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An output feedback for a chain of integrator suitable for
the use of dynamic scaling

V. Andrieu* L. Praly’and A. Astolfi’

June 26, 2008

Abstract

An output feedback for a chain of integrator is given in this paper. This one is such
that the closed loop system obtained is homogeneous in the bi-limit. Furthermore the
associated Lyapunov function satisfies a specific property which is useful in the context
of dynamic scaling as used in (Andrieu at al., 2008, Automatica).

1 Introduction

We consider a system, with state X = (xy,...,x,) in R” described by :

X =8X+ Bu , Yy = X1, (1)
where y is the output, & in R™*" is the left shift matrix defined as :

SX = (QVQ,. .oy Xn, 0)71,

and B in R" is the vector defined by

In the whole paper we refer to tools developed within the framework of homogeneity in the
bi-limit, notion introduced and studied in (Andrieu et al., 2008, SICON). We give in Section
2 a brief summary and definition.

Selecting 09 = 0 and arbitrary degrees 0 < 0, < ﬁ, homogeneity in the bi-limit (see
Definition 3 below) with degrees 9y and 0, is obtained for system (1) provided the weights
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ro = (T01,---,T0mn) a0d oo = (Too 1y -+ Toon) ATE

7”071':1, T007i21 —Doo(n—z) . (2)

In (Andrieu et al., 2008, SICON), we have proposed an output feedback for system (1)
given by :
u=0¢(X), X=8X+ Bg(X) + K1 —x), (3)

where X = (X1,...,4,) in R" and K and ¢ are respectively a homogeneous in the bi-limit
vector field and function with weights ¢ and r.,, and degrees 0y and 0., (respectively 1+ 9y
and 1+ 04). Setting :

E = (e1...,e,)T = xX-Xx
the chain of integrator (1) with the controller (3) can be described by :

E = SE + K(e) .

In (Andrieu et al., 2008, SICON), the design of K and ¢ is done recursively, following an
observer / controller approach in such a way that there exists a homogeneous in the bi-limit
Lyapunov function U of degree d;; which time derivative along the trajectories of system (4)
satisfies for some positive real number ¢; :

{ X = 8%+ Bo(X) + K(er) n

~

U, E) < —c (U(Q,E)JrU(%,E)%) . (5)

r—

In (Andrieu et al., 2008, IEEE-Tac), to synthesize a control law in the context of trajectory
tracking, we combine this tool with dynamic scaling. To do so, we need a specific property
on the Lyapunov function U. This property is a homogeneous in the bi-limit version of the
one given in the seminal paper on high-gain dynamic scaling (Praly, 2003, equation (16)) or
in (Krishnamurthy et al., 2003, Lemma A1) and also used in the context of observer design in
(Andrieu et al., 2008, Automatica). Namely, given a diagonal matrix

D = diag(dy,...,d,) ,

with d; > 0, the function ¢ and the vector field K have to be selected such that the associated
Lyapunov function U satisfies (5), and also :

U . U . . )
- - >
sEEE)DE + (R E)DX > oURE ), (6)

for some positive real number cy. This is summarized in the following Theorem which proof
will constitute the main (only) contribution of this paper.

Theorem 1 Let 0y be a positive real number satisfying 0y > 2+ 0o,. There exists a homoge-
neous in the bi-limit function ¢ : R™ — R with associated triples (1,09, ¢o) and (Too, Voo, Poo)
and a homogeneous in the bi-limit vector field K : R — R", with associated triples (¢, 0o, Ko)
and (Tso; 000, Koo ) and a positive definite, proper and C function U : R*™ — R, homogeneous
in the bi-limit with associated triples (ro, 0y, Uy) and (7o, 0, Us), such that :

1. The functions Uy and Uy, are positive definite and proper and the functions % and %
J J
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are homogeneous in the bi-limit with approrimating functions respectively %%, %UT"_O, %,
J J J

OUso
and o

2. There ezist two positive real numbers ¢, and co such that (5) and (6) are satisfied.

The proof of this Theorem was omitted in (Andrieu et al., 2008, IEEE-Tac) due to space
limitation and is given in Section 3. Section 2 gives some prerequisite needed to address this
proof.

