋❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥

❙✐♥❝❡ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ②✐❡❧❞s ❛❝❝✉r❛t❡ r❡s✉❧ts ❢♦r s♠❛❧❧ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs✱
✇❡ ♥♦✇ ❞✐s❝✉ss ✇❤❡♥ ❛♥❞ ❤♦✇ t❤✐s ❡✈❛❧✉❛t✐♦♥ r❡t✉r♥s ❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡
♦❢ t❤❡ ❡①❛❝t r❡s✉❧t✳ ❚❤❛♥❦s t♦ ❛♥ ❛ ♣r✐♦r✐ ❡rr♦r ❛♥❛❧②s✐s✱ ✇❡ ♣r♦✈✐❞❡ ❛ s✉✣❝✐❡♥t ❝r✐t❡r✐♦♥ ♦♥
t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r cond(p, x) t❤❛t t❤❡ ❝♦rr❡❝t❡❞ r❡s✉❧t r ❝♦♠♣✉t❡❞ ✇✐t❤ ❈♦♠♣❍♦r♥❡r ✐s ❛
❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ t❤❡ ❡①❛❝t r❡s✉❧t p(x)✳ ❲❡ ❛❧s♦ ❞❡r✐✈❡ ❛ ✈❛❧✐❞❛t❡❞ r✉♥♥✐♥❣ ❡rr♦r ❛♥❛❧②s✐s
❢♦r ❈♦♠♣❍♦r♥❡r✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ s❤❛r♣❡r ❡♥❝❧♦s✉r❡ ♦❢ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t r✳ ■♥ ♣❛rt✐❝✉❧❛r✱
♦✉r ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts s❤♦✇ t❤❛t t❤❡ ❝♦♠♣✉t❡❞ ❡✈❛❧✉❛t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ❢❛✐t❤❢✉❧❧②
r♦✉♥❞❡❞ ❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡✱ ❛s ❧♦♥❣ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡
✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

✹✳✶ ❆ ♣r✐♦r✐ ❝♦♥❞✐t✐♦♥ ❢♦r ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣

◆❡①t ▲❡♠♠❛ ♣r♦✈✐❞❡s ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦rr❡❝t✐♥❣ t❡r♠ ĉ t♦ ❡♥s✉r❡
t❤❡ ❡①♣❡❝t❡❞ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣✳

▲❡♠♠❛ ✶✵✳ ▲❡t p ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❜❡ ❛
✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛♣♣r♦①✐♠❛t❡ r ♦❢ p(x) ❝♦♠♣✉t❡❞ ✇✐t❤ CompHorner(p, x)✳
▲❡t c ❞❡♥♦t❡s c = (pπ + pσ)(x)✳ ■❢ | ĉ − c| < u

2 | r|✱ t❤❡♥ r ✐s ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ p(x)✳

Pr♦♦❢✳ ✭s❡❡ ❬✶✷❪ ❢♦r ❞❡t❛✐❧s✮ ❚❤❡ ♣r♦♦❢ r❡❧✐❡s ♦♥ ❬✶✾✱ ▲❡♠♠❛ ✷✳✹❪ ❛♥❞ ❘❡❧❛t✐♦♥ ✭✾✮✳ �

❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✾✱ ✇❡ ❦♥♦✇ t❤❛t t❤❡ ❛❜s♦❧✉t❡ ❡rr♦r | ĉ−c| ✐s ❜♦✉♥❞❡❞ ❜② γ2
2n p̃(x)✳

❚❤✐s ♣r♦✈✐❞❡s ✉s ❛ ♠♦r❡ ✉s❡❢✉❧ ❝r✐t❡r✐♦♥ ❛❜♦✉t t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r cond(p, x) t♦ ❡♥s✉r❡ t❤❛t
❈♦♠♣❍♦r♥❡r ❝♦♠♣✉t❡s ❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ r❡s✉❧t✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ▲❡t p ❜❡ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❛
✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ■❢

cond(p, x) <
1 − u

2 + u

uγ2n
−2, ✭✶✹✮

t❤❡♥ CompHorner(p, x) ❝♦♠♣✉t❡s ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ t❤❡ ❡①❛❝t p(x)✳

Pr♦♦❢✳ ✭s❡❡ ❬✶✷❪ ❢♦r ❞❡t❛✐❧s✮ ❯s✐♥❣ ❘❡❧❛t✐♦♥ ✭✶✶✮ ❛♥❞ ■♥❡q✉❛❧✐t② ✭✶✹✮ ✇❡ ♣r♦✈❡ (1 − u)|p(x)| −
γ2

2n p̃(x) ≤ | r|✳ ❘❡❧❛t✐♦♥ ✭✶✷✮ ❛♥❞ ❛ s♠❛❧❧ ❝♦♠♣✉t❛t✐♦♥ ❣✐✈❡

| ĉ − c| ≤ γ2
2n p̃(x) <

u

2

[
(1 − u)|p(x)| − γ2

2n p̃(x)
]
≤

u

2
| r|.

❋r♦♠ ▲❡♠♠❛ ✶✵ ✇❡ ❞❡❞✉❝❡ t❤❛t r ✐s ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ p(x)✳ �

◆✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞ ✭✶✹✮ t♦ ❡♥s✉r❡ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ✇✐t❤ t❤❡ ❝♦♠♣❡♥s❛t❡❞
❍♦r♥❡r ❛❧❣♦r✐t❤♠ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❚❛❜❧❡ ✶ ❢♦r ❞❡❣r❡❡s ✈❛r②✐♥❣ ❢r♦♠ ✶✵ t♦ ✸✵✵ ❛♥❞ ■❊❊❊✲✼✺✹
❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✳

✾



❚❛❜❧❡ ✶✿ ❆ ♣r✐♦r✐ ❜♦✉♥❞ ♦♥ t❤❡ ❝♦♥❞✳ ♥✉♠❜❡r ❢♦r ❛ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n✳

n ✶✵ ✶✵✵ ✷✵✵ ✸✵✵
1−u

2−u
uγ2n

−2 1.13 · 1013 1.13 · 1011 2.82 · 1010 1.13 · 1010

✹✳✷ ❉②♥❛♠✐❝ ❡rr♦r ❜♦✉♥❞s

❚❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts ❛r❡ ♣❡r❢❡❝t❧② s✉✐t❡❞ ❢♦r t❤❡♦r❡t✐❝❛❧ ♣✉r♣♦s❡✱ ❢♦r ✐♥st❛♥❝❡ ✇❤❡♥ ✇❡ ❝❛♥ ❛ ♣r✐♦r✐
❜♦✉♥❞ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ♦❢ t❤❡ ❡✈❛❧✉❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ♥❡✐t❤❡r t❤❡ ❡rr♦r ❜♦✉♥❞ ✐♥ ❚❤❡♦r❡♠ ✾✱
♥♦r t❤❡ ❝r✐t❡r✐♦♥ ♣r♦♣♦s❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✶ ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ✉s✐♥❣ ♦♥❧② ✢♦❛t✐♥❣ ♣♦✐♥t
❛r✐t❤♠❡t✐❝✳ ❍❡r❡ ✇❡ ♣r♦✈✐❞❡ ❞②♥❛♠✐❝❛❧ ❝♦✉♥t❡r♣❛rts ♦❢ ❚❤❡♦r❡♠ ✾ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✶✱ t❤❛t ❝❛♥
❜❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣ ✢♦❛t✐♥❣ ♣♦✐♥t ❛r✐t❤♠❡t✐❝✱ ✐♥ t❤❡ ✏r♦✉♥❞ t♦ t❤❡ ♥❡❛r❡st✑ r♦✉♥❞✐♥❣ ♠♦❞❡✳

▲❡♠♠❛ ✶✷✳ ❈♦♥s✐❞❡r ❛ ♣♦❧②♥♦♠✐❛❧ p ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❛ ✢♦❛t✐♥❣
♣♦✐♥t ✈❛❧✉❡✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆❧❣♦r✐t❤♠ ✽✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ (pπ + pσ)(x) ❜② c✳ ❚❤❡♥

|c − ĉ| ≤ fl

(
γ̂2n−1Horner(|pπ| ⊕ |pσ|, |x|)

1 − 2(n + 1)u

)
:= α̂. ✭✶✺✮

Pr♦♦❢✳ ▲❡t ✉s ❞❡♥♦t❡ Horner(|pπ| ⊕ |pσ|, |x|) ❜② b̂✳ ❙✐♥❝❡ c = (pπ + pσ)(x) ❛♥❞ ĉ = Horner(pπ ⊕
pσ, x) ✇❤❡r❡ pπ ❛♥❞ pσ ❛r❡ t✇♦ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ n− 1✳ ❇♦✉♥❞✐♥❣ t❤❡ ❡rr♦r ✐♥ Horner(pπ ⊕
pσ, x) ❛s ❞♦♥❡ ❢♦r Horner(p, x)✱ ✇❡ ✇r✐t❡

|c − ĉ| ≤ γ2n−1( ˜pπ + pσ)(x) ≤ (1 + u)2n−1γ2n−1 b̂.

❋r♦♠ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ❘❡❧❛t✐♦♥ ✭✺✮ ❛♥❞ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✭✹✮ ✐t ❢♦❧❧♦✇s t❤❛t

|c − ĉ| ≤ (1 + u)2n γ̂2n−1 b̂ ≤ (1 + u)2n+1 fl( γ̂2n−1 b̂).

