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AUTOMORPHISMS OF COXETER GROUPS AND LUSZTIG’S
CONJECTURES FOR HECKE ALGEBRAS
WITH UNEQUAL PARAMETERS

CEDRIC BONNAFE

ABSTRACT. Let (W, S) be a Coxeter system, let G be a finite solvable group of
automorphisms of (W, .S) and let ¢ be a weight function which is invariant under
G. Let ¢¢ denote the weight function on W& obtained by restriction from ¢. The
aim of this paper is to compare the a-function, the set of Duflo involutions and
the Kazhdan-Lusztig cells associated to (W, ¢) and to (W%, pg).

Let (W, S) be a Coxeter system, with S finite, let I" be a totally ordered abelian
group and let ¢ : W — T" be a weight function such that ¢(s) > 0 for all s € S.

Let G be a group of automorphisms of W stabilizing S and ¢. We denote by ¢g
the restriction of ¢ to the fixed points subgroup W¢. If w € S/G (the orbit set) is
such that W, (= (w)) is finite, we denote by s, the longest element of the standard
parabolic subgroup W, and we set Sg = {s, | w € S/G and W,, is finite}. Then it
is well-known that (WY, Sg) is a Coxeter system and that pg : W& — T is a weight
function (such that pg(s,) > 0 for all w € S/G).

To the datum (W, S, T, p) are associated a Hecke algebra H(W, S, T, ) over the
ring Z[T'], a Kazhdan-Lusztig basis (Cy)wew of H(W, S, T, ), equivalence relations
~r¢, ~r and ~,r and two functions a : W — T'and A : W — T (see [[J). We set
D={weWla(w)=A(w)}. Tothedatum (W%, S, T, og), we associate similarly

~G, ~G, ~%sag, Ag and Dg. The main result of this paper is the following:

Theorem A. Assume that G is a finite solvable group and that Lusztig’s conjectures
(P1), (P2),..., (P8) in [0, Chapter 14] hold for the datum (W Sy, T, oy) for all
subgroups H of G. Let x, y € W&. Then:

(a) ag(z) = a(x).
(b) Dg =DNWEC.
(c) If? € {L, R, LR}, then x ~» y if and only if x ~§ y.
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2 C. BONNAFE

The proof of this Theorem makes essential use of reduction modulo p. Indeed,
an easy induction argument reduces immediately the problem to the case where G
is a p-group for some prime number p. The main ingredient is then the following:
the natural stupid map H(W¢, Sq, T, o) — H(W,S,T', )¢ is not a morphism of
algebras in general. However, if we denote by Brg(H(W, S, T, ¢)) the quotient of
H(W, S,T, )¢ by the two-sided ideal Y ,_, Trl (H(W, S, T, ©)) (Brauer’s quo-
tient, see for instance [[I], Page 91]), then:

Proposition B. Assume that G is a finite p-group. Then the natural linear map
HWE,Sq, T, 0q) — Bra(H(W,S,T,©)%) is a morphism of algebras whose kernel
15 generated by p. Moreover, it preserves the Kazhdan-Lusztig basis.
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1. THE SET-UP

1.A. The group (W, S). Let (W,S) be a Coxeter system (with S finite), let
¢ : W — N denote the length function, let I" be a totally ordered abelian group and
let ¢ : W — T be a weight function [[J, §3.1] that is, a map such that p(ww') =
o(w) + p(w') whenever £(ww') = £(w) + £(w’).

Let A be the group algebra Z[I']: we will use an exponential notation for A,

namely A = @ Ze", where 7 -¢? =¥ forally, v/ €. If a = D er @€ € A,
~yel’

we denote by dega (resp. vala) the degree (resp. the wvaluation) of a, that is, the
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element v of I' such that a, # 0 and which is maximal (resp. minimal) for this
condition (by convention, deg 0 = —oo and val0 = +00).

We shall denote by H the Hecke algebra associated to the datum (W, S, T, ¢).
It is a free A-module, with basis (7,)wew, and where the multiplication is entirely
determined by the following rules:

TyT = T if {(ww') = l(w) + £(w');
(T, — e?O) (T, +e %)) =0 ifses.
Note that this implies that T, is invertible in H for all w € W. This algebra is

endowed with an A-anti-linear involution ~ : H — H which is determined by the
following properties:
e’ =e7 ityel,
{Tw =T fweW.
By [, Theorem 5.2], there exists a unique element C,, € H such that

éw = Cwa
Co=T, modH_g,
where Hog = & A ¢T,, and where Ao = @ Ze".
weW

v<0
Let 7 : H — A be the unique A-linear map such that

H(T) = {1 if w=1,

0 otherwise.

