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Universal Coding on Infinite Alphabets:
Exponentially Decreasing Envelopes

Dominique Bontemps

Abstract—This paper deals with the problem of universal X™. In this setting, if an algorithm is associated to the
lossless coding on a countable infinite alphabet. It focusesn probability distribution@™, its expected redundancy reduces

some classes of sources defined by an envelope condition oe thtO the Kullbach-Liebler divergence betwe@t and Q"
marginal distribution, namely exponentially decreasing @velope
Pn(Xln):|

classes with exponent.
The minimax redundancy of exponentially decreasing envefme D(P™";Q") = Epn |log 0" (X))
classes is proved to be equivalent tm log? n. Then a coding Q" (X1:n)
strategy is proposed, with a Bayes redundancy equivalent tthe \\ee call this quantity (expected) redundancy of the distitisu
maximin redundancy. At last, an adaptive algorithm is provided, Q™ (with respect toP™)

whose redundancy is equivalent to the minimax redundancy. Unfortunately, the true statistics of the source are notkmo

Index Terms—Data compression, universal .coding, infinite in general, buP™ is supposed to belong to some large class of
countable alphabets, redundancy, Bayes, adaptive compigion. sourcesh (for instance, the class of all iid sources, or the class
of Markov sources). In this paper, the maximum redundancy
I. INTRODUCTION . N
OMPRESSION of data is broadly used in our daily life: En(Q4) = f_:};li R (@75 P7)
from the movies we watch to the office documents we . peo
produce. In this article, we are interested in lossless cgouf1€aSUres how w_eII a _codln_g probapm@ behave on an
coding on an unknown alphabet. This has applicationsirsaréaeptlre F!aS.SA‘ V.V'Fh this pomt of view, the bes? coding
such as language modeling or lossless multimedia codecs.prppab'“ty is aminimaxcoding probability, that achieves the
First, we present briefly the problematics of source codinﬁ].'n'max redundancy
More details are available in general textbooks, like [1]. Rn(A) = inf R, (Q™; A).
Then we make a short review of preceding results, in which Qr

we situate the topic of this article, exponentially dectegs another way to measure the ability of a class of sources to be

envelope classes, and we announce our results. efficiently encoded is thBayes redundancy
A. Source coding R, . (A) = glf/ R,(Q"; P™")du(P)
CJA

Consider a finite or countably infinite alphab¥®t A source ) ) R )
on X is a probability distributionP, on the sett™ of infinite WNerey is a prior distribution om endowed with the topology
sequences of symbols fromt. Its marginal distributions are ©f Weak convergence and the Boreffield. Only one coding
denoted byP™, n > 1 (for n = 1, we only noteP). The scope strategy achieves the Bayes redundancy: the Bayes mixture

of lossless source coding is to encode a sequence of symbols
X1.,, generated according tB”, into a sequence of bits as M, pu(21:0) = /@ Py (z1:n) dpu(0).
small as possible. The algorithm has to be uniquely decedabl oo
The binary entropyH(P") = Epn[—log, P"(X;.,)] is WhenAis aclass of iid sources on the seét= N of positive
known to be a lower bound for the expected codelength ftegers, there is a natural parametrizatiodddy P (j) = 0;,
X1.,. From now onlog denotes the logarithm taken to bas@ith & = (61,02,...) € ©x. O, is then a subset of
2, while In is used to denote the natural logarithm. Since
arithmetic coding based oR™ encodes a messagg.,, with . . N . o
[—log P"(z1.,)] + 1 bits, this lower bound can be achieved ©=10=010:.)01]": 291 =1
within two bits. Then, the expected redundancy measures the
mean number of extra bits, in addition to the entropy, a apdi@nd it is endowed with the topology of pointwise convergence
strategy uses to encod€”. In the sequel, we use the wordin this case we writg: as a prior on9,.
redundancyinstead ofexpected redundancy Minimax redundancy and Bayes redundancy are linked by
Furthermore, together with Kraft-McMillan inequality,an important relation [2], [3]; it is written here in the cent
arithmetic coding provides an almost perfect correspoeoeerof iid sources on a finite or countably infinite alphabet, but
between coding algorithms and probability distributions oHaussler [4] has shown that it can be generalized for alkelas
D. Bontemps is PhD fellowship holder at Laboratoire de Mathfiques, of stationary ergodic processes on a complete separabliemet
Univ. Paris-Sud 11, Orsay, 91405 France. space.

i>1



Theorem 1:Let A be a class of iid sources, such that the Proposition 1: A class A of stationary sources ol is
parameter se®, is a measurable subset 6f. Let n > 1. weakly universal if and only if there exists a probabilitysdi

Then tribution  on N such that for everyP € A, D(P; Q) < .
R, (A) =sup Ry, ,(A), In the literature, we find two main ways to deal with infinite
H alphabets. The first one [24]-[32] separates the message int
where the supremum is taken over all (Borel) probabilityvo parts: a description of the symbols appearing in the
measures o® 4. message, and thpattern they form. Then the compression

The quantitysup, R,,.,.(A) is calledmaximin redundancyA  of patterns is studied.

prior whose Bayes redundancy corresponds to the maximinA second approach [23], [33]-[36] studies collections of
redundancy is said to be maximin, or least favorable. sources satisfying Kieffer's condition, and proposes carsp
Theoreml says that maximin redundancy and minimax redursion algorithms for these classes. A result from [36] intisa
dancy are the same. It provides a tool to calculate the mimes such a way:

redundancy. Proposition 2: Let A be a class of iid sources ovéy,.
Before speaking about known results, let us make mentibt p be defined by)(z) = suppc, P(x). Then the minimax
of other two notions. regret verifies

With an asymptotic point of view, a sequence of cod-

ing probabilities (Q,),>1 is said to be weakly uni- Fn(A) < o0& Z p(z) < oo

zeN
versal if the per-symbol redundancy tends @ on A: ] . S ] .
SUP pep limy, oo LD(P™; Q") = 0. It is therefore quite natural to consider classes of iid sesir
Instead of the expected redundancy, many authors consi§éf envelope conditions on the marginal distribution. st
individual sequences. In this case, thénimax regret article we study specific classes of iid sources introduged b
. [36], and calledexponentially decreasing envelope classes
R*(A) =inf sup sup log P (@1n) Definition 1: Let C' and « be positive numbers satisfying
" Q" PeAzynexn  Q"(T1m) C > e2*, The exponentially decreasing envelope clags ..

plays the role that the minimax redundancy plays with tH8 the class of sources defined by
expected redundancy. Ace—o ={P:Vk>1, P(k) < Ce "

and P is stationary and memoryless.

B. Exponentially decreasing envelope classes The first condition addresses mainly the queue of the distrib

In the case of a finite alphabet of size many classes of tion of X;; it means that great numbers must be rare enough.
sources have been studied in the literature, for which eséisn It does not mean that the distribution is geometrical is big
of the redundancy have been provided. In particular we hagrough, many other distributions are possible. Furtheemer
the class of all iid sources (see [5]-[10], and referencesll see that the exact value 6f does not change significantly
therein), whose minimax redundancy is the minimax redundancy, unlike.
& Since in this paper we are going to only talk about
k—1 I(1/2) . . o
+o(1). exponentially decreasing envelope classes, we simpligy th
2 L(k/2) notationsR,, (Q"; Ace—a-), Rn(Age-o-), @and Ry, ,(Age—a-)
This last class can be seen as a particular case(bf-al)- into R,(Q™;C,a), R,(C,a), and R, ,(C,«) respectively.
dimensional class of iid sources on a (possibly) biggeralphThe subset ob corresponding to\¢.-«- is denoted by

n
log — + log
2me

bet, for which we have a similar result under certain condsi _1p_ N,

- ) ; Oc,a ={0 = (01,02,...) €[0,1]":
(see [11]-[13]). Similar results are still available foasses of ' o (1)
Markov processes and finite memory tree sources on a finite Zei =landVi>1, 6; < Ce ™'}
alphabet (see [5], [14]-[16]), and férdimensional classes of i>1
even non-iid sources on an arbitrary alphabet (see [17]). We obtain three main results about these classes.