❋✐♥❛❧❧② ✇❡ ✉s❡ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐♥ ❘❡❧❛t✐♦♥ ✭✺✮ t♦ ♦❜t❛✐♥ t❤❡ ❡rr♦r ❜♦✉♥❞✳ �

▲❡♠♠❛ ✶✷ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ❡rr♦r ❜♦✉♥❞ ❢♦r t❤❡ ❝♦♠♣✉t❡❞ ❝♦rr❡❝t✐♥❣ t❡r♠ ĉ✳ ❋r♦♠
❚❤❡♦r❡♠ ✼ ✇❡ ❦♥♦✇ t❤❛t p(x) = r̂ + c✱ ❛♥❞ s✐♥❝❡ r = r̂ ⊕ ĉ ✇❡ ✇r✐t❡

| r − p(x)| ≤ |( r̂ ⊕ ĉ) − ( r̂ + ĉ)| + |( ĉ − c)|.

❚❤❡ ✜rst t❡r♠ |( r̂ ⊕ ĉ)− ( r̂ + ĉ)| ✐♥ t❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t② ✐s t❤❡ ❛❜s♦❧✉t❡ r♦✉♥❞✐♥❣ ❡rr♦r t❤❛t
♦❝❝✉rs ✇❤❡♥ ❝♦♠♣✉t✐♥❣ r̂ ⊕ ĉ✳ ❯s✐♥❣ ♦♥❧② ✭✹✮✱ ✐t ❝♦✉❧❞ ❜❡ ❜♦✉♥❞❡❞ ❜② u| r|✳ ❇✉t ❤❡r❡ ✇❡ ✉s❡
❛❧❣♦r✐t❤♠ TwoSum t♦ ❝♦♠♣✉t❡ t❤❡ ❛❝t✉❛❧ r♦✉♥❞✐♥❣ ❡rr♦r ❡①❛❝t❧②✱ ✇❤✐❝❤ ❧❡❛❞s t♦ ❛ s❤❛r♣❡r ❡rr♦r
❜♦✉♥❞✳

Pr♦♣♦s✐t✐♦♥ ✶✸✳ ❈♦♥s✐❞❡r ❛ ♣♦❧②♥♦♠✐❛❧ p ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞ x ❛
✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆❧❣♦r✐t❤♠ ✽✱ ❛♥❞ ✇❡ ❛ss✉♠❡ t❤❛t e ✐s t❤❡ ✢♦❛t✐♥❣
♣♦✐♥t ✈❛❧✉❡ s✉❝❤ t❤❛t r + e = r̂ + ĉ✱ ✐✳❡✳✱ [ r, e] = TwoSum( r̂, ĉ)✳ ▼♦r❡♦✈❡r✱ ❧❡t α̂ ❜❡ t❤❡ ❡rr♦r
❜♦✉♥❞ ❞❡✜♥❡❞ ❜② ✭✶✺✮✳ ❚❤❡♥✱ t❤❡ ❛❜s♦❧✉t❡ ❡rr♦r ♦♥ t❤❡ ❝♦♠♣✉t❡❞ r❡s✉❧t r = CompHorner(p, x)
✐s ❜♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦

| r − p(x)| ≤ fl

(
α̂ + |e|

1 − 2u

)
:= β̂. ✭✶✻✮

▼♦r❡♦✈❡r✱ ✐❢ α̂ < u

2 | r|✱ t❤❡♥ r ✐s ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ♦❢ p(x)✳

✶✵



Pr♦♦❢✳ ❇② ❤②♣♦t❤❡s✐s r = r̂ + ĉ − e✱ ❛♥❞ ❢r♦♠ ❚❤❡♦r❡♠ ✼ ✇❡ ❤❛✈❡ p(x) = r̂ + c✱ t❤✉s

| r − p(x)| = | ĉ − c − e| ≤ | ĉ − c| + |e| ≤ α̂ + |e|.

❋r♦♠ t❤❡ st❛♥❞❛r❞ ♠♦❞❡❧ ✭✹✮ ❛♥❞ t❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ✐♥ ✭✺✮ ✐t ❢♦❧❧♦✇s t❤❛t

| r − p(x)| ≤ (1 + u) fl( α̂ + |e|) ≤ fl

(
α̂ + |e|

1 − 2u

)
.

❚❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✶✵✳ �

❋r♦♠ Pr♦♣♦s✐t✐♦♥ ✶✸ ✇❡ ❝♦♥❝❧✉❞❡ ✇✐t❤ ♥❡①t ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧✳ ■t ❝♦♠♣✉t❡s
t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t r t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✈❛❧✐❞❛t❡❞ ❡rr♦r ❜♦✉♥❞ β̂✳ ▼♦r❡♦✈❡r✱ t❤❡ ❜♦♦❧❡❛♥
✈❛❧✉❡ ✐s❢❛✐t❤❢✉❧ ✐s s❡t t♦ tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ r❡s✉❧t ✐s ♣r♦✈❡❞ t♦ ❜❡ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞✳

❆❧❣♦r✐t❤♠ ✶✹✳ ❈♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✇✐t❤ ❝❤❡❝❦ ♦❢ t❤❡ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣✳

❢✉♥❝t✐♦♥ [ r, β̂, ✐s❢❛✐t❤❢✉❧] = CompHornerIsFaithful(p, x)

[ r̂, pπ, pσ] = EFTHorner(p, x)

ĉ = Horner(pπ ⊕ pσ, x)

b̂ = Horner(|pπ| ⊕ |pσ|, |x|)

[ r, e] = TwoSum( r̂, ĉ)

α̂ = ( γ̂2n−1 ⊗ b̂) ⊘ (1 ⊖ 2(n + 1) ⊗ u)

β̂ = ( α̂ ⊕ |e|) ⊘ (1 − 2 ⊗ u)

✐s❢❛✐t❤❢✉❧ = ( α̂ < u

2 | r|)

✹✳✸ ❚❡st✐♥❣ t❤❡ ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ❛♥❞ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❞②♥❛♠✐❝ ❜♦✉♥❞

❲❡ ❢♦❝✉s ♦♥ ❜♦t❤ t❤❡ ❛ ♣r✐♦r✐ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ❜♦✉♥❞s✳ ❲❡ r❡❝❛❧❧ t❤❛t t✇♦ ❝❛s❡s ♠❛② ♦❝❝✉r
✇❤❡♥ t❤❡ ❞②♥❛♠✐❝ t❡st ❢♦r ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ✐♥ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ ✐s ♣❡r❢♦r♠❡❞✳

✶✳ ■❢ t❤❡ ❞②♥❛♠✐❝ t❡st ✐s s❛t✐s✜❡❞✱ t❤✐s ♣r♦✈❡s t❤❛t t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t ✐s ❛ ❢❛✐t❤❢✉❧ r♦✉♥❞✲
✐♥❣ ♦❢ t❤❡ ❡①❛❝t p(x)✳ ❈♦rr❡s♣♦♥❞✐♥❣ ♣❧♦ts ❛r❡ r❡♣♦rt❡❞ ✇✐t❤ ❛ sq✉❛r❡ ✭�✮ ✐♥ ❋✐❣✉r❡ ✷✳

✷✳ ■❢ t❤❡ ❞②♥❛♠✐❝ t❡st ❢❛✐❧s t❤❡♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t ♠❛② ♦r ♠❛② ♥♦t ❜❡ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞✳
❲❡ ❞✐st✐♥❣✉✐s❤ t✇♦ s✉❜✲❝❛s❡s ✇❤❡r❡ ✇❡ ❝♦♠♣❛r❡ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧ts t♦ r❡❢❡r❡♥❝❡ ♦♥❡s
♦❜t❛✐♥❡❞ ❢r♦♠ ❤✐❣❤✲♣r❡❝✐s✐♦♥ ❝♦♠♣✉t❛t✐♦♥✳

❛✮ ■❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t ✐s ❛❝t✉❛❧❧② ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞✱ ✇❡ r❡♣♦rt ❛ ✜❧❧❡❞ ❝✐r❝❧❡ ✭•✮❀

❜✮ ♦t❤❡r✇✐s❡ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t ❞♦❡s ♥♦t ❢❛✐t❤❢✉❧❧② r♦✉♥❞ p(x) ❛♥❞ ✇❡ ♣❧♦t ❛ ❝r♦ss ✭×✮✳

❲❡ ❣❡♥❡r❛t❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✺✵ ✇❤♦s❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ✈❛r② ❢r♦♠ 102 t♦ 1035✳ ❚❤❡s❡
❤✉❣❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ❤❛✈❡ ❛ s❡♥s❡ ❤❡r❡ s✐♥❝❡ t❤❡ ❡♥tr✐❡s ❛♥❞ t❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ ❡✈❡r② ❣❡♥❡r❛t❡❞
♣♦❧②♥♦♠✐❛❧ ❛r❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ✭s❡❡ ❬✶✷❪ ❢♦r ❞❡t❛✐❧s ❛❜♦✉t t❤❡ ❣❡♥❡r❛t✐♦♥ ❛❧❣♦r✐t❤♠✮✳

❚❤❡ r❡s✉❧ts ♦❢ t❤❡ t❡sts ✇✐t❤ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ ✭❆❧❣♦r✐t❤♠ ✶✹✮ ❛r❡ r❡♣♦rt❡❞ ✇✐t❤ t❤❡ ❧❡❢t
♣❧♦t ♦❢ ❋✐❣✉r❡ ✷✳ ❖♥ t❤✐s ♣❧♦t t❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s r❡♣r❡s❡♥ts t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✭✼✮✳