If we W, we set
A(w) = — deg 7(Cy),
and we denote by n,, the coefficient of e=2®) in 7(Cy). Finally, if x, y € W, we
write
CoCy = hay.Cs,
zeW

where the h,, .’s are in A and satisfy hgy. = hay...

1.B. The group (W%, Sg). Let G be a group of automorphisms of W such that,
for all ¢ € GG, we have
o(S)=S and oo =.

If I is a subset of S, we denote by W; the (standard parabolic) subgroup of W
generated by I. If w € S/G is such that W, is finite, we denote by s, the longest
element of W,,. We denote by S the set of s, where w runs over the set of G-orbits
in S such that W, is finite. Recall the following proposition [H], Corollary 3.5 and
Proof of Proposition 3.4]:
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Proposition 1.1. (W%, Sg) is a Coxeter group. If {g : W¢ — N denotes the
corresponding length function and if x and y € W, then ((zy) = {(z) + {(y) if and
only if la(wy) = le(x) + Lla(y).

Let
og: W¢ — T
w o — p(w)
denote the restriction of ¢ to WY Then ¢g is a weight function (by Proposition
[.1). Therefore, we can define He, Ha <o, 1, CS, 16, Ag, nS and hg, . with

respect to (WY, S, T, o¢) in a similar way as H, Heo, Tw, Cuw, 7, A, n, and hy, .
were defined with respect to (W, S, T, ¢).

2. BRAUER QUOTIENT

Hypothesis and notation. From now on, and until the end of this
paper, we fix a prime number p and we assume that G is a finite

p-group.

2.A. Definition. For all the facts contained in this subsection, the reader may
refer to [0, §11]: even though this reference deals only with O-algebras (where O is
a commutative complete local noetherian Z,-algebra) which are O-modules of finite
type, the proofs can be applied almost word by word to our more general situation.

Let R be a commutative ring and let M be an RG-module. If H is a subgroup of

G, we set
e M7 — M€
m Z o(m).
c€|G/H]

We also define
Te(M) = > Tl (M),
H<G
This is an R-submodule of MY, containing pMY. The Brauer quotient Brg(M) is
then defined by
Brg(M) = MS/ Te(M)

and we denote by brg : M® — Brg(M) the canonical map.

Lemma 2.1. Assume that pR # R and that M admits an R-basis B which is
permuted by the action of G. Then Brg(M) is a free R/pR-module with basis

(bra(0))pese-
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If M is an R-algebra and if G acts on M by automorphisms of algebra, then
Tr(M) is a two-sided ideal of M“ and so Brg(M) is an R-algebra. Of course, brg
is a morphism of algebras in this case. We recall the following result:

Lemma 2.2. Assume that pR # R, that M is an R-algebra, that G acts on M by
automorphisms of algebra, that M admits an R-basis B which is permuted by G and
let us write ab =",z \apec for a, b € B. Ifa, b € BY, then

bra(a) bra(b) = Y m(Aase) bra(o),

ceBEG

ceB

where TR — R/pR is the canonical morphism.

2.B. Applications to Hecke algebras. Since G stabilizes S and ¢, it also acts
by automorphisms of A-algebras (by o(T,,) = T, for all w € W). Moreover, it
permutes the standard basis (T, )wew, so it follows from Lemma P-] that:

Corollary 2.3. (brg(Ty))wewe is an Fy[I']-basis of the F,[I'|-algebra Brg(H).

Now, let
cang : Hg — Brg(H)

be the unique A-linear map such that
cang (7)) = brg(Ty)

for all w € WY, The main result of this subsection is the following:

Proposition 2.4. The map cang : Hg — Brg(H) is a surjective morphism of
A-algebras whose kernel is pHe.

Proof. Tt follows from Corollary B.3 that cang is surjective and that Ker(cang) =
pHeg. It remains to show that cang is a morphism of algebras. First, note that if x,
y € WC satisfy lg(zy) = lo(x) + La(y), then (xy) = (x) + {(y) (by Proposition
[])) and so

cang (T, T,) = cang(T},) = brg(Tyy)

= brg(T,T,) = bra(T;) bra(Ty) = cang(Ty) cang(T,;).

So it remains to show that, if w is a G-orbit in S such that W, is finite, then
(?7) bre((Ty, — e?))(T,, + e #))) = 0.
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Since s, is the longest element of W, we have

Cs, = Z e,

weW.,
and
T,.C, = e,
(by [, Theorem 6.6 (b)]). But (W,)¢ = {1,s,}. Since p(w) = ¢(c(w)) for all
w € W, and all 0 € G, we have
C,, =T,, +e?¢) mod Tr(H).

