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Some properties of angular integrals

M. Bergére', B. Eynard?, Institut de Physique Thorique,

CEA, TIPhT, F-91191 Gif-sur-Yvette, France,
CNRS, URA 2306, F-91191 Gif-sur-Yvette, France.

Abstract:

We find new representations for Itzykson-Zuber like angular integrals for arbitrary
B, in particular for the orthogonal group O(n), the unitary group U(n) and the sym-
plectic group Sp(2n). We rewrite the Haar measure integral, as a flat Lebesge measure
integral, and we deduce some recursion formula on n. The same methods gives also
the Shatashvili’s type moments. Finally we prove that, in agreement with Brezin and
Hikami’s observation, the angular integrals are linear combinations of exponentials

whose coefficients are polynomials in the reduced variables (z; — z;)(y; — y;)-

1 Introduction

What we call angular integral [25] is an integral over a compact Lie group Gg,,:
G1/2,n = O(n) s Gl,n = U(n) s Gg’n = Sp(Qn) (1—1)

of the form:

Iin(X,Y) = /G dO eTrXoYoT! (1-2)
B,n

where X and Y are two given matrices, and dO is the Haar invariant measure on the
group. We shall also extend Ig,, to arbitrary # (Notice that our [ is half the one most
commonly used in matrix models, for instance we have § = 1 in the unitary case).

In this paper we are going to consider the case where X and Y are diagonal matrices,

however, let us first recall the Harish-Chandra case.
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Harish-Chandra case

In the case where X and Y are in the Lie algebra of the group [22] (i.e. real anti-
symmetric in the O(n) case, anti-hermitian in the U(n) case, and quaternion-anti-self-
dual in the Sp(2n) case), the angular integral can be computed with Weyl-character
formula, and is given by the famous Harish-Chandra formula [I0] (which is also a

special case of the Duistermaat-Heckman localization [§]):

Tr XY

-1 €
X,Y) € Liealgebra = / dO eTTX0Y0™ — ¢
%) 2 R, 8,0

(1-3)
where C' is a normalization constant, w runs over elements of the Weyl group, and

weWeyl

the generalized Vandermonde determinant Agz(X) is the product of scalar products of
positive roots with X (see [I0, 29, 22] for details).

Diagonal case

However, for applications to many physics problems [9, 25], it would be more interesting
to have X and Y in other representations, and in particular X and Y diagonal
matrices.

Since a antihermitian matrix is, up to a multiplication by ¢, a hermitian matrix,
and since every hermitian matrix can be diagonalized with a unitary conjugation, for
the unitary group, the Harish-Chandra formula applies as well to the case where X

and Y are diagonal, this is known as Itzykson-Zuber formula [I8]:

X - diag(l'l, ey :L’n) / Tr XUYU! det ewiyj
. = du e™ =Ch——F—— (14
{ Y = diag(yi,---,Yn) U(n) A(X)A(Y) (1-4)

where A(X) = Ay(X) = [[,.;(2; — z;) is the usual Vandermonde determinant.

For the other groups, computing angular integrals has remained an important chal-
lenge in mathematical physics for a rather long time. Many progresses and formulae
have been found, however, a formula as compact and convenient as Harish-Chandra
is still missing. And in particular a formula which would allow to compute multiple

matrix integrals, generalizing the method of Mehta [26] is still missing.

Calogero Hamiltonian

It is known that, in the diagonal case, I3, satisfies the Calogero-Moser equation [4],

i.e. is an eigenfunction of the Calogero hamiltonian:

HCalogero ~Iﬁ,n = (Z y?) Iﬁ,n (1_5)
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0? 1 0 0
HCalogcro - ; 8—1’? + 6; T — 15 (83:@ - 8—1’)) (1_6)

Many approaches towards computing angular integrals have used that differential
equation. A basis of eigenfunctions of the Calogero hamiltonian is the Hi—Jack poly-
nomials [4, 2, [7, 24].

In particular remarkable progress in the computation of Iz, was achieved recently
by Brezin and Hikami [3]. By decomposing Iz, on the suitable basis of Zonal polyno-
mials, they were able to find a recursive algorithm to compute the terms in some power
series expansion of Ig,, and they obtained a remarkable structure. In particular they

observed that the power series reduces to a polynomial when 3 € N.

Morozov and Shatashvili’s formulae

Another important question for physical applications, is not only to compute the an-
gular integral (the partition function in statistical physics language), but also all its

moments, for instance:

Tr XOYO~! 2
My= [ a0 10,1 (-7)
Gon
and more generally for any indices i1, ..., 9%, j1, - - -, Jok:
Tr XOYO~! -1 -1 -1
/ dO e Oilﬂ'? Oi37i4 to Oi2k717i2k Oj17j2 Oj3,j4 e 'Oj2k717j2k (1_8)
Gﬁm

In the U(n) case § = 1, Morozov [28] found a beautiful formula for M ;, and
Shatashvili [30] found a more general formula for any moments of type using the
action-angle variables of Gelfand-Tseytlin corresponding to the integrable structure of
this integral.

For § =1/2,1,2, in the Harish-Chandra case where X and Y are in the Lie algebra,
a formula for all possible moments was also derived in [29], generalizing Morozov’s
[T, [13].

In this article we shall propose new formulae for A;; in the diagonal case for

arbitrary (3, and our method can also be generalized to all moments.

Outline of the article

e Section 1 is an introduction, and we present a summary of the main results of

this article.

e In section 77 we setup the notations, and we review some known examples.



1.1

In section Bl we show how to transform the angular integral with a Haar measure
into a flat Lebesgue measure integral on a hyperplane. From it, we deduce a
recursion formula, as well as a duality formula (the angular integral is an eigen-

function of kernel which is the Cauchy determinant to the power [3).

In section Bl we discuss the moments of the angular integral. We show that
moments can be obtained also with Lebesgue measure integrals, and we show
that they satisfy linear Dunkl-like equations. This can be used as a way to

recover Calogero equation for the angular integral.

In section [, we rewrite the angular integral as a symmetric sum of exponentials
with polynomial prefactors. Those polynomials are called principal terms, and
can be computed recursively. In particular, we prove the conjecture of Brezin and

Hikami [3] that the principal terms are polynomials in some reduced variables

(zi — 25)(Yi — )

In section B2, we prove a formula for n = 3 in terms of Bessel polynomials, and

we propose a conjecture formula for arbitrary 4 and arbitrary n.

In section B4, we focus on the symplectic case § = 2, for which we can improve

the recursion formula.
Section [d is the conclusion.

Appendices contain useful lemmas, and proofs of the most technical theorems.

Summary of the main results presented in this article

We rewrite the angular integral with the Haar measure on the Lie group Gpg.,,
as a flat Lebesgue measure integral on its Lie algebra (notations are explained in

section HI):

Tr S

Lo (X:Y) = [ dO eTrXOYOlzde _°
vy = [ [T, det(S — prX)P

(1-9)
as well as its moments:
Mi; = [dO||O|* e™X0YO™
o OTrS 1
= B dS praamme (5 —4X) i
(1-10)



e We show that the M; ;’s satisfy a linear functional equation (very similar to Dunkl

operators):

oM, , M, — M,
Vi, j, Ly T My, (1-11)

which implies the Calogero equation for Ig, = >, M;; = 3. M, ;:

— 8@-

Moreover, the integral of eq. (I=I0), is a solution of the linear functional equation
eq. (10 for any choice of integration domain (as long as there is no boundary
term when one integrates by parts). We thus have a large set of solutions of the

linear equation, and also of Calogero equation.

e We deduce a duality formula:

I.0(X, A)
I3, (X;Y) = det(X)'7 /dAl...d)\n AN — Lt (1-13)
’ [T I0- Oy — we)?
and a recursion formula:
Ipn(X5Y)
eI Isn—1(Xn—1,0) AN e=on TiXi
o H7,71 (xz_mn 2’8 1 fd)\h.. d)\n 1 = Hk 111_[1 1(>‘ yk)
(1-14)

similar to that of [15] [16].

e For # € N, the solution of the recursion can be written in terms of principal

terms:
eXim1 TiYo (i) .

Iﬁn X Y Z A QBA ) Iﬁm(Xa YU) (1_15)

where ) _ is the sum over all permutations.

