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Abstract. The electromagnetic waves propagation in a non linear medium can be described by the Kerr
model in case of instantaneous response of the material, or by the Kerr-Debye model if the material exhibits
a finite response time. Both models are quasilinear hyperbolic and are endowed with a dissipative entropy.
Initial-boundary value problem with the maximal dissipative impedance boundary condition is considered.
When the response time is fixed, in the one dimensional and the two dimensional transverse electric cases,
the global existence of smooth solutions for the Kerr-Debye system is established. When the response time
tends to zero, the convergence of the Kerr-Debye model to the Kerr model is proved in the general case: the
Kerr model is the zero relaxation limit of the Kerr-Debye model.

AMS Classification. 35L50, 35Q60.

Key words. Initial-boundary value problem, Kerr model, Kerr-Debye model, relaxation, nonlinear Maxwell
equations.

1 Introduction

Nonlinear Maxwell’s equations are used for modelling nonlinear optical phenomena. The electromagnetic
wave propagation is described by Maxwell’s system:

0¢D — curl H = 0,
0¢B + curl E =0,
div D =div B = 0.

The field quantities E and H represent the electric and magnetic fields, D and B the electric and magnetic
displacements. The constitutive relations are given by

B:,MOH7
D =coE + P,

where P is the polarization.
We consider a homogeneous isotropic nonlinear medium (a cristal for example), so the polarization is non-
linear. The Kerr model describes an instantaneous response of the medium, in this case, P is given by:

P = Py = e, |E)E.
If the medium exhibits a finite response time 7 we consider a Kerr-Debye model in which P is given by:
P= PKD = z’:‘oXE,
where ) )
Oex + =X = —&/| B
T T
(see for example [17] or [20]).

So the Kerr-Debye model is a relaxation approximation of the Kerr model and 7 is the relaxation parameter
(for a general presentation of relaxation problems, see [15]). Formally, when 7 tends to 0, x converges to
e-|E|? and Pk p converges to Pk.



In order to study realistic physical situations we study the initial-boundary value problem (IBVP) in the
simplest geometry. We denote by Q = IR™ x IR? the domain in which the nonlinear material is confined, and
by T' = {0} x IR? its boundary. We consider the Kerr and the Kerr-Debye models in the domain IR} x Q
with the impedance boundary condition on IR} x I and with null initial data.
Once nondimensionalized the IBVP for the Kerr model writes:
for (t,z) € RT x

{ 0¢D —curl H =0, (1)

O¢H + curl E =0,

with the constitutive relation :
D=(1+|EPE. (2)

We suppose that the initial data vanish:
D(0,z) = H(0,z) =0 for x € Q (3)
so that we obtain the conservative relations
div D =div H=0fort¢t > 0. (4)
We denote by n = ¥(—1,0,0) the outer unit normal on I'. We consider the impedance boundary condition
Hxn+a((Exn)xn)=gfor (t,r) € RT xT, (5)
where a is a positive endomorphism acting on I'. If a = Id, (5) is the classical ingoing wave condition, if
a =0, (5) is a Dirichlet boundary condition. The system is resting for ¢ < 0. It is only excited by the source
term ¢ which is localized in the variable (¢, z2, x3) and takes its values in I
In the same way the IBVP for the Kerr-Debye model (in which 7 is replaced by ) writes:

for (t,z) € RT x Q
0yD. — curl H. = 0,

O¢H. + curl E. =0, (6)

1
Oixe = g(|Ee|2 - Xe),

with the constitutive relation :

D, = (1+ x.)E-. (7)
We suppose that the initial data vanishes :
D.(0,2) = H.(0,2) =0, x(0,z) =0 for z € Q, (8)
and we have also
div D, =div H. =0 for ¢ > 0. 9)

In addition we suppose that we have the same impedance boundary condition

H. xn+a((E. xn)xn)=¢ for (t,z) € R xT. (10)

Two dimensional models

Following [19] we can also introduce the two-dimensional transverse magnetic (TM) and transverse electric
(TE) models.
For the transverse magnetic case we assume that

H (1, 29,23) = *(0, Hao(21,3),0),
E(z1,22,23) = "(E1(z1,73),0, E5(x1, 23)),



in the domain (x1,xz3) € {1 > 0} x IR. The Maxwell system becomes

0¢D1 + 03Hy =0,
0, Ds — Oy H — 0, (12)
O0iHy + 03By — 01 F3 =0,

with the divergence conservation condition
01D1+0sD3 =0 (13)
(in this case the divergence condition for H is irrelevant). The impedance boundary condition writes
Hy — aFEs = ¢ with a > 0. (14)

This system is coupled with (2) for the Kerr model and with (7) and the third equation in (6) for the
Kerr-Debye model.

In the transverse electric case, we assume that

E(Z‘l,l‘Q,l‘g) = t(O,EQ(Z‘l,Z‘g),O),
H(zy,22,23) = "(Hi(21,23),0, H3(21,23)).
‘We obtain
0¢Doy — 03H1 + 01H3 =0,
OyH — 03F> =0, (16)
O Hs 4+ 01 E5 = 0,

with the divergence conservation condition
O1H1+ 03Hs =0, (17)
and the impedance boundary condition becomes
Hs + aEy = ¢ with a > 0. (18)
For the Kerr model, (16)-(18) is coupled with
Dy = (1+ (E»)?),
and for the Kerr-Debye model, (16)-(18) is coupled with

D2,€ = (]- + XE)E2,€7

1
8tX€ - g((EQ,E)Q - Xe)

In the case of a fixed finite response time, numerical simulations are obtained for these two-dimensional
models by finite-difference methods in [19] and by finite-element methods in [13].

One dimensional model

In [3] the one dimensionnal model is introduced:

E(xla 1‘2,.133) = t(Ov 6(1‘1), O)a

19
H(z1,22,23) = (0,0, h(r1). 1)
In this case, the IBVP for the Kerr model becomes

Od + O1h = 0,

Oth + O1e = 0, (20)

d=(1+¢e?)e,



with the impedance boundary condition
h(t,0) 4+ ae(t,0) = p(t), t > 0, where a >0, (21)

and the null initial data
e(0,21) = h(0,21) =0, z; > 0. (22)

The one-dimensional IBVP for the Kerr-Debye model is

Orde + O1he = 0,
8th5 + 8165 = O,

1 23
doxe = 2((eo ~ xo) =
d. = (1 + Xe)esa
with the impedance boundary condition
he(t,0) + ae.(t,0) = p(t), t > 0, where a >0, (24)
and the null initial data
e(0,21) = he(0,21) = xc(0,21) =0, 21 > 0. (25)

We can also remark that the divergence conditions on h and d are irrelevant for both models.

Mathematical properties and main results

First at all Kerr and Kerr-Debye models are endowed with strictly convex entropies so they are symmetrizable
hyperbolic. Furthermore the boundary is characteristic of constant multiplicity ( except for the system (20)).
So as the boundary conditions are maximal dissipative, for smooth data, the existence of regular solution is
a consequence of general results in [10]. For Kerr model a more precise local existence result is proved in
[16]. An analogous result for the Kerr-Debye model is established in the Appendix.

We denote by T* and T the lifespan of such regular solutions for Kerr and Kerr-Debye models. The Kerr
model is a homogeneous quasilinear hyperbolic system. In the one dimensional case it is a p-system which
is genuinely nonlinear for d # 0. Generally, using the results of [14], the lifespan T* is finite with formation
of shock waves (see also [4]). On the other hand we prove that the Kerr-Debye model is totally linearly
degenerated. So we can expect that, if the lifespan 7. is finite, the behaviour of the smooth solution is
analogous to the semilinear case. Indeed we obtain this result in the 1d case in [5]: if T2 is finite then
the solution and its gradient explode, so no shock wave can appear. In fact, using more precise dissipative
properties for the Kerr-Debye model we prove in [7] that T = 400 for the one dimensionnal Cauchy problem.
In the present paper, we prove a global existence result for the IBVP in the 1d case and the 2dTE case.