The results become less precise when one considers infinitén Section Il we calculate the minimax redundancy of
dimensional classes on a finite alphabet. A typical exangpledxponentially decreasing envelope classes, and we findtthat
the class of renewal processes, for which we do not have iarequivalent toﬁOge log® n asn tends to the infinity. This
equivalent of the expected redundancy, but we know that itriate is interesting for two main reasons. Up to our knewledge
lower and upper bounded by a constant timés (see [18], exponentially decreasing envelope classes are the firslyfam
[19)). of classes on an infinite alphabet for which an equivalent of
Eventually, it is well known that the class of stationaryadig the minimax redundancy is known. Then, even the rate is new:
sources is weakly universal (see [1]). However, Shieldd [20ntil now only rates inlogn or in /n have been obtained.
showed that this class does not admit non-trivial universalOnce the minimax redundancy of a class of sources is
redundancy rates. known, there are two main approaches to find an optimal
In the case of a countably infinite alphabet, the situation ismiversal code: either you look for a maximin Bayes prior, or
significantly different. Even the class of all iid sourcesy@ for a minimax algorithm. These two issues are studied here.
weakly universal (see [21], [22]). Kieffer characterizedakly In Sectionlll we are concerned with the problem of finding
universal classes in [21] (see also [22], [23]): a maximin Bayes prior. We construct a sequence of Bayes



priors whose Bayes redundancy is equivalent to the maximinFrom a metric we can define thmetric entropyof a set.
redundancy, as the lengthof the message tends to the infinityWe need to define first some numbers.

Then we are interested in finding a minimax coding algo- Definition 3: Let (S, p) be any complete separable metric
rithm. SectionlV proposes a new adaptive coding algorithngpace. Let > 0 be a positive number.
and in Sectiort_\/ we show.that the maximgm redundancy of 1) We denote byD. (S, p)
this new algorithm is equivalent to the minimax redundancy
of exponentially decreasing envelope classes.

Eventually, the Appendix contains some lemmas and corol—z)
laries used in the main analysis.

the cardinality of the smallest
finite partition of S with sets of diameter at most or
we setD.(S, p) = oo if no such finite partition exists.
The metric entropy of S, p) is defined by

He(S,p) =InD(S,p). 1
1. MINIMAX REDUNDANCY
In this section we state our main result. Theorroelow ~ 3) An e-coverof S is a subsetd C S such that, for all
gives an equivalent of the minimax redundancy of exponen- ~  in S, there is an elemeny of A with p(z,y) < e.
tially decreasing envelope classes. To get it, we use atresul Thecovering numberV. (S, p) is the cardinality of the

due to Haussler and Opper [37]. smallest finitee-cover of S, or we defineN,(S, p) =
Theorem 2:Let C' and o be positive numbers satisfying if no finite e-cover exists.
C > €?*. The minimax redundancy of the exponentially 4) An e-separated subsetf S is a subsetd C S such
decreasing envelope clads.. .. verifies that, for all distinctz, y in A, p(z,y) > e. The packing
1 numberM.(S, p) is the cardinality of the largest finite
Ry (Cra) ~ log” n. e-separated subset 6f, or we defineM. (S, p) = oo if

n—oo 4aloge
Theorem?2 improves on a preceding result of [36, Theo-

rem 7]. In that article the following bounds of the minima)T_
redundancy of exponentially decreasing envelope clasges

arbitrary largee-separated subsets exist.

The following lemma explains how these numbers are
ked. It is a classical result that can be found for inseairc

given: 38. )
Lemma 1:Let (S,p) be any complete separable metric
2n(1 space. For alk > 0,
8alog610g n(1+o(l) P
< Rn(C,CY) MQE(Sap) §D2€(Sap) SJ\/&(Sap) < Me(Svp)
< 2aloge log2n+ O(1). Lemmal enables us to choose the most convenient number

to calculate the metric entropy.

From the metric entropy one can define the notion of
metric dimension, which generalises the classical notibn o
dimension. But the metric entropy lets us know in some way
how dense are the elements in a set, even infinite dimensional

A. From metric entropy to minimax redundancy (1in/c\);f1aef;ir?it:;nt|ty that [37] uses is thsinimax risk for the

To study the redundancy of a class of sources, [37] considers
the Hellinger distance between the first marginal distribu- RTi;jTi‘X(A) = inf sup ZPe(k)1+)‘Q(/{)_>"
tions of each source. Bounds on the minimax redundancy ' Q
are provided in terms of the metric entropy of the set of
the first marginal distributions, with respect to the Hejiim defined for allx > 0.

distance. As a consequence, that method can be applied diRfe precisions about thel + A)-affinity are given in [37].
to iid sources. However it is very efficient in the case op€® &lso [39] for a special regard payed to envelope classes.

exponentially decreasing envelope classes. In the case of an envelope class defined by an integrable
First, we need to define the Hellinger distance and the metfiBvelope function/, it is easy to see thak'J"'¥* < oo for
entropy. In the case of sources on a countably infinite alphaball A > 0. Indeed the choice

In subsectionll-A we outline the work done in [37],
and then we use it in subsectidhB to prove Theoren?.
Eventually, we discuss in subsectitihC the adaptation of
this method to other envelope classes.

0€0. 15

the Hellinger distance can be defined in the following way: F(k)

Definition 2: Let P andQ two probability distributions on Q(k) = S0
N, . Then the Hellinger distance betwe&hand( is defined i21
by leads to the relation

2
PR = [ (VPR - V) )
e RPN < | D_f(R)
A related metric can be defined on the parameteiGset k>1

/ 1We follow [37] in this definition of the metric entropy. Seabauthors use
A _ / /
d(G, 0 ) = h(PBv PG/) - Z < Or — 91@) a slightly different definition, based on the covering numbethe packing

k>1 number.
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We can now write a slightly modified versidof Theorem 5 (Inn)®/(“+2) peetween the lower bound of poitand the
of [37] in the context of data compression on an infinitepper bound of poin8. However it allows us to retrieve more
alphabet. or less a result of [36] for another type of envelope classes.
Theorem 3:Let A be a class of iid sources &, , suchthat  We develop now these applications.
the parameter seéd, is a measurable subset 6f. Assume
that th_ere exists\ > 0 SUCh. thatleTix < oo Let h(x) be . B. The minimax redundancy of exponentially decreasing en-
a continuous, nondecreasing function defined on the pesitiv | I
reals such that, for ay > 0 andC > 0, Velope classes

1) Here we want to prove Theorethby applying Theoren3.
_ h(Cz(h(z))) Thus we have to calculate the metric entropy of exponentiall
IIE{}O h—a:) =1 decreasing envelope classes. This is done by Propos§ition

Proposition 3: Let C' anda be positive numbers satisfying

2 and C > ¢**. The metric entropy of the parameters €&t
. h (Ca(inz)7) i verifies 1
a—co  h(z) ' He(Oc,ard) = (14 0(1))—In*(1/e),
Then . .
1 If whereo(1) is a functiong(e) such thatg(e) — 0 ase — 0.
) 1 Proof of Theoren2: Just apply Theorer8, with h(z) =
1 2
He(On,d) ~ h (E) , L1n*(z), to get the result. =
Proof of Proposition3: We start with general consider-
then ations. LetAy be the envelope class defined by the integrable
Ra(A) ~ (loge) h(v/n).? envelope functiory. Let ©; be the corresponding parameter
set
2) If, for some«a > 0 andc > 0, N
H(@A d) @f:{0:(91,92,)€[0,1] :
. . € ) > . -
N (/g = © >_0i=1and¥iz1, 6 < f(i)}.
i>1
then B
Rn(A) The functiond — (v/01,/02,...) is an isometry between
h,?i%,%f ) 71/(%2) 2t = O the metric spac¢©,d) and the subsett; N {||z| = 1} of
n [h(n )] %, equipped with the classical euclidean ndfa, where A,
3) If, for somea >0 andC > 0, is defined by
lim sup HeOnd) _ Ap = {(zi)ren- €2 VEEN*, 0< a2, < VFf(K)}. (2)

o (1/e)>h(1/e) _ N
The metric entropy of©y, d) can be calculated in this space.
then The next idea we apply is to truncate some coordinates, to

lim sup R, (A) “ work in a finite dimensional space instead/df Together with
n—oo (plnn)e/(@+2) [h(nl/(aﬁ))} 2/(a+2) ' an adequate use of Lemrm_athls helps us to obtain upper and

lower bounds for the metric entropy 08¢, d). We start with

The conditions concerning the functiéGnmean that: cannot the upper bound.

grow too fast. For instancé; can grow likeC(Inz)”, with  |emma 2:Let A; be the envelope class defined by the

B >0. integrable envelope functioli, and lete > 0 be a positive
The first case in the theorem corresponds to the one we @sgnber. LetV, denote the integer

for exponentially decreasing envelope classes. In thig,cas

the fast decreasing envelope produces a “not too big” metric ] €2
entropy. The theorem gives us an equivalent of the minimax Ne=inf{n>1: Z f(k) < 16
redundancy of the class of sources whegoes to the infinity. kzn1

This turns out very useful, as it improves a preceding resylhen

of [36]. However it is only an asymptotic result, without any

convergence speed. He(©f,d) < Neln(1/€) + 3N In2 4+ A(Ne) + B(e),
The second and the third items correspond to bigger class%‘qs

of sources. In these cases the result is a bit less integedtin where

gives a speed for the growth of the redundancy, but without

L(F+1)
the associated constant factor. Furthermore there is a jap o s

A(N) =—InVol (B~ (0,1)) =In

2The separation of the upper and lower bounds have no effettteoproof and
given by Haussler and Opper. A complete justification islatsée in [39]. Ne €
3The (log e) factor comes from the use of the logarithm with bagi@ B(e) = Z In (\/ f(k)+ —) .
the definition of R,,. Pt 4



Furthermore C. What about other envelope classes?

