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Abstract We study the existence of singular solutions to the equation —div(|Du|"~?Du) = |u|?'u
under the form u(r,0) = rPw(@), r > 0,6 € S¥~!. We prove the existence of an exponent ¢ below
which no positive solutions can exist. If the dimension is 2 we use a dynamical system approach to
construct solutions.
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1 Introduction
Let p > 1, ¢ > 0 and Q be an open subset of RY. If u € C(Q\ {0}) NC*(f) is a solution of
div (|Du|p_2 Du) +ul u=0 (1.1)

in  which vanishes on 99 \ {0}, it may develop a boundary singularity at « = 0. The
description of such boundary singularities should play a key role in the understanding of
the boundary behaviour of solutions of these equations (see [E] for the equation with an
absorption reaction term and @ for the old results in the case p = 2). The interesting range
for exponent ¢ corresponds to a dominent reaction term, that is ¢ > p — 1, which will be
always assumed. If ) = Rf is a half space, or more generally a cone with vertex 0 (and this
is most often the asymptotic form of the domain  at 0), a natural way to look for specific
solutions of ([L.1]) is to look for solutions which can be written under the form

u(z) = u(r,0) =rPwloc) r>00ce VL (1.2)
For equations with an absorption nonlinearity
div (|Du|’”*2 Du) —Jul" " u =0, (1.3)
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such separable solutions are the key-stone elements for describing the boundary singularities
of solutions of ([.3]), as it is shown in [[f]. It is expected that such will be the case for ([L.]]

|:|), even if the full theory will be much more difficult in particular due to the absence of
comparison principle and simple a priori estimates of Keller-Osserman type. However, for
such a solution, it is straightforward to check that

p

TS

= ﬁqa (14)
and w must be a solution of
/2—1 /2—1
-V ((53& + |v'w|2)p V’w) — W] w = Agyp (53& + |v'w|2)p w, (15

in SV1, where V'’ is the covariant gradient on SV, V’. the divergence operator acting on
vector fields on SN~1 and

)\q.,p = ﬂq(ng - N)
When p =2, 8, = 2/(q — 1) and ([L.5]) becomes

—Aw— || w = Mg aw, (1.6)

where A’ is the Laplace-Beltrami operator on SN ~1 and

2 2
W <_q - N> |
Tog—1\g—-1
If S is a subdomain of SN~ equation (), considered in S, is the Euler-Lagrange variation
of the functional

_ [ (Livpp g dazye L e
1) = [ (G190l + 2220 L) o 17)

For any 1 < ¢ < (N +1)/(N —3) (any ¢ > 1 if N = 2 or 3) this functional satisfies the
Palais-Smale condition. Furthermore, if A\;j2 < Ag2, (Ag2 is the first eigenvalue of —A’ in
Wy2(S)), Ambrosetti-Rabinowitz theorem [f] or Pohozaev fibration method [[iJ], [I3] apply
and yield to the existence of non-trivial positive solutions to () in S vanishing on 05,
while if Aq2 > As2 no such solution exists.

When p # 2, equation ([L.5]) cannot be associated to any functional defined on SN~1,
except if ¢ = g. = (N(p — 1) + p)/(N — p) (the critical Sobolev exponent —1 for WP
when N > p); therefore, finding functions satisfying it is not straitforward. Besides the
constant solutions which exist as soon as ¢, < N, it is not easy to find other solutions
of this equation. However a classical method to construct signed solutions is to start from
a fundamental simplicial domain S C S¥~!  corresponding to a tesselation of the sphere
associated to a finite group of isometries generated by symmetries through hyperplanes,
to look for one positive solution of () in S vanishing on 0S5, and then to extend it
by reflexions accross 0.5. It is natural to associate to S the spherical p-harmonic spectral



equation on S which is to find a couple (3, #) where 3 > 0, ¢ € C''(S) is a positive solution
of

v ((5%2 + |V’¢|2)p/2_1w> —a(Pe+1vol?)" 6 ins

¢ =0 ind8S,

(1.8)

and A = B (B(p — 1) + p — N). Equivalently, this means that the function v(r, o) = r~?¢(0)
is a positive p-harmonic function into the cone Cg = {(r,0) : r > 0,0 € S} which vanishes
on dS. Given a smooth subdomain S C SV~1, it is proved in [@], following the method of
Tolksdorff [[[4], that there exists a couple (3,$) = (Bs, ¢s), where (g is unique and ¢g up
to an homothethy, such that ([.8]) holds. Denoting

As =pBs(Bs(p—1)+p—N),

the couple (¢g, Ag) is the natural generalization of the first eigenfunction and eigenvalue of
the Laplace-Beltrami operator in WOM(S) since Ag = Ag,2 when p = 2. Our first theorem is
a non-existence which extends the one already mentioned in the case p = 2.