The general stability problem is considered for relaxation models in [11] and [1]. In these papers, for the
Kerr-Debye model it is proved that a constant equilibrium state (&, h, Y = (€)?) is stable if & # 0. Our global
existence results do not show the stability property of the state (0,0,0) which remains an open problem.

Kerr-Debye model is a relaxation approximation of Kerr model in the sense developed in [8] . The stability
conditions in [8] and [18] are satisfied so it is natural to study the behaviour of the smooth solutions of the
Kerr-Debye model when the relaxation coefficient ¢ tends to 0. Concerning the Cauchy problem with initial
data (Do, Ho, x0) satisfying div Dy = div Hy = 0, xo > 0, the convergence for the smooth solutions is proved
by [12] using the results of [18]. Generally a boundary layer in time appears because of the non compatibility
of the initial data with the equilibrium condition x = |E|?. In the present paper we study the convergence
for the IBVP. In this case no boundary layer appears: in the time variable the null initial data fits with
the equilibrium condition, in the space variables, the boundary condition is the same for both IBVP. In the
one dimensional case, we presented in [3] a first convergence result. In fact we obtained the convergence
of (23)-(24)-(25) to (20)-(21)-(22) on some interval [0,7] C [0,7*[. The same kind of convergence result is
announced for the 3d-case in [6]. Here we improve these results in all cases since the convergence is obtained
on each interval [0, 7] C [0,T*[.



In the present paper we chose to establish the main results for the impedance IBVP (see Theorem 1 and
Theorem 3 below). In the proofs we must take into account a new difficulty which does not appear for the
Cauchy problem: the boundary I' of the domain €2 is characteristic. Our paper is organized as follows. In
Section 2 we exhibit general properties of Kerr and Kerr-Debye models. For a fixed € we establish the global
existence result of the solutions for the Kerr Debye 2dTE model. Section 3 is devoted to convergence results
when the relaxation parameter tends to zero.

2 (General Properties

2.1 Properties of the Kerr model

We recall the initial-boundary value problem for the general Kerr model.

0¢D —curl H =0,
OH + curl E =0, (26)
D= (1+|EP)E,

for (t,z) € RT x Q,

D(t=0)=H(t=0)=0 for x € 0, (27)
Hxn+a((Exn)xn)=gfor (t,r) € RT xT. (28)

The energy density given by
£xc(D, H) = L(1EP +|HP + 3| Bl*) (29)

is a strictly convex entropy (the associated flux function is E x H), so (26) is a quasilinear hyperbolic
symmetrizable system.
In the three dimensional case, the eigenvalues are, for £ # 0,

MEE S M(EE) <A3=M=0< A5 =—-X < Xg = -y,

so the boundary IRT x T is characteristic of constant multiplicity equal to two. By direct calculations we
obtain

M(E€) = —(1+|EP) e,
Mo(B,&) = —(1+ [E?)2 (1 +3[E) 3 ((1+|EP) €] + 2(E - §)?)*.
In the two dimensional cases, TM and TE, the eigenvalues are of the form:
M(EE) <A=0< 3=\,

so the boundary IRT x I is characteristic of constant multiplicity equal to one. By direct calculations we
obtain for the TM model:

ANM(E, €)= —(1+ |B2) 3 (1 +3|B[2)"2((1 + | E])|€]> + 2(E - €)%)3,
and for the TE model: .
ME(E§) = —(1+3|Ex*)72[¢].

In the one dimensional case, the system is strictly hyperbolic and the boundary is non characteristic. We
have
)\1(E) <0< A= —/\1,

with )
M(E) = —(1+3e?) 7.



We remark that the impedance boundary condition (28) is maximal dissipative. Generally speaking local
existence results of smooth solutions to IBVP for quasilinear hyperbolic systems with characteristic boundary
conditions are available in [10]. For the special Maxwell system (26)-(27)-(28) we can also apply the more
adapted result in [16]. We precise these results in the 3-d case. We assume that the source term ¢ is
compactly supported in IR, x I'. We denote by H* the classical Sobolev spaces and we suppose that ¢
belongs to H*(IR; x I') for s great enough. So the boundary condition (28) and the initial data (27) are
compatible and by [16] we obtain smooth local solutions.

Proposition 1 Under the previous assumptions there exists a mazimal smooth solution (E, H) to the IBVP
(26)-(27)-(28) which lifespan is denoted by T* and such that

i(D,H) € C°([0, T*[; H*~(Q)) fori=0,1,2,3. (30)
If we apply the results in [10] we obtain the same proposition in which we replace (30) by
0{(D, H) € C°([0,T*[; H*(Q)) for i = 0,1,2,3, 4.
We have analogous results in the 2-d and the 1-d cases.
2.2 Properties of the Kerr-Debye models.
These models write, for (t,z) € RT x Q
0yD. — curl H. = 0,

O¢H. + curl E. =0,

' (31)
Orxe = g(|Ee|2 = Xe);
D, = (1 + XE)EE'
D.(0,2) = H.(0,x) =0, x:(0,2) =0 for x € Q, (32)
H. xn+a((E. xn)xn)=¢ for (t,z) € R xT. (33)
The divergence free conditions are preserved by the system:
div H. = div (1 + x)E: = 0. (34)
By the third equation in (31) we observe that we have
Xe = 0. (35)
The energy density given by
1 “1p2 .y Lig2 Lo
Exp(D, H,x) = 5(1+ )7 D + S|HP + 3x (36)

is a strictly convex entropy in the domain {x > 0} (with associated flux Ex H = (1+x)"'D x H). So (31)
is a quasilinear symmetrizable hyperbolic system.

In the three dimensional case the eigenvalues are, for £ # 0,
p1(X: ) = po < ps = pa = pis = 0 < pg = pig = —pu,

where p; = —(1+ X)*% |€|. So the boundary is characteristic of constant multiplicity equal to three.

In the two dimensional cases we obtain

(O €) < po = py =0 < pa = —pn,



where p; = —(1+ X)f% |€|. So the boundary is characteristic of constant multiplicity equal to two.

In the one dimensional case, the system is strictly hyperbolic and the boundary is characteristic of constant
multiplicity one. The eigenvalues are

pa(x) < po =0 < pz = —p,

where p; = —(1+ X)_%.
We remark that each characteristic field of the quasi linear hyperbolic system (31) is linearly degenerated.

It suffices to prove this property for the eigenvalue u1(x, &) = —(1 + X)*% |€]. The last component of the
corresponding eigenvector vanishes so we have:

Vuy-rp =0.
In the 3d case this property is also obtained by the general result in [2].

As for the Kerr model we could apply the existence results in [10] and we should obtain local smooth solutions
to (31)-(32)-(33) such that

O{(De, Hz, xe) € C°([0, TX[; H*4()) for i = 0, 1,2, 3, 4.
In fact, using the special structure of Kerr-Debye model, we obtain the following existence result:

Proposition 2 Under the assumptions in Proposition 1, there exists a mazimal smooth solution (D, He, X<)
to the IBVP (31)-(32)-(33) which lifespan is denoted by T and such that

9! (De, Ho,xe) € CU[0, T [; H3>H(Q)) fori=0,1,2,3. (37)

We prove this result in the Appendix.