The recursion relation eq. (I=I4)) can be rewritten as a recursion for the principal
terms Zs,, (X, Y):

. A(Y,)?? o\ 7 (X, S i (ai—y;)
Iﬁ,n(Xn;Yn) = % Hl’i,n ( ) b, 1< ! ) ©
(8- 1wt 22 da; T TS (e — @) e

(1-16)



e For general n and [ integer, we prove the conjecture of Brezin and Hikami [3],
that the principal term fﬁm(X ,Y') is a symmetric polynomial of degree (3 in the
7;; variables,

(@i — ;) (yi — yy)

Tij = — 9 (1-17)

e In the case n = 3 we find this polynomial explicitly for any 3 (for § integer the

sum is finite):

ewlyl +a2yatasys X

1
]5’3 0.8 y(k_) (_) + Sym
(A@)A(y))? Z2Gkk'Fﬁ+k)H L

(1-18)

where ), is the m™ Bessel polynomial, i.e. the modified Bessel function of the
second kind (see definition of Vg_; below in eq. ([B4)).

e In the case f = 2 (i.e. symplectic group Sp(2n)), the recursion relation for the

principal term can be written:

Tos = T (@i = 2a) (9 — yn)

n—1 n 2 2 \7
Hi:l (xz —In T Zk:l,;&i Yi—Yk + 8_M)I27n—1(Xn—17 a) ai=y; (1-19)
det[anl—xn—#—i-B-l-ay} 2 .

_ 2 2 Yo 1-un a1 (Xn—13Yn—1)

= A(X,)*A(Y,) A —— A PATL
and B is the antisymmetric matrix B;; = Fﬂy, B;; = 0, and 0y =

i—Yj

diag(9y,, ..., 0y, ,). In section we propose an operator formalism to com-

pute it, and we propose a conjecture formula in terms of decomposition into
triangles.

2 Definitions and examples

3 secdefex

3.1 Notations for angular integrals

Let X and Y be two diagonal matrices of size n:
X = diag(xy,...,z,) , Y = diag(y1, .-, Yn) (3-1)

We define the angular integral:
Ig (@1, oy ni Yty - Yn) = / dO T X0vo™ (3-2)
Gpn
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where G, denotes one of the Lie groups:
Gl/g,n = O(n) y Gl,n = U(n) y Gg,n = Sp(2n) (3-3)

and dO is the invariant Haar measure on the corresponding compact Lie group.

We will later extend those notions to arbitrary values of .

3.2 Bessel polynomials

For further use, we need to introduce some Bessel functions [, 23, BTl B2, B]. Those

special functions are going to play a major role throughough this article.

The Bessel polynomials (see [23, B2]) V. (x) are defined by:

where K is the modified Bessel function of the second kind [I|, B1]. }, is a polynomial

of degree m when m is an integer:
Vo=1, Vi=x+1, Yo=32"+3c+1, V3=1523+1522+62+1, etc... (3-5)

They satisfy:
2?2 YN+ e+ 2)Y, —m(m+ 1)V, =0 (3-6)

We shall also need:

N LBHT+R) ok sk

(3-7)

which is a polynomial of degree 5 — j if § is an integer.
In particular Qg is the Carlitz polynomial [5l, B2] and is closely related to Ys_;:
8 1 2 o Bt
@oo(r) = 2" Vpo1(—) =/~ e 2772 Kp_1() (3-8)
satisfying:
552@%,0 —2z(0 + SL’)Q/@O +26(z+1)Qpo =10 (3-9)
The first fews are:

Qio=x, Q0= 2?4, Q30 = 22 +322+3x, Quo = 2t 622 +152° 4+ 152, etc. ..
(3-10)



For higher j, the (3 ;’s are derivatives of Bessel polynomials:
j b & IIREING)
Qas(1/2) =2 07 Vs 1(a) = 227 Y, (a)
They satisfy:
1 . . .
—2Qp5 =7 Qpjnt + Q5+ (= F)+ 6 - 1)Qs

d
Qpjr1=2(8—j— I@)Qm

The first fews are:
Q21 =22, Q31 = 6% + 12z, Qs = 1222 + 6022 + 90z,
Q30 = 24z, Q9= 1202743607, Qu3 =720z, etc...

3.3 Examples angular integrals with n =1,2,3

e n = 1: The n = 1 case needs no computation, and gives:

Igqi(z;y) =e™

(3-11)

(3-12)

(3-13)

(3-14)

(3-15)

(3-16)

e n = 2: The n = 2 case requires a little bit of easy computation, and it has been

known for some time, we have (this formula is rederived in this article):

ew1y1+r2y2 ew1y2+mzy1

Ipa(X)Y) = —F Vs-1(1/7) + EST Vs-1(=1/7)
ex1y1+:c2y2 ex1y2+:c2y1

= T Qpo(T) + NESE Qpo(—7)

where

1
T = —5(56‘1 — 2)(y1 — Y2)
It can also be written in terms of the modified Bessel function Z:
e%(x1+x2)(y1+y2)
By = ST @
where
- 2)2k 1—2m
Im — 2 2m (T/ Im — :Z'// I/

o n —3:

(3-17)

(3-18)

(3-19)

(3-20)



we show in this article that (proof in appendix [():

ex1y1+z2y2+w3y3 ©
Ig3 o A Ik Z2le€'Fﬁ+k H — + perm.
(3—21)
where

2
and +perm. means that we have to symmetrize over all permutations of the y;’s

e n > 3: We show in this article that for arbitrary n and 3, the angular integral is of

the form conjectured by Brezin and Hikami:

ezixz‘yi N
Ilgm X Wfﬁm(m) + perm. (3-23)

where Z3 ,,(7;;) is a polynomial in the 7; ;’s, and for which we write a recursion relation.

4 Transformation of the angular integral

In this section, we transform the Haar measure group integral into a flat Lebesgue

measure integral.

4.1 Lagrange multipliers

For § =1/2,1,2, an element O € Gg,, is an orthonormal basis, i.e. a collection of n

orthonormal vectors ey, ..., e,, whose coordinates O, ; = (e;); are of the form:
28-1
(€:); =0ij= D (&) €a (4-1)
a=0

where the €,’s form a basis of a Clifford algebra (indeed this reproduces the three
groups Gg,, for f=1/2,1,2):

=1, e(T) = €p , Va>0: € =-1, el = —€, , €q-€of = —€of €y
(4-2)
with structure constants (only for g = 2):

EQEL, = Z ’r]a’a/’a// Eqlt (4‘3)
o

and where 7, o o~ has the property useful for our purpose, that for every pair (a, o),

there is exactly only one o’ such that 1, o o # 0. In particular 7, 4,07 = 6z 0.

9



The basis must be orthonormal, i.e.

n n 28-1
T _ T_ o/ T
€;.€; =0;; = k(€)= (ei)r () €€l
k=1 k=1 a,a’=0

We introduce Lagrange multipliers to enforce those orthonormality relations

5(e,~.ej —-1)= /dSi,i S1i(1=Lal(e)i)?

and if ¢ < j:

d(eel) = / / ds?, ... S e ?Tawran T SE (R Mot o
ds

y 025 Sig((e)i)((e)})

where each integral is over the imaginary axis.

(4-6)

Since the scalar product is invariant under group transformations (i.e. change of

orthogonal basis), the following measure is invariant and thus must be proportional to

the Haar measure:

dOocHde, Héeze -1) Héel

iy <J
ie.
0 oc T[dle; [ s s & BESAen? (22 Busty cn ]
ivjox
where n 26-1
dS = HdS“H ds;; = HdSi,i H H dSz'C,yj
i<j i=1 i<j a=0

is the G, invariant measure on the space Eg:

E1)2, = {n x n real symmetric matrices}
iS € ¢ Ei, = {n x n hermitian matrices}
Es,, = {n x n quaternionself — dual matrices}

where we have completed S by self duality (S = ST):
0 _ @O [« o
Therefore we have (up to a multiplicative constant):
I (X;Y) /dS /d61 . dey, @2 S el wivkl(corl®

10
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"

o= i L Suil(e)kl? =220 Xk Xa ol Sffj((ez‘)?/)((ejﬁg )Nl ol o
(4—-12)
The integral over the (e;)%’s is now gaussian and can be performed. The gaussian

integrals for each k£ are independent.