This completes the proof of (7). O
Corollary 2.5. F, ®z Hg ~ Brg(H).

Corollary 2.6. If h € Hg and h' € H are such that cang(h) = brg(h'), then
T¢(h) = 7(h') mod pA.

Proposition 2.7. If w € WY, then cang(CS) = brg(C,,).

Proof. Let C' = cang(CS) — brg(Cy). Then
C=C.

where ~ : Brg(H) — Brg(H) is defined by brg(h) = brg(h) for all h € HE. More-
over, there exists a family (o, )yewe of elements of F, ®z A~ such that

C= ) aybrg(T,)

weW&
Assume that C' # 0 and let w be maximal (for the Bruhat order) such that a,, # 0.
Then
C =a,bre(T,h) + Z o, bra(Th).

zewC

rHW
Therefore, the coefficient of brg(T,,) in C is equal to @,. But C' = C, s0 ay, = Q.
Since oy, # 0 and o, € F, ®z A~o, we get a contradiction. So C' = 0, as desired. [

Corollary 2.8. Ifx, y, 2 € WC, then hy,, . = hg .,
mod pA.

mod pA and 7(C.) = 7¢(CY)

z

Proof. This follows from Proposition B.7, from Lemma P.3 and from Corollary P.g.
U
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3. LUSZTIG’S CONJECTURES

3.A. Cells. To (W, S,T',¢) are associated preorder relations <., <z and </r
on W as defined in [[], §8.1]. The associated equivalence relations are denoted by
~r, ~gr and ~,r respectively.

Similarly, to (WY, Sg, T, pg) are associated preorder relations <¢, <$ and <§,
on W. The associated equivalence relations are denoted by ~%, ~% and ~% re-
spectively.

3.B. Boundedness. Following Lusztig [0, §13.2], we say that (W,S,T,¢) is
bounded if there exists 7y, € I' such that deg 7(7,7,T,) < 7 for all z, y and z € W.
Lusztig has conjectured [[[J, Conjecture 13.4] that (W, S, T, ¢) is always bounded.

Hypothesis. From now on, and until the end of this paper, we as-
sume that (W, S,T, ) and (WY, Sq,T,0g) are bounded. Recall that
p is a prime number and that G is a finite p-group.

By [M, Lemma 13.5 (b)], this hypothesis allows us to define Lusztig’s function
a:W —1T by

a(z) = Inax (deg hay,-).-

If z, y, z € W, we shall denote by v, , .1 the unique element of Z such that
hay.= fyx,w_lea(z) mod ( ® Ze'y).
y<a(z)

Similarly, we define a function ag : W& — I' and elements yiy,z_l of Z (for z, y,
z e WY).

Let D={ze€ W | a(z) = A(z)}. If I C S, we denote by a; the analogue of the
function a but defined for W; instead of W: if z € Wy, then

ar(z) = max deghsy,:.

Lusztig’s Conjectures for (W, S,T', ). With the above notation, we have:
P,. If z € W, then a(z) < A(2).
Py. IfdeD andif v, y € W satisfy Voya # 0, then x =y~ L.
Pj. If y € W, then there exists a unique d € D such that 7,1, 4 # 0.
P,. If 2/ <;r z, then a(z) < a(z’). Therefore, if z ~,r 2, then a(z) = a(2’).
Ps. Ifd €D and y € W satisfy 1,4 # 0, then vy-1, 4= ng = 1.
Pg. Ifd € D, then d* = 1.
Py Ifz,y,z€ W, then vy = Vy2a-
Ps. Ifx,y, z €W satisfy Yuoy. #0, thenx ~p y™ ', y~p 27t and 2 ~p 271
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Py. If 2/ <, z and a(2') = a(z), then 2/ ~ z.
Pqo. If 2/ <z z and a(Z') = a(z), then 2’ ~% z.
Py,. If 2/ <, z and a(Z') = a(z), then 2/ ~px 2.
Pqo. If I C S and z € Wy, then a;(z) = a(z).
P3. Fvery left cell C of W contains a unique element d € D. If y € C, then
Vytya 7 0-
Py If z € W, then z ~pg 271,
Pis. Ifz, o', y, w e W are such that a(y) = a(w), then
Z hwa'y @z hayy = Z hy aty @z Mg w,y
y'ew y'ew
in ARz A.

Let us recall the following result:

Lemma 3.1. Assume that Lusztig’s Conjectures (Py), (Ps), (P3) and (Py) hold for
(W, S, T, ¢). Then:
(a) Lusztig’s Congectures (Ps), (FPs), (Pr) and (Ps) hold for (W,S,T, ¢).
(b) Ifd € D, then Y444 = ng = £1.
(c) If v € W and if d € D is the unique element of W such that v, .14 # 0,
then Vg gz -1 = £1.