❲❡ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ❡①❤✐❜✐ts t❤❡ ❡①♣❡❝t❡❞ ❜❡❤❛✈✐♦r✳ ❚❤❡ r❡❧❛t✐✈❡
❡rr♦r ✐♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ r❡s✉❧t ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ✖t❤❡ ❤♦r✐③♦♥t❛❧ ❧✐♥❡✖
❛s ❧♦♥❣ ❛s t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r ✐s s♠❛❧❧❡r t❤❛♥ 1/u ✖t❤❡ r✐❣❤t♠♦st ✈❡rt✐❝❛❧ ❧✐♥❡✳ ❚❤❡♥✱ ❢♦r
❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ❜❡t✇❡❡♥ 1/u ❛♥❞ 1/u2✱ t❤✐s r❡❧❛t✐✈❡ ❡rr♦r ❞❡❣r❛❞❡s t♦ ♥♦ ❛❝❝✉r❛❝② ❛t ❛❧❧✳ ❆s
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Accuracy of polynomial evaluation with the compensated Horner scheme [n=50]
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Accuracy of the absolute error bounds for CompHorner

A priori error bound
Dynamic error bound
Actual forward error

❋✐❣✉r❡ ✷✿ ▲❡❢t✿ ❛❝❝✉r❛❝② ♦❢ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ ✇✳r✳t✳ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r✳ ❚❤❡ ❧❡❢t♠♦st
✈❡rt✐❝❛❧ ❧✐♥❡ ✐s t❤❡ ❛ ♣r✐♦r✐ ❝♦♥❞✐t✐♦♥ ✭✶✹✮ ❛♥❞ t❤❡ ❜r♦❦❡♥ ❧✐♥❡ ✐s t❤❡ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ✭✶✸✮✳
❘✐❣❤t✿ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ❛❜s♦❧✉t❡ ❡rr♦r ❜♦✉♥❞s✳

✉s✉❛❧✱ t❤❡ ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞ ✭✶✸✮ ❛♣♣❡❛rs t♦ ❜❡ ♣❡ss✐♠✐st✐❝ ❜② ♠❛♥② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡
✖❝♦♠♣❛r❡ t❤❡ ♦❜s❡r✈❡❞ ❜❡❤❛✈✐♦r ✇✐t❤ t❤❡ ❝♦♠♠❡♥ts ✇❡ ♣r♦✈✐❞❡ ❥✉st ❛❢t❡r ❘❡❧❛t✐♦♥ ✭✶✸✮

❚❤❡ ❛ ♣r✐♦r✐ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✭✶✹✮ ❢♦r ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ✐s ❛❧s♦ r❡♣r❡s❡♥t❡❞ ♦♥ ❋✐❣✉r❡ ✷ ✭❧❡❢t s✐❞❡✮ ❜② t❤❡ ❧❡❢t♠♦st ✈❡rt✐❝❛❧ ❧✐♥❡✳ ❆s ❡①♣❡❝t❡❞✱
❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ✇✐t❤ ❛ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r s♠❛❧❧❡r t❤❛♥ t❤✐s ❛ ♣r✐♦r✐ ❜♦✉♥❞ ✭✶✹✮ ✐s
❢❛✐t❤❢✉❧❧② ❡✈❛❧✉❛t❡❞ ✇✐t❤ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t t❤❡ ❞②♥❛♠✐❝ t❡st ❢♦r ❢❛✐t❤❢✉❧
r♦✉♥❞✐♥❣ ✭Pr♦♣♦s✐t✐♦♥ ✶✸✮ s✉❝❝❡❡❞s ❢♦r ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ❧❛r❣❡r t❤❛♥ t❤❡ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ✭✶✹✮
✖❧❡t ✉s r❡❝❛❧❧ t❤❛t ❛❧❧ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥s ♣r♦✈❡❞ t♦ ❜❡ ❢❛✐t❤❢✉❧❧② r♦✉♥❞❡❞ t❤❛♥❦s t♦
t❤❡ ❞②♥❛♠✐❝ t❡st ❛r❡ r❡♣♦rt❡❞ ✇✐t❤ ❛ sq✉❛r❡✳ ❋✐♥❛❧❧② ✇❡ ♥♦t✐❝❡ t❤❛t t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ♣r♦❞✉❝❡s ❛❝❝✉r❛t❡ ❡✈❛❧✉❛t✐♦♥s ❢♦r ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡rs ✉♣ t♦ ❛❜♦✉t 1/u ✖❡✈❛❧✉❛t✐♦♥s
r❡♣♦rt❡❞ ✇✐t❤ ❛ sq✉❛r❡ ♦r ❛ ✜❧❧❡❞ ❝✐r❝❧❡✳

◆♦✇ ✇❡ ✐❧❧✉str❛t❡ t❤❡ s✐❣♥✐✜❝❛♥❝❡ ♦❢ t❤❡ ❞②♥❛♠✐❝ ❡rr♦r ❜♦✉♥❞ ✭✶✻✮✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛ ♣r✐♦r✐
❛❜s♦❧✉t❡ ❡rr♦r ❜♦✉♥❞ ✭✶✶✮ ❛♥❞ t♦ t❤❡ ❛❝t✉❛❧ ❢♦r✇❛r❞ ❡rr♦r✳ ❲❡ ❡✈❛❧✉❛t❡ t❤❡ ❡①♣❛♥❞❡❞ ❢♦r♠
♦❢ p(x) = (1 − x)5 ❢♦r 400 ♣♦✐♥ts ❛r♦✉♥❞ x = 1✳ ❋♦r ❡✈❡r② ✈❛❧✉❡ ♦❢ t❤❡ ❡♥tr② x✱ ✇❡ ❝♦♠♣✉t❡
CompHorner(p, x)✱ t❤❡ ❛ss♦❝✐❛t❡❞ ❞②♥❛♠✐❝ ❡rr♦r ❜♦✉♥❞ ✭✶✻✮ ❛♥❞ t❤❡ ❛❝t✉❛❧ ❢♦r✇❛r❞ ❡rr♦r✳ ❚❤❡
r❡s✉❧ts ❛r❡ r❡♣♦rt❡❞ ♦♥ t❤❡ r✐❣❤t ♣❧♦t ♦❢ ❋✐❣✉r❡ ✷✳

❆s ❛❧r❡❛❞② ♥♦t✐❝❡❞✱ t❤❡ ❝❧♦s❡r t❤❡ ❛r❣✉♠❡♥t ✐s t♦ t❤❡ r♦♦t 1 ✭✐✳❡✳✱ t❤❡ ♠♦r❡ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ✐♥❝r❡❛s❡s✮✱ t❤❡ ♠♦r❡ ♣❡ss✐♠✐st✐❝ ❜❡❝♦♠❡s t❤❡ ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞✳ ❖✉r ❞②♥❛♠✐❝ ❡rr♦r
❜♦✉♥❞ ✐s ♠♦r❡ s✐❣♥✐✜❝❛♥t t❤❛♥ t❤❡ ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞ ❛s ✐t t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t t❤❡ r♦✉♥❞✐♥❣
❡rr♦rs t❤❛t ♦❝❝✉r ❞✉r✐♥❣ t❤❡ ❝♦♠♣✉t❛t✐♦♥✳

✺ ❆ r❡❝✉rs✐✈❡ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥

■♥ t❤❡ s❡q✉❡❧ ♦❢ t❤❡ ♣❛♣❡r✱ p1 ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ n ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✱ ❛♥❞
x ✐s ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ≥ 2✱ ✇❡ ♥♦✇ ❞❡✜♥❡ ❛ ♥❡✇ ❊❋❚ ❢♦r ♣♦❧②♥♦♠✐❛❧
❡✈❛❧✉❛t✐♦♥✳ ❚❤❡ st❛rt✐♥❣ ♣♦✐♥t ✐s ❘❡❧❛t✐♦♥ ✭✾✮ t❤❛t ♣r♦✈❡s t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✇✐t❤✐♥ t❤❡ ❍♦r♥❡r
❛❧❣♦r✐t❤♠ ✐s t❤❡ s✉♠ ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts✳ ❙♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤✐s
❊❋❚ ✐s t♦ ❛♣♣❧② ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r ✭❆❧❣♦r✐t❤♠ ✻✮ r❡❝✉rs✐✈❡❧② K − 1 t✐♠❡s✳

✶✷



✺✳✶ ❘❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r

❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥ts ✇✐❧❧ ❜❡ ❡❛s✐❡r t♦ r❡❛❞ ✐♥tr♦❞✉❝✐♥❣ ❛ ❣r❛♣❤✐❝❛❧ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ♦♥❡
❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❊❋❚❍♦r♥❡r tr❛♥s❢♦r♠❛t✐♦♥ ✭❆❧❣♦r✐t❤♠ ✻✮✳ ●✐✈❡♥ pi ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡✲
❣r❡❡ d ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts ❛♥❞ x ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢♦❛t✲
✐♥❣ ♣♦✐♥t ✈❛❧✉❡ hi ❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s p2i ❛♥❞ p2i+1 ♦❢ ❞❡❣r❡❡ ❛t ♠♦st d − 1 s✉❝❤ t❤❛t
[hi, p2i, p2i+1] = EFTHorner(pi, x)✳ ❋r♦♠ ❚❤❡♦r❡♠ ✼✱ ✇❡ ❤❛✈❡ hi = Horner(pi, x) ❛♥❞

pi(x) = hi + (p2i + p2i+1)(x).