The quadratic form in the exponential is, for each k:

> ()i (e e ar (657 iybaro — S ) (4-13)

a, o o 1,j

If we define the vector vy, = (v14,. .., v,x) Where v = > (&:)%€l, we have to compute

the gaussian integral:
/ dvy e~ k(S=mXve (4-14)

For the 3 values of # = 1/2,1,2, this integral is worth:

ot (5 (27)#
d v (S—ypX)vr 4-15

where det is the product of singular values (see [25]).

Thus we get the following theorem:

Theorem 4.1 The angular integral 1, (X;Y) is also equal to the following flat

Lebesgue measure integral:

eTrS eTrSX

Is,(X:Y) x [ dS = :detXl—ﬁ/ds -
o ) / [[;—, det(S — . X)? (X) [[—; det(S — yx)®

(4-16)

In the last formula we have made the change of variable S — X/25X1/2 Also, the
integration domain for S, which was i£3,, before exchanging the integrations over S
and e, is now shifted to the right, so that all singular values of (S — y,X) have positive
real part. The integration domain for S can be deformed such that the integral remains
convergent and the integration path goes to the right of all zeroes of the denominator. If
[ is half-integer or integer, the denominator is not singular near oo, and the integration

contour can be closed. This will be made more precise below.

Remark 1: For the moment, this formula holds only for g = 1/2,1,2. Later we

will extend it to other values of 3.

Remark 2: Another remark, is that a similar formula can be obtained by exchang-
ing the roles of X and Y.

11



4.2 Duality formula

Notice that the matrix S itself can be diagonalized with a G, conjugation:
S=0A0O"" |  A=dag(A;,...,\,) , O€Gg, (4-17)
and the measure dS is up to a constant [25]:
dS oc dO dA A(N)? (4-18)

Therefore, the angular integral reappears in the RHS:

eTrSX

[Ti=y det(S — yi)?
I.(X, M)

[T Il = we)?

I5.0(X;Y) o det(X) / ds

o det(X) / dA A(N)?
(4 —19)

Here, if we assume that Vi, z; € R, the integration contours for the \;’s are of the
form r 4+ iR where r > max(Reys). If § is integer or half integer, the denominator in
the integrand is not singular near oo, and the integration contour can be closed. Thus,
if 203 is an integer, the integration contours for the \;’s can be choosen as circles of
radius > max(|yx|).

This equation looks better if we rewrite it in term of the Cauchy determinant
D,(X,Y):

(4-20)

Dn(X,Y):det< L ): AX)A(Y)

vi—y;) 1L —y)

and the rescaled function
jg,n(xl, e TR YLy e Yn) = (A(X)A(Y))ﬁ Ign(T1, . @ni Y1, -y Yn) (4-21)
We then have:

Theorem 4.2 the rescaled function jg,n satisfies the duality formula:

I5(X;Y) o< det(X)F / dA I5,(X,N) D,(A,Y)P

(4-22)

i.e. ]vﬁ,n(X; Y) is an eigenfunction of the kernel DP.

Remark 1: The duality formula above was derived for § = 1/2,1,2, but it makes

sense for any f3.

12



Remark 2: It is easy to check that this relation is satisfied for the Itzykson-Zuber
case 3 = 1, indeed in that case we have I ,(X;Y) = det(e®¥%) = >, (=17 T e¥teto,
and:
/ dA T, (X, N) D, (A,Y)
. ) i Tp(i)
o Sy [T ax

o.p im1 T Yo()
n

— Z(_1)U(_1)P H Yo (i) To(i)
o,p i=1
= n! det(e®¥)
x I.(X,Y) (4-23)
4.3 Recursion formula

First, let us notice that we can always assume that z,, = 0, otherwise we perform a
shift X — X — z,,:

I,B,n(Xa Y) — / dO eTr Xoyo—!
Gﬁ,n

dO eTr (X—:(:n)OYO*1 e%n TrOYo—1

Gan
— gfn TrY / dO eTr (X—:(:n)OYO’1 (4_24)
Gan
Thus we define:
Xn—l = diag(xl, e ,.flfn_l) y X = Xn—l — Tp Idn_l (4—25)

Then, we notice that the orthonormality of the basis e;:
€i.€;r- = 62’,]’ (4-26)

implies that if we already know ey, ...,e,_1, then e, is completely fixed (up to an
irrelevant phase). In other words, it is sufficient to enforce only the orthonormality of
€1, ...,e,_1 with Lagrange multipliers, i.e. introduce a matrix S of size n — 1.

Also, because of our shift X — X — x,,, we notice that e, does not appear in the
integrand.

Then, we write as in eqE=&

n—1 n—1 n—1
d0 o [[de; T]o(eiei—1) ] oeiel)
i=1 =1

i<j=1

13



n—1 n 28-1

x HH H d(ei)?‘ / dS eXiSii o= ik Sial(e)rl?® o=2Xi<; Xy Sy (ei)k ()]

i=1 j=1 a=0 iEgn—1

n—1
x Hdei / dS e T8 o= YiySia cie] (4-27)
i=1 iEgn—1

which implies, after performing the gaussian integral over the eq, ... e, 1:

eTrS

S -
HZ:l det(S — ka)ﬁ

I50(X;Y) o e%”/ d
iEﬁ’n,1

X

e(En trY / eTr SX
S —
H:'L:_ll(xi — ) Jigg, [Ti=y det(S — yi)?
(4 — 28)

Again, S can be diagonalized:
S=0A0"" | A=diag(\,..., \1), O€Gsn (4-29)

i.e. the rank n angular integral Iz, is expressed in terms of the rank n — 1:

TptrY % 28
]g,n(X;Y) x _ e — dA Iﬁy;n—l()f;f\) A(A)
[Ty (v — 2,)%0 [Tee ITimy (N — wi)?
N etntrY /dA Iﬁ,n—l(Xn—hA) A(A)w e~ Tn 2 Ai
H?:_f(xi — x,) %0t HZ:1 H?:_f()\i — yi)?
(4 — 30)

Which is our main recursion formula:

Theorem 4.3 The angular integrals 1., (X;Y) satisfy the recursion:

Ipn(X5Y)

zn NI Y Igm—1(Xn_1,A) A(A)2B e=on i
B o™ ) W= L O L

X Tn—1,__ _ ~o3_1 —
1) (wi—an)2 -1 o I hi—ye)®

(4-31)

Here again, the integration contours for the \;’s are such that the integral is convergent,
and such that they surround all the y;’s. For instance, if 23 is an integer, and if
Viz; € RT, the integration contour for the \;’s can be choosen as circles of radius
> max(|yx|).

Remark 4.1 Now this recursion formula can be used to define I3, for arbitrary /3, so that
it coincides with the angular integral for 8 =1/2,1,2.

14



We have also the iterated form:

xnzl 1 Yi n—1 1
i=1 j=1
H H1<]<j’<z()\ 73)2’6 1_[Z 1 exl_xi+l)2j)\z‘,j

| HZJrl [T (Mg — Aivry)?
(4 - 32)

where we have defined A, ; = y;, and where the integration contours are circles such
that:
‘)‘i,j| = p; , pP1L>pP2 > .0 > Pp_1 > max\yj\ (4—33)

Remark 4.2 A similar recursion relation was also found Kohler and Guhr [I5] [T6, [I7],
but the authors found real integrals instead of contour integrals. The advantage of our
formulation, is that we can easily move integration contours and find new relations, as we
will see below.

5 Moments of angular integrals and Calogero

In this section, we compute moments of the angular integral, and we show that our

formula indeed satisfies Calogero equation.

5.1 Generalized Morozov’s formula

Define the quadratic moments (see [28] for § = 1):
M, = / dO [|0;[2 €™ XOYO™! (5-1)
Cpm

The same calculation as above yields:

eTrS .
i = [0S ey (5=
3 s o Tr X »

(5-2)

As a consistency check, and as a warmup exercise, let us show that this formula

I =D My (5-3)
J

satisfies:
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which comes from YO € G, 3, |0i;]1* = 1.

We have:
Tr SX

2. M = Z_det [ 48 s (S0

P 1
. — Tr SX
= det( ) /dS e 95, szl det(S — y;,)?

1 1 0
1 o Tr SX

A Sl I T A IO

!
— det(X)'7 / dS — e
(X) T, det(S — yo)?

— [ﬁ,n (5'4)

Notice that this equality holds independently of the integration domain of .S, provided

that one can integrate by parts without picking boundary terms.