Theorem 1. Let S C SV=1 be a smooth subdomain. If 3, > s there exists no positive
solution of ([[-5]) in S which vanishes on 9S.

Apart the case p = 2, the existence counterpart of this theorem is not known in arbitrary
dimension, except if ¢ = g. where ([.5]) is the Euler-Lagrange equation of the functional

/2
50) = [ (5 (024 19)" - o) o (19)

An application of the already mentioned variational methods leads to an existence result.

If N = 2 the problem of finding solutions of ([L.1]) under the form ([L.2]) can be completely
solved using dynamical systems methods. In order to point out a richer class of phenomena,
we shall imbed this problem into the more general class of quasilinear equations with a
potential, authorizing the value p = 1.

div (|Du|p_2 Du) Flult - ﬁ P 2u=0 (1.10)

in R2\ {0}, with ¢ > p — 1> 0 and ¢ € R. Looking again for solutions under the form (L.
), we see clearly that 8 must be equal to 34, while w is any 2m-periodic solution of

~2)/2 (r—2)/2
i ﬁQwQ + d_OJ \" d_OJ + )\ 62w2 + d_w i w
do a do do R do (1.11)

+Hw|?lw — cJwP~2w = 0,

where

Aq = By (ng*Q) =By (p*2+(p*1)ﬂq>- (1.12)



Set

p—2)g+2(p-1)
(¢+1-p)”

If ¢ < ¢g4, the only constant solution is the zero function, while if ¢ > ¢4, there exist two

other constant solutions 4(c — ¢,)'/(@+1=P). Then we can describe the set

cg =0 N =p"! ( , (1.13)

F=4ETUE

of nonzero solutions of ([l.11]) on S, where £T is the set of nonnegative solutions, and &
the set of sign changing solutions. Our main result is the following:

Theorem 2. Assumep >1,q>p—1.
(i) .
£ = U {we(. + ) 1 € 5}, (1.14)
kEN,
k=kq
where wy, s a function with least period 2w /k, where kq =1 if ¢ > cq; if ¢ < ¢q, then kq is
the smallest positive integer such that kq > Mg, where

1—
M, = 0y ¥ . (1.15)

q_2/w/2 1+ (p—1)tan?0
o Bi(p—1)tan®0 + ¢, — ccosP=20

(ii) If ¢ < cq, then ET = @. If 0 < ¢ —¢cq < 7Y /p, then EY = {(c—cg)¥/@F1=P)} | If
c—cq> Bgil/p, then €T contains a set of the form

+
kq

{(c— cq>1/<q+1fp>} Ul {wi(-+v):we st (1.16)

where w,': is a positive function with least period 2w /k, and k; is the largest integer smaller

than (pﬂ;’p(c - cq))l/Q.
As a consequence we can prove the existence counterpart of Theorem 1 in dimension 2

Corollary 1. Let N = 2 and S be any angular sector of S*. Then there exists a positive
solution of ) vanishing at the two end points of S if and only if By < Bs. Further-

more this solution is unique. In particular, existence holds for any sector if p < 2 and
q=2(p—1)/(2-p)

The case p = 1 appears as a limiting case of the preceding one. In that case we observe
that u is a positive solution of ([L.10]) if and only if v = u? is a solution of the same equation
relative to ¢ = 1,

div (|Dv|*1 Dv) o ﬁ =0. (1.17)
X



The initial case ¢ = 0 is easily treated while the case ¢ # 0, that we shall analyse in full
generality is much richer and delicate.

Theorem 3. Assume p=1 and q > 0.
(i) Ifc£0,orc=0and q>1, thenE =2. Ifc=0 and ¢ < 1 then

£={w(+v):9pes'},

where o — wo(c) := 2/ |sing|  sino is a C1 solution of [I.11]).
(i) If c < =1, then E¥ = @. If =1 < ¢ <0, then E* = {(c+ 1)1/q}. If ¢ > 0, then

k2
ET = {(c+ 1)1/11} U kg {w;:( +): € Sl},
k=Fk,

where w,j is a positive function with least period 27 /k, and ko is the largest integer strictly

/2
smaller than (c+ 1)/2, and ki is the smallest integer greater than 7r/2/ 1/ Cozo;_f%dﬂ. If
0
c=0, then

) 1
Et={1}u U {w;(.+¢):wesl}u{ N zfqz
Ke(0,1) {wi(+9): eSS} dfg<l

where

1/q
w;g:( 17K2Sin20'7KCOSO') , and wi = (2]sino])V/? Vo e S

A striking phenomenon is the existence of a 2-parameter family of solutions when ¢ = 0.

Our paper is organized as follows: 1- Introduction. 2- The N-dimensional case. 3- The 2-dim
dynamical system. 4- The case p > 1. 5-The case p = 1.