❲❡ r❡♣r❡s❡♥t t❤✐s ❊❋❚ ♦❢ pi(x) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❡❧❧ ✇❤❡r❡ ❡❞❣❡s ❛r❡ ♣♦❧②♥♦♠✐❛❧s ✭♦♥❡ ❡♥tr②
❛♥❞ t✇♦ ♦✉t♣✉ts✮ ❛♥❞ t❤❡ ♥♦❞❡ ✐s ❛ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡✳

pi

hi

p2i p2i+1

◆♦✇ ✇❡ ❞❡s❝r✐❜❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❊❋❚❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠ ❛s t❤❡ ❜✐♥❛r② tr❡❡ ♦❢ ❞❡♣t❤ K
r❡♣r❡s❡♥t❡❞ ✇✐t❤ ❋✐❣✉r❡ ✸✳ ❋♦r ❧❡✈❡❧s 1 t♦ K − 1✱ ✇❡ r❡❝✉rs✐✈❡❧② ❛♣♣❧② ❊❋❚❍♦r♥❡r✳ ❆t t❤❡ ❧❛st
❧❡✈❡❧ K t❤✐s ❣✐✈❡s 2K−1 ♣♦❧②♥♦♠✐❛❧s ❤❡r❡ r❡♣r❡s❡♥t❡❞ ❛s r❡❝t❛♥❣❧❡s✳

❲❤❡♥ ❊❋❚❍♦r♥❡r ✐s ❛♣♣❧✐❡❞ t♦ ❛ ♣♦❧②♥♦♠✐❛❧ ♦❢ ❞❡❣r❡❡ d t❤❡♥ t❤❡ t✇♦ ❣❡♥❡r❛t❡❞ ♣♦❧②♥♦♠✐❛❧s
❛r❡ ♦❢ ❞❡❣r❡❡ d − 1✳ ❙✐♥❝❡ p1 ✐s ♦❢ ❞❡❣r❡❡ n ❛♥❞ ❊❋❚❍♦r♥❡r ✐s ❛♣♣❧✐❡❞ t♦ K − 1 ❧❡✈❡❧s✱ t❤❡
♣♦❧②♥♦♠✐❛❧s ❝♦♠♣✉t❡❞ ♦♥ t❤❡ ❧❡✈❡❧ K ❛r❡ ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n−K+1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ n−K+1 =
0 t❤❡♥ t❤❡ ♣♦❧②♥♦♠✐❛❧s ❝♦♠♣✉t❡❞ ❛t t❤❡ ❧❡❛✈❡s ♦❢ t❤❡ ❜✐♥❛r② tr❡❡ ❛r❡ ❝♦♥st❛♥ts ❛♥❞ s♦ ✐t ✐s
✉s❡❧❡ss t♦ ❛♣♣❧② ❛❣❛✐♥ ❊❋❚❍♦r♥❡r✳ ❚❤❡r❡❢♦r❡✱ t♦ s✐♠♣❧✐❢② t❤❡ ❞✐s❝✉ss✐♦♥ ✇❡ ✇✐❧❧ ❛❧✇❛②s ❛ss✉♠❡
2 ≤ K ≤ n + 1 ✐♥ t❤❡ s❡q✉❡❧✳

p2K−1

h2K−1−1

4

3

2

1

K

K − 1

p2K−1+1p2K−1

h2K−2

p2K−2

h1

h2 h3

h4 h5 h6 h7

h8 h15h14h13h12h11h10h9

p2 p3

p4 p6p5 p7

p9 p15p13p11p8 p10 p12 p14

p2K−2 p2K−1p2K−1+1p2K−1

p1level

n − K + 1

n − K + 2

n − 3

n − 2

n − 1

n

degree

❋✐❣✉r❡ ✸✿ ❘❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r❑ ❛s ❛ ❜✐♥❛r② tr❡❡✳

❚♦ ❡❛s✐❧② ✐❞❡♥t✐❢② t❤❡ ♥♦❞❡s ✐♥ t❤✐s ❜✐♥❛r② tr❡❡✱ ✇❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡ts ♦❢ ✐♥❞❡①✳

• NK
T = {1, . . . , 2K − 1} ✐s t❤❡ s❡t ♦❢ ❛❧❧ t❤❡ ♥♦❞❡s ♦❢ t❤❡ tr❡❡✱ ❛♥❞ card(NK

T ) = 2K − 1❀

• NK
I = {1, . . . , 2K−1 − 1} ✐s t❤❡ s❡t ♦❢ t❤❡ ✐♥t❡r♥❛❧ ♥♦❞❡s✱ ❛♥❞ card(NK

I ) = 2K−1 − 1❀

• NK
L = {2K−1, . . . , 2K − 1} ✐s t❤❡ s❡t ♦❢ t❤❡ ❧❡❛✈❡s✱ ❛♥❞ card(NK

L ) = 2K−1✳

✶✸



■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ NT = NI ∪ NL ❛♥❞ NI ∩ NL = ∅✳ ❲❡ ❛✈♦✐❞ t❤❡ ❡①♣♦♥❡♥t K ✐♥ t❤❡ s❡t
♥♦t❛t✐♦♥s ❡①❝❡♣t ✇❤❡♥ ♥❡❝❡ss❛r②✳ ❚❤❡ r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r t♦ K −1 ❧❡✈❡❧s ✐s t❤❡♥
❞❡✜♥❡❞ ❜②

[hi, p2i, p2i+1] = EFTHorner(pi, x), ❢♦r i ∈ NI , ✭✶✼✮

✇✐t❤ hi ∈ F ❢♦r i ∈ NI ❛♥❞ pi ❜❡✐♥❣ ❛ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ✢♦❛t✐♥❣ ♣♦✐♥t ❝♦❡✣❝✐❡♥ts ❢♦r ❡✈❡r②
i ∈ NT ✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼✱ ❡✈❡r② hi ❞❡✜♥❡❞ ❜② t❤❡ ♣r❡✈✐♦✉s r❡❧❛t✐♦♥ ✐s t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢
t❤❡ ♣♦❧②♥♦♠✐❛❧ pi ❛t x ❜② t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✱ ✐✳❡✳✱

hi = Horner(pi, x), ❢♦r i ∈ NI .

❙✐♥❝❡ ❊❋❚❍♦r♥❡r ✐s ❛♥ ❊❋❚ ❢♦r t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✱ ❚❤❡♦r❡♠ ✼ ❛❧s♦ ②✐❡❧❞s

pi(x) = hi + (p2i + p2i+1)(x), ❢♦r i ∈ NI . ✭✶✽✮

❚❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s hi∈NI
❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s pi∈NL

❛r❡ ❝♦♠♣✉t❡❞ t❤❛♥❦s t♦ t❤❡ ♥❡①t
❊❋❚❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✶✺✳ ❘❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❊❋❚❍♦r♥❡r t♦ K − 1 ❧❡✈❡❧s✳

❢✉♥❝t✐♦♥ [hi∈NI
, pi∈NL

] = EFTHornerK(p1, x)
❢♦r i ∈ NI ✱ [hi, p2i, p2i+1] = EFTHorner(pi, x)

✺✳✷ ◆✉♠❡r✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❊❋❚❍♦r♥❡r❑

❋✐rst ✇❡ ♣r♦✈❡ t❤❛t ❊❋❚❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✶✺✮ ✐s ❛❝t✉❛❧❧② ❛♥ ❊❋❚ ❢♦r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ p1(x)✳

❚❤❡♦r❡♠ ✶✻✳ ●✐✈❡♥ ❛♥ ✐♥t❡❣❡r K ✇✐t❤ 2 ≤ K ≤ n + 1✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs
hi∈NI

❛♥❞ t❤❡ ♣♦❧②♥♦♠✐❛❧s pi∈NL
✱ s✉❝❤ t❤❛t [hi∈NI

, pi∈NL
] = EFTHornerK(p1, x) ✭❆❧❣♦r✐t❤♠ ✶✺✮✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥ ❤♦❧❞s✱

p1(x) =
∑

i∈NI

hi +
∑

i∈NL

pi(x). ✭✶✾✮

❆❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r❑ ❝♦♠♣✉t❡s t❤❡ ❡✈❛❧✉❛t✐♦♥ hi = Horner(pi, x) ♦❢ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ pi✱
❢♦r i ∈ NI ✳ ❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✻✱ ✇❡ ❛❧s♦ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
♣♦❧②♥♦♠✐❛❧s pi(x)✱ ❢♦r i ∈ NL✳ ❙♦ ❧❡t ✉s ❛❧s♦ ❞❡♥♦t❡ hi = Horner(pi, x)✱ ❢♦r i ∈ NL✳

Pr♦♦❢✳ ✭s❡❡ ❬✶✹❪ ❢♦r ❞❡t❛✐❧s✮✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ K✳ ❋♦r K = 2✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✼
✇❡ ❤❛✈❡ p1(x) = Horner(p1, x) + (p2 + p3)(x) = h1 + p2(x) + p3(x)✱ ❛♥❞ t❤❡r❡❢♦r❡ [h1, p2, p3] =
EFTHorner(p1, x)✳ ❚❤❡ ✐♥❞✉❝t✐♦♥ st❡♣ ✐s ❡❛s② t♦ ❞❡r✐✈❡ ✉s✐♥❣ ❘❡❧❛t✐♦♥s ✭✶✼✮ ❛♥❞ ✭✶✽✮✳ �

Pr♦♣♦s✐t✐♦♥ ✶✼✳ ❲✐t❤ t❤❡ s❛♠❡ ❤②♣♦t❤❡s✐s ❛s ✐♥ ❚❤❡♦r❡♠ ✶✻✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s ❤♦❧❞✱
∣∣∣∣∣∣
p1(x) −