Remark: Of course a similar equation can be found by exchanging the roles of X

and Y, and one gets symmetrically:

Z M, = Is,, (5-5)

5.2 Other moments

Since, after introducing the Lagrange multipliers, the integral becomes gaussian in the
0, ;’s, any polynomial moment can be computed using Wick’s theorem. It is sufficient

to compute the propagator:
< Oi,k O;l >= 6(51{’1 ((S — Yk X)_l)m (5—6)

Then, the expectation value of any polynomial moment is obtained as the sum over all
pairings of the product of propagators.

For instance:

r XOYO~!
/dO TXOYOT 5, - 0,5,05 . Of
Tr S

13 .73 4 .]4
e
- Jas =) |
G Ojga (S —win X)7Y), . ((S—wp X)),

21,13 12,84

+0j1.j4 0o js ((S —Yn X)_l)il,m ((S ~ Y X)_l)ig,z'g]
(5-1)

In principle, one could compute with this method the generalization of all Shatashvili’s

moments [30].
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5.3 Linear equations

In this section we prove that the M ;’s satisfy the following linear functional relations,

which are very similar to Dunkl equations [J:

oM, My, — M
VZ,j 9 s +BZM :MZ,]'TZ
Ay, = Y

(5-8)

We are going to give 2 different proofs of eq. (B=8). The first one below is based on

integration by parts. It can be done for the 3 groups = 1/2, 1,2, however it is rather

tedious for = 1/2 and § = 2, and we present the proof only for 5 = 1. Another proof

valid for all 3 values of (3 is presented in section B8 below.

Let us check that eq. (B=2) satisfies eq. (B=8) (for § = 1). We first rewrite:

1 1 1 » §
(S_yl B S_yj)i,i = (=9 (S =) i

Y — Yj
— Z((S — yl)_l)i,m ((S - yj)_l)mvi

m

(5-9)

For 8 = 1, we may consider all variables ;,, to be independent variables, and we

integrate by parts:

Z M;; — M;

1 Y — Y
Tr SX
= ZZ xﬁ det(X)l_ﬁ /dS HZ 1Celet<5—yk)6 ((S_yl>_1>i,m((5_yj)_1>m,i
#j m =

Tr SX o 1

_ v 1L 1—6/6—_.—1.
- ; T det(X) 4 det (S — y;)? (5 =55 s 0Sim [1iz; det(S —y)”

> L et | as ! 0 "7
RS [T, det(S — y)? S, det(S — y,)
=y 1 det(X) " [ dS

Tr SX )
Ti [1, det(S — y)? ((S = 43)™ )i 2i0i.m

€
" 1 -8 Tr SX
=3 - det(X) ds

e

1, det(S — wx)

eTr SX

=% 5 40 [ a8 e (5 =) (S =)

eTr SX

Hk det(S —Tykgi ((S — yj)_l)i,i
_ l det(X)=° [ ds (S ey

= det(X)"” / ds

(S

T Hk det(S — yk)
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_s det(X)'7 /dS e Tr (S — ) ((S —y;) ™ i
[T, det(S — )" g o

J

QED. The same computation can be repeated for § = 1/2 and g = 2, with additional

steps because the variables S; ,,, are no longer independent, and also because for 8 = 2,

det(S — y;) is defined as the product of singular values. Another proof is given in
section b6

Remark: Of course a similar equation can be found by exchanging the roles of X

and Y, and one gets the symmetric linear equation:

OM; M, ; — M, ;
Vi i 4] Ly T g — Mz Y 5-11
i, ] , Bz, + ﬁlz#: o — T G Yi ( )

Remark: again, this proves that eq. (B=2) is solution of the differential equation
eq. (B=8), for any choice of integration domain provided that we can integrate by parts.
In fact, by taking linear combinations of all possible integration contours, we get the
general solution of the linear equation eq. (B=§)). However, a general solution of eq. (B=8§)

is not necessarily symmetric in X and Y, and does not necessarily obey eq. (B=11]).

5.4 Calogero equation

Here, we prove that Ig,, satisfies the Calogero equation.

Start from the linear equation:

OM;,; M, — My,
o S B) %xkj = M ;y; (5-12)
k#i

then sum over j, using eq. (B=3):

ol
S 9
j
Then apply 8%2_:
1 oM,
T XUy,
M, M,
- S (- )
j ki k
M,
= Zya i ﬂZ%ZT]
j ki k
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oI 224

o z:y E:Bmz_()_xk
J W Ty — Tk

(5 — 14)

If we take the sum over i, using eq. (B=H), we get:

ol oI

REEDRI SV

i.e. we recover the Calogero equation:

HCalogero B,n Z ?/j Iﬁ n

5.5 Matrix form of the linear equations

(5-15)

(5-16)

The linear equations, are n? linear equations of order 1, for n* unknown functions M; ;.

They can be summarized into a matricial equation:

MY =KM
where K is a matricial operator
p
——+ L Kp=——
z; ﬁz i — T) ‘ (zi — 1)
and more generally this implies:
MYP=KPM

and therefore, for any polynomial P:
M.P(Y)=P(K).M

In particular if we choose the characteristic polynomial of Y:

:H(y _

i=1

Let us introduce the vector
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(5-18)

(5-19)

(5-20)

(5-21)
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It is such that M is a stochastic matrix, i.e.:
Me=1I3,¢€ : e'.M =Ig, ¢ (5-23)
We thus have, for any polynomial P:
¢ P(K)e.lg, =15, TrP(Y) (5-24)

Notice that the Calogero equation is the case P(K) = K?.

If P is the characteristic polynomial of Y we get another differential equation for

g

j =1

Vi, > (H(yl—K)> g =0

(5-25)
And if P(K) =[], (y — K), we get:
u— K
-3 (48] o
o \izj Y —Yj im
(5-26)

This last relation allows to reconstruct M, ; if we know I3 ,,.

Finally, before leaving this section, we just mention that those operators K ; are
also related to the Laplacian over the set of matrices Ejs,, as was noted recently by
Zuber [34].

5.6 Linear equation from loop equations

There is another way of deriving those Dunkl-like linear equations for the angular
integrals, using loop equations of an associated 2-matrix model.
Consider the following 2-matrix integral, where M; and M, are both in the Eg,

ensemble:
Z = / dM; dMy e~ T (VM) =MM:) (5-27)

After diagonalization of M; = O, XO; " and M, = O,Y O3, we have:
7 — /dXdeOldOg A(X)25A(Y)2ﬁ e Tr (Vi(X)4+V2(Y)) eTr XO;102YO;101 (5-28)

We redefine Oy = O,.0, and the integral over O; gives 1, and the integral over O gives

the angular integral:

Z - / dXAY AX)PA(Y) o= TR0 I, (Y (5-29)
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We can do a similar change of variable for moments:

1
< T >
' T — Ml Yy — M2
1 ' 1
— — dM dM —Tr (VI(M1)+V2(M2)_M1M2) T
Z / 1aviz e T ey 7y v
—_ % /dXdeOldO2 A(X)25A(Y)2ﬁ e~ Tr (Vl(X)+V2(Y))

Tr XO7'0:Y0; 01 1 o 10 1 010
¢ r(x—X’ 2y—y 2t

= %(/dXdeMXYmAQQwe‘“”“”+%(”

1 1
> M (X.Y)
Iy T—=T; Y—UYj

(5 — 30)

where M, ;(X,Y) is the Morozov moment defined in eqB=1l
Loop equations amount to say that an integral is invariant under a change of vari-
ables. Thus, we change M; — Mﬁ—ex = M2 +0(€%) in Z, and to order 1 in € we get

(the loop equations for 3 = 1/2, 1,2 ensembles can be found in several references [|, the

Jacobian is easily computed in eigenvalue representation, see appendix [Bl eq. (2=8)):

!/
. oL My N\ /o ViOn)
I—Mly—MQ ZL’—Mly—MQ
1 1 1
T T
+ﬁ<rx—ﬂﬁrx—ﬂﬁy—M§

0 1 1

(5 — 31)

i.e., going to eigenvalues M; = O;XO7 ! and M, = O,Y O5

o = ¥ < (v —( Vi (@) M (X, Y)>

2N\ -y w)

DI e e T

=5 ) —2i)(y —y;)

A=)

(y —v5)

(5 — 32)

The last term can be integrated by parts:

> (o)
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=) / dX dY A(X)PA(Y)? e~ T (i(X)+1a(1)