2.3 Dissipative properties of the Kerr-Debye models.

For the Cauchy problem, it is well known (see [12]) that the Kerr-Debye system is dissipative and we have:

d 5
d &maﬂmmWrn/‘@m%m (38)
dt BS 2 B3

We generalize this dissipative formula for the IBVP (31)-(32)-(33). In addition we exhibit another dissipative
property for the time derivatives. With this object, we lift the boundary condition (33) in the following way:
we replace Ho by Ha + @3(t, x2, x3)n(z1), Hs by Hs — pa(t, x2,x3)n(x1), where 7 is a cut off function which
is equal to 1 in a neighbourdhood of 0, compactly supported in the interval [0, 1[. Furthermore, to preserve
the divergence free condition (34) we replace H; by

+oo
Hiy + (023 — O3p2)(t, x2, 333)/ n(s)ds

z1

and we denote
“+oo

@w—@wﬂwmm/ n(s)ds

Z1

R = | 4 2o, 2 (o)

—P2 (tv €2, .133)7’](331)
Then the system (31)-(34) becomes in the variable V = (U, x) = (E, H, x):

(Z) (1 + X)&E + (8,5X)E —curl H = Gl,

(ZZ) O¢H + curl E = Go, (39)

1
(i) dnx = Z( B =),



where G; = curl R and Gy = —9yR, with the null initial and boundary conditions:

V(0,z) =0,z € Q, (40)
Hxn+a((Exn)xn)=0,(tz)c Rt xT. (41)

and the divergence free conditions
div H =div (1 + x)E) = 0. (42)

For the IBVP (39)-(42) the dissipation propoerties are described by the following result:

Proposition 3 Let V the regular solution for (39)-(42) given by Proposition 2. Then on the interval [0, T*|
we have, with Ep = (0, Ea, E3),

i/gKD(D,H,X)d!E-FE/ |8tx|2d$+/a(ET)-ETd$2d£E3:/(G1'E"‘GQ-H)d{E, (43)
dt Jo 2 Ja r Q

1d 1 3 €
la 1 B2 HEZ 4~ 2 _/ El210.EI _/ 2
s [ (00?0 ) do s o [ EPIOERd S [ s
(14)

+/a(6tET)-8tEde2dx3 = 2%/ X|8tE|2d:Jc+/(8tG1-8tE+8tG2-8tH)dx.
r Q Q

Proof. Taking the inner product of (39.7) by E and (39.i¢) by H we obtain

/(1+X)8tE-de+/ |E|28txdm—/cur1H-de+/ atH-de—i—/ curlE-dez/(Gl-E+G2-H)dx.
Q Q Q Q Q Q

(45)
Integrating by parts we obtain that
—/ curlH-de—i—/ curl E- Hdx = /(H x n) - BEdzodrs
Q Q r
=— / a((E xn) xn)- Edxodrs
r
= / a(Er) - Erdzedrs.
r
In addition, we have
1d , 1 ,
14+ x)OE-Edr=-— | (1+x)|El*de — = | |E|*dixdx.
Using the last equation in (39), we ibtain
1 / 9 1d 9 € 9
= |E|8xdx:——/|x| dz + = [ (Oux)de.
2 Jo ’ 4dt Jq 2 Jo
So replacing in (45) we obtain (43).
We can derivate (39) and (41) with respect to t:
(4) (14 x)OuE + 201X E + Oy xE — curl 0:H = 0,Gh,
(ZZ) 8ttH + curl 6tE = atGQ, (46)

2 1
(ZZZ) 8ttX = EE . 8tE — gatx,



OH xn+a((0;E xn) xn)=0in R} xT. (47)
As before we obtain:

1d

3
——/ (1 +X)|0E> + |0, H|?) dm+—/ 8tx|8tE|2dx+/6tth-8tde+/a(8tET)-8tEde2dx3

= /(atGl <O E + 0,Gy - 0:H)dz.
Q
From the last equation in (39) :

/ atth . 8,5Ed$ = li / (8tx)2d$ + E / (&,tx)zdx

o (44) holds.

Remark 1 It is clear that (44) holds also for the Cauchy problem.

2.4 Global existence for the 2d TE Kerr-Debye system.
For the two dimensional TE model, the system is the following: for ¢ > 0, for (z1,23) € R x IR,

0Dy — 0sHy + 01Hs =0,

OHy1 — 035 =0,

(48)
O Hs + 01 E5 = 0,
1 2
ox = g(|E2| = X)s
with null initial data:
DQ(O,Z‘l,Z‘g) = Hl(o,l‘l,l‘g) = Hg(o,xl,l‘g) = X(O,Jﬁl,l‘g) =0 for xr1 > 0,3?3 S B, (49)
and the impedance boundary condition:
Hs(t,0,23) + aFs(t,0,23) = p(t,x3) for t > 0,23 € IR. (50)
Recall that we have y > 0 and
OH, + 03H3 = 0. (51)

Theorem 1 Let ¢ € H*(IR; x IR,,) (s great enough) with supp ¢ C [0,+00[XRy,. Let € > 0. Then the
regular solution W = (D, H1, Hs, x) to the IBVP (48)-(49)-(50) is defined on [0, +oo| (T = +00).

Proof of Theorem 1.
We fix € > 0 and we assume that 7} < +oo. Then from Proposition 2, if T < 400, then

Wb = +oc, (52)
where
p
HP(Qr) = {W such that [[W{|y () = Z 10 W | oo (0,7 1101 (02)) < +OO} : (53)
i=0

By variational estimates we will prove uniform bounds on [|W||33q,) for T < T and so we will obtain a
contradiction with (52), which prove that T = +o0.



With this object, as in the 3d case, we lift the boundary condition (52): we replace Hs(t,z1,23) by
Hs(t,z1,23) + @(t,z3)n(x1) where 7 is a smooth function compactly supported in IR', equal to 1 in a
neighbourhood of 0. Furthermore, to preserve the divergence free condition (51) we replace Hi(t,x1,x3)

+oo
by Hi(t,z1,23) + agw(t,xg)/ n(s)ds. Then the system (48)-(49)-(50) becomes, in the variable V =

Z1

(B2, Hyi, Hs, X):
(1 + X)atEg — 03Hy + 01H3 = —0ixEs + Gy,

OHy — 03F5 = G,
OH3 + 01 B> = Gs,

Oix = é(lEzl2 - X),
with the null initial and boundary conditions:
V(0,21,23) = 0,
H;(t,0,x3) + aFa(t,0,23) =0,

where .
G (t 21, 3) = BRep(t, 3) / n(s)ds — o(t, za)1 (z1),

z1

“+o0
Gao(t, x1,23) = 8t83<p(t,x3)/ n(s)ds,

z1

G3 (tv Z1, .133) = _815@(1"7 $3)7I(x1)

We recall that the field H remains divergence free:
01H1 + 03H3 = 0.
In this case the dissipation formulae (43)-(44) write:
1d

and

1d 1 3
__/ ﬂ+@@@ﬁﬂ@m%"wﬂﬁdm@ﬂ"i/Wﬁ@@mm+?/@MW$

+/a|8tE2|2dx3 = i/ X|8tE|2dfr+/ G - 0 Udx
r 2e Jo Q

where G = (G1,G2,G3) and U = (Es, Hy, Hs).

From (59), using Gronwall lemma (recall that x > 0), there exists a constant C' such that

IVIro@rs) = IVl o 12:02(0)) < C.