2 Some prerequisite

The proof of this Theorem needs some prerequisite. Indeed, we recall the definition of homo-
geneity in the bi-limit, introduced in (Andrieu et al., 2008, SICON), and give some related
properties.

Given a vector r = (r1,...,7,) in (R /{0})", we define the dilation of a vector x in R" as

Nox = Ny, ..., Noa,)" .

Definition 1 (Homogeneity in the 0-limit)

o A continuous function ¢ : R"™ — R is said homogeneous in the 0-limit with associ-
ated triple (rg, 00, ¢o), where ro in (Ry/{0})™ is the weight, vy in Ry the degree and
oo : R™ — R the approximating function, respectively, if ¢g is continuous and not iden-
tically zero and, for each compact set C' in R™ and each € > 0, there exists \* such that
we have :

H(A0 o x)

max

Hnax T—gbo(l') < ¢ \V/AE(O,)\*]

o A wvector field f =>"" f,-% 1s satd homogeneous in the 0-limit with associated triple
(0,00, fo), where fo =", fo,ia%i, if, for each i in {1,...,n}, the function f; is homo-
geneous in the 0-limit with associated triple (19,0 + 7o, foi)t.

Definition 2 (Homogeneity in the oco-limit)

e A continuous function ¢ : R™ — R is said homogeneous in the co-limit with associ-
ated triple (roo, oo, Poo) Where roo in (Ry/{0})"™ is the weight, 0 in Ry the degree and
O : R" — R the approximating function, respectively, if ¢o is continuous and not
wdentically zero and, for each compact set C' in R™ and each € > 0, there exists \* such
that we have :

PN o 1)
max |[——=

x| S5 dwe(@)| S & VAE N, 400) .

'In the case of a vector field the degree dy can be negative as long as 9y + ro; >0, forall 1 <i<mn.



o A vector field f =", fi% 15 satd homogeneous in the oco-limit with associated triple

(Toos Doy foo)s With foo = >0, foo’i%, if, for each i in {1,...,n}, the function f; is
homogeneous in the co-limit with associated triple (7oo, Ooo + Too,is fooi)-

Definition 3 (Homogeneity in the bi-limit)
A continuous function ¢ : R™ — R (or a vector field f) is said homogeneous in the bi-limit
if it is homogeneous in the 0-limit and homogeneous in the oco-limit.

The following propositions are proved, or are direct consequences of results, in (Andrieu
et al., 2008, SICON).

Proposition 1 Let n and p be two continuous homogeneous in the bi-limit functions with
weights 1o and 1o, degrees dyo, d, o and d,o, d,, and continuous approximating functions

Nos Noos Mo, Hoo-

1. The function x — n(x)p(x) is homogeneous in the bi-limit with associated triples (ro, d, o+
du0, Mo o) and (Too, dyoo + Ay oo, Moo oo )-

2. If the degrees satisfy d,o > d,o and d, o < d, o and the functions p, po and p are
positive definite then there exists a positive real number ¢ satisfying :

n(x) < cu(zr) , vV € R,

Proposition 2 If ¢ : R" — R and ( : R — R are homogeneous in the 0-limit functions,
with weights 4o and r¢, degrees dy = r¢o and de in Ry, and approzimating functions ¢g
and Cp, then (o ¢ is homogeneous in the 0-limit with weight vy, degree d¢, and approzimating
function (yo ¢g. The same result holds for the cases of homogeneity in the oo-limit and in the
bi-limit.

Proposition 3 Suppose n and p are two functions homogeneous in the bi-limit, with weights
ro and ro, degrees 0y and Vs, and such that the approximating functions, denoted 1y and 1,
and, po and s are continuous. If u(x) >0 and

{2z eR"\{0}, pul@)=0} = n() >0,
{2z eR"\ {0}, p(r)=0} = mx)>0,
{2eR"\ {0}, pu(z)=0} = no(r)>0,

then there exists a strictly positive real number k* such that, for all k > k*, the functions
n(x) + kwu(x), no(x) + k po(z) and ne(x) + k pioo(z) are positive definite.