A(Ne) "o % In Ne. In [36] the redundancy of another type of envelope classes is
Note that also studied. Th@ower-law envelope class..-. is defined,
. for C > 1 anda > 1, by the envelope functiotf, c(z) =
—N.In(1/€) — 2N.In2 < B(e) < ZNE. min(1, £). The bounds obtained in [36, Theorem 6] are
These bounds o (e) show thatB(e) tends to decrease the A(o)n*log|C¢(a)]
upper bound, whiled(N,) contributes to its growth. Iin N, <Rp(Ag.—a)
behaves likeln(1/¢) up to a constant factor, then the upper 1/a 3)
bound given in Lemma&2 corresponds to a constant times < < 20”) (logn)' =" + 0(1)
N.In N, and we are concerned with the pogf Theorens. T \a-—1 7
We can apply Lemma2 to the case of exponentially where
decreasing envelope classes; these two results are proved i 11— e /)
AppendixA. Ale) = E/l ul—1/a du,

Corollary 1: Let C' and o be positive numbers satisfying

i i — 1
C > ¢ The metric entropy of the parameter s8¢, and ¢ denotes the classical functiaf{e) = >°, -, 7=, for

defined by 1) verifies a>1. ,
] If one adapts the calculus made earlier to the power-law
He(Oc,a,d) < (14 0(1))= 1n2(1/6), envelope classes, one can get the following upper and lower
@ bounds:
whereo(1) is a functiong(e) such thatg(e) — 0 ase — 0. There are two (calculable) constamts, K, > 0 such that,

Now, after we have obtained an upper bound on the metfig all ¢ > 0,

entropy, we need to get a lower bound. In this case too, we R )
. . 1\ a—1 1)1 1

want to _trL.mcaFe some coordinates _to _brlng ourselves to ap, (= <H. < Ka(1+0(1) (= e
smaller finite dimensional space. This time we truncate the € € €

first coordinates. Let us consider the number Unfortunately this formula leaves a gap between the lower

Iy =min{l >0: Z f(k) <1}, bound and the upper bound. The application of Tzheoﬁem
k>1+1 makes the gap worse. Indeed the polynomial gant>~" of
Lemma 3:Let A; be the envelope class defined by athe metric entropy causes an additional gapaef/* n. In
integrable envelope functiofi, which verifies practice the bounds are the following:
There are two (unknown) constan@sc > 0 such that, for all
> k) =2 n> 1

E>1
1/« 1/«
Let ¢ > 0 be a positive number, and let > 1 be an integer. c(1+o(1)n'/* < Ru(Ag.-a) < C(1+0(1))n'/* logn. (4)

Then These inequalities improve in no way the result of [36].
1 li+m 1 May a better calculus of the metric entropy improve eitheirth
He(©y,d) 2 5 > Inf(k)+mln (E) + A(m), lower bound or their upper bound? Anyway the metric entropy
k=l+1 of power-law envelope classes is “too big” to efficiently bpp
where A(m) is defined as in Lemma: Theorem3: it does not leave the hope for an equivalence, as
m for exponentially decreasing envelope classes. To suramari
A(m) = —In Vol (Bgn (0,1)) ~ 5 Inm. the strategy based on the metric entropy and The@eunns

Note that exponentially decreasing envelopes verify the coOUt efficient for “small” classes of sources.

dition ", -, f(k) > 2. Indeed the envelope of exponentially ,
decreasing envelope classes is IIl. DIRICHLET’S PRIOR
(k) = min(1, Ce=%), _T_heoreml gives a way to calculate a lower bound o_f t_he
minimax redundancy of a class of sources. Indeed the minimax

and the conditiorC' > e2* entails thatf(1) = f(2) = 1. redundancy is lower bounded by the Bayes redundancy of any
From Lemma3 we can infer the following corollary, to be prior. In this context, the choice of an appropriate prioais
proved in AppendiXA together with Lemma. relevant matter.

Corollary 2: Let C and o be positive numbers satisfying In this section a sequence of priotig is constructedju
C > €*®. The metric entropy of the parameters €&t . is the Dirichlet prior on a finite set of coordinates, suppdrt
verifies by the envelope class and normalized (see below the exact
1 definition). With an appropriate choice df depending on

He(©c,a,d) = (1 + 0(1))5 1n2(1/6)’ n, priors )uk are “almop'lsi)” ffsymptotically least F;avoragle for

whereo(1) is a functiong(e) such thatg(e) — 0 ase — 0.  the exponentially decreasing envelope classes: their Baye

Note that the bound is the same as in Corollaryrherefore redundancy is equivalent, as tends to the infinity, to the

this concludes the proof of Propositi@n m Minimax redundancy.



Theorem 4:Let C' and o be positive numbers satisfying The same notatiofi«some condition” Will be used in the sequel.

C > e?@ Letk, = 1ognJ. Then the sequence of Then, the probability of the sequencE;., under the
priors uy, verifies distribution Py is

Py (X1.) =010 ... 5
B (Coc) = (14 0(1) 1 o . B o (X1:n) = 0165 Uk | (5)
darloge Dirichlets prior has a density proportional to

whereo(1) is a functiong(n) such thaty(n) — 0 asn — occ. 91_1/29;1/2_- - 9_1/2 with respect to the Lebesgue measure.
Additionally, Theorermé enables us to retrieve the lower bound he associated Bayes mixture, also cakethevsky-Trofimov

of the minimax redundancy obtained in the sectibn mixture, is
What about other envelope classes? For power-law envelope gTi—1/2pT2=1/2  gTi=1/2 49
. / . Js 61 2 k
classes the choick, = J gives KTy(X1.) =

fS’ 91—1/292—1/2 o 9;1/2(10
k

Ru(Ag—e) 2 Ry, (Ace) = (1+0(1)) 5-n/°. Dy(Ty+ L, T+ 1) ©
This result is similar to those presented 8) &nd @), and that Dk(%a o %) 7
is good. However it does not permit to fill the gap betweeWhereDk(., ...,-) denotes the Dirichlet integrals
this lower bound and the upper bound given &). (
In the context of coding on a finite alphabet, the Bayes  Dx(A1,..., k) :/ 03110yt lde
strategy usingleffreys’ prior plays a significant role. In the K
important case of the class of all iid sources on a finite _ PAWL(A2) - T() %

alphabet, the Jeffrey’s prior is the Dirich{ey2,1/2,...,1/2) I (Zle /\i)
prior. [12] proves that “Jeffrey’s prior is asymptoticallgast . o _ . .

favorable” under some conditions. [6] goes further and show Another classical definition of Krichevsky-Trofimov mix-
that Dirichlet's prior is asymptotically maximin but notyasp- tures gives the conditional probabilities:4f.,, is a message

totically minimax. Then [7] proposes an asymptotically min On the alphabe{1, ...k}, then, for all0 <i < n —1 and
max modification of the Dirichlet prior. forall1<j <k,
First, priorsu; are constructed in subsectidh-A. Then , n’ +%
subsectiorlll-B contains the proof of Theoreh KTp(Xit1 = j| X1 = 714) = Tk (8)
2
A. A modification of Dirichlet's prior wheren? is the number of occurrences of symboin ..