∑

i∈NT

hi

∣∣∣∣∣∣
=

∣∣∣∣∣∣

∑

i∈NL

pi(x) − hi

∣∣∣∣∣∣
≤ γ2(n−K+1)γ

K−1
4n p̃1(x). ✭✷✵✮

❚❤❡ ❡rr♦r ❣❡♥❡r❛t❡❞ ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ p1(x) ❜② t❤❡ ❡①❛❝t s✉♠
∑

i∈NT
hi ✐s t❤❡r❡❢♦r❡

❡q✉❛❧ t♦ t❤❡ s✉♠ ♦❢ t❤❡ ❡rr♦rs ❣❡♥❡r❛t❡❞ ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ ❡✈❡r② pi(x) ❜② hi = Horner(pi, x)✱
❢♦r i ∈ NL✳ ❚❤❡ ♣r❡✈✐♦✉s ♣r♦♣♦s✐t✐♦♥ ❛❧s♦ ♣r♦✈✐❞❡s ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ♦♥ t❤✐s ❡rr♦r ✇✐t❤ r❡s♣❡❝t
t♦ p̃1(x) =

∑n
i=0 |ai||x|

i✳ ❙❡❡ ❬✶✹❪ ❢♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✼✳

❖✉r ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② ■♥❡q✉❛❧✐t② ✭✷✵✮✳ ❚❤✐s ✐♥❡q✉❛❧✐t② s❤♦✇s t❤❛t ✇❤❡♥ t❤❡ ♣❛r❛♠❡✲
t❡r K ✐s ✐♥❝r❡♠❡♥t❡❞ ❜② ♦♥❡✱ t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ p1(x) ❛♥❞ t❤❡ ❡①❛❝t s✉♠

∑
i∈NT

hi ❞❡❝r❡❛s❡s
❜② ❛ ❢❛❝t♦r γ4n✱ t❤❛t ❝♦rr❡s♣♦♥❞s r♦✉❣❤❧② t♦ ❛♥ ❛❝❝✉r❛❝② ✐♠♣r♦✈❡♠❡♥t ❜② ❛ ❢❛❝t♦r 4nu✳

✶✹



✻ ❆❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑

◆♦✇ ✇❡ ❢♦r♠✉❧❛t❡ t❤❡ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✶✾✮✱ ❛♥❞ t❤❡♥ ✇❡ ♣r♦✈✐❞❡ ❛♥ ❛ ♣r✐♦r✐
❡rr♦r ❜♦✉♥❞ ❢♦r t❤✐s r❡❝✉rs✐✈❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥✳

✻✳✶ Pr✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠

❆s ♣r❡✈✐♦✉s❧②✱ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ✈❛❧✉❡s hi∈NT
❛r❡ ❞❡✜♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ r❡❧❛t✐♦♥s

[hi∈NI
, pi∈NL

] = EFTHornerK(p1, x)✱ ❛♥❞ hi = Horner(pi, x) ❢♦r i ∈ NL✳ ❚❤❡♥ ■♥❡q✉❛❧✐t② ✭✷✵✮
s❤♦✇s t❤❛t ∣∣∣∣∣∣

p1(x) −
∑

i∈NT

hi

∣∣∣∣∣∣
≤ (4nu)K p̃1(x) + O(uK+1). ✭✷✶✮

❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❈♦♠♣❍♦r♥❡r❑ ❛❧❣♦r✐t❤♠ ✐s t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡
CompHornerK(p, x, K) ♦❢

∑
i∈NT

hi ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✱ s♦ t❤❛t

|CompHornerK(p, x, K) − p1(x)|

|p1(x)|
≤

(
u + O(u2)

)
+

(
(4nu)K + O(uK+1)

)
cond(p1, x). ✭✷✷✮

■♥ t❤✐s ✐♥❡q✉❛❧✐t② t❤❡ t❡r♠ (4nu)K + O(uK+1) r❡✢❡❝ts t❤❛t t❤❡ ✐♥t❡r♠❡❞✐❛t❡ ❝♦♠♣✉t❛t✐♦♥ ✐s ❛s
❛❝❝✉r❛t❡ ❛s ✐❢ ♣❡r❢♦r♠❡❞ ✐♥ ♣r❡❝✐s✐♦♥ u

K ✳ ❚❤❡ ✜rst t❡r♠ u + O(u2) r❡✢❡❝ts t❤❡ ✜♥❛❧ r♦✉♥❞✐♥❣
♦❢ t❤❡ r❡s✉❧t t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u✳ ❚❤✐s ❛❝❝✉r❛❝② ❜♦✉♥❞ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♥tr♦❞✉❝t♦r②
❘❡❧❛t✐♦♥ ✭✸✮✳ ❋♦r t❤❡ ✜♥❛❧ ❝♦♠♣✉t❛t✐♦♥ ♦❢

∑
i∈NT

hi✱ ✇❡ ✉s❡ t❤❡ ❙✉♠❑ ❛❧❣♦r✐t❤♠ ♣r♦♣♦s❡❞ ❜②
❖❣✐t❛✱ ❘✉♠♣ ❛♥❞ ❖✐s❤✐ ✐♥ ❬✶✽❪✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ❛❧❧♦✇s ✉s t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡ ♦❢∑

i∈NT
hi ✇✐t❤ t❤❡ s❛♠❡ ❛❝❝✉r❛❝② ❛s ✐❢ ✐t ✇❛s ❝♦♠♣✉t❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ s✉♠♠❛r✐③❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❛❧❣♦r✐t❤♠ ❙✉♠❑✳

❚❤❡♦r❡♠ ✶✽ ✭♣r♦♣♦s✐t✐♦♥ ✹✳✶✵ ✐♥ ❬✶✽❪✮✳ ●✐✈❡♥ ❛ ✈❡❝t♦r z = (z1, . . . , zn) ♦❢ n ✢♦❛t✐♥❣ ♣♦✐♥t
✈❛❧✉❡s✱ ❧❡t ✉s ❞❡✜♥❡ s =

∑n
i=1 zi ❛♥❞ s̃ =

∑n
i=1 |zi|✳ ❲❡ ❛ss✉♠❡ 4nu < 1 ❛♥❞ ✇❡ ❞❡♥♦t❡ ❜② s

t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡r s✉❝❤ t❤❛t s = SumK(z,K)✳ ❚❤❡♥✱ ❡✈❡♥ ✐♥ ♣r❡s❡♥❝❡ ♦❢ ✉♥❞❡r✢♦✇✱

| s − s| ≤ (u + 3γ2
n−1)|s| + γK

2n−2 s̃. ✭✷✸✮

✻✳✷ ❈♦♠♣❍♦r♥❡r❑ ❛♥❞ ✐ts ❛ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞

◆♦✇ ✇❡ ❢♦r♠✉❧❛t❡ ♦✉r ❝♦♠♣❡♥s❛t❡❞ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t ✐s ❛s ❛❝❝✉r❛t❡ ❛s
t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

❆❧❣♦r✐t❤♠ ✶✾✳ ❈♦♠♣❡♥s❛t❡❞ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣r♦✈✐❞✐♥❣ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳
❢✉♥❝t✐♦♥ r = CompHornerK(p1, x,K)

[hi∈NI
, pi∈NL

] = EFTHornerK(p1, x)

❢♦r i ∈ NL✱ hi = Horner(pi, x)

r = SumK (hi∈NT
,K)

■♥ ❛❧❣♦r✐t❤♠ ❊❋❚❍♦r♥❡r❑✱ ♣♦❧②♥♦♠✐❛❧s pi∈NI
❛r❡ ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n✳ ❆♣♣❧②✐♥❣

❊❋❚❍♦r♥❡r t♦ ❡❛❝❤ ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s r❡q✉✐r❡s O(n) ✢♦♣✳ ❙✐♥❝❡ card(NI) = 2K−1 − 1✱
t❤❡ ❝♦st ♦❢ ❊❋❚❍♦r♥❡r❑ ✐s t❤❡r❡❢♦r❡ O

(
n2K

)
✢♦♣✳ ■♥ ❈♦♠♣❍♦r♥❡r❑✱ t❤❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡

2K−1 ♣♦❧②♥♦♠✐❛❧s pi∈NL
❛❧s♦ r❡q✉✐r❡s O(n2K) ✢♦♣✳ ❋✐♥❛❧❧②✱ SumK (hi∈NT

,K) ✐♥✈♦❧✈❡s
(6K − 5)(2K−1 − 1) = O(n2K) ✢♦♣✳ ❖✈❡r❛❧❧✱ t❤❡ ❝♦st ♦❢ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✐s t❤❡r❡❢♦r❡
O

(
n2K

)
✢♦♣✳ ❲❡ ✇✐❧❧ ❢✉rt❤❡r s❡❡ t❤❛t t❤✐s ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t② ❞♦❡s ♥♦t r❡❞✉❝❡ t❤❡ ♣r❛❝t✐❝❛❧

❡✣❝✐❡♥❝② ♦❢ t❤❡ ♣r♦♣♦s❡❞ ❛❧❣♦r✐t❤♠ ❢♦r r❡❛s♦♥❛❜❧❡ ✈❛❧✉❡s ♦❢ ❑✱ ❡✳❣✳✱ ✇❤✐❧❡ K ≤ 4✳

◆❡①t t❤❡♦r❡♠ ❣✐✈❡s ❛♥ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ❢♦r t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ ❈♦♠♣❍♦r♥❡r❑✳

✶✺



❚❤❡♦r❡♠ ✷✵✳ ▲❡t K ❜❡ ❛♥ ✐♥t❡❣❡r s✉❝❤ t❤❛t 2 ≤ K ≤ n + 1✳ ❲❡ ❛ss✉♠❡ (2K − 2)γ2n+1 ≤ 1✳
❚❤❡♥ t❤❡ ❢♦r✇❛r❞ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ♦❢ p1(x) ✇✐t❤ r = CompHornerK(p1, x)
✭❆❧❣♦r✐t❤♠ ✶✾✮ ✐s ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✱

| r − p1(x)| ≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γK

4n + γ2n+1γ
K
2K+1−4 + γK+1

4n

)
p̃1(x). ✭✷✹✮

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✵✱ ✇❡ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ t♦ ❜♦✉♥❞ t❤❡ ❛❜s♦❧✉t❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ❢♦r t❤❡ ✜♥❛❧ s✉♠♠❛t✐♦♥ ♦❢ t❤❡ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs hi∈NT