0 1
Oz; (931—932') (v —y5)
= —Z/dXdY EETAY
v
or;

e—Tr(V1(X)+V2(Y)) (Vl/(il?i)—z 20 )

l#%‘—xl
1
— dX dY A(X)PA(Y)?
Z/ G—a =y SR
T i+ M (X Y)
o0x;

_ Z<V1<Z>MM<XY> Qﬁzz<x_m LS(XY) >

=\ (@ —2)(y —yj) o )@ —z:)(y — )

_Z<(x—xi1 _ (9M”8€2(Y)>

v )y —y;)

M;;(X,Y)

Yy — ;)
Mz](X Y) A(X)25A(Y)26 e_Tr V1(X)+V2(Y))

(5 — 33)

Therefore we have:

Y (e )

(
- () I ()

(zi — 2)(x — ) (y yy)

M, ;(X,)Y) >
(zi — o) (x — 23)(y — y5)

_ yiMi;(X,Y)
B ;j<($—$i)(y—yj)>
_ 1 Mivj(X> Y) - MIJ(Xa Y)
ﬁzz<(x—wi)(y—yj) (z; — 1) >
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Since this equation must hold for any Vi and Vs, x, y, i.e. for any measure on X and

Y, it must hold term by term i.e. we recover the linear equation:

oM, ;(X,Y) ﬁz M;;(X,Y)— M ;(X,)Y)

ar, =y; M, (5-35)

or (i — )

Of course, the loop equation coming from the change of variable My — My +

1
xM1yM2

OM;;(X,Y) — My(X,Y)
— = =x; M, i,J
8yj ﬁ Z yj - yl)

+ O(€?) gives the symmetric linear equation:

(5-36)
I#5

QED.

6 Principal terms and the 7;; variables

As we mentioned in the introduction, it was noticed in particular by Brezin and Hikami
[B], that the angular integral can be written as combinations of exponential terms,
and polynomials (for § integer, series otherwise), of some reduced variables 7;; =
—2 (@; — 2;)(y; — y;). Here, we show how our recursion gives such a form.

We thus define:

Definition 6.1 We define the principal term .’Zb,n(X; Y) from the recursion:

jﬁ,l = 1
and
7 2 d)\ d\,_ 1
Zon(Xn V) = A(Yn)ﬁlj[(xi—xn JRes YRR cw—T:
Tonot (Xnor, A) eZiEi—zn) iy
[Tz H?z_ll,;ék(yk — i)
(6-1)

It is such that (the sum over permutations comes from the sum of residues at all poles

in recursion eq. [{=31) of theorem. [[.3):

e i=1%iYo (i) .
A(X)PA(Y, Ig,n(X, Y,)

I5n(X,Y) =

(6-2)

In [3], Brezin and Hikami observed and conjectured that when 3 is an integer,

Z5.,(X,Y) is a polynomial in the variables 7, ; = —5 (i — ;) (v — y5)-
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For instance, if § = 1, we have for arbitrary n:

Tin = H Tij (6-3)

i<j

And, if n = 2, we have for arbitrary [:

jﬁﬂ = (xl - 362) (y1 - y2)2 Res —

aﬁ—l e(m1—m2))\
(o= 2) (1 — ) ( )
A=0

ON=L N\ (y2 —y1 — A)P
51

= (z1—22) (11 — ) Z
k=0

(B —1)! 1k ok (B—1+FK)
-1 (o =)™ =)™ T
— Z I __11+_k (21 — 22) (g2 —31))" "
= Qﬁ Qﬁ,o(ﬁ,z) o

i.e. we recover the well known result that 1572 is the Bessel polynomial of degree (3.
We are going to prove the conjecture of Brezin Hikami for all n and for all § € N,

but first, let us prove some preliminary properties:

Lemma 6.1 fﬁm is a polynomial in all variables x; and y;, and it is symmetric under
the exchange X <Y, and under the permutation of pairs (x;,y;) < (z;,y;), and under
translations X — X + cteld or Y — Y + cte.ld.

proof:
If 3 is an integer, the recursion relation eq. (B=)) leads to (we write z; ; = x; — x,

Yijg = Yi — yj)i

jﬁ,nﬂ = H Tint1 y,ﬁu
9 )ﬁ—l { N e .
et H = ] Iﬁ,n(Xm Yn + A)
(a)‘i 1<j<nt1,j#i (Yga = As)" A=0
(6—-5)
which shows by recursion, that fﬁmﬂ is a rational function of all z;’s and y;’s.
We know, from its very definition, that the angular integral
Zz 1 LiYo(3) N
e
Isn(X,Y) Z ROTA S Lon(X.Y0) (6-6)
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is symmetric in all z;’s and y;’s, and in the exchange X « Y. Since the exponentials are
linearly independent on the ring of rational functions, each term must be symmetric in
permutations of pairs (x;,y;)’s, i.e. fg,n(:)sl, e T YL, - - -, Yn) 18 @ symmetric function
of the pairs (z;,y;)’s, and also symmetric under X < Y.

Moreover, fﬁ,nﬂ is clearly a polynomial in the variables z,,, and y,,.1, and because
of the symmetry, it must also be a polynomial in all variables. Translation invariance
is also clear from the recursion formula.

OJ

Theorem 6.1 (Conjecture of Brezin-Hikami):

fg,n is a symmetric polynomial of degree 3 in the 7;;’s.

proof:
Using lemma [6.1] it is easy to see that jﬁ7n fulfills the hypothesis of lemma [A.3] in
the appendix [Al and this proves the theorem. [J

I.e. we have proved the conjecture of Brezin and Hikami [3]. In fact, we notice that
the property of being a polynomial in the 7’s, is not specific to angular integrals, but

comes only from the global symmetries.

6.1 Recursion without residues for [ integer

For # € N, the residues in recursion eq. (G=Il) can be performed, and they compute
derivatives of the integrand. Thus eq. (6=I]) can be rewritten:

j-ﬁ,n(Xn; Yn)

n—1
d\ A, —
= AY )2 1 (z; = z,) Res ! nol
( ) g( ) Ai—a; ()\1 — al)ﬁ ()\n—l — CLn_l)ﬁ

j"ﬁ,n—l(Xn—la A) ezi(mi—rn)(Ai—yi)
HZ:1 HZL:_ll,;ék(yk‘ — )P
AY,)¥ < 0 )5‘1 d\ ANy
= —_ T; — Tp Res o
(ﬂ — 1)!n—1 21;[( ) H 8ai Ai—a; ()\1 — 0,1) ()\n—l — an_l)

%

j-ﬁ,n—l(Xn—la A) exil@i—zn)(Xi—yi)
n n—1
[T Hi:l,;&k(yk —Ai)P

ai=Yi

ai=Yi

(6-17)

i.e. we can perform the residues:

- AY,)¥ N Ty (X S, in (i)
Iﬁm(Xann) — % Hzi,n (a ) B, i( nl_’la) e :
(ﬁ B ) i=1 @i Hk:l Hi:l,;ﬁk(yk - a’i) ai=y;

(6-8)
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More explicitly

(6—-9)

6.2 n=3

n—1

(xz nyn z)ﬁin (ﬁ + ﬁz k) 1
(ﬁ Yi — Zk ﬁz k) ﬁz nto_ 1,k ﬁz k- F(ﬁ) (xi,nyk,i)ﬁi’k

Vi
) Iﬁ,n—l(Xn—ba)

1 'Y’uﬁ k=
1 1 8
’7,' Tin aai

@i =Yi

For n = 3, and arbitrary 3, we prove that:

Theorem 6.2

o0

Tos = Ezwwwg+k]IQ“”f

(6-10)

In fact, for 3 integer, the sum over k is finite and reduces to k < § — 1.

The proof, rather technical, is given in appendix[Cl We used the Calogero equation.