Let us now go on in the definition of prions;.
First of all, we need to properly define Dirichlet's prior on | ¢ f be an integrable envelope function, ang be the

the class of all iid sources on a finite alphabet. associated envelope class. Choose any fixe¢c N, such
An iid source P on the alphabe{1,2,...,k} is charac- that

terized by the statistics of its first marginal distributiéii), Z fi) <1
1 < i < k. The class of all iid sources on this alphabet can
be written(Py), where the parameté is an element of the
simplex of R*

i>m

Fork > m+ 1, let ©; denote the subset & defined by

k
Sk ={(61,02,...,00) €[0,1]F: > 6, =1}, O = {(91,0,...,o,em,...,ek,o,...) =136,
1<i<k ‘
and Py (i) = 0;. andvm <i <k, ogeigf(i)}.
An equivalent notation of the simplex is obtained by setting

Then u; denotes the prior o9, proportional to the

61 =1 = 2acici b With (6., 6;) an element of the set Dirichlet prior i on the simplexS;._,,, 1 » using the coordinates
Sp={(02,...,00) € [0,1]"1 . Y 6 <1}, (01,0m, ..., 0):
2<i<k dp(01,0,...,0,0pm,...,0;,0,...)
This makes easier to define the Lebesgue mea#firen the 971/2971/2 .,971/2 de

simplex of R*, by restriction of the measure df, 1]*~1

~1/2 —1/2 ._9—1/2 a6
If we consider the sequenck;., of the firstn symbols jek

produced by fa SOlE)I’(TPg, let 7; denote the number of jsk s 0, V2g-1/2 ..9;1/2 dgd 006 o)
occurrences of symba — (01,0, ..., 0k).
f@k —1/2 m1/2 o 9k 1/2 a6
T; = Z Ix,=q, foralll<i<k, In this formula,d@ is the Lebesgue measure on the simplex
j=1 Sk—m+2 indexed by(01,0,,,, ... ,0), andoy, is identified with
where its projection on the simplex. Similarly, 1t T’ _,,,» denote

1 1 i Xy =ay, the Bayes mixture associated to the Dirichlet pyioindexed
Xj=ai 0 otherwise. by (01,0, ..., 0k).



B. Proof of Theoren# min(1,Ce™"). Sincey ", f(i) < 1, f(i) = Ce™* < 1
We shall use the following, which is a modification ofor all i > m. Thus

Proposition 1 in [6]. We give the proof in Appendi k
Proposition 4: Let 6 be an element of the simple,, and C(k) > [] 2vCe %",
KT, the Krichevsky-Trofimov mixture. Then i=m
k—1 L(1/2)F 5k and
D(Pg’;KTk)Z—logﬁ—i—log (1/2) — —loge.
2 o r'(k/2) 3 ogC\  aloge &
To simplify the notations, let us define logC(k) = (k —m+1) (1 T ) B Z e
—1/2,— —1/2 . -
C(k) = /@ 0, /70,12 0,/"ae, If we plug it in (9), we getR,, ., (C,a) > g(n, k), where
k
_ _ _ 1 k 1 1
D(k):/ 6, 1/29m1/2"'9k1/2d0 g(nak):—a()gekz—l-—logn—i- {14— ogC’_aoge
Sk_mi2 4 2 2 4
_ T(1/2)kmm+2 _ Sloge log2m), m-—1, .
TR 5o 7 8
2
In pratice, priorp; is supported by the alphabet, = + {O‘(m +m—1)loge (m —1) (1 + 1ogC)
{1,m,m + 1,...,k}. The corresponding Bayes strategy 4 2
doesn’'t encode messages with other symbols. As a conse- m—1 5(m —2)loge
- ; . . + log 27 + —————2—" 1|,
guence, it is far from being asymptotically minimax! Let,, 3

be an element ofi}. Then

With the choicek, = { L lognJ, only the first two

D(k) aloge
]\471,#;C ('rlzn) = C(k) PB(Ilzn) dﬂ(ol, 0m7 ceey ek) terms matter, and
O
D(k) — ky) ~ log?
< ) KTy-m+2(21n). 9(n, kn) Taloge & "
Therefore, iff is an element 0B, Proposition4 entails That achieves the proof of Theoretn
D(Fg's Mn.yu.) 2 D(Pg's KT—m+2) +10g C(k) —log D(k) IV. AUTOCENSURING CODE
k—m+1. n o . .
25— logg_—+log C(k) This section presents a new algorithm called AutoCensuring
5(k —m+2) Code ACcode). With respect to the exponentially decreasing
T3 loge. envelope clasd .-, its maximum redundancy is equivalent
Consequentl to the minimax redundancy of this class of sources. Further-
q Y more ACcode is adaptive, as the same algorithm verifies that
R (Af) = D(Py; M,.,.,.) dpus(6) property with all exponentially decreasing envelope @ass
e o o This is formulated in the following theorem.

Let ACcode(z1.,) denote the binary string produced by

k
=z log C(k) + 2 logn ACcode when it encodes the messagg,,, and let/(-) denote

_ 10loge + 3log2m p_ M= 1 1 ©) the length of a string.
6 g 08" Theorem 5:For any positive number€’ and o satisfying
m—1 5(m —2) C > e?,
+ 5 10g2w+Tloge .
sup Epn[l[(ACcode(X1.,)) — H(P")] ~ R,(C,a).
Now, let us calculate” (k). First note that the choice of PeA,, -a. nee
m made before is such that all values @f,,...,0;) in the

Theorem5 does not say that the difference between the
redundancy ofACcode and the minimax redundancy tends
to zero, or even that this difference is bounded. Therefore,

rectanglef0, f(m)] x --- x [0, f(k)] are possible. It allows us
to write the integrals ove®, as integrals over that rectangle

Ck) = / dby, - - - dOy there may exist codes whose redundancy is smaller than the
o, V010, -0y redundancy ofACcode, but with a benefit negligible with

Ef) g, respect tdog” n.
> H / i The ACcode algorithm does not code entirely on line, but
i=m 0 Vo this limitation can be taken off. In subsectitviB a modified

k version of the algorithm is proposed, which codes entirely o
=TI 2v7@. line.
i=m ACcode is in fact a modification of the Censuring Code
At this point we need to specifyf. In the case of the proposed by Boucheron, Garivier and Gassiat in [36]. Here is
exponentially decreasing envelope clads,.-.., f(i) = their description:



[The Censori ngCode algorithm] is parametrised

by a sequence of cutoffds;);cy and handles thé"
symbol of the sequence to be compressed differently
according to whether it is smaller or larger than
cutoff K;, in the latter situation, the symbol is said
to be censored. Th€ensori ngCode algorithm
uses Elias penultimate code to encode censored sym-
bols and Krichevsky-Trofimov mixtures to encode
the sequence of non-censored symbols padded with
markers (zeros) to witness acts of censorship.

In the string C4 we do not really encoder;.,, but a
modificationz;.,, = 717> . ..z, of x1.,, defined by

if x5 <mi_q,
otherwise.

Zq

Ty = xi]]‘zigmi—l = { 0

All symbols greater thanm;_; are encoded together: they
are replaced by the extra symb] and this extra symbol
is encoded instead.

Then we apply the arithmetic coding t@;.,, using
Krichevsky-Trofimov mixtures. To further describe it we dee

The main issue that arises with CensuringCode is the chojgeset some counters.

of cutoffs (Kj)ien. Cutoffs must be adapted to the paramgor ; > 1 andi > 0, let n/ be the number of occurrences of
eters of the envelope. In our case, exponentially decrgasfympol; in x;.; (with conventionn? = 0 for all j > 1). The

envelopes make great symbols to be very few. So a sim

nditional coding probability is then defined in the foliogy

and rather natural way to choose cutoffs is to take the gseatg,y.

element),, actually appeared in the sequer{cé, ..., X,,):

Forl1 <i<n, M; = sup X;.
1<j<i

This idea turns out efficient to get a small redundancy,

we will see. But this choice has another advantage: we

~ nl+ 1
Qit1(Xiv1 = j| X1 = 214) = H_ZT_QH it 1<j<m,,
2
- 1/2
?iJrl(XiJrl = 01X =214) = — 77
0 i+ =

not need to known the actual parameters of the exponentially

decreasing envelope.

The event{ X;,; = 0} is equal to{ X; 1 > M;}. If 2,1 =

In order to code on line, we want to be able to deal wit > m;, thenn] = 0, and we still have
each symbol of the message without previous knowledge of

subsequent symbols nor of the total length of the message.
None of these points is possible if we choddg as a constant

cutoff for all symbols. So we will code;; using as cutoff
M;, the maximum of previous symbols.