3 Proof of Theorem 1

3.1 Main proof

The proof of this theorem is based on two other results. The first one is associated to the
observer part of the output feedback controller and has already been stated in (Andrieu at
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al., 2008, Hal) in a more general version. The other one is associated to the state-feedback
part and constitutes one of the contribution of this paper.

Theorem 2 ((Andrieu et al., 2008, Hal)) Given d, in [0, 1), let Oy be a positive real
number satisfying Oy > 2 + 0. There exist a vector field K : R — R™ which is homoge-
neous in the bi-limit with associated weights ry and ro, and a positive definite, proper and C*
function W : R™ — R, homogeneous in the bi-limit with associated triples (ro, 0w, Wos) and

(Too, 0w, Wao), such that the following holds.

1. The functions Wy and Wy, are positive definite and proper and, for each j in{1,...,n},

the function % is homogeneous in the bi-limit with approzimating functions 2% and
e; Oe;

W

Oej °

2. There exist two positive real numbers ¢y and co such that we have, for all E in R",
ow
OF
ow
OF

(E) (SE+ K(ey)) < —cs <W(E) i W(E)d%“”> , (7)

(EYDE > ¢,W(E) , (8)

The proof of this Theorem has been given in (Andrieu et al., 2008, Hal).

The other Theorem needed to prove the main result can be stated as follows :

Theorem 3 Given 04, in [0, ﬁ), let Oy be a positive real number satisfying 0y > 2 + 0.
There exist a function ¢ : R™ — R which is homogeneous in the bi-limit with associated
weights ro and 1o and degrees 1 and 1 + 0o, and a positive definite, proper and C* function
V :R"™ — R, homogeneous in the bi-limit with associated triples (o, 0y, Vo) and (7o, v, Vio),
such that the following holds.

1. The functions Vi and Vy, are positive definite and proper and, for each j in {1,...,n},

the function % 18 homogeneous in the bi-limit with approrimating functions % and
J J

Voo

an .

2. There exist two positive real numbers ¢, and co such that we have, for all X in R™,

OV @) (52 + Bo®) < o5 (V(®) + V(R) W) | )
ov
TLERDE 2 V() (10

The proof of this Theorem is given in Section 3.2.

With these two theorems in hand the proof follows the line of the one given in (Andrieu et
al., 2008, SICON) and is a direct application of Proposition 3. Indeed, consider a positive real
number 3., in [0, -15), a diagonal matrix D and a sufficiently big positive real number dy.
Employing Theorem 2 and 3 we get the existence of a homogeneous in the bi-limit vector field



K, three homogeneous in the bi-limit functions ¢, V and W and four positive real numbers
cs3, €4, ¢5 and ¢g such that (7), (8), (9) and (10) are satisfied.

Let U : R*™ — R, be the candidate Lyapunov function for the closed loop system (4)
defined as :

A

UX,E) = V(%) + cW(E), (11)
where ¢ is a positive real number to tuned.

Note that this function is homogeneous in the bi-limit with appropriate weights and degrees
and with approximating functions

Up(X,E) = Vo(X) + cWo(E),
Us(X,E) = Voo (X) + ¢Wo(E) .

Moreover, due to the property of V' and W exhibited in point 1) of Theorems 2 and 3, for
all 7 in {1,...,n}, we get that the homogeneous approximating functions of aaTUj are g%; and

%[2{;?’, while the homogeneous approximating functions of % are %
J J

of Theorem 1 is satisfied.

and %UT‘?. Hence point 1)
)

€j

Moreover, along the trajectory of the system (4), the function U satisfies :

/ A~ N

UX.E) = —n(X,E) — cu(E) (12)

where ;1 and 1 are two homogeneous in the bi-limit functions with weights (rg, 7o) and degrees
0y and 0y + 0, defined as,

WE) = SLE)SE + K(e) |

n(X,E) = z;@%) (sﬁe + Bo(X) + K(el)> .

With (7), the function p and its homogeneous approximations pg and g are negative definite.
Furthermore, with (9), we have for all X # 0 :

n(X,0) < 0, n(X,0) < 0, 1o(X,0) < 0.