6.3 Conjecture for higher n

Applying the recursion relations of this article, we also computed the n = 4 case for

small values of (:

Lo = H Q2,0(ij)
1<J
+i Q2.0(11.2)Q2.0(71.3)Q2.0(T1.4) Q2.1(72,3)Q2.1(T2.4)Q2.1(73.4) + sym
+% Q2.0(T1,2) Q2,1(71,3)Q2,1(71,4)Q2,1(72,3) Q2,1 (T2,4) Q2.1 (T3.4) + sym
(6 11)
and:
i3v4 = 64 H Q3,0(7ij)

i<j

+§ Q?,,o(71,2)Q3,0(71,3)Q3,0(7'1,4) Qs,l(7'2,3)Q3,1(72,4)Q3,1(73,4) + sym

1

+@ Q?,,o(7'1,2)Q3,0(71,3)Q3,0(71,4) Q3,2(72,3)Q3,2(72,4)Q3,2(73,4) + sym

e (6-12)

Those expressions lead us to conjecture a general form in terms of Bessel polynomials:
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Conjecture 6.1 We conjecture that for all n and (3, jg,n is of the form:

j"ﬁvn = Z A{l} H Qﬁvl(i,j)(Tiyj)

{l} 1<j

(6-13)

Unfortunately, we have not been able so far to determine the general form of the
coefficients Ay for n > 3 (except n =4 and § = 2).

6.4 Symplectic case [ = 2
For 3 = 2, the recursion eq. (6=§), reduces to:

n 1’a) eZ'(mi_wn)(ai_yi)

- a I2 ,n— 1
I2,n = Tin
H H da; [T [T ;ék(yk a;)? @i=Yi
) < 2 9
- H Tin yi,n <$2 — Tp — Z aa )IZ n— 1(Xn—1a CL)
i=1 !

k=t I T
(6 — 14)

ai=Yi

From a recursion hypothesis, we assume that fm_l(Xn_l, a) is a polynomial in the 7’s

of the form:

:2-2,n—1( n— 17 ZA{l} 1_‘[622&J sz (6_15>

{l} 1<j

where for every pair (7, j) we have [; ; € {0,1}. We recall that:
‘O >, = Q270(T) = 7'2 +T y |1 >, = QLO(T) =27 (6-16)

Thus we may write:

0 1 0 1
5e, ~ 2 ;xzk% o lik=35 (2 — o) (a; — ax) (6-17)

and we define the operators C;; acting on functions of the variable 7; ; such that:

1 1 0

CZ' — -
ok Tik 2 815@-7,6

(6-18)

and all derivatives must be eventually computed at t;, = 7; &

Since our operators act on expressions of the form eq. (B=IH), we need to compute:
1

Ci7j|0 >= CZ'J.Q27Q(TZ'J) = Ci,j-(TZ?,j + Ti,j) = 5 (6-19)

Ci,j|1 >= CZ'J.QQJ(TZ‘J) = Ci,j- 27’2"]‘ =1 (6-20)
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And we may also have terms of the form C; ;.C};, for which we have:
1
C@jCj,i |0 >= C@jCj,i .(Tij —+ TZ'J') = —5 , Ci,jCjﬂ' ‘1 >= Ci,jCjﬂ' Tig = 0 (6-21)

Finally we have:

n—1 n—1 1 n—1 T

A . R

Lo =T TT(1+—+ B C) Do (6-22)
. . Tin . Tin tii=Ti
i=1 =1 > k=1,%i " Y 2J J

It is more convenient to rewrite this in terms of a Hilbert space with basis [0 >= ()2
and |1 >= @21, and thus:

n—1 n—1

7 1 n,i o
Lo, = H <Tz%n + Tin + 5 Tin I, Ai,k) Zop-1
i=1 LN
(6 — 23)
where
A =27,:Cix (6-24)
We have: )
Al0 >= §|1 > , Al >=11> (6-25)
and:
A Ak =2(Air — 1) (6-26)

Unfortunately we have not been able to go further with this formulation.

6.4.1 Triangle conjecture

We have seen that there is an operator formalism for computing angular integrals, with
operators A; ; associated to "edges” (i,j). However, it can be seen for n = 3,4, that
operator edges appear only in certain combinations, which involve triangles (i, j, k).

We thus introduce the triangles operators:
Tk = i 7051 i (6-27)

where 7; ; = 7;; is the projector on state %|1 > 5= Tij

7Ti7j-(7'i2,j +Tij) = Tij ) Ti5-Tij = Tij ) T = Tji ) 77,-27]- = T
(6-28)
With this notation we have:
A 1
Iz = (1+ 5 12,3)- H |0 >;; (6-29)

1<i<5<3
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where we recall that [0 >; ;= Ti%j + Tij-
And

A 1

Loy = (1 + 5 (Th23+Tioa+Ti34+To34)
1

+Z(T1,2,3T1,2,4 + T 037134+ T124T134

+T23T534 +T1 241034 + T1,3,4T2,3,4)>- H 10>, (6-30)

We are naturally led to conjecture that:

Ton = ( S oo I] ).H|0 >0 (6-31)

triangulations 7° TeT 1<j
We have:
1 1
Co=1  Cijw=35 + Camen=7 -+ - (6-32)

We have not been able so far to prove this conjecture. It is to be noted from the

low values of n, that triangles seem to play a role for all g € N.

6.4.2 Additional results: determinantal recursion

Just for completeness, we give another form of the recursion eq. (E=I4)), in terms of

determinants:

det[X—:BnH— 2_ L B+0y| .

Y_yn+1
I (X Y, 6-33
det(X — zp41) 2an( ) (6-33)

j2,n+l (Xn-i-l; Yn-i-l) =

where

1 N
Hi<j Tz%j ’

and where B is the antisymmetric matrix

La(X,Y) =

2
Yi —Yj

and Jy = diag(dy,,...,J,,). This is proved by observing that the expansion of the de-
terminant eq. (6=33) can be interpreted like a Wick’s expansion equivalent to eq. (G=I4).

7 Conclusion

In this article, we have found many new relations and new representations of angular

integrals.
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First, we have been able to rewrite angular integrals with a complicated Haar
measure, in terms of usual Lebesgue measure contour integrals. Then, we have deduced
duality and recursion formulae.

This allowed us to prove Brezin-Hikami’s conjecture, and to find some explicit form
for n = 3, and conjecture some explicit form in terms of Bessel polynomials for the
general case.

For 8 = 2, we have simplified our recursion (computed the residues). The same

method seems to be applicable for higher 3, but we have not done it in this article.

We have obtained many new forms of angular integrals, but unfortunately, this does
not seem to be the end of the story. Our expressions are still not explicit enough to be
useful for computing matrix integrals. The form of our expressions, strongly suggest
that the kernel determinantal formulae [25] in the 8 = 1 case, could be replaced by
hyperdeterminantal formulae for higher (3, but this is still to be understood. The best
thing, would be to get expressions with enough structure to generalize the method over

integration of matrix variables of Mehta [26].
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A Appendix: Polynomials of 7

Lemma A.1 Let

Pn(X7 Y) =122 .. - Tp1Tp Ynt1Yn+2 - - - Yon—1Y2ntY1Y2 - - - Yn—1Yn Tnt1Tni2 - - - Ton_1Top

(1-1)

We prove that P, is a polynomial of degree n in the T’s, where T, 9,41 = —%ziy,- and
Ti; = —3(x; — x;)(yi — y;), with integer coefficients:

P, € Z[7] (1-2)
proof:
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It clearly holds for n = 0 and n = 1. Indeed the n = 1 case reads:
T1Yas + Toy1 = T1y1 + Tayo — (1 — 22) (Y1 — y2) = 2(T12 — T13 — To3) (1-3)

Assume that the lemma holds up to n—1, and let us prove it for n. In the following

A = B means that A — B is a polynomial in the 7’s.