Additionally, doing that improves the redundancy of thecalg

rithm, as we will see later.
Let us describe the algorithm in practice.

A. Definition of theACcode algorithm

Let n > 1 be some positive integer, and let., =
122 ..., be a string fromN’} to be encoded.

In this setting, we can define the sequence of maxima

mo=0andm; = sup zp, forall 1 <i<n.
1<k<i

Let stringm be the sequence of positien; —
is to say(m; — Mi—1)m;>m;_1,1<i<n-
Eventually, letm, be thekth element ofm. In order to link
m; andmy, let us definen! = Z;’:l Ly, >m,_, the number
of “new” maxima among the first symbols. Then

mifl), that

(10)
k=1

String m is encoded into a binary strinG2 by applying
Elias penultimate code (see [33]) to each symbafrin Elias
penultimate code is a prefix code which udgsz) bits to
encode a positive integer, with

lp(x) =1+ |logz] + 2 |log|log x| + 1]

Meanwhile the arithmetic coding is applied 1q.,, using
side information fromm. This produces the binary strir@g.

11
if x> 2. (11)

Jj1
TLZ+§
1+ =5

Qi1 (Xip1 = 0| X1, = 21.4) =

In the sequel we will use the notation

n—1
Qn(glzn) = H Qz‘+1(§z‘+1|171n‘)
i=0

to denote the coding probability used to encode the entire
string Z1.,.

One could imagine to take;1 as cutoff, instead ofn;,
to codez;;1. It should no more be really a cutoff, as,
cannot be greater than;, ;, and we shouldn’t need any more
the extra symbol. However this extra symbol has a special
use in our setting: it makes the decoder to know when
changes. Indeed the strifg2 permits us to knowwvhat are
the differentm;’s, but notwheneach of them must be used.

Another remark we can do is that the extra symbols
always considered as new: whep,; > m;, we encode the
symbol0 but we increment the counter,**".

Eventually, when the coder reaches the end of the string
1., he reads a termination signal on the input, and then
he knowsn*. n is encoded by Elias penultimate code into
the stringC3. Oncen is known, the coder knows alsa,
the number of elements ime. n® is encoded with Elias
penultimate code into the stringl.

The last step is to concatenate the stririgjs to C4, to
constitute the final encoded messdije- C2 - C3 - C4.

Fig. 1 gives a technical description of th&Ccode algo-
rithm in pseudo-code.

4In the description in pseudo-code of tA€code algorithm given below,
we suppose that the coder knows from the beginning the entissager; ., .
In this casepn is simply the length oft1.,.



n < | engt h(z)
M —0
ng < 0
c2—""
counts — [1/2,1/2,..]
for i=1ton do
if 2[¢] < M then
Ari t hCode(z[i], counts[0 : M])
else
Ari t hCode(0, counts[0 : M])
C2 — C2 -El i asCode(x[i] — M)
M — i
ng «— ng + 1
end if
counts[z[i]] < counts[z[i]] + 1
end for

symbol 0, and the new string’?l ... X,,0 is encoded by the
arithmetic code into the strin@4. The coding probability
is the same as the one &Ccode, in this caseQ™ . For
simplicity, we use the same notatid@® to denote the new
version of the string4.
When the decoder reads (ain C4, he looks for the next
element ofm = m; ... ﬁ@ng to know the new maximun;.
So, we have to encode the true termination signal i@?o
together with the code afz. In practice, we add the number
0 at the end ofm, and the new stringn0 = my ... 7M,00
is encoded intoC2. Since Elias penultimate code does not
encodel, we shift forward all numbers: the integer> 0 is
encoded by the Elias code of+ 1.

What about the cost in bits of these modifications? St®e
is not transmitted any more, we recover(n) bits. InC2 we
addlg(1) = 1 bit for the final0, and the cost of transmitting

Cl — El i asCode(ng)
C3 — El i asCode(n)
C4 — Ari thCode()

return C1-C2.-C3-C4

my, becomedg(my + 1) (instead oflz(my)). However the
proof given in the subsectiovtB remains the same: the length
of C2 is still negligible with respect tdog? n. Eventually, the
0 at the end ofc4 increases the redundancy by

Epn[—log Qn+1(0[X1:n)]
= Epn[log(M, + 1+ 2n)]
Epn [M, + 1]
2n

Fig. 1. ACcode algorithm

Decoding procedure:To correctly decode, the decoder
needs to know where are the boundaries of the stritig$o
CA. Since Elias penultimate code is a prefix code, it is easy to = O(logn).
know whereCl andC3 end. The only use ofl is to transmit
n?, which makes the decoder to know whe2 ends. i

While decoding thet element inC4, one needs to know PENdiXC-A). _ _
the Counteri’énf,l)jzl and the present maximum,_,. How Once we ha\_/e removeds, we still have j[O _deal with two _
to obtain these numbers? The counbefr_sl can be computed issues:Cl is still present_, and th_e transmlss_mn of the main
from the first; — 1 decoded symbols. Another useful countePartc do.es not start untiL2 is entirely transmitted. The only
is n? |, which permits us to retrieves,_, from string m, use ofCl is to make the decoder to know whet2 ends and

thanks to 10). n? , too can be computed from yet decodeéﬁvherec&L begins. If we find a way to transm2 and C4

symbols: it is the number of times the extra symbalppears together, we can do away withl. The ACbi s algorithm

in the i — 1 first symbols. Suppose thaf , = k. If the i offers such a way to O\frlaﬁz am_jC4.
decoded symbol is the extra symhplthenn? = & + 1 and To decode thei + 1) symbol in C4, the decoder needs
T = Mi = Mi_1 + s ! the knewledge ofn,;, which is obtained from the beginning

Eventually, the decoder knows whe@d ends: as soon as of the stringC2. When the decoder meetshat the i + 1)

he has received enough bits to decode #Hesymbol. This POSition, then he needs to read the next in m to know

‘ i, = v
property makes\Ccode to be a prefix code (on the alphabefi+1- The position of the newn;. to be read isk = Tt
N% = U,»; N7 of all finite messages fror.). this relation corresponds to the fact that; is the £™ 0 in

<log(2n) +

The last line is obtained through Lemma (see Ap-

Tl:n-
The arithmetic code usds- log Q'™ *(1.;41)]+1 bits to send
B. Improvements the first (i + 1) symbol of z1.,,. Suppose that;;; = 0 and
We describe here a modificatiohChi s of the ACcode nl,; = k. As soon as[—log Q" (Z1,,41)] + 1 bits of C4
algorithm. TheACbi s algorithm is entirely on line. have been sent, the" zero ofZ,., can be decoded, and the

What preventsACcode to be entirely on line is that the ACbi s algorithm sends the Elias codef, +1. ThenACbi s
stringsC1 andC3 cannot be encoded before the coder finishéeansmitC4 again, from the([—log Q" (Z1.41)] + 2)™ bit.
reading the original messag€l is transmitted at the very Fig. 2 shows an illustration of the transmission process of
beginning, andC3 is transmitted befor€4, which contains the ACbi s. In this example, the initial messageis, = 5, 3,2, 7.
main part of the information. Furthermore, the transmisgib Then the message encoded@4 is z;.40 = 0, 3,2,0,0. 10
the main parC4 does not start untiC2 is entirely transmitted. bits are needed to transmit the seca@hdand 14 bits for the

It is quite easy to take off the strinG3 in the encoded last one. INC2 we transmitm0 = 5, 2, 0.
messageC3 encodesn, which makes the decoder to know The first alone bit 0fC4 can seem curious: indeed no bit is
when the message ends. Insteadmofwe can transmit a needed to know that the first symbol®f.,, is a zero, and we
termination signal in the following way. could begin by the transmission @i;. That point illustrates
At the end of X7, = X;...X,, we add an additional extrathe fact that sometimeg— log Q***(#1.,41)] are enough to
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0 01110 110001100 0101 1101 1
15t bit | following | last bits |
of C4 bits of C4 of C4
Elias code Elias code Elias code
of my +1 of ms + 1 of 1

Fig. 2. Example ofAChi s

decode the(i + 1)™ symbol. To simplify the procedure, weA. Contribution of C4

allways transmiti. after [—log Q"+ (1.141)] +1 bits from 1 this subsection we prove PropositiBnWe give here the
CA. sketch of the proof, and we delay to Appen@iB the proofs
of (13), (14), (15), and (L6).
V. PROOF OFTHEOREMS Here we deal with the quantity
The proof of Theorend depends on two propositions which

are respectively proved in subsection#\ andV-B. (A)=_sup  Epn[=logQ"(X1:n) = H(P")].