Consequently, Proposition 3 yields the existence of a positive real number ¢* such that for all
—
¢ > ¢* the function U(X, E) and its homogeneous approximation is negative definite. With

Proposition 1, point 2), we conclude that there exists ¢; such that the inequality (5) is satisfied.
Finally, with (8) and (10) we get that the homogeneous in the bi-limit function

(X,E) — g—g(ﬁﬁ,E)DE + gg(ﬁe,E)Dﬁe

and its homogeneous approximations are positive definite. Hence, employing Proposition (1)
we get a positive real number ¢, such that (6) is satisfied.



3.2 Proof of Theorem 3

The proof we propose here is an adaptation of the one given in (Andrieu et al., 2008, SICON).
It is done by induction. To do so we use notations with an index showing the value from
which we stop counting. For instance X; = (x1,... ,Xi)T denotes a state vector in R? and B;

is a vector in R? defined as
B; = (0,...,0,1)" .
Also, S; is the left shift matrix of dimension i, i.e.
SiX; = (xg,... ,Xi,O)T .

Proposition 4 Let 0y be a positive real number satisfying 0y > 2 + 04 and dy, .

,dz be 1

positive real numbers. Suppose there exist a C' homogeneous in the bi-limit function ¢;
R! — R of degrees 1 and Tooi T 0o With approzimating functions ¢, and ¢; «, and a positive
definite, proper and C function homogeneous in the bi-limit V; : R — R, with associated

triples (ro, 0y, Vig) and (7o, v, Vi) such that the following holds :

1. forallj in{1,... i}, the function BX%? 18 homogeneous in the bi-limait with approximating
functions 82—;0 and Q‘i’;‘fo

2. the function Vo and V; « are positive definite and proper and for all j in {1,...,i},

. 9V, . L . . . .
the functions o, are homogeneous in the bi-limit with approximating functions
Vi

an .

3. There exist positive real numbers cs and cg, such that for all X; in R" :

Vi o

o, and

(13)

(14)

Then, for any positive real number d;, 1, there exist a C' homogeneous in the bi-limit function

Giv1 : R — R, with degree 1 and rooi11 + 0 and a positive definite, proper and C*

unction Vi, : R — R. homogeneous in the bi-limit with associated triples (rg, v, Vii1o
- + +1,

and (Too, Ov, Vit1,.00) such that the following holds :

1. forallj in{1,...,i4+ 1}, the function —a(fjfl s homogeneous in the bi-limit with approz-
J
imating functions 8‘15;':170 and 3@;1,00'
J J

2. The functions Vii19 and Viy1 o are positive definite and proper and for all j in {1, ... i+

1}, the functions oV,

0Vit1,0 OVit1,00
o, and v,

_a;;l are homogeneous in the bi-limit with approximating functions



3. There exists a positive real number ¢s and cg such that for all X, in R,

gy )
Z[’j Ox. (Xiv1) x; > & Vip(Xisa) - (15)
i=1 &t

v _ 2y oo
aj{i (Xig1) (SiriXipr + Bin19in1(Xig1)) < —Co (Vi+1(%z‘+1) + Vigr (Xiga) oV ) (16)

Proof : The proof is divided in three steps.

1. Construction of the Lyapunov function. Consider the candidate Lyapunov function
Vigr : R™*Y — R, defined by :

Viri(Xip1) = Vi(X) + o L(Xi) ,

where o is a positive real number which will be specified later and L is the function defined

as
v

V.
L(Xip1) = [0i(Xi) — x| + [95(X) — i |t

The function V;; is positive definite and proper. Moreover, the function ¢;(X;) being C"*

and since 0y > 2, it yields that the function V;;; is C* . Finally, for each j in {1,... i+ 1},
the function % is homogeneous in the bi-limit with associated triples (7’0, oy — 1, %),
J J

<7“OO, dy — T, a\g;,w ) Consequently Point 2) of Proposition 4 is satisfied.