✳

▲❡♠♠❛ ✷✶✳ ❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ ❆❧❣♦r✐t❤♠ ✶✾✱ ❛ss✉♠✐♥❣ (2K − 2)γ2n+1 ≤ 1✱ ✇❡ ❤❛✈❡∑
i∈NT

|hi| ≤ |p1(x)| + γ4n p̃1(x)✳

Pr♦♦❢✳ ❲❡ ❞❡❝♦♠♣♦s❡ t❤❡ s✉♠ ❛s ❢♦❧❧♦✇s✱
∑

i∈NT
|hi| = |h1| +

∑
i∈NT−{1} |hi|✳ ❙✐♥❝❡ h1 =

Horner(p1, x)✱ ✇❡ ❤❛✈❡ |h1| ≤ |p1(x)| + γ2n p̃1(x)✳ ▼♦r❡♦✈❡r✱ ❢♦r i ∈ NT − {1} ✇❡ ❛❧s♦ ❤❛✈❡
hi = Horner(pi, x) ✇✐t❤ pi ♦❢ ❞❡❣r❡❡ ❛t ♠♦st n − 1 ❛♥❞ p̃i(x) ≤ γ2n p̃1(x)✱ t❤✉s

|hi| ≤ |pi(x)| + γ2(n−1) p̃i(x) ≤ (1 + γ2(n−1)) p̃i(x) ≤ (1 + γ2(n−1))γ2n p̃1(x) ≤ γ2n+1 p̃1(x).

❚❤❡r❡❢♦r❡
∑

i∈NT
|hi| ≤ |p1(x)|+γ2n(1+(2K−2)γ2n+1) p̃1(x)✳ ❇② ❛ss✉♠♣t✐♦♥ (2K−2)γ2n+1 ≤ 1✱

s♦ t❤❛t γ2n(1 + (2K − 2)γ2n+1) ≤ 2γ2n ≤ γ4n✱ ✇❤✐❝❤ ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳ �

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✵✳ ❉❡✜♥✐♥❣ t❤❡ t❡r♠s e1 :=
∣∣∣p1(x) −

∑
i∈NT

hi

∣∣∣ ❛♥❞ e2 :=
∣∣∣
∑

i∈NT
hi − r

∣∣∣✱
✇❡ ❤❛✈❡ | r − p1(x)| ≤ e1 + e2✳ ❆❝❝♦r❞✐♥❣ t♦ Pr♦♣♦s✐t✐♦♥ ✶✼ ✐t ❢♦❧❧♦✇s t❤❛t e1 ≤ γ2nγK−1

4n p̃1(x)✳
❚❤❡ s❡❝♦♥❞ t❡r♠ e2 ❞❡♥♦t❡s t❤❡ ❡rr♦r ♦❝❝✉rr✐♥❣ ✐♥ t❤❡ ✜♥❛❧ s✉♠♠❛t✐♦♥ ✇✐t❤ ❛❧❣♦r✐t❤♠ ❙✉♠❑✳
❯s✐♥❣ t❤❡ ❡rr♦r ❜♦✉♥❞ ✭✷✸✮✱ ✇❡ ❞❡❞✉❝❡ e2 ≤ (u+3γ2

2K−2
)|s|+γK

2K+1−4
s̃✱ ✇✐t❤ s =

∑
i∈NT

hi ❛♥❞

s̃ =
∑

i∈NT
|hi|✳ ❯s✐♥❣ ❚❤❡♦r❡♠ ✶✻ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶✼✱ ✇❡ ❤❛✈❡ |s| ≤ |p1(x)| + γ2nγK−1

4n p̃1(x)✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ s̃ ✐s ❜♦✉♥❞❡❞ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✷✶✳ ❚❤✉s ✇❡ ✇r✐t❡

e2 ≤ (u + 3γ2
2K−2)

(
|p1(x)| + γ2nγK−1

4n p̃1(x)
)

+ γK
2K+1−4 (|p1(x)| + γ4n p̃1(x))

≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γ4nγK

2K+1−4 + γK+1
4n

)
p̃1(x).

❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

| r − p1(x)| ≤
(
u + 3γ2

2K−2 + γK
2K+1−4

)
|p1(x)| +

(
γ2nγK−1

4n + γ4nγK
2K+1−4 + γK+1

4n

)
p̃1(x),

✇❤✐❝❤ ♣r♦✈❡s ❚❤❡♦r❡♠ ✷✵✳ �

✻✳✸ ◆✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❈♦♠♣❍♦r♥❡r❑

❚♦ ❡①❤✐❜✐t t❤❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✶✾✮ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥❞✐t✐♦♥
♥✉♠❜❡r ✇❡ ❤❛✈❡ ❣❡♥❡r❛t❡❞ 700 ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ 25 ✇✐t❤ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r r❛♥❣✐♥❣ ❢r♦♠
102 t♦ 10100✳ ❚❤❡ ❝♦❡✣❝✐❡♥ts ♦❢ t❤❡s❡ ♣♦❧②♥♦♠✐❛❧s ❛r❡ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✈❛❧✉❡s ❬✶✷❪✳

❲❡ r❡♣♦rt ✇✐t❤ ❋✐❣✉r❡ ✹ t❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ ❡✈❡r② ♣♦❧②♥♦♠✐❛❧ ❡✈❛❧✉❛t✐♦♥ ♣❡r❢♦r♠❡❞ ✇✐t❤
❍♦r♥❡r ❛♥❞ ❈♦♠♣❍♦r♥❡r❑ ❢♦r s✉❝❝❡ss✐✈❡ ✐t❡r❛t❡s K = 2, 3, 4✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝♦♥❞✐t✐♦♥ ♥✉♠❜❡r
cond(p, x)✳ ❲❡ ❛❧s♦ r❡♣r❡s❡♥t t❤❡ ❛ ♣r✐♦r✐ r❡❧❛t✐✈❡ ❡rr♦r ❜♦✉♥❞s ✭✶✮ ❛♥❞ ✭✷✷✮✳

❆s ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❡rr♦r ❜♦✉♥❞s✱ t❤❡ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✐s ✐♥ ♣r❛❝t✐❝❡ ❛s
❛❝❝✉r❛t❡ ❛s t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ♣❡r❢♦r♠❡❞ ✐♥ K t✐♠❡s t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ✇✐t❤ ❛ ✜♥❛❧ r♦✉♥❞✲
✐♥❣ t♦ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳ ❋♦r ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ✈❛❧✉❡ ♦❢ K ✭♠♦r❡ t❤❛♥ t❤♦s❡ ❤❡r❡ r❡♣r❡s❡♥t❡❞
❤❛✈❡ ❜❡❡♥ t❡st❡❞✮ t❤❡ r❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ t❤❡
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Condition number cond(p,x)

Accuracy of polynomial evaluation [n=25]
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❋✐❣✉r❡ ✹✿ ❘❡❧❛t✐✈❡ ❛❝❝✉r❛❝② ♦❢ ❍♦r♥❡r ❛♥❞ ♦❢ t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❡✈❛❧✉❛t✐♦♥s ❈♦♠✲
♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✶✾✮ ✇✐t❤ r❡s♣❡❝t t♦ cond(p, x)✱ ❢♦r K = 2, 3, 4✳ ❆ ♣r✐♦r✐ ❡rr♦r ❜♦✉♥❞s
❛r❡ r❡♣r❡s❡♥t❡❞ ❛s ❝♦♥t✐♥✉♦✉s ❧✐♥❡s✳

✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ u ❛s ❧♦♥❣ ❛s cond(p, x) ✐s s♠❛❧❧❡r t❤❛♥ u
−K ✳ ❖❢ ❝♦✉rs❡ ❈♦♠♣❍♦r♥❡r❑ ❡①❤✐❜✐ts

t❤❡ s❛♠❡ ♥✉♠❡r✐❝❛❧ ❜❡❤❛✈✐♦r ❛s ❈♦♠♣❍♦r♥❡r ✇❤❡♥ K = 2✳
❲❡ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❛ ♣r✐♦r✐ ❜♦✉♥❞ ✭✷✷✮ ♦❢ t❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥ t❤❡ ❝♦♠♣✉t❡❞ ❡✈❛❧✉❛t✐♦♥

✐s ❛❧✇❛②s ♣❡ss✐♠✐st✐❝ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❛❝t✉❛❧ ✭♠❡❛s✉r❡❞✮ ❡rr♦r ❜② ♠❛♥② ♦r❞❡rs ♦❢ ♠❛❣♥✐t✉❞❡✳
▼♦r❡♦✈❡r t❤✐s ❡rr♦r ❜♦✉♥❞ ✐s ♠♦r❡ ❛♥❞ ♠♦r❡ ♣❡ss✐♠✐st✐❝ ✇❤❡♥ t❤❡ ♣❛r❛♠❡t❡r K ✐♥❝r❡❛s❡s ✖t❤✐s
♣❤❡♥♦♠❡♥♦♥ ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ❬✶✽❪ ❢♦r t❤❡ ❝♦♠♣❡♥s❛t❡❞ ❞♦t ♣r♦❞✉❝t ❛❧❣♦r✐t❤♠ ❉♦t❑✳