PeAg, a.
Proposition 5: Let C' anda be positive numbers satisfying e
C > €2, Then that corresponds to the contribution @#. As we saw in
) P n SectionlV, the coding probability)™ is based on Krichevsky-
Peho . Epn[=log Q" (X1n) — H(P")] Trofimov mixtures. But Krichevsky-Trofimov mixtures have
‘ 1 ) been studied by many authors. Can we reuse their work?
< (1+0(1)) log™ n. For £ > 1, let KT, denote the Krichevsky-Trofimov

4l . . . .
aloee mixture as in 8). Let us choosé = m,,. In this case, there is

Proposition 6: Let C' anda be positive numbers satisfying 5 simple relation betweekT,,,, and Q™. For any sequence

C > . Then of n positive integersey.,, € N7,
sup  Epn[l(C2)] < o(log®n). -
PeAc —a: Qiv1(Xit1 = zip1]| X1y = 214)
Thanks to these propositions, we can go forward in the proof __2itma Ty (Xip1 = 2is1| X1 = 210).

of Theorems. T2+ 14my

Proof of Theorend: The message sent by t#€code As a consequence, we can link the redundancg®fto the
algorithm is compound of four string81 to C4. C3 is the redundancy ofK T}, :

Elias code ofn, and is compound df(C3) = I(n) bits, with

. n—1
lg as in @1). n S B
In the same wayC1 and is compound ofz () bits. I is a —log Q" (X1:n) = — ;bg KT, (X1 X1i)

nondecreasing function, and, < n entailsiz(n?) < Ig(n). o _

CA corresponds to the part of the message encoded by the _ Zlog 2i+ M,
arithmetic code, with coding probabilit§)™. The arithmetic = 20+ 1+ M;
code encodes a messagg, with [—log Q™ (x1.,)] + 1 bits.

Therefore the redundancy éCcode can be upper bounded,"]lnd therefore

for all n > 2, by (A1)
sup Epn [l(C]_ .C2-C3- 04)] — H(Pn)] (A) = sup (Epn [ — 10gKT]\4n (Xl:n) — H(Pn)]
PeAg,—a. PeA,, —a
<2+ 2logn + 4loglogn (A2)
+ sup  Epn[—logQ"(X1.) — H(P")] nol :
PGACC—Q- —]Epn [Zlog M} .
12+ sup Epa[l(C2)] i
PeAg, o (12)
Using Proposition® and 6, we get Note that(A2) corresponds to the gain in redundancy(@f
sup Epa[l(CL-C2-C3-C4)] — H(PY) yvith respect toK Ty, . It illustrates the benefit of taking/;
PeAg —a instead of)M,, as cutoff to encodel; .
1 9 On the one hand, we have
< (1+0(1)) log”n
daloge (A < BRI = L Bllog M) (13)
We recognize the quantity given in Theor@prequivalent to Y= 2 & &

the minimax redundancy. Since the minimax redundancy is tBgce E[log M,,] < E[M,], Lemma7 (see AppendixC-A)
infimum of the redundancy of all algorithms, this concludegytails N

the proof. » » u sup  E[log M,,] = o(log?n).
Let us now prove Propositioh and Propositior6. PcAg, o
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Applying Lemma7 again we see thatA;) produces a which concludes the proof of Propositi&n
redundancy equwalentt@—log n, which is twice bigger

«loge

than the minimax redundancy obtained in Theor&rﬁo we
will hope the corrective terngA,) to be about—L— log®n. B. Contribution of C2

4alo e

To dealdwith (A2), WE use the coEcawty of ghhﬁ f“EC' Like in the previous subsection, we give first the sketch of
tion, and we group the terms in the sudi, by M,. Let the proof, and we delay to Append@-C several technical
m= LM | be the number of bundles. lemmas.

To S|mpI|fy the expression, we also neglect few terms at Here we want to calculate the contribution of the quantity
the beginning of the sum. Leth,),>1 be a nondecreasing

sequence of pnsitive integers, such thgt— oo asn — oo, (B)= sup Epa[l(C2)].
and let us defing\,,, = 2h,, log (1 + i) Then PeA,,—a.
" M, — My, 1+1nn For a messag€;.,,, the stringC2 is the concatenation of the
(A2) = \pEpn | ST - (14) Elias codes of the sequence of positive; — 1). Elias
k=hn+1 code usedp(z) = 1+ |logz| + 2 [log|logx + 1“ bits to

It is easy to verify that the function — zlog(1+ 1) is encode a integer > 2, andlp(1) = 1 bit to encodel.
nondecreasing, and tendsltg e whenz tends to the infinity; Consequently,
therefore()\,,) tends tologe. "

At this point, we can do heuristic considerations. Let us sub (B)< su Epn [1 Im( X

. : . : p P | Ix,>m  LE(XG))
stltuteé In k for Mj, (this comes from Lemmd). Neglecting PEAg,—a. ; [ “He }

the term£on, (AQ) becomes
At this point we use the following lemma, which is proved

Z = Inn) later
2k + 1) Lemma 4:Let g be a positive and nondecreasing function
k=h., .
m, o n [1,00). Let (K,),>1 be a nondecreasing sequence of
S A ( 204”) dz _/ Inz_ positive integers. Then, for all > 1,
2 Inn ) J, x+ % h, T— %
with m’ = |= (1 1)J A further calculation gives what we sup Z]Epn (x>0, 9(X5)]
hoped: PelAge—a =1
1 > —Qxr
(AL) > 1+0(1) loe? . < (1+0(1))g(Kn)Elnn+Cn/ g(x+1)e *du.
2alog Kn
When we do the exact calculat|0n the presence of thetg apply Lemmat, we extend the definition df; on[1, o)
supremum leads us to act a little differently: by
E|M,, .
(A) < sup ( [Mn] logn I(z) = 1 if zell,2),
PeAg o 2 B 1+ [logz| + 2 |log|logx] + 1| if x> 2.
N M, — My, 2
k=h,+1 1 oo
(As) B) < (1+0(1)—lg(K,)Inn+ Cn/ lp(x+1)e *dx
(0% Kn
< L E M, 1 AnM, 3 L
= §P€i‘£ﬁa. pr | Mn 081 = Andiin k:%;rl kit Then we can choos&,, = max{1, | Inn]}. This entails
(As) lg(K,) ~ logK, ~loglogn = o(logn),
An "M,
+ - Sup Epn l Z % +o(log*n)  and therefore
PeAge—a- hehg1 © T 2 .
Let us choosé,, = max{1, [Inn — 3/2|}. Then ~lp(Kn)Inn = o(log? n).
- 2
(A3) = o(log™n) (15 The remaining term is treated by LemrBawhich achieves
) the proof of Propositior:
1 . _
(Ay) < 0g 7;0 +O(1Og2 n). (16) Lemm? 5:Let @« > 0 be a real number, and lek,, =
2alog” e max{1, < Inn]}. Then

Therefore we have

1 2 n/ lg(x+1)e”** dx = o(logn).
<
() < (14 o(1)) g losn )
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APPENDIXA be found for example in [40, p. 11]. Then we use the Feller
METRIC ENTROPY OF EXPONENTIALLY DECREASING bounds in the version proposed by [41, ch. XII]:

ENVELOPE CLASSES s )
D(z) = V2ra® Y2e %et=,  with §€0,1]. (17)
We prove here several lemmas from subsectieB.