Estimates on the first order time derivatives.
We recall the derivatives of (54)-(55)-(57) with respect to ¢:

(1 + X)&EEQ 4+ 20;xO0c By + 8,52XE2 — 030H1 + 010;H3 = 0,G1,

O2H, — 850, E = 0,G,

O}Hs + 010, F> = 0,Gs3,

10

1
——/ (1+ )| B> + [H)? + =|x]? d!Bld{Eg-i-i/ |8tx|2dx+/a|E2|2dx3:/G-Udm.
2dt |, 2 2 /o . o

(60)

(61)



83)( = (2E28tE2 — 8tX),

(O

0:H3(t,0,23) + a0 Ea(t,0,23) = 0,
with the null initial condition obtained by the equations:
0V (0,21, 23) =0,
From these equations, we obtained (60), and by Gronwall lemma, there exists C' > 0 such that

10:V || oo 0,752 () < C-
From (i¢) and (i4i) in (54) we obtain
B2 Loo 0,711 (02)) < C-
Solving (55) we obtain:
s—1
€

x(t,z) = é/ot exp( )| Ea(s, x)|ds.

From Sobolev theorem and (66) for all p € [2, +oo] there exists C' > 0 such that
| E2|| oo 0,70 (02)) < C,

and so with (68), for all p with 1 < p < 400, there exists C' such that
x|l 0,120 () < C-

So by (55) we obtain that for all p € [1, 4+o00],
10X Lo 0,120 (0)) < C.

Estimates on the second order times derivatives.
We derivate (62)-(63)-(64) with respect to t. We obtain:

(14 X)93 By + 30, X0 B2 + 30} X0t Eo + 0} x B2 — 0307 Hy + 0,07 H3 = 072G,

O3 Hy — 0302 By = 02Ga,

0P H3 + 0102 B2 = 0%Gs,

Rx = %(2|atE2|2 + 2B, B> — 0}X),
with the null boundary condition:
02 H3(t,0,23) + ad?Fs(t,0,23) = 0,
and by the equations, we preserve the null initial condition:
D2V (0,21, 3) = 0.

Taking the inner product of (72) with 92U we obtain:

1d

—— ((1 + X)|8752E2|2 + |(9t2H|2) dridxs + / a|8t2E2|2dx3

+g/atx|a§E2|2da:+3/afxatEga§E2+/a§XEga§E2:/a,?G-anda:.
Q Q Q Q

11

(70)

(71)



From (55) we have:
1 1
[ onopEPas == [ BPiopE - L [ xio2EsPa
Q € Ja € Ja

From (63) we have:
2 1
/ 8t2X8tE28t2E2d$ = —/ E2|8tE2|28t2E2d$ — —/ 8tX8tE28,52E2d33.
Q €Ja €Ja
From (73) we have:

2 2 2
/ 8?XE28§EQCZ$ = —/ E2|8tE2|28,52E2d$ + —/ |E2|2|8,52E2|2d$ - = / |E2|28tE28,52E2d$
Q € Ja €Ja e Ja

1
+—2/atXE2(9t2E2d:E.
" Ja
So we have

1d 9
335 [ (U IPEP + |2 P) dordas + [ alopBaden + o [ |EaPlo? Bl =
t Q T 2¢e Q

5 8 3

/afc:-andx+—/ X|8§E2|2dx——/ E253E2|atE2|2dx+—/ Dy x 01 B2 07 Eodx:
Q 2¢e Q g Jo € Ja

2 1

+5 / |E2|* 0, B2} Badx — — / Oy x E0? Eod.
e” Ja e Ja
By (62) and (66) we have
100 B2 || 1)) < C(1+ |07 H| L2(a)-

We estimate the right hand side terms in (76).

8
‘—/E283E2|8tE2|2d$
€Ja

9
< —/ | B |20 Fp [2da: + K(e)/ 10, s[4 da.
4e Q Q
By interpolation inequalities and Sobolev theorem, we have:
1 1
lellzsc@) < Cllully3 gy < Iell 2oyl oy
So by (66) and (77) we obtain:

8
’—/E282E2|8tE2|2d$
€Ja

9
< 4—€/Q|E2|2|8t2E2|2dx+K(5)(1+||8t2H||2L2(Q)).

By (71) and (77) we have

[ Bt Bada] < Clox s 190l |98 B 2o
Q

< ClovE| 1) 107 B2 120

< CO+[0FU[72(q))-

In the same way, by (69) and (77) we have

/ | B2 |20y E20} Eadx| < C(1 + ||8152UH%2(Q))’
Q
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and by (69) and (71) we have

/ DX 202 Badz| < C(1+ (02U | 22(0y)-
Q

Using (78), (79), (80), (81) in (76), we obtain:
1d
2dt 2¢

so by Gronwall lemma there exists C' = C(T/) such that

||<9f,2U||L°°(0,T;;L2(Q)) <C.

So by (77),
0cE2|| Lo~ 0,211 () < C,

and by Sobolev theorem, for all p, 2 < p < 400,

10c B2l Lo 0,120 (0)) < C.
2 1
As Oy = gEgatEQ - gatx, by (69), (71), (84) we have for 1 < p < +o0:

187X Los (0,720 0y < C-

Estimates on the third order time derivatives.
We derivate (72)-(73)-(74) with respect to ¢:

(1 + x)&ng + 4815)((9?5]2 + 68,52X8,52E2 + 48t3X8tE2 + 8?XE2 — 838t3H1 + 818?H3 = 8t3G1,

OAH, — 0503 By = 3G,
8;1H3 + 818?E2 = 8t3G3,

oy = gatEQaEEQ + gEgang - 8_22|atEQ|2 - 6—22E283E2 + 8_12an,
with the null boundary condition:
02 H3(t,0,23) + adP Ea(t,0,23) = 0,
and by the equations, we preserve the null initial condition:
I3V (0,21, 23) = 0.
We take the inner product of (86) by 92U and we obtain:
1d

24t Jq
+4 / 03x0, E20} Fy + / OixE203 Fy = / 3G - 0} Udx.
Q Q Q

From (55) we have
1 1
/8tx|af’E2|2dx: —/ |E2|2|33E2|2dx——/X|8§E2|2dx.
Q € Ja € Ja

From (73) we have:

2 2
/af’xatEQafEQ: g/ |8tE2|38ngdx+g/EgatEgangangdx—/8fxatE28t3Eg.
Q Q Q Q

13

5
/Q (1 + )07 Bo|? + |07 H|?) dards < C(1+ 07U |72(0) + —/Qx|8fE2|2dx,

(81)

(85)

(14 Bl + 0P HP) dosdea + [ alo} Eafidns + 5 [ 0o Ealdo +6 [ obxF E207Ex
T Q Q



From (87), we have:

6 2 2
/ 8;1XE28?E2 = g/ EgatEgangangda: + g/ |E2|2|8?E2|2d33 — 6_2/ E2|81;E2|28?E2d$
Q Q Q Q

2 1
—6—2/9|E2|28,52E283E2dx+g/ﬂafngafEQ.

So we have:
1d 11
——/ (1 +X)|07 Eo|* + |0} H|?) dz1ds +/a|a§E2|2dx3 + —/ |E2 %10} Bs|*dx
2 dt Q r 2e Q
(90)
7
= / 3G - U dx + —/ X|02 By Pdx + I + I
Q 2¢ Jo
where
14 2
Ii= —6 / 07 X0} F20} Exdx — - / 20, E20; B20} Eodx + - / |E2 |0} E20} Exdx
Q Q Q
8 4 2
I, = __/ |0:Eo 203 Eydx + —/ 02X 01 B2 0} Byda + —2/ B0y E5|?0} Bydx
€Ja €Ja € Ja
1
——2/ 8fxE283E2dx
€ Ja
From (72) and (82) we have
107 Boll 1 o) < K(1+ |07 H || £2(0))- (91)
So by Sobolev theorem and (69), (84), (85) and (91) we have
L] < CA+[07U72)- (92)
By (69), (84), (85), we have
L2 < C107 Es| 12(0)- (93)
We carry back estimates (92) and (93) in (90) and we obtain:
1d 7
s— | (A4 X0 El* + |0} HI?) daydas < C(1 4 [|07U]|72()) + —/ X|02 B |*d.
2 dt Q 2¢e Q
So there exists a constant C' = C(T}) > 0 such that
102U || oo 0,13 12(52) < C- (94)
By (91) we have:
102 B2 || Lo (0,721 (2) < C, (95)
and, for all p, 2 < p < 400,
107 Ea | oo (0,7251.0(02)) < C- (96)
2 2 1
As 0Py = g|8tE2|2 + gEgang - gafx, using (69), (84), (85) and (96), for 1 < p < +o0,
102X Lo (0,7 L0 (2)) < C- (97)

Estimates in H3(Qr-).