Proof. (a) is proved in [, Chapter 14].

(b) By (Fs), we get that d*> = 1. By (P), there exists a unique e € D such that
Yade 7 0. By (Ps), this implies that 744, = n. = £1. By (F*), this implies that
Yeda = E£1. By (P,), we get that e =d ' = d.

(c) If z € W and if d € D is the unique element of W such that v,-1, 4 # 0, then
’)/x,d,x—l = fy:v_l,:v,d = :l:l by (P7) and (P5) |:|

We can now state the main result of this paper:

Theorem 3.2. Assume that Lusztig’s conjectures (Py), (Ps), (Ps) and (Py) hold for
(W, S,T,¢) and (WY Sq,T,pq). Then:
(a) If z € WY, then ag(z) = a(z).
(b) Dg =DNW¢ (=DC).
(c) Assume moreover that Lusztig’s Conjecture (Pi3) holds for (W, S, T, ¢) and
(W Sa,T,0g). Let x, y € WY. Then x ~§ y (respectively x ~r y) if and
only if x ~, y (respectively  ~xr y).
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Proof. (a) By Corollary B.8, we have, for all z, y, 2 € W¢:

(1) If v54,.-1 0 mod p, then a(z) < ag(2).

(2) f~;, .-+ #0 mod p, then ag(z) < a(z).
Now let z € W By (P3), there exists a unique d € D such that v,-1,,4 # 0.
From the uniqueness, we get that d € D¢ C W¢. By Lemma B.]] (c), we get that
Ved—1 = £1. So a(z) < ag(z) by (1).

The same argument shows that there exists d € D¢ such that 77, . = %1, so

(2) can be applied to get that ag(z) < a(z). The proof of (a) is complete.

Before going further, let us state the following consequence of (a):

Corollary 3.3. If z, y, z € WY, then v, y. =7¢,, mod p.
Proof. This follows easily from Theorem B.J (a) and CorollaryR.§. O

(b) Let d € DY. By Lemma B.1] (b), we have ng = 1. Moreover, by Corollary

2.8, we have
7(Cy) = 176(C5) mod pA.
This shows that the coefficient of e2@ in 74(C§) is non-zero. So Ag(d) < A(d).
But, by (P),
a6(d) < Ac(d) < A(d) = a(d).

So ag(d) = Ag(d) = A(d) = a(d) by (a). In particular, d € Dg.

The same argument shows that, if d € Dg, then A(d) < Ag(d) and again we get
similarly that d € D. The proof of (b) is complete.

(c) Let d (respectively e) be the unique element of D such that v,-1,, = £1
(respectively 7,-1, . = 1). By uniqueness, we have d, e € D¢ = D¢. By Corollary
B3, we also get 771, ;, # 0 and 7", . # 0. Therefore, by (F), we have

xr~pd, x~fd o y~pce and oy ~Fe.

G

But, by (Pi3), we have x ~, y (respectively  ~¢ y) if and only if d = e. This
proves (c). O

3.C. Asymptotic algebra. Let J (respectively Jg) be the free abelian group
with basis (ty)wew (respectively (t5)wew ).

Hypothesis. In this subsection, and only in this subsection, we as-
sume moreover that Lusztig’s Conjectures (Py), (P),..., (Pi5) hold
for (W, S,T, ) and (W%, Sa, T, ¢q).
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By [M, §18.3], J (respectively Jg) can be endowed with a structure of associative
ring, the multiplication being defined by t,t, = >y Ve .-t (vespectively t5t5 =
> oewc Voyo-1ts). Then it follows immediately from Corollary B.3 and from Lemma
that:

Theorem 3.4. Assume that G is a finite p-group and that Lusztig’s Conjectures
(P), (P),..., (Pis) hold for (W,S,T, ) and (W%, Sq,T,¢q). Then

Fp X7 JG ~ Brg<J)

4. OPEN QUESTIONS

The results of this paper should be compared with [[J, Chapter 14], where the
quasi-split case is considered: more particularly, see [, Lemmas 16.5, 16.6 and
16.14]. This lead to the following questions:

e Does Theorem A hold if G is not solvable? It is probably the case, but a
proof should rely on completely different arguments.

e Let 2 € WY Is it true that Ag(z) < A(2)? See [, Lemma 16.5] for the
quasi-split case.

e Let z, y € WY be such that x <G y. Is it true that x < y? See [0, 16.13
(a)] for the quasi-split case.
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