Proof of Lemm&: N. denotes the threshold from whichTherefore we can write

we want to truncate the coordinates.yf= (y,),>1 is an N N4+1 N N
element of A, its truncated version i§ = (y,T,<n. )n>1. A(N) = _71 T In 5t =5+l
Then . In(2r) . 3
~ N
ly—=gll= | > 42 2 12(3+1)
Nt ~ N,
B 2
S Z fn) As N, — oo, the announced equivalence is true. ]
n2Netl Proof of Corollary1: In this case we have

> !
€ N5<.f >1: Oiak<
E>Nc+1 <inf{n > Z e <15

k>n+1

I
=] o
|

—

>~

~

<
o 2 1 16C
<|= — _
Suppose now tha$' is ane/4-cover of{y € Ay : Vn > - [a In(1/e) + a n l—e @ 1} ’ (18)
Ne,yn = 0}. Let z denote an element od;. Then it exists and then
somey € S such thatl|z — y|| < e/4. Thus|z — y|| < /2, ) L e
and S is ane/2-cover of Ay. N. < =In(1/e)+ —1In — ~ —ln(l/e
Using the fact that o a l-e® 00
Therefore we can then upper bouBqe):
{ye Ay : Vk > N, yr, =0}
= I [0 VF®)] x {opte=neen, Zln( +VOe#)
1<k<N.
we can then write < / {% _ %x +1In (1 + %)} de.
- 4vC
D05, d) =Dl Otllall = 13, -l On the othgr handl@) gives
S Nep2(Ag, - Mle2) A
eezNe - 1
<N | T [0 VIB] -l WO S VT
1<k<N. and therefore
Blo<-2n24 (O, Ly
<Mes | TT [0 VT®] 0 O =Nt 5+ =)
1<k<N, Qa9 1.5
< ST + ~ ——N7 ~——1In“(1/e).
- Vol (H1<k<N [_gv f(k) + §D 4 @
< We have also
Vol (Bgx. (0, £)) )
_ (e)—Ns 1 H ( . ) A(N,) ~ o In(1/€) x Inln(1/€) = o(In?(1/€)),
T \8 Vol (Bgx. (0,1)) and, gathering all these results, we get
The second line comes from Lemnia The third from the He < ge)
argument given before. The next line comes from Lenima Lo
again. The passage froyme/4 to the volumes is justified by with g(e) o @ In“(1/e). =

the following reasoning: the cardinality of arf4-separated Before proving Lemma3, we need a simple tool which
subset of a sef is smaller than the number of disjoint ballspermits us to truncate coordinates:
of radius /8 you can put inS enlarged bye/8; the later ~ Lemma 6:Let (£, - ||) be a Hilbert space. Lef” be a
number is then upper bounded by the ratio in volume of thee@sed subspace of, and7 : £ — F be the orthogonal
sets. The last line does not raise any issue. projection overF'. Let S be any closed and totally bounded
A first consequence of that calculus is tHat(©,,d) is subset ofE. Then, for alle > 0,
finite for all ¢ > 0. The first assertion of Lemma is then
obtained by applying the logarithm function. D811+ 11) 2 De((S), [ - 11)
We have also to justify the assertions aboltV). First, Proof of Lemma6: Let IT = {B;}i<;<p.(s,.|) be a
the volume of the unit ball oR" is a classical result that canfinite partition of S of diameter smaller than, or equal to



From IT we can construct a partition of(S) of diameter at
moste. Let us define
Bi = F(Bl),

Bj=n(Bi)— |J Bi forall2<i<D(S,|-|).

1<k<i—1

The collection{ B;} (;.p/ 2} is a partition ofr(5) of diameter
at moste, and its cardinality is not more thaB.(S, |- ||). ®

Proof of Lemma3: Letm > 1 be an integer. We want to
project the sed s N {||z|| = 1} over them-dimensional space

Em — {O}lf x Rm X {O}{k:kzlererl}

generated by the coordinates frdgH- 1 to [y 4+ m. It can be
shown that the resulting set is
Af,m = {0 = (ek)kzl 'V 1 S k S lf7 9k = 0’
andV iy +1<k<l;+m, 0<0, <+ f(k),
andV k > lf—i—m—i—l, 0 :O}.

The same type of reasoning as in the proof of Lenna

leads us to
D€(®f, d) > DE(Af-,m? || ' ||f2)
lerm
>N [0 vVI®] 0 e
k:lf+l

vol (T2 [0, VF(R) )
= Vol (BRm (0,¢))

(bt
_<e) Vol(BRm01

It only remains to apply the logarithm function. |
Proof of Corollary 22 Here we have f(k) =

lerm

I Vi,

k=lg+1

min(1, Ce™**). Since}”, ., ., f(k) < 1, thenCe™*" <1
forall £ > 1y + 1. Thereforé
In f(k) = —ak+InC

forall k> 1y +1, and

lerm m o lerm

Z mf(k)=5mC—o >k

k ly+1 k=ly+1

= —(1+o(1)Fm?,

whereo(1) is a functiong(m) such thay(m) — 0 asm — oo.
From Lemma3 we obtain

He(Of,d) > mln <%) +(1—|—0(1))% lnm—(l—i—o(l))%m?

ol

Let us choose

m(e) =

Then the termZ Inm becomes negligible and we get the

desired result. [ |
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APPENDIXB
PROOF OFPROPOSITION4

Proof: Let Ey denote the expected value under the
distribution Pg. The calculus is made using natural logarithm:

(In2) D(Py; KT
Pn(Xl:n)
=Egln 2"~
O K Te(X1m)
Dk(T1+ l,"' T+ l)
:]Eg Tilnei—Egln 2 2
2 IRENY
(A)

L/2)r | $ [, T(Ti + 3)
=1In + nf;Inf; —Egln —~“———=~,
T2 2 T+ )

(19)

The second line comes frorB)(and @), and the third from7).
We use now the Feller bounds given ), with 3, denoting
the coefficient corresponding to the formulaltff. + %), and
3; being the coefficient in the formula &f(7; + l).

Zn@ n6; — EgIn [, (V2r(Ti+ 3)7)
pt \/2_(7’L+ )n-l—(k 1)/2
k
Bi Bo
_ZEG .
2D L) 2t k)
k—1 k
L N S
> n2m— <

(8)

k
1
+ Z (n9i In¢; — Ep,T;In (Ti + 5))

(©

# (w5 ) m(nr 3)

Now we lower bound separate(y8) and (C). For the later,

(©) = <n+%>lnn+<n+%>ln<1+%)

()

2nMn+k_ Inn.
On the other hand,
& (B;)
(B) = —nlnn+ Z (nh; lnnb; — Ep, T; In'T;)

i=1
<1/2

k

i=1

1
2T; )

From the relationnt <t — 1, with t = ,3;)

InT; —Innb; < T = nbs
n9i
nb;
Var T;
Eo. T;InT; — nf; Innb; < ——=% =1 _¢,.




As a consequence,
(Bi) > —(1—6;) > —1,

k
(B) > —nlnn — 37,

and

2

All that remains is to collect the different elements @By
to get the announced result. |

APPENDIXC
REDUNDANCY OF ACcode

A. Moments of\/,,

Before completing the proofs announced in Sechgnwe
need a lemma which contains several useful results about
moments of)M,,.

Lemma 7:Let C anda be positive numbers satisfying >
e?®. Then, for alln > 1,

1)
1 1

sup Ep[M,]< —Inn+—+1In L
PeA, . —a o e 1—e@

2)
Inn

sup Ep|M,1,, <2100t —C —O<—>.

PEACefow P[ A{n>§ ! + 1*570‘] n

3)

sup Ep[M,InM,] = 0(1112 n).
PeAg, a

14

On the other hand, the relatidn > G entailsX| < 8+Y;,
for all 1 <14 <n. As the consequence, M| = sup,«,<,, Y
denotes the maximum of aW;, we haveM! < 3+ M”.
Since the random variablé&$ are independent, the probability
distribution of M,/ is easy to calculate. Indeed for alt> 0,

P(M) <t)=P(V1<i<n, Y;<t)

= (1—et)".
We can write down the density function of":
noae (1 —e =L if t >0,
)= { 0 otherwise.

Now we look for an upper bound oE[M,,] by taking
advantage of the knowledge of that distribution:

E[M,] = E[M]
<E[B+ M]]

= ﬁ+/ tnae (1 —e )1 dt
0

the

at

:5+/OOO (1-(1—e ") dt
u=1—e"

integrating by parts. Use now the change of variables
= = In(1—u)

1 (P1—um
E[Mn]§ﬁ+—/ Y du
@ Jo
1 1
<—Inn+—+1In
(6% (6%

C

1—e-a’

1—u

Since the upper bound does not depend®ithat achieves
the proof of the pointl. We can handle the poir in the

Proof: Let F' denote the distribution function associategame way. For alt > 0, we have

with P. Fort > 0, we have
P(Xy>t)= Y P(k)
E>[t]+1
C
<
T 1l—e @
< e olt=0)

e—a(lt]+1)

—<¢ _ ThereforeF

where 8 = In —¢

where

(t) > G(t) for all t € R,

Gt) = Lizg (1— e 0.