2. Properties of the Lyapunov function. Let d;;; be any positive real number. Let
J Rl — R be the function defined as :

i+ 57
J%iw){i = d—%l X5
(o) = 32y o)
The functions V; and J are homogeneous in the bi-limit with associated weights 1 and r.,, and
unique degree 0y,. By assumption V; is positive definite and the same holds for its homogeneous

approximations in the 0-limit and in the oo-limit and we have :

Qv
J(0,%511) = din DV|X1'+1|DV+rzcv,i"‘i+1‘m’i} )

It follows that the assumptions of Proposition 3 are satisfied with 4 = V; and n = J. Hence,
with ¢; given in (13), there exists a positive real number o such that the functions ¢;V; o+ o Jy,
c5Vioo + 0Js and ¢V, + oJ are continuous and positive definite in X;;;. But then, from
Proposition 1.2, there exists a positive real number ¢5 satisfying :

LlesVitod] = Vi .
Since assumption (13) gives readily, for all X;;; in R*"!

AR\
Z dj a—;(%wl) Xy > Cy V:L(’%J + O-J(%i’XiJrl) !
j=1 !



we have established inequality (15) of Proposition 4.

3. Construction of the function ¢; ;. Given a real number o, we define the homogeneous
in the bi-limit function ¢;,; as :

Too,it00

GPip1(Xi) = —k [(xip1 — 0i(Xi)) + (xip1 — s(Xy)) oo ;

With Propositions 1 and 2 it is a homogeneous in the bi-limit function with degrees 1 and
Too,i + Doo

Moreover, with Proposition 2 and the properties of the function ¢;, for all jin {1,...,i+1},

the function a(ﬁj_“ is homogeneous in the bi-limit with approximating functions @ and
J J
%ﬂ Hence point 1) of the Theorem is satisfied.
J

We show now that by selecting k large enough we can satisfy (16). Note that :

oV;
8%“ (Xit1) [Siv1 Xig1 + Big1 i1 (Xi1)] = Ti(Xigr) — kT (Xi41)
i+1
with the functions T} and 75 defined as :
oV;
T (Xi1) = Wﬂ(:{iﬁ-l) [Si Xi + Bixig)]
oL
Th(Xip) = Ua—(%i+1)¢i+1(%i+1) ;
Xit1
where,
aL DV 0y —Too,it1

(Xit1) = <°V (ip1 — G(X) T+ (g1 — @i(Xy)) oot >¢i+1(3€z‘+1) :

X1 T'00,i+1

By definition of homogeneity in the bi-limit and Proposition 2, T} and 75, are homogeneous in
the bi-limit with weights ry and r.,, and degrees 9y,. Moreover, since ¢;;1(¥;11) has the same
sign as x;11 — ¢;(X;), To(X;41) is non-negative for all X;,; in R and as ¢;;1(X;11) = 0 only
if Xit1 — (bz(.'fz) =0 we get :
(X)) =0 = x40 = ¢i(X) .

and,

o
0%,

i1 = 6(X) = Ti(Xi) (X3) [Si Xi + Biohi(Xi)]

Consequently, equations (14) yield :
{:{Z’Jrl € R+t \ {O} : TQ(%i+1) = O} - {%i+1 € R . Tl(%zqu) < 0} .

The same implication holds for the homogeneous approximations of the two functions at
infinity and around the origin. Hence, by Proposition 3, there exists k* > 0 such that, for all
k > k*, we have for all X;,; # 0:

oV
—H(%@'Jrl) [Siv1 Xig1 + Biy1¢ia(Xi41)] < 0,
0Xin
aV;
+1,0 (Xir1) [Siv1 Xig1 + Bir1oi0(Xiz1)] < 0,
0Xin
8‘/;4-1,00

(Xit1) [Sit1 Xig1 + Big10ir1,00(Xiz1)] < 0.
0Xit1



Employing Proposition 1, this implies that there exists ¢ such that (16) is satisfied. Hence
Proposition 4 is proved. O

To construct the Lyapunov function V' and the vector field ¢, which prove Theorem 3, it is
sufficient to iterate the construction proposed in Proposition 4 starting from

00,2

¢1(X1) = —X1 — —Xlroo’l ) Vl(Xl) = ’X1|DV )

Note that with these datas, Assumptions of Proposition 4 are satisfied.

We apply this Proposition recursively for ¢ ranging from 1 to n — 1.

4 Conclusion

In this short paper we have given a proof to a result stated in (Andrieu et al., 2008, IEEE-Tac).
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