P,
= T1T2 .+ - Tp—-1Tn Ynt1Yn+2 - - - Y2n—1Y2n
TY1Y2 - - Yn—1Yn Tn+1Tn+2 - - - Tan—1T2n
= (T1Ynt1 + T ¥1) (T2 - - Tn1 % Ynga - - - Y2n—1Y2n
+Y2 . o Yn1Yn Tnt2 - - - Top—1T2n)
X2 ... Tp1TnTn4+1 Ynt2 - - - Y2n—-1Y2nY1

—Y2. . Yn—-1YnYn+1 Tn4+2 ... . T2n—1T2nT1

—T2...Tn—1TnTn+1 Yn+2 - - - Y2n—-1Y2nY1

Y2 Yn—1YnYn+1 Tn42 .. - T2n—1T2nT1

(1—4)
and then:

P,

= —T2 ... Tp-1TnTn+1 Yn+2 - - - Y2n—1Y2nY1
—Y2. . Yn—1YnYn+1 Tn+2 ...  T2n—1T2nT1

= —(932y1 + Ilyz)(il?s c o Ip—1TnTn41 Yn42 - - - Yon—1Yon
Y3 - Yn—1YnYnt1 Tns2 - - - Top—1T2p)
FTp 1123 .. - Tp1Tp YoYnt2 - - - Yon T Ynt1Y1Y3 - - - Yn T2Tpi2 .- Top

(1-5)

Repeating the same operation recursively we obtain Vk:

P, = Tpg1 - Tpgk L1 Tpg2 - Ty Y2 oo Yl Yhtntl - - - Y2n

FYn+1 - - Yntk Y1 Yk+2 -« - Yn T2+ - Thtl Thnt1 - - - T2n

(1—06)
In particular for £k = n — 2 we find:

P, = Tptl---Loapn—2T1Tp Y2+ - - Yn—1Y2n—-1Y2n
FYnt1---Yon—2Y1Yn T2 ... Tn—1Ton—1T2n

(T1Yon—1 + Ton—1Y1)(Tng1 - - - Ton—2 Tn Y2 - - Yn—1Y2n
FYnt1 - Y2n—2 Yn Lo .. Tn_1 Top)

—Tp .- Ton—1 Y1Y2- - - Yn—1Y2n — Yn---Yon—1 T1T2...Tp—1 I2n)
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(1-17)
and we repeat the same operations:

P, = —Zp o X1 YIY2 - Yn-1Y2n — Yn - - - Yon-1 T1T9...Tp_1Tay)
= —(Tny1 + T1Yn) (Tng1 - Tan—1 Y2 - Yn—1Y2n
FUnt1 - Yon—1 T2 .. Tn_1 Tap)
TX1Tn41 - T2n—1 Y2 - - YnYon T Y1YUnt1 - - Yon—1 T2 .. Tp Ton
(1-28)

and once more

P, = T1Tp+1 -+ - Ton—1 Y2 - - YnY2n T Y1Ynt1 -+ - Y2n—1 T2. .. Tpn T2
= ($C1y2n + I2ny1)($n+1 ceTop—1 Y2 Yn T Ynt1---Yon—1 T2 . l’n)
“Tpt1---Lon Y1Y2- - - Yn — Ynt1 .- - Y2 T1--- Ty
(1-9)
Therefore P, = —P,, i.e. P, is a polynomial in the 7’s.
O]

Lemma A.2 Let

P.s(X,Y) = Ha:c“ +ﬁxf1yla ; Z%’:Zﬁi:d (1-10)
=1 ) 7

We prove that P, g is a polynomial of degree d in the T’s, with integer coefficients:
P, € Z[7] (1-11)

proof:
We proceed by recursion on the total degree d = >, a; = >, §;. The lemma clearly
holds for d =0 and d = 1.

Assume d > 2 and that the lemma holds up to d — 1. We will prove it for d.

o if there exists ¢ such that a;3; > 0, then P, 3 is the factor of 7;,4+1 times Py g of
smaller degree, and from the recursion hypothesis it holds.

e assume that Vi, o;5; = 0. Since d > 2, there must exist some ¢ such that a; > 1
and some j such that 3; > 1. Let us choose k and [ such that:

ar = max{a;} > 1 : G = max{f;} > 1 (1-12)

We have k # .
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If a, = B, = 1, then we can apply lemmalAJl and thus the lemma is proved for
that case.
e therefore, we now assume that o3 > 2, and with no loss of generality we may

assume that oy > 2. We write:

Pn

= R Lo VR Ve I R e VL ol

= ey + zoye) (280 .ol gyt P
B Y Th T Vol N e e
R e N Vi ViR Vi
T T T Vol P .xlﬁl_le’“H ool

= T G S A ol Y .ylﬁ’_ly,fk oy
Ly TRyt e g g P B

(1—13)

From the recursion hypothesis, the RHS is a polynomial in the 7’s, and thus we have

proved the lemma.
O

Lemma A.3 Let P be a polynomial of 2n+2 variables x1, ..., Tn, Tui1, Y1y - - s Yns Yntl,

with the following properties:
o P is invariant by translations Vi, x; — x; + 0z, y; — y; + 0y,
e P is invariant under Vi, x; — A\x;, y; — %yz )
o P is symmetric in the exchange X <Y,

Then P is a polynomial of the 7, ;’s.

proof:

Because of invariance by translation, we can always assume that x,.1 = y,+1 = 0.
Then, the other properties imply that P is a linear combination of monomials of the
type P, 5(X,Y) of LemmalA2l

O

B Appendix: Loop equations

Loop equations for matrix models have been studied for a long time [27]. Loop equa-
tions (sometimes called Ward identities or Schwinger-Dyson equations) for 5 ensembles

can be found for instance in [12, B3] 19, 20, 21, 6]. Here, we summarize the method.
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e l-matrix model in eigenvalue representation, for arbitrary (:

Consider the integral:

7 = /d>\1 Cdhy e 2 VO Ty = )Y (2-1)

1<j

If we make an infinitesimal local change of variable \; — \; + eA¥ + O(€?), we find:

Z = (1+0() /d)\l...d)\nH(lJrek)\f‘l) e R VO TT(1 = eV (M)
JVIBY. i
20 i
[TOw =207 J] (1 + 2865 — 5
1<) 1<J
(2-2)

i.e., by considering the term linear in e:

k—1
0= <Z EXTT B N AN Y AfV’(A,-)> (2-3)

1=0 i#j

It can be written collectively by summing over k with 1/2%*1  this is equivalent to

consider a local change of variable \; — i+ - +0(¢?), and we write w(z) = 3=, x_l)\i:

0= <—w'<x> FBo@) + ) - Y Z’fﬁ» (24
.O.—<Tr;//£j\j4w)>+ﬁ<Trx_1M Trx_lM>+(ﬁ—1)% <Trx_1M> (2-5)

e 2-matrix model for 5 =1/2,1,2:

Similarly if we consider a 2-matrix model:

7 — /dMldM2 e—Tr(V1(M1)+V2(M2)—M1M2) (2_6)

again we make a local change of variable My — M; + e;MlAjL O(€*). The Jacobian of

r—

this change of variable is computed as a split rule (cf []), it can be computed for each
of the 3 ensembles § =1/2,1,2 and is worth:

1 1 0
M, — dM, (1 T Tr A —1)—"TrA 2
d 1 d 1( +€ﬁ r;L’—Ml r x_Ml—l—E(/@ )ax r :L’—Ml_l—O(E))
(2-7)
Thus we find:
0 = —( Tr(V{(M) — M) 1 +4{ Tr 1 Tr A 1
- 1 2 =M, T — M, T — M,
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+(6—1)(% <TrAx_1M1> (2-8)

e Without a definition of a 2-matrix integral for arbitrary 3, it is not possible to
find the loop equation for any 5. However, we see that equation eq. (£=8) is valid for
the 2-matrix model for § = 1/2,1,2, and is valid for the 1-matrix eigenvalue model
for any . Therefore it is natural to take it as a definition of the 2-matrix model for
arbitrary (.

C Appendix: Proofn=3
C.1 BESSEL ZOOLOGY

We define the functions

We have

20° Qs () =282 Qs (z) = =D (=)

B+1+1) 27!