In order to estimate the space derivatives of H we recall the following div-curl lemma (see [9]).
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Lemma 1 Let Q = {(x1,23),71 > 0}. We denote I' = 0Q. Let H = (Hy,H3) € H*(Q) such that
div H = 0y Hy + 03Hs € H*(Q), cwrl H = —01H + 03Hy € H(Q), Hy € H**¥(I'). Then H € H*'()
and we have

|l sy < € (1 vy + 1div Hl vy + lleurd Hl ey + 1H peey ) -

By the first equation in (54), using (69), (70), 71) and (84), we obtain
||curl H”L‘X’(O,TE*;LQ(Q)) < C.
Recall that div H = 0 and on the boundary T, H3(t,0,23) = —aFs(t,0,x3), so by (67),

<C.

W (80, e ok ) <

Using lemma 1, we obtain
| HI Lo 0,711 (02)) < C. (98)
By the first equation in (62), using (69), (70), 71), (84), (85) and (96), we have:

[eurl O H| o (0,7;12(0)) < C.

By (57), using (83), we have:

||8tH3(ta 07 .)”L‘”(O,TS";H% ™) S Ca
thus
0cH || oo 0,721 (02)) < C. (99)
By the second and the third equations in (54), by (67) and (99),
B2l o< 0,12 12(02)) < C, (100)
and by Sobolev theorem,
| E2|| oo (0,7 [x0) < C. (101)
As H%(Q) is an algebra, using (68), we obtain
Xl 0,12 2(0)) < C, (102)
and by Sobolev theorem:
x|l zos (o, 72 [x02) < Cs (103)
1
and since Oyx = g(|E2|2 - X),
106 o< (0,72 12 (02)) < C, (104)
and by Sobolev theorem:
19ex | oo (0,72 [x2) < C. (105)
In addition with (73) we have
”atQXHL‘X’(O,T;;Hl(Q)) <C. (106)

By the first equation in (54), using (83), (100), (102), (104), we obtain
HCHI‘l H||Loo(07Tg;H1(Q)) < C.

By (57), using (100), we have

HH3(ta07')|| < C,

Lo (0,7 H3 (T)) =

so by Lemma 1,
| H | oo 0,725 152 (02)) < C. (107)
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By analogous arguments, we prove successively that
102 H|| Lo (0,72:11 (2)) < C,
0cE2||Loe 0,12 12(0)) < C,
102 x| o< (0,12: 12 (00)) < C,
10cH || oo (0,72 12 (02)) < C,s
| B2l oo 0,753 (02)) < C,s
X!l 0,213 () < C,

[H | o< (0,12513 () < C-

Finally,
Vi) < C. (108)

This estimate contradicts (52), so T = +o0.

2.5 Global existence for the 1d Kerr-Debye system.
The one dimensionnal Kerr Debye IBVP writes: for (t,z) € RT x R,

Ord + 0zh =0,
Oth + 0,e =0,
dix = (e = ), o
€
d= (14 x)e,
with the initial condition
(d, h,x)(0,2) =0 for z > 0, (110)
and with the boundary condition:
h(t,0) + ae(t,0 = ¢(t) for t > 0. (111)

Theorem 2 Let ¢ € H5(IR;) (s great enough) with supp ¢ C [0,400[. Let e > 0. Then the regular solution
(d,h,x) to the IBVP (109)-(110)-(111) is defined on [0, +o0].

The proof of Theorem 2 is analogous to the proof of Theorem 1. The one dimensional case is easier: the
divergence free condition is irrelevant and the space regularity is obtained directely by the equations. In
addition, by Sobolev theorem, the H'-estimates implies bounds in the L>®°-norm. By another way, the
detailled proof of the global existence for the Cauchy problem is given in [7].

Remark 2 The obtention of the global existence for the 2dTM and the 3d models seems more difficult. First
we lack for an adapted div-curl lemma to obtain the space regularity. Indeed, in these cases, the divergence
free condition (34) is non linear in (x, E). In addition, the Sobolev embeddings used in the 2d case don’t
work in the 3d case.
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3 Convergence result

We replace Kerr-Debye model in the general framework of [8]. The equilibrium manifold in (31) is defined
by:
V={(D,H,x)e R x=|B"=(1+x)?D*}.

So the reduced system associated with the Kerr-Debye model (31) is the Kerr model (26).
The strictly convex entropy Exp satisfies the stability condition in the definition 2.1 of [8] and, on the
equilibrium manifold V, we have the relation:

SK(D,H) = 5KD(D7H7X(D))'

Furthermore characteristic speeds associated to (31) and (26) are interlaced on the equilibrium manifold V.
In our case, by the previous calculations, in the 3d model we have:

p1(|E12,€) = M(E, &) = p2(|E|?,€) < Xa(E,€) <0 =p3 =X = j1g = My = pis.

In order to prove the convergence results it is more convenient to use the entropic variables which are
introduced in [11]. These variables are obtained taking the gradient of the convex entropy (36).

OpExp = (1 + X)_lD =F,

Ouéxp =H,

1
anKD = §(X - |E|2) =,

The IBVP (31) (32) (33) becomes

3

1
Ao(We)OWe + 3 A;0;We = —Q(WW-) (112)
j=1
for (t,2) € RT x Q, where
E. 0
o W, = H. ) QW:) = 0 )
Ve —20,

(|E<]> +20. + 1)I3 + 2E.'E. 0 2E.

° A()(WE) = 0 Ig 0 y
2tE, 0 2
3 0 —curl 0
° ZAjaj = | curl 0 0 1,
j=1 0 0 0

with the initial data
E.(0,2) = H.(0,2) =0, v:(0,2) =0 for = € Q, (113)

and with the boundary condition
H. xn+a((E. xn)xn)=¢ for (t,z) € R xT. (114)

We observe that the boundary condition is linear for the variables (E, H). In addition the equilibrium
manifold {(D, H,x), x = |E|2} is linearized as {(E7 Hv), v= O} and the relaxation term is linear.

We rewrite the divergence free condition in the entropic variables:

div ((1 + |B-|* + 2v.)E.) = div H. = 0. (115)
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In the same way we can write the Kerr model in its entropic variables :
Opéx =E,
Ouéx = H.
The IBVP (26)-(27)-(28) becomes:
(14 |Eo|?) I3 + 2EL Eo)0, Eg — curl Hy = 0,

(116)
0yHy + curl Hy = 0,
for (t,2) € RT x Q, with null initial data
Ey(0,2) = Hp(0,2) =0 for x € Q, (117)
and with the impedance boundary condition
Ho xn+a((Ey xn) xn) = for (t,2) € R+ xT. (118)
We remark that the divergence free condition is satisfied
div ((1 + |Eo|?)Eo) = div Hy = 0. (119)

In these entropic variables the IBVP (116)-(117)-(118) is the reduced system of the IBVP (112)-(113)-(114).
Let us recall the assumptions on the source term ¢ in both problems:

@ is compactly supported in B;” x T,
p € H*(IRy x T),

where s is chosen great enough to ensure a sufficiant regularity on the profile (Fy, Hy).