✼ ❘✉♥♥✐♥❣ t✐♠❡ ♣❡r❢♦r♠❛♥❝❡s

■♥ t❤✐s ❧❛st ❙❡❝t✐♦♥ ✇❡ ❞❡♠♦♥str❛t❡ t❤❡ ♣r❛❝t✐❝❛❧ ❡✣❝✐❡♥❝② ✐♥ t❡r♠s ♦❢ r✉♥♥✐♥❣ t✐♠❡ ❝♦♠✲
♣❛r✐♥❣ ♦✉r ❛❧❣♦r✐t❤♠s ❛♥❞ ✉♣✲t♦✲❞❛t❡ ❝❤❛❧❧❡♥❣❡rs ♦♥ s❡✈❡r❛❧ s✐❣♥✐✜❝❛♥t ❝♦♠♣✉t✐♥❣ ❡♥✈✐r♦♥♠❡♥ts✳

▲❡t ✉s ✜rst ❡♠♣❤❛s✐③❡ t❤❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡
❝♦❡✣❝✐❡♥ts ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧✱ ♥♦r ♦♥ t❤❡ ❛r❣✉♠❡♥t x✱ ❜✉t ♦♥❧② ♦♥ t❤❡ ❞❡❣r❡❡ n✳ ❆❧❧ ❡①♣❡r✐♠❡♥ts
❛r❡ ♣❡r❢♦r♠❡❞ ✉s✐♥❣ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥✈✐r♦♥♠❡♥ts✳

✭■✮ ■♥t❡❧ P❡♥t✐✉♠ ✹✱ ✸✳✵ ●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✷✱ ❢♣✉ ①✽✼❀
✭■■✮ ❆▼❉ ❆t❤❧♦♥ ✻✹✱ ✷✳✵ ●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✷✱ ❢♣✉ ss❡❀
✭■■■✮ ■t❛♥✐✉♠ ✷✱ ✶✳✺ ●❍③✱ ●◆❯ ❈♦♠♣✐❧❡r ❈♦❧❧❡❝t✐♦♥ ✹✳✶✳✶❀
✭■❱✮ ■t❛♥✐✉♠ ✷✱ ✶✳✺ ●❍③✱ ■♥t❡❧ ❈ ❈♦♠♣✐❧❡r ✾✳✶✳

❲❡ ❝♦♥s✐❞❡r s❡♣❛r❛t❡❧② t❤❡ ❡①♣❡r✐♠❡♥ts ✇✐t❤ ❈♦♠♣❍♦r♥❡r ❛♥❞ ❈♦♠♣❍♦r♥❡r❑✳

✼✳✶ ❈♦♠♣❍♦r♥❡r r✉♥s ❛t ❧❡❛st t✇✐❝❡ ❛s ❢❛st ❛s ❞♦✉❜❧❡✲❞♦✉❜❧❡ ❍♦r♥❡r

❙✐♥❝❡ ❞♦✉❜❧❡✲❞♦✉❜❧❡s ❬✶❪ ❛r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ♠♦st ❡✣❝✐❡♥t ♣♦rt❛❜❧❡ ❧✐❜r❛r② t♦ ❞♦✉❜❧❡
t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ✐t ❛s ❛ r❡❢❡r❡♥❝❡ ✐♥ t❤❡ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ❈♦♠✲
♣❍♦r♥❡r✳ ❋♦r ♦✉r ♣✉r♣♦s❡✱ ✐t s✉✣❝❡s t♦ ❦♥♦✇ t❤❛t ❛ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ♥✉♠❜❡r a ✐s t❤❡ ♣❛✐r (ah, al)
♦❢ ■❊❊❊✲✼✺✹ ✢♦❛t✐♥❣ ♣♦✐♥t ♥✉♠❜❡rs ✇✐t❤ a = ah + al ❛♥❞ |al| ≤ u|ah|✳ ❚❤✐s ♣r♦♣❡rt② ✐♠♣❧✐❡s
❛ r❡♥♦r♠❛❧✐s❛t✐♦♥ st❡♣ ❛❢t❡r ❡❛❝❤ ❛r✐t❤♠❡t✐❝ ♦♣❡r❛t✐♦♥ ♦♥ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ✈❛❧✉❡s✳ ❲❡ ❞❡♥♦t❡ ❜②
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❉❉❍♦r♥❡r ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✇✐t❤ t❤❡ ❞♦✉❜❧❡✲❞♦✉❜❧❡ ❢♦r♠❛t✱ ❞❡r✐✈❡❞
❢r♦♠ t❤❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♣r♦♣♦s❡❞ ❜② t❤❡ ❛✉t❤♦rs ♦❢ ❬✶✺❪✳

❲❡ ✐♠♣❧❡♠❡♥t t❤❡ t❤r❡❡ ❛❧❣♦r✐t❤♠s ❈♦♠♣❍♦r♥❡r✱ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ ❛♥❞ ❉❉❍♦r♥❡r ✐♥
❛ ❈ ❝♦❞❡ t♦ ♠❡❛s✉r❡ t❤❡✐r ♦✈❡r❤❡❛❞ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❍♦r♥❡r❛❧❣♦r✐t❤♠✳ ❲❡ ♣r♦❣r❛♠ t❤❡s❡
t❡sts str❛✐❣❤t❢♦r✇❛r❞❧② ✇✐t❤ ♥♦ ♦t❤❡r ♦♣t✐♠✐③❛t✐♦♥ t❤❛♥ t❤❡ ♦♥❡s ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❝♦♠♣✐❧❡r✳
❆❧❧ t✐♠✐♥❣s ❛r❡ ❞♦♥❡ ✇✐t❤ t❤❡ ❝❛❝❤❡ ✇❛r♠❡❞ t♦ ♠✐♥✐♠✐③❡ t❤❡ ♠❡♠♦r② tr❛✣❝ ♦✈❡r✲❝♦st✳ ❚❤❡
♠❡❛s✉r❡s ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ ♣♦❧②♥♦♠✐❛❧s ✇❤♦s❡ ❞❡❣r❡❡ ✈❛r② ❢r♦♠ ✺ t♦ ✷✵✵ ❜② st❡♣ ♦❢ ✺✳ ❋♦r
❡✈❡r② ❛❧❣♦r✐t❤♠✱ ✇❡ ♠❡❛s✉r❡ t❤❡ r❛t✐♦ ♦❢ ✐ts ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦✈❡r t❤❡ ❝♦♠♣✉t✐♥❣ t✐♠❡ ♦❢ t❤❡
❍♦r♥❡r ❛❧❣♦r✐t❤♠❀ ✇❡ ❞✐s♣❧❛② t❤❡ ❛✈❡r❛❣❡ t✐♠❡ r❛t✐♦ ♦✈❡r ❛❧❧ t❡st ❝❛s❡s ✐♥ ❚❛❜❧❡ ✷✳

❚❛❜❧❡ ✷✿ ▼❡❛s✉r❡❞ r✉♥♥✐♥❣ t✐♠❡ r❛t✐♦s t♦ ❞♦✉❜❧❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠✳

CompHorner
Horner

CompHornerIsFaithful
Horner

DDHorner
Horner

✭■✮ P✹ ❣❝❝ ✹✳✶✳✷ ✷✳✽ ✸✳✺ ✽✳✻

✭■■✮ ❆▼❉✻✹ ❣❝❝ ✹✳✶✳✷ ✸✳✷ ✸✳✻ ✽✳✼

✭■■■✮ ■❆✬✻✹ ❣❝❝ ✹✳✶✳✶ ✷✳✽ ✸✳✹ ✻✳✼

✭■❱✮ ✐❝❝ ✾✳✶ ✶✳✺ ✶✳✼ ✺✳✾

∼ 2 − 3 ∼ 2 − 4 ∼ 5 − 9

❚❤❡ r❡s✉❧ts ✐♥ ❚❛❜❧❡ ✷ s❤♦✇ t❤❛t t❤❡ s❧♦✇❞♦✇♥ ❢❛❝t♦r ✐♥tr♦❞✉❝❡❞ ❜② ❈♦♠♣❍♦r♥❡r ❝♦♠♣❛r❡❞
t♦ ❍♦r♥❡r r♦✉❣❤❧② ✈❛r✐❡s ❜❡t✇❡❡♥ ✷ ❛♥❞ ✸✳ ❚❤❡ s❛♠❡ s❧♦✇❞♦✇♥ ❢❛❝t♦r ✈❛r✐❡s ❜❡t✇❡❡♥ ✷ ❛♥❞ ✹
❢♦r ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ ❛♥❞ ❜❡t✇❡❡♥ ✺ ❛♥❞ ✾ ❢♦r ❉❉❍♦r♥❡r✳ ❚❤❡r❡❢♦r❡ ✇❡ ❝❛♥ s❡❡ t❤❛t t❤❡
♦✈❡r✲❝♦st ❞✉❡ t♦ t❤❡ ❞②♥❛♠✐❝ t❡st ❢♦r ❢❛✐t❤❢✉❧ r♦✉♥❞✐♥❣ ✐s q✉✐t❡ r❡❛s♦♥❛❜❧❡✳ ❆♥②✇❛② ❈♦♠♣❍♦r♥❡r
❛♥❞ ❈♦♠♣❍♦r♥❡r■s❋❛✐t❤❢✉❧ r✉♥ ❜♦t❤ s✐❣♥✐✜❝❛♥t❧② ❢❛st❡r t❤❛♥ ❉❉❍♦r♥❡r✳

❲❡ ♣r♦✈✐❞❡ t✐♠❡ r❛t✐♦s ❢♦r ■❆✬✻✹ ❛r❝❤✐t❡❝t✉r❡ ✭■t❛♥✐✉♠ ✷✮✳ ❚❡st❡❞ ❛❧❣♦r✐t❤♠s t❛❦❡ ❜❡♥❡✜t
❢r♦♠ ■❆✬✻✹ ✐♥str✉❝t✐♦♥s ✭❛s ❋▼❆✮ ❜✉t ❛r❡ ♥♦t ❞❡s❝r✐❜❡❞ ❤❡r❡ ✖s❡❡ ❬✺❪ ❢♦r ❞❡t❛✐❧s✳