We can identify inG the distribution function of the random
variable 3 + Y, whereY follows the exponential distribution
with parameterv.

Let Uy,...,U, be n iid random variables following the
uniform distribution on[0, 1]. For 1 <i < n, let us define

X =F (U

Y =G\ (Uy) - 8,
where F~! andG~! denote the pseudo-inversesiBfand G:
F7'(t)=inf{z € R: F(z) > t}.

Then the n-dimensional vectorXj., (X1,...,X}))
has the same distribution as;.,,, and the maximal//
sup;<;<, X; and M, follow the same distribution.

vt € [0,1],

E [Mn1ns,>p+¢ SE[(6+ M) Lase]

< / (B+unae “du
t

1
=ne (t—i— — +ﬁ) .
«
With ¢ = %ln n, we get the second point of Lemn7a
The third item is not very different. Since the function—
xlnz is increasing orfl, +o00) and1 < M/, < 3+ M/, we
have

E [M, In M,]
<E[(B+ M) In(3 + M)))]
=E [1ar<p(B+ M) In(6 + M,))]
+E | LurgspLasg< 2 1 (8 + M) In(8 + ;)|

+E | Larysplags 2 ma (8 + M) In(B + M,’l’)}

4 4

<28In(20) + —(Inn)In (— In n)
Q «

+E [2M) n(2M) Ly 2 mn}

4 4 4
Eln—) Inn+ a(lnn)(lnlnn)

(%

< 281n(283) + (

+E

"2
4Mn ]]'M;L’>% lnn:| .
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Let us define We have
(n) =28In(28) + (éln£>lnn—|— (Inn)(Inlnn) nill 14 1 <n_1 1 - 1+1In(n—1)
a o a — 2+ M;) = A2 2 '
Note thaty(n) = o(In? n). Then
- From the relationM;, < M, for all ¥ > k > 1, we can
Aun e du infer, for all i > kM,
M,, — M; - M, 1
20+ M; — 2kM, 2k

E[M, 1In M,] <~(n) —i—/
%lnn

—2Inn
(4In*n +41nn + 2).
Since log is a concave function, we havleg(l + z) >

|

4dne
=7(n) + Y
Taking the supremum ove?, we get log(140)
) zlogllta) for all @ > 0 and0 < z < a. Consequently, if
161 161 8 =L
sup  Ep M In M) < v(n) + n n+2 nn+ we chooser = 5,
PeAg —a- asn (1) Mo
m—1 (k+
= o(In®n). > My — M;
(A2) =Epn [ Y > 2klog( 1+ 2k % T I,
| k=1 i=kM, +1
1+1Inn
B. Contribution of C4 -mi
M, — M1y,
We make here several calculus we announced in subsec- > Epn 2klog | 1+ 5% 5k - DM = M
tion V-A. L k=1 (k + 1) M, + M,
Proof of (L3): Let _l+Inn
n 2
~ n\ " T m
P"(2x1.,) = sup P"(x1.,) = H (%) > Epn Z A, M,, — My, 1+ Inn
r a1, n) - P 2k +1 2
be the maximum likelihood of the string;.,, over all iid -
distribution onN™. Then Proof of (15): We have
Pr(X1.)
(A1) <Epn |log
KT, (X1:n) (A3) = sup Z P"(M,, =
Pr(e) PeAc.—a | 51
< Epn sup log Ln L=5]
ervmell My KT, (T1m) , e 1
x | jlogn — ApJ Z P
Now we can apply a result from Catoni ( [9, prop 1.4.1]): hmhg1 T2
Lemma 8:For all £ > 1 and for allzy.,, € {1,...,k}", ) )
Then we plug imh,, = [Inn—3/2]. Forn big enoughp,, > 1
- —1
log KTy (x1.) + log P (21.,) < log n + log k. and we have
n-1 o
L J J 1 - /LTlJ+1 diZ?
J =]
k:hn+1k+% Inn—1/2 (E—f—%
-1
=3 <1n <{n : g) — ln(lnn))

Therefore

EM,| -1
(A1) < %bgn—kﬂi[logMn].
|
>jln(n—1)—jlnj — jln(lnn)

Proof of (14): We group the terms ifA.), M,, by M,
and therefore
[(loge — A\p)E[M,]Inn

n—1 .
21 + M,
> n T ———
(A2) 2 Ep Zlog 2i + M,
(Az) < sup
+ Zl 2 M e n
2+1+M +)\nE[Mn]1nn_1
m—1 (k+1)M + ME[M,, In M,] + M\ E[M,] In(Inn)]
M - M;
> Epn Z Z log|( 14+ ——+
PRy + M; Then, if we use Lemm& and the fact thad,, tends tologe
we get (L5). [ |
Proof of (16): We want to commute the expected value
and the sum in(A4). To do it, we need to get rid of the

n—1

1
—Epn 1 1
r l; og( +2i+Mi)



m. We can note that the conditidn < m = |% ] entails
kM, <n — 1. Consequently, fon big enough,

"\ My
Ay < sup Epn —_—
(As) PeAg, o ; k—i—%
n—1
M, 1 ne
< sup Epn Z kM, leng 1
PeAg —a- k=3 k+ 2
- "il SUPpen,, . Epr [leMn 1ag,<t,]
= k+ 35
+ Ssu ]E n M ]]. n l 5
PeACI:,a P My, > kg k+ l
wherel,, = %lnn—i—ln %J We can now plug in the
results of Lemmar:
n—11 1 C n—1
o ln(kln) + o + In P 1
(Ag) < 1 ! +o(1) PR
k=3 T3 per
n—1 —
1 Ink 1
< = —(Ini, + O(1
— 1 1
= k: +3 a kg +3
Note thatl,, (Inn), and consequentlin i, = O(Inlnn).
So
1 /™1 " d
(Ay) < —/ ne da:—i—O(lnlnn)/ -
a J3 T — 5 3 X — 5

IN

1
% In?n + o(In®n).

C. Contribution of C2

We prove here several lemmas used in subsediidh to
prove Propositior6.
Proof of Lemmad: Let P be an element oA q,-«..
us define, for allk > 0,
> P(k),

p(k) = P(X1 > k)=
>k+1

Let

and .
Bi) = ZEPn []lXi>MFlg(Xi)} .

i=1

Note that, for alll < ¢ < n, X; and M;_; are independent

random variables, and

PY(M; <k)y=P'(V1<j<i X;<k)
= (1-p(k))".
Then we can write
PONLLEELD )
i=1 k>0 m>k+
=" P(m)g(m) P(M;_1 = k)
m>1 i=1 k=0
D+ ) P(m)g(m)Z(l —p(m —1))*

_ 1= (1= p(m -
= 3 Plm)glm)—— P

m>1

"
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If we take g(x) =1 for all =, we get

Z P 1))n = li ]lX13>M1;1‘|

m>1
< E[M,).

—(1—=p(m—

p(m —1)

In the general case, we can split the sunf@t, and we get

o 1-(1—p(m—1)"
=2;Pmmmw S —T)

1—(1—p(m—1)"
’ mz;ﬂ p(m—1)
L (= p(m —1)"
K")%P( T
+ > nP(m)g(m)
m>Ky+1
< g(Kp)E[M]+Cn Y g(m)e ™.
m>K,+1

At this point, we can take the supremum over all sourEes
in Ace—a-:

Z ]Epn I:]].Xi>1\rfiflg(Xi)}

sup
PEAg, o
1 oo
<(1+40(1)g(K,)—Inn+ Cn/ g(x 4+ 1)e”** da.
Q Kn

[ ]
Proof of Lemméb:

n/ lp(x+1)e ““da

< n/ (log(z + 1) + 2loglog(z +2) + 1) e”** dx
Kn

< ne *Knlog(K, +2)

/oo logz + 2loglogx + 1 —a(e—Kn-2) 4y
K,+2

log(K,, + 2)

logx + 2loglogx + 1)

< e*log(K, +2) ( sup Tog

> K, +2
log x

—a(z—Kp,—2) d
— € X
/Kn+2 log(K,, +2)

10g (1 + ﬁ)
log(K,, + 2)

= O(log Kn)/ 1+ e “dx
0
= o(logn).

The supremum is correctly defined and bounded, because the

function
logz + 2loglogx + 1
—

log x
is continuous and tends tbasz tends to the infinity. =
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