(120)

As remarked in the introduction, we don’t expect boundary layer formation in the IBVP (112)-(113)-(114)
near the profile (Fy, Hp,0). Hence we use a Hilbert expansion to describe the behaviour of the solution when
¢ tends to zero.

As in the previous section we introduce for T'> 0 and k € IN:

k

HE(Qr) = {W such that W [5ear) = Y N0iW | oo 0,710 (0)) < —|—oo} : (121)
i=0

We obtain the following convergence result.

Theorem 3 Let ¢ satisfying (120). Let (Eo, Hy) be the solution of (116)-(117)-(118) which lifespan is
denoted by T*. For e > 0, let (E., H.,ve) be the solution of (112)-(113)-(114) which lifespan is denoted by
Tr. We fix T <T*. There exists eg > 0 such that

Ve <eg, TS > T, (122)
and there exists a constant C' such that for all € < e,

1Bz — Eollnaor) + 1He = Hollwsor) + [[vellrezr) < Ce. (123)

Proof of Theorem 3.
We denote by p. =t (R., S-, sc) the remainder term in the Hilbert expansion of W,:

E.=FEy+eR,,
H. = Hy+eS,, (124)

Ve = €81 + €8¢,
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with 81 = —FEy0;Ey. For the convenience of the reader we omit the dependance on the index ¢. Using
(116)-(117)-(118) and (112)-(113)-(114), the rest term p satisfies the following system:

3

I 2
Aol 2)0up+ 3" Ao+ L(t,2)p+ Blt,w) + Gty R) + F(t,2,0)05 = —(0,0,%5),  (125)
j=1
where
R
° p= 0
s
(1+ |Eo|?) A-+2£btﬂb 0 2Ep
° I3 0
"EO 0o 2
250 FEq + 2Eo - RO Eq + 2(E0 'R+ RtEQ)atEQ + 2e0:51 R
° 0
2'ROEy
281(9on —|— 28t81E0
[ ]
28,581
E|R|28tE0 + €RtR8tE0
e G(t,x,R) = 0
0
e(R'Eg + Eg'R)OtR + esOiR + e?R'RO; R + 2 ROys + 2| R|*0; R
b F(t7x7p~)8tﬁ = 0
2¢eR - O+R
with the null initial data:
p(0,2) =0 for z € Q, (126)
and the homogeneous boundary condition
Sxn+a((Rxn)xn)=0for (t,z) € RT xT. (127)

We remark that we introduced the one order term s in the expansion of v, to avoid a singular source term
in the last equation of System (125). We fix T' < T* and we define T, by

1
T = sup{t < T, el < ﬁ}, (125)

so by Proposition 2, T, <T7.

For t < T. we define ¢. and 1. by

W=

0= (t) = [ llp= (D)1 720 + Z 10ipe (172 + Z 1050 (|72 (2 + Z 10ikp= (O 720y |+ (129)
i1 i1 i kAL
1
2
Pe(t) = | 1019 (D)7 20 +Z||3lzﬂe iz + O 101p- D720y | (130)
i,j
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Let us remark that . measures the tangential derivatives 0y = 9, 02, 035 and we have

3
(e (®) + (We(t)? = 3 10fp- () 13-+ (0y.
=0

We define also

D (t) = sup pe(s), (131)
s€[0,t]

U(t) = sup ve(s), (132)
s€[0,1]

so we have
O (T) + Ve (T) = Hp5||H3(QT)'

The proof of Theorem 3 is organized as follows. In the first step, by variational methods on the system
(125)-(126)-(127) we estimate the tangential derivatives of p.. In the second step we bound the normal
derivatives of p. by solving the last equation in (125) and using the divergence free conditions (115) and
(119). We will use the following classical lemma:

Lemma 2 For k > 2, H*(Qr) is an algebra.

First step: estimates on ..
Let us establish the following lemma:

Lemma 3 There exists a constant C' such that for t € [0,T¢],

d
7 / AOP'P+ZAOaiP'aiP+ ZAOaijP'aijP+ Z AgOijrp - Oijrp | do
Q i#1 i,jA1 i,j k£l
(133)

X Fw s s | do| <00+
2\ k#1

Proof: the nonlinear terms in (125) are bounded thanks to the following estimates, which are a straightfor-
ward consequence of Lemma 2 and (128): there exists a constant C' such that for all £ > 0,

Gt z, R)[l33 sy < C,
I E(t, 2, 0)0epl 202z, ) < C (134)

IF(t, z, p) 73 (0r,) < CVe
Taking the inner product of (125) with p we obtain

1d

2
—— | Agp- pdx — / a((R x n) xn) - Rdrodxs + —/ |s|?dx =
2dt Q r € Ja

1
—/&,Aop-pdm—/Lp-pdm—/B-pdx—/G(t,a:,R)-pdx—/F(t,x,ﬁ)&tﬁ-pdx.
2 Jo Q Q Q Q

By assumption on the operator a, we have
/ a((R x n) xn) - Rdradxs < 0.
r

Since FEjy is smooth enough we have immediately

1
}—/atAop-pdx—/Lp-pdm
2 Ja Q
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and
< Cop(t).

/B-pdm
Q

<NGllzz@lloliz@) < 1Glls @) #(t) < Co(t),

From (134),

/ G(t,x,R) - pdx
Q

and

<|[FopllLzllplliLz) < 1FOpllnz e llpllL2) < Co(t).

Q

Thus we obtain the L? estimate:
d
G | Ao ot < 0+ 2(0)P) (135)

In the same way, derivating (125) with respect to the tangential variables, we obtain

d 2
o /Q;Aoaip-(%pdx—i—/ﬂ > Agdijp- Oipdz| < C(1+ (p(t)).

i,j7#1

For the third order derivate, we use also the estimate : for i, j, k # 1,

A~ - 1d - - -
/ Oiji (F(t,z,p)0p) - Oijipdx — 5@/ F(t,, p)0ijkp - Oijrpdz| < C(1+ (p(t))?),
Q Q
and we conclude the proof of Lemma 3.

Let us recall that Ag(t,2) = Ag(Ep) (see (125)), so, since Ey is smooth on [0,T] x €, there exists a constant
a > 0 such that for all £ € R® and (t,z) € [0,T] x Q,

Ao(t,z)¢ - € = al¢*. (136)
In addition, from the last estimate in (134) we remark that, for all ¢ € [0, 7],
D F(t,,p)dnp - dgrpde| < Crv/e(p(h)). (137)
Q.4
1,7,k#1

So, integrating (133) and using (136) and (137) we obtain that, for ¢ € [0, T.],

ag? (1) — C1VER(H) < Cy / (1+ ¢2(s))ds,
0

so for € small enough,
t
P <C [ 1+,
0
so by Gronwall lemma, we obtain that there exists C' such that for all ¢ € [0, 7]

P (t) < C. (138)

Second step: estimates on .