2 Qy(x) =282 Qy(2) +28 Qs (z) = —> (=) TGA—i—1) Il 277 (3-2)
1=0 )
Changing [ into [ + 1 in we obtain the differential equation
¥ Q) (@)~ 20(8 — 1) Q) (@) + 201~ ) Qs(2) =0 (33)
We define the functions
d\*
Queta) = (-2 w+ () (2) (3-4)
Qpo () = Qp(x) (3-5)
that is z
Nk DBHIHR) 270
Qﬁ7k<x>—l§:;< e T (3-6)
From B=4] we obtain the recurrence
Qor(x) =2(B—k+1) Qpr1 () — 22 Q_y () (3-7)
For instance
Qs (2) =28 Qpo (z) — 22 Qg (2) (3-8)
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and

Qp2(r) = 2(8-1) @pa(z) — 22 Qp, (v) (3-9)
Qpa(z) = 42® Qg () =8 (B —1) Qpo(x) +45(B—1) Qpo(z) (3-10)

Thus, we have, from and B=T0, the expressions Q}, (z) and Qg () in terms of
Qp.1 (x) and Qg2 (x). Equation B=3 becomes

Qp2 () +4(1—2) Qp1(x) —46(8—1) Qpo(x) =0 (3-11)

From B=TT], by derlvatlves 4 and recurrence, it is easy to show that

Qo2 (#) +4(k+1—-1) Qpper(x) —4[F(B-1) —k(k+1)] Qpp(z) =0 (3-12)

C.2 CALOGERO N=3

We consider the Calogero differential operator

3

d? 1 d d
Hcalogero = — +2 - 5 3-13
Calog, — dl’? + /6; Ti— X <d!132 dZL"]) ( )

and we look for solutions

HCalogoro x“ yz - (Z Z/Z> x“ yz> (3-14)

where the solutions ® (z;, y;)have a certain number of symmetry properties described

somewhere else. We write
(25, i) = f (25, yi) e (3-15)

so that the equations and B=T4l become

D= d—2+2ﬁz ! 4 _ 4y +2i 4 (3-16)
- - dl‘2 i<j ZL’Z'—LU]‘ dl’l dl’j Yi y] — yzdl‘

and
D f(xi, yi) =0 (3-17)
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Let us introduce the variables

1

a = 5(931—932) (Y1 —y2) = (21 — 22) Yo
1

b = 5(%—363) (Y1 —y3) = (11 — x3) Y13
1

c = 5(932—933) (Y2 —y3) = (w2 — x3) Ya3

where
Yy = —¥js

and we look for solutions of the type f(a,b,c). We have

d
é_:;@ﬂ+m%
1
d
% = }/21 f(; + }/23.]00/
2
d
é_:§@ﬂ+%m
3
and
dzf 2 K 2 ¢
d—ﬁ = }/12 a2 + 2}/12}/13.]0[1{) _'_ }/13fb2
& f : : ;
d—l»% = )/'221 a2 + 2}/21)/23]0[10 + )/'223 c?
d2f 9 5 2
E = )/231 b2 + 25/})1}/})2be + }/})2 c?
3

The equations B=T6l and B=T7 become

D f(a,b,c) = Dy f(a,b,c)+ Dy f(a,b,c)=0
V4 |2f 402 ’

a
g

a

Dy f(a,b,c)

Dy f(a,b,c) = 2Y15Y13 {f;b + fé+§ f;] + circ.perm.

We now try the functions

Qpr(a) Qpr(b) Qprlc) {k k k}
fla.b,c) = Bagﬁ Bbsﬁ ﬁclgﬁ N (abc)®”

where Qg (z) are defined in (B=ZH3=H) and We consider

Flay = o
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+1) fI + 45 f} + circ.perm.

(3-18)
(3-19)

(3-20)

(3-21)

(3-22)

(3-23)

(3-24)

(3-25)
(3-26)

(3-27)

(3-28)
(3-29)

(3-30)

(3-31)

(3-32)



we have

g f= 2a Qs (@L;jﬁ Qo (a) 2k Qpu (622;1@67“1 (a) (3-33)

2 fl+2

By derivation we obtain

g

. i o8 o1 [ 5Qpke2(a) + (B + 2k +2) Qs s (a)
2f,2 + 25 Ja— 2? f= PR { 2 +j—2]{: (B+k+1) Qsk (a) i } (3-34)
so that
oo B 2881, 1 [ 3Qprr2(a) +2(k+1)Qpri(a)
2fa2 + 45 fa + - a2 [ = 22 { 2 +—2|—2/{: (/{: + 1) Qﬁ,k (CL) i }3'35)

B L [ 3Qskee (@) F2(k+ 1) Qppga (@) ]
2fa2 +4 fa 26+2 |: _2 [6(5_1)_]{;(]{;_’_1)] Qﬁ,k (CL)(}BBG)

a a

Finally we obtain

. p b 4P 1 Qppt2 (@) +4(k+1—a)Qpr+i(a)
2 4(—+1 4— f = —5= ’ , 3-37
fur b AC A fat b T =50 | (B(8 1)~ k(k+1 - 20)] Qo () | 77
Now, we use the recurrence relation and get the simple result
. 4k
2+ 4@ 1) fral =2 Qs (@) (3-3%)
We just proved that
k,k,k Yi YZ Y2 k,k, k
p, KRk} 725} = —4k (ﬁ 43y ﬁ) {k, ’25} (3-39)
(abe) a b c (abc)
We further transform the result We have
Y Yio Yio
iz _ - - - 3-40
a (xl — 1'2) A (Zlf) (xl $3) (lé $3) ( )
Y5 Yio 2
A ) 2 — -41
where
Ax) = (1 —x2) (1 —x3) (T2 — 73) (3-42)
F = .TL’% -+ LE‘% + .TL’;Z) — X1T9 — X1T3 — T3 (3-43)
By circular permutation we also have
Y3 Y3 2
3 F— (x5 — 44
Yoy Yo 2
T = A (1’) [F — (1’2 — 1’3) } (3-45)
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We note that in the quantity F' disappear since

Yio + Vag + Ya1 = 0 (3-46)
We may write now
{k,k, k} 4k _ {k,k, k}
D = r1 — T2) a+ circ.perm. 3-47
1 (abc)gg A(LL’) [( 1 2) p ] (abc)2ﬁ ( )
We now consider (k. K}
D i 3-48
2 ((Lbc)zﬁ ( )
Using
fla,b,c) = f(a) f(b) f(c) (3-49)
we have
: 5, B oy | (@) + 22 (5i0) + 242)
fab(aa b? C) _I_ E fb(a'7 b? C) _I_ g fa(a? b? C) - _’62f(a’)b f(b) f(c)
(3-50)
but in B30 the term g—z f(a) f(b) f(c) disappears since
Y12 —
2B 4 circ.perm. = :EZ (:1:?3 + circ.perm. =0 (3-51)
Then, from we get
k (a)+1 a k (b)+1 b c
_ 2Y12Y13[ Qp,k( C)L;;i?ﬁ,kﬂ( )] [k Qaxl z;;i?ﬁ,wrl( )] Qié;%( ) (3.52)
~+circ.perm.

Again, the term containing Qg (a) Qpr (b)) Qpx (c) disappears by B=21l. We write

D {k bk} 1 1 [(I ) Hk+1,k+1,k}
* (abe)®® A() (abo)? L2 T | ke (ke Lk kY k(o k 1 k)
+cz’rc.perm.] (3-53)

We note that
(xg —a3) [{k+ 1,k k} + {k, k+ 1,k} + {k, k, k + 1}] + circ.perm. = 0 (3-54)

so that

{k Rk} 1 1 [(x ) {%{kﬂ,kﬂ,k}
(abe)® — Ax) (@) |72 TV | <k {kk k4 1}

2 } +circ.perm.] (3-55)
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We now collect D; and D,. From B=28 B=31] B=47 and we obtain

Ake {k,k,k} + 2 {k+ 1,k + 1,k}
p kb 1 1%{@25’53)[ (ko ko k1)

(abe)*  A(2) (abe) +circe.perm.
Again,
(xg — x3) {k, k,k} + circ.perm. =0 (3-57)
so that

{k, b kY 1 1 (22 — 23) . 4k (c — k) {E’ k, k)
g T

(3-58)
We now use equation (10) and write

(z0 —3) [3{k+1,k+1,k}
{k,k, k} - [4k<gk><ﬂ+k1>{k,k,k1}1}<3-59>

~+circ.perm.

(abc)®” - A(w) (abc)®”

Consequently, we obtain the remarquable result

rB—%k 1 {kkk}
L (B+k)8 k! (abe)*

Lol 1 (k4 Lk + 1k}
- B <a;2_x3>[ GO L e kk—1y | | @60
2A () (abe)®” Tk T G R RS

+circ.perm.

Clearly enough, we define for  not integer

> 1 {k k Kk}
-61
f (abc) = ZO ﬂ—i‘k VSR (abe)”? (3-61)
then,
D f(abc) = 0+ circ.perm. (3-62)
Now, if ( is an integer
Qprzp () =0 (3-63)
and we define -
~T(B-k) 1 {kkk}
p— - 4
f (abe) 2T (3+k) 8 KL (abe)” (364
so that
D f(abc) = 0+ circ.perm. (3-65)

40



We proved that a solution to B=14l is

oo or f—1
TB—k) 1 {kkk}] s
@ . . — Zzzl TiYi _
HCalogoro(I) (Iiu yz) = 0 (3_67)

where Halogero 1 given in B=T3
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