✼✳✷ ❈♦♠♣❍♦r♥❡r❑ r✉♥s ❢❛st❡r t❤❛♥ ❝❤❛❧❧❡♥❣❡rs ❢♦r K ≤ 4✳

❋✐rst ❡①♣❡r✐♠❡♥ts st✉❞② t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❛❧❣♦r✐t❤♠ ❈♦♠♣❍♦r♥❡r❑ ✭❆❧❣♦r✐t❤♠ ✶✾✮ ❛ss✉♠✐♥❣
t❤❛t K ✐s ❛♥ ❛r❣✉♠❡♥t ♦❢ t❤❡ ✐♠♣❧❡♠❡♥t❡❞ r♦✉t✐♥❡✳ ❙✐♥❝❡ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ✐s t❤❡ ✇♦r❦✐♥❣
♣r❡❝✐s✐♦♥✱ ❈♦♠♣❍♦r♥❡r❑ s✐♠✉❧❛t❡s ❛ ♣r❡❝✐s✐♦♥ ♦❢ ❛❜♦✉t K×53 ❜✐ts✳ ❲❡ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r❑ t♦
t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ t❤❡ ▼P❋❘ ❧✐❜r❛r② ❬✶✻❪ ✉s✐♥❣ ❛ ♣r❡❝✐s✐♦♥ ♦❢ K×53 ❜✐ts❀
✇❡ ❞❡♥♦t❡ ❜② ▼P❋❘❍♦r♥❡r❑ t❤✐s ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ ✉s❡ ❛ ✸✾ r❛♥❞♦♠ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡
❢r♦♠ ✶✵ t♦ ✷✵✵✱ ❜② st❡♣ ♦❢ ✺✳ ❋♦r ❡✈❡r② ❝♦♥s✐❞❡r❡❞ ❞❡❣r❡❡ n ✇❡ ♠❡❛s✉r❡ t❤❡ ♦✈❡r❤❡❛❞ ✐♥tr♦❞✉❝❡❞
❜② t❤❡ ❛❧❣♦r✐t❤♠s ❈♦♠♣❍♦r♥❡r❑ ❛♥❞ ▼P❋❘❍♦r♥❡r❑ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r ❛❧❣♦r✐t❤♠
✭✇❡ ♠❡❛s✉r❡ t❤❡ r❛t✐♦ ♦❢ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❈♦♠♣❍♦r♥❡r❑ ♦✈❡r t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❍♦r♥❡r✱ ❛♥❞
✇❡ ♣❡r❢♦r♠ t❤❡ s❛♠❡ ♠❡❛s✉r❡♠❡♥t ❢♦r▼P❋❘❍♦r♥❡r❑✮✳ ❲❡ r❡♣♦rt t❤❡ ❛✈❡r❛❣❡ ♦✈❡r❤❡❛❞s ❢♦r ❜♦t❤
❛❧❣♦r✐t❤♠s ✇✐t❤ r❡s♣❡❝t t♦ K ♦♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ ❋✐❣✉r❡ ✺✳

❈♦♠♣❍♦r♥❡r❑ ✐s ❝❧❡❛r❧② ♥♦t ❝♦♠♣❡t✐t✐✈❡ ❝♦♠♣❛r❡❞ t♦ ▼P❋❘❍♦r♥❡r❑ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢
K✳ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♣❧❡①✐t② ✇✐t❤ r❡s♣❡❝t t♦ K ♦❢ ❈♦♠♣❍♦r♥❡r❑ ✇❡ ♣r❡✈✐♦✉s❧② ❡①❤✐❜✐t
❝❡rt❛✐♥❧② ❥✉st✐✜❡s t❤✐s ❧✐♠✐t❛t✐♦♥✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐♥ ♦✉r ❡①♣❡r✐♠❡♥ts ❈♦♠♣❍♦r♥❡r❑ r✉♥s ❛❧✇❛②s
❢❛st❡r t❤❛♥ ▼P❋❘❍♦r♥❡r❑ ✇❤✐❧❡ K ✐s s♠❛❧❧❡r t❤❛♥ ✹✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡ ♣r❛❝t✐❝❛❧ ✐♥t❡r❡st ♦❢
❈♦♠♣❍♦r♥❡r ❢♦r s✐♠✉❧❛t✐♥❣ ❛ s♠❛❧❧ ✐♠♣r♦✈❡♠❡♥t ♦❢ t❤❡ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥✳

◆❡①t ✇❡ st✉❞② ❛♥ ♦♣t✐♠✐③❡❞ ✈❡rs✐♦♥ ♦❢ ❈♦♠♣❍♦r♥❡r❑ ❛ ♣r✐♦r✐ s❡tt✐♥❣ ❛ ✈❛❧✉❡ ❢♦r K✳ ❲❡ ♥❛♠❡
❈♦♠♣❍♦r♥❡r✹ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ❢♦r K = 4✳ ❙❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡r K t♦ ❛ ♣❛r✲

✶✽
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[Environment I: P4, gcc, x87]
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[Environment II: Athlon 64, gcc, sse]
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[Environment III: Itanium, gcc]
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[Environment IV: Itanium, icc]
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❋✐❣✉r❡ ✺✿ ❆✈❡r❛❣❡ ♠❡❛s✉r❡❞ r✉♥♥✐♥❣ t✐♠❡ r❛t✐♦s ❝♦♠♣❛r❡❞ t♦ ❍♦r♥❡r ♦❢ ❈♦♠♣❍♦r♥❡r❑ ❛♥❞
▼P❋❘❍♦r♥❡r❑ ✭❧❡❢t✮ ❛♥❞ ❢♦r ❈♦♠♣❍♦r♥❡r✹✱ ◗❉❍♦r♥❡r ❛♥❞ ▼P❋❘❍♦r♥❡r✹ ✭r✐❣❤t✮✳

t✐❝✉❧❛r ✈❛❧✉❡ ❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❜✉t ❛❧❧♦✇s t❤❡ ❝♦♠♣✐❧❡r t♦ ♣❡r❢♦r♠
♠♦r❡ ♦♣t✐♠✐③❛t✐♦♥s ❛♥❞ ♣r♦✈✐❞❡ ❜❡tt❡r ♣r❛❝t✐❝❛❧ ♣❡r❢♦r♠❛♥❝❡s✳ ❲❡ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r✹ t♦
◗❉❍♦r♥❡r✱ t❤❡ ❍♦r♥❡r ❛❧❣♦r✐t❤♠ ✐♠♣❧❡♠❡♥t❡❞ ✇✐t❤ q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝ ✖t❤❛t ❛❧s♦ s✐♠✉✲
❧❛t❡s ✹ t✐♠❡s t❤❡ ■❊❊❊✲✼✺✹ ❞♦✉❜❧❡ ♣r❡❝✐s✐♦♥ ❬✶❪✳ ❋♦r ❛ ❢❛✐r ❝♦♠♣❛r✐s♦♥✱ ♦✉r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
◗❉❍♦r♥❡r ✐♥❧✐♥❡s t❤❡ q✉❛❞✲❞♦✉❜❧❡ ❛r✐t❤♠❡t✐❝ ❞❡s❝r✐❜❡❞ ✐♥ ❬✻❪ ❛♥❞ ✐s ❛❧s♦ ❝♦♠♣✐❧❡❞ ✇✐t❤ t❤❡ s❛♠❡
♦♣t✐♠✐③✐♥❣ ♦♣t✐♦♥ ❛s ❈♦♠♣❍♦r♥❡r✹✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡ ❈♦♠♣❍♦r♥❡r✹ t♦ ▼P❋❘❍♦r♥❡r✹ ✉s✐♥❣ t❤❡
▼P❋❘ ❧✐❜r❛r② ✇✐t❤ ❛ ✇♦r❦✐♥❣ ♣r❡❝✐s✐♦♥ ♦❢ 212 ❜✐ts✳

❆s ❜❡❢♦r❡ ✇❡ ✉s❡ ✸✾ r❛♥❞♦♠ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ ✈❛r②✐♥❣ ❢r♦♠ ✶✵ t♦ ✷✵✵ ❜② st❡♣ ♦❢ ✺✳ ❋♦r
❡✈❡r② ♣♦❧②♥♦♠✐❛❧✱ ✇❡ ♠❡❛s✉r❡ t❤❡ ♦✈❡r❤❡❛❞ ♦❢ ❈♦♠♣❍♦r♥❡r✹ ❝♦♠♣❛r❡❞ t♦ t❤❡ ❝❧❛ss✐❝ ❍♦r♥❡r
❛❧❣♦r✐t❤♠✳ ❋♦r ❡✈❡r② ❡♥✈✐r♦♥♠❡♥t ❧✐st❡❞ ❛❜♦✈❡ ✇❡ r❡♣♦rt t❤❡ ♠✐♥✐♠✉♠✱ t❤❡ ❛✈❡r❛❣❡ ❛♥❞ t❤❡
♠❛①✐♠✉♠ ✈❛❧✉❡s ♦❢ t❤✐s ♦✈❡r❤❡❛❞ ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❋✐❣✉r❡ ✺✳ ❲❡ ❛❧s♦ r❡♣♦rt t❤❡ s❛♠❡ ❛✈❡r❛❣❡
♦✈❡r❤❡❛❞s ❢♦r ◗❉❍♦r♥❡r ❛♥❞ ▼P❋❘❍♦r♥❡r✹✳
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