In order to estimate the derivatives with respect to the normal variable 9; we proceed as follows:
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1. We rewrite (125) isolating 01 R3, 01 R2 0153 and 0152 in curl R and curl S:

01 R3 = 03R1 + 045>
{ 01 Ry = Dy Ry — 0,5 (139)
so from (138),
01 R3] L 0,7.;12(2)) + 101 Rl L (0,12 12(0)) < C. (140)
8153 = 83‘91 - (A()atp)g - (Lp)Q + Mg(t,x,f,ﬁ, 8tﬁ)a (141)
0152 = 251 + (AoOip)s + (Lp)s + Ms(t,x, e, p, Op),
where, by (134),
Mz 720z, ) + [[M3ll32(Qr,) < C. (142)
Using also (138), we obtain that
1013 || Lo 0,1 2(02)) + 10152 o= (0,7.;12(02)) < C. (143)

2. In order to estimate 0151, &1 Ry and 045, let us rewrite the divergence free conditions. From (115) and
(119), we obtain
0151 = —0252 — 0353, (144)

so we have

|‘8151||LOO(O7TE;L2(Q)) <C. (145)
It remains to estimate 91 Ry and 01s. From (115) and (119), we have

div ((1+ |Eo|>R + 2(Eo - R)Eg + 2sEo) = N(t,z,2p,01p,02p,03p)
= —div (2s1Ey +¢|R|*Eo + 2¢(s1 + s+ (Eo - R)R) + €*|R|*R).
We expend the left hand side term and we obtain:
(14 |Eo)® + 2(Eo1)?)81 Ry + 2F0.1015 + A(t, x)p + Aa(t, )ap + As(t, 2)dsp
+2E01Ey 201 Ry + 2Ey 1 Fo 301 Rs = N

where A(t,z), Ao(t,z) and As(t,z) are linear operators.
Using (139) we obtain:

DRy +2(1+|Eo* +2(Eo1)?) " Eoadis = At,w)p+ Y Ailt,2)0ip+ N(t, 2,2, 5,01, 02p, 05), (146)
i€{0,2,3}

where A(t,z) and the A;(t,z) are linear operators, and N = (1 + |Eo|*> + 2(Eo1)?)"'N. By (134) we have
[N 22 r < C. (147)
3. Les us consider the last equation in (125):
Dys + és = —0u(Fy- R+ 51+ SIRP) (148)
We derivate this equation with respect to z;:
D1 + é@ls = —0u(Ep101R1) = 0u(Eo,200 Ra + Eos0h Ry + 010 - R+ D151 + 01| RJ?),
and using (146), we obtain

8t(h(918 + b) + é&ls =0, (149)
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where
h=(1+|Eo|* +2(E01)*) " (1 + |Eol?),

g
b= E071(Ap + ZA7(97,() + N) + E072(91R2 + E07381R3 +01Ey- R+ 0151 + 581|R|2

i#1
We have )
S <h<l, (150)
and, from (138), (147), (140) and (128),
16l Lo (0,1.;L2(0)) < C- (151)
We remark that hdis+b =0 at t = 0 and solving (149) :
b(t) 1 [t b b(o)
Os(t)=——~<+—< | = — | ——dr ) —=d
o0 =5 7w 220 (- [ ) g
so, by (150) and (151),
1015()[| Loo (057522 (0)) < C, (152)
and by (146),
01 R Lo (0,15 12(02)) < C. (153)
Therefore we obtain the H' estimate:
ol r) < C- (154)

In order to obtain the H? estimate on the remainder term p, first we deal with the derivative d1,p, i € {0,2, 3}.
We derivate (139) and (144) with respect to 9; and use (138) to obtain

01i Ral| Lo 0,1.;22(02)) + |01 R3 || Lo (0,12 2()) + 101351 || L= (0,7.:22(0)) < C. (155)
We derivate (149) with respect to 0;:
0u(hd1 15 + (Dshons + Oib)) + %817;8 —0,
from (138), (155), (128) we remark that
01015 4 03| Los (0,112 (02)) < C,

S0, in the previous process, we can replace b by 9;hd1s + 9;b, and we obtain

[0l Lo 0,72522(0)) < C. (156)
We derivate (146) with respect to 0; and we use (147), (138), (156) to obtain

01 Rl o< (0,72522(0)) < C- (157)
Therefore, by (155)-(157) we have for 4 # 1,

[0vipll L (0,1.:L2(02)) < C- (158)

Now we estimate 011p. Derivating (139), (144) and (141) with respect to 01, using (138), (158), (142) and
(154) we obtain that

011 Ral| o< (0,7.522(02)) + 1011 B3| oo (0,12 12(0)) + (10115 Loe (0,7522(02)) < C- (159)

Derivating (149) and (146) with respect to 01 and using in particular (158) we obtain by the same method
that

10115 o= (0, 72502 () + 1011 R || Los(0,12:02(0)) < C, (160)
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which conclude the H?2 estimate:
ol #2(0q,) < C. (161)

For the 3 estimate, we bound successively 101350/ Lo (0,1.502()) for 4,5 # 1, [|011pll oo (0,7.:22(q2)) for @ # 1
and [|0111p]| Lo (0,7.;12(0))-S0 we obtain that there exists a constant C' such that

ol < C. (162)

Last step of the proof of Theorem 3.

1
We recall that we fixed 7' < T, and that T is defined by (128) so, either T' = T or || pe|l33 () = 7 which

is contradictory with (162) for € small enough. So there exists g > 0 such that for € < gg, T > T, =T and
by (162), || pell#3 ) < C, so we obtain (122) and (123) in Theorem 3.

Remark 3 The same conclusions hold in the two and one dimensional cases. In the 1d case we can replace
(123) by:
lle= = eollr2(ar) + [1he = hollnz(ar) + [vellrzr) < Ce.

For the 1d and 2dTE cases, (122) is irrelevant since T} = +oo by Theorems 1 and 2.

4 Appendix: Proof of Proposition 2
As in Section 2.3 the IBVP (31)-(34) is equivalent to the following system in the variable V = (U, x) =
(E, H,x):

(Z) (1 + X)&E + (8tX)E —curl H = Gl,

(it)  OyH + curl E = Gy, (163)

1
(i) arx = Z(EF )

with the null initial and boundary conditions:

V(0,z) =0,z € Q, (164)
Hxn+a((Exn)xn)=0,(tz) e Rt xT. (165)
We recall the divergence free conditions
div H =div (1 + x)E) =0, (166)
and the positiveness property
x > 0. (167)

The proof is based on the following iteration scheme:
First, xx > 0 being given, we define Uyy1 = (Ex11, Hpt1) by

(14 x)0tErs1 + (Oex) Ept1 — curl Hyq = Gy,

(168)
O¢Hy41 + curl Ep1 = Go,
with the null initial and boundary conditions:
Uk+1(0,2) = 0,2 € Q, (169)
Hy1 xn+a((Bgpr xn) xn) =0, (t,z) € RT xT, (170)
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so the divergence free conditions hold:
div Hk+1 = div ((1 + Xk)Ek-l—l) =0. (171)

Afterwards we define x4+1 solving the differential equation

1 1
O X1 + “Xkt1 = E|Ek+1|27 (172)
with the initial condition
Xk+1(0,2) = 0,2 € Q. (173)
We remark that
Xk+1 = 0. (174)

We initialize the iteration scheme by taking Vo = 0. Assuming that for any T > 0, Vi € H3(Qr) with
i xr € H3(Qr), using the existence results for linear problems in [16], the system (168)-(169)-(170) admits
as unique solution Upy1 = (Exyi1, Hpr1) € H3(Qr) which satisfies the divergence free condition (171).
So (172)-(173) admits an unique solution x+1 € H?(Qr) and by these equations dyxry1 € H3(Qr) and
Xk+1 = 0.

4.1 High-norm boundedness

‘We denote ,
&(t) = POfUk() | o1 (), (175)
i=0
and ] .
or() =Y 210Vl o) + > 2107 Xk ()| -1 () - (176)
i=0 i=0

For o = (g, iz, a3) € IN? we define the derivative operator 9% = 90 95> 05* and we denote

() = > 10°Uk(®)ll L2 () (177)

a=(ap,a2,a3),|a|<3

that is, 1 (t) measures the L?-norm of the tangential derivatives of Uy,.
Finally the source terms are estimated by

L) = [|Gllusan- (178)
We introduce the time T}, defined by
Ty = max {t >0, sup pr(s) <1,T(t) < 1} . (179)
s€[0,t]

To obtain the boundedness, we shall prove that there exists T > 0 such that
Vk>0,T,>T. (180)
In order to estimate the tangential derivatives of Uy we first establish the following

Lemma 4 There exists a constant K > 0 such that for all k we have:

d
Vit < T, E/ > (14 x#)[0*Brep1|* + |0* Hys1 ) dz < K (14 (€41)?). (181)
Q

a=(ag,a2,a3),|a|<3
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Proof: taking the inner product of (168) with Uxy; we obtain:

1d

5% ((1 + Xk)|Ek+1|2 + |Hk+1|2) dr — / a((Ek+1 X n) X n) . Ek+1d$2d$3
Q

o0

1
:—E/ath|Ek+1|2d$+/GUk+1d£f
Q Q

Since [|0sxk | Lo () < ¢r we get the L%-estimate:

1d
Vi<T, 3% / (14 X0) B P + | Hia ) d < K(1+ (6041)?).
Q

By the same method we obtain similar estimates concerning the tangential derivatives. Let us describe the
order 3 derivatives estimates: for a = (ap, a2, a3) with |a] = ag + as + as = 3 we take the inner product of
0%(168) with 9“Uj.+1, so we obtain:

1d

37 (1 + x0)|0"Epsa|> + [0 Hyg1 [?) dw < I + ... + I
Q

with

L=k ) [ 10°xal10" Eva |07 B
Q

18] = [(Bo, B2, B3)| =1
|’7| = |(707’72;73)| =3

<K > 10%klee @10 Berall 2@ 10" Erga [l 2 ()
|B]=1,]v]=3

Bk Y [0l B0 s
Q

|8]=2,|v|=2

<K Y 10%Xkllza@ 107 Exsrll s 10° Exgall 2o
|8]=2,|v|=2

Bk Y[ 10all0 B0 Bl
181=3,]7|=1"

<K Y 10%kllz2@ 107 Exgr |l oo @ |0 Exsa | 2
|8]=3,|vI=1

I = [ 100 al| Bt 07 Bl ds
Q
< K|0:0% Xk |l 2 () |1 k41 | Los () [|0Y Bt 1 || 2 )
Is :/ 10°G||0*Ups1 |da
Q

< |[|0°Gl 2@ 10 Uk+1l| L2 (-
So using Sobolev inequalities we obtain that for all ¢ < Ty,

L+ .+ 15 < K14 (&g1)?).

Now we control all the derivatives of Uy41 by the tangential derivatives with the following:
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Lemma 5 There exists K > 0 such that
ViVt < Ty, §er1(t) < K (8) +1(2)). (182)
Proof: in order to estimate 01 Ug41 we rewrite (168) and (171) to obtain
O Hyt13 =—0xkErt12 — (1 + Xk)0tErt1,2 + 03Hpy11 + Gi2

O Hyt1.2 =+0xkErt1,3 + (1 + Xk)0eErt1,3 + OoHpy11 — Gi3

01 Ekt13 =03Ek411 + 0tHpr120 — Gapgo

(183)
01 Eyt12=02Ek411 — OcHpq1,3 + Ga3
O1Hyy11 = —02Hpy120 — 03Hjpq1,3
1 Eri11 = —02Ek112 — 03Ek13 — (1 4+ xk) " (VXk - Brs1)
Using (175), (176), (177), (178) and (179), we obtain the estimate
Vit < T, |01Uks1ll2200) < K (g1 (t) +T(2)).
In order to estimate 01;Uk+1 we derivate (183) with respect to i. For i # 1, we obtain directly that
Vit < T, [[01:Uk+1 | L20) < K(ne41(8) + (1)), (184)

and using (184) we obtain
Vit < Ty, 101Uk lL2(0) < K (e (t) +T(2)).

With the same arguments we estimate successively ||014jUr+1l/22()s 10115Urk+1l22() and [|0111 U1 22(0)
where i # 1 and j # 1, so we conclude the proof of Lemma 5.

Using (181) and (182), by Gronwall lemma, we obtain that there exists K > 0 such that
VENE < Ty, (mrg1(t)? < et —1,
so by (182), there exists K > 0 such that

ViVt < Ty i (t) < K ((eKt Sy I‘(t)) . (185)
Then, solving (172) we obtain that

IXtr1 (Ol s < K Sl[zp](ﬁkﬂ(s))?-
se |0,

Using (172), 9;(172), 0?(172) and 93(172) we obtain that
4
D 10Xkt 1l ma-sie) < K sup (€ks1(s))?
s€0,t]

=1

So there exists K > 0 such that

Vk, ory1(t) < &1 (t) + K Sl[lpl(fk+1(3))2~
s€[0,t

Therefore with (185) there exists K > 0 such that:
VYt < Th,grar (t) < g(t) = K ((er S )E£T() 4 (R - 1) F(t))2> .

Since g(0) = 0 there exists T > 0 such that for t < T, g(t) < 3 and I'(t) < 3, so we conclude the proof of
(180). In addition we have obtained the high-norm boundedness:

Vk, supy 70k(t) < 1. (186)
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4.2 Low-norm contraction

Substracting (168) for & — 1 to the one for k we have:
(1+xk)0(Brr — Bi) — curl (Hpyy — Hy) = —0xk(Brs1 — Ex) + (Xe-1 — Xr) Ot Ex
+(0exk—1 — Orxk) Bk, (187)
Or(Hpy1 — Hy) + curl (Exy1 — Ex) = 0,
with the null initial and boundary conditions:
(Ext+1 — Fr)(0,2) = (Hgy1 — H)(0,2) =0, z € Q, (188)

(Hk—i-l — Hk) X n -+ a(((Ek+1 — Ek) X n) X n) =0, (t,x) S R+ x I, (189)
Taking the inner product of (187) by Ug4+1 — Uy we obtain

1d

1
5 / (14 X&) Ergr — Ex|* + [Hesr — Hi|?)dw < ——/ OeXk| Ext1 — Ex|*dx

+ / (Xk—1 — X#)0¢Er(Egq1 — Ex)dz + / (OeXk—1 — OrXk)Ex - (Exqe1 — Ex)dx
Q 0

so using (186)

d
7 [ (U x0)|Ersr = Byl + [Hesr — Hi[*)do
¢ (190)
<K (||Ek+1 - Ek”%z(g) + ”Xk - kalH%z(Q) + ||8th - athflniz(Q)) .
Substracting (172) for k£ — 2 to the one for k — 1 we have
1 1
Or(Xk — Xk—1) + E(Xk — Xk-1) = E(Ek + Ei—1) - (B, — Ex-1), (191)
s0
b1 t—s
Xk — Xk—1 = / s e (Er + Ex—1)(s) - (Bx — Ex—1)(s)ds. (192)
0
We introduce
u(t) = |Uky1 — Ukl L= (0,t;22(0))
and from (192) and (186) we have
l(xe = xr—1) ()] 22(0) < Kup—1(1), (193)
and from (191)
[1(Oexe — Orxu—1) ()| L2(0) < Kug—1(t). (194)
Integrating (190) and using (193) and (194) we have
(ur(t))® < Kt(ur(t))® + Kt(up—1(t))*. (195)

We fix T < T such that in (195) KT < 1 so we have
— 1
\V/k, Vt S T, Uk(t) S ﬁUk_l(t).

Hence Uy, is a Cauchy sequence in C(0,T; L*(Q2)) and by (193), xy is also a Cauchy sequence in C(0, T; L()).
By standard arguments we obtain a regular local solution to (163)-(164)-(165). The end of the proof of
Proposition 2 is classical.
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