2 The N-dimensional case

2.1 The spherical p-harmonic spectral problem

Let ¢ >p—1>0and S be a smooth connected domain on SV~ and Cg be the cone with
vertex 0 generated by S. We look for positive solutions of the p-Laplace equation

— div(|Du|’"*Du) = u, (2.1)
in Cg \ {(0)} vanishing on 0Cs \ {(0)}, under the form

Bu(o), (2.2)

u(r,o) =r"



then 8 =p/(qg+1—p) =, and w solves

-V ((ﬁng + |V’w|2)(p_2)/2V’w) —wl = N p(Biw® + IV'w[*)P=2/24 in § 2.3)
w =0 on 0S. .

where
Agp = ﬁq(‘Zﬁq - N)-

We denote by (s the exponent corresponding to the first spherical singular p-harmonic
function and by ¢g the corresponding function. This means that s > 0 and u(r,o) =
r~Ps¢g (o) is p-harmonic in Cg\ {(0)} and vanishes on dCs\ {(0)}. Furthermore ¢ = ¢5 > 0
and satisfies

V' (8362 + V91" 0=2/2'0) = As(B36% + [V'9")P=2/26 in S

(2.4)
¢ =0 on 0S.
where
As =PBs(Bs(p—1)+p—N).
If p € CY(S), we denote
T(¢) = =V'. (820 + [V'o) D2V 0) — A (8262 + V)0 D20 (2.5)

We recall that (8s, ¢s) is unique up to an homothety upon ¢. Furthermore ¢g is positive
in S, 0¢s/0v < 0 on 9S and

S'cS, 8+S= Bs > Bs.

2.2 Non-existence
Proof of Theorem 1. We put
0= B and n = qb‘.’:;.
Bs

Then 6 > 1 and
V'n =065V s,

B2 + [V'nl* = 02027V (B3 6% + Vo)),
(O + V') P2/ = =260 (5505 + Vg )22,
V(B2 + V)220 = 0=t (5303 + [V gs ) D2V s
+(p—1)(0 — D)o 260 VOV (B2 4 Vg P)P2/2 |V g
Using (R.4]) with ¢ = ¢g, we derive

T(n) = —(p— 10" 10— 1)o@ VD7 (B262% + |V s )2 in 8. (2.6)



Because w is a nonnegative nontrivial solution of (R.3]), it is nonpositive in S. Furthermore
Ow/dv < 0 on OS. Therefore we can choose ¢g as the maximal positive solution of (P.4])
such that n < w. If # > 1 there exists o* € S such that

w(e*) =n(c*) >0 and w(o) >n(c) VoeS. (2.7)

If 0 = 1, the graphs of w and 7 could be tangent only on 9S. This means that either (R.7])
holds, or there exists ¢ € 0.5 such that

Ow(d)/0v =90n(5)/0v <0 and w(o) <n(o) Yo e S. (2.8)

Let ¢ = w —n and we first consider the case where (.7]) holds. Let g = (g;;) be the metric
tensor on SV 1. We recall the following expressions in local coordinates o; around o*,

5 Op O0p
\vA 2 _ gk 27 27
V¢l ;k 9 e dor’

for any ¢ € C*(S), and
I e N__ 1 9 tiy
V‘X_\/m%:a@(\/m)() \/m%:aae(\/mg&)’

for any vector field X € CH(T'SN~1), if we lower the indices by setting Xt = Z " X;. We

derive from the mean value theorem

2 2 2, (p—2)/2 Ow 2 2 2\ (p—2)/2 N
(B2w? + |V'w|*)P=2/ aﬁ‘i*(ﬂqﬁ + [V'n") =2/ 90;

_ ; 0w —n) i,
_;ajiaaj + b (w—mn),

where
b= (p—2) (820 + o —m)? + 19+t —m))
X (n +t(w — 77))W7
and
(p—4)/2

@i = (p = 2) (B2 -+ tw = 0))? + V' + tw = ) )

on+tlw — o O0(n+t(w—
(n a(oi n))zgﬂc (n c’)i—k 1))

(p—2)/2

X
k

j 2
8 (B0 +tw =) + V' (n + tw —m)I*)
Since the graph of n and w are tangent at o*,

n(c*) =w(c*) =Py >0 and V'n(c*) =Vw(c") =Q.



Thus p—d)/2
V(o) = (-2 (B2 +1Q) ) PyQs,

and

X =472 [ ,
ai(e”) = (8RS +1QP) (55 (62P% +1Q) + (b — 2)Q; Zgﬂka> .
k

T(w) = T(n) =wi + (p— )P0 — 1)pF VD1 (5262 + V'] W

] i p_q Ow ;)
)

(“%2 V) — (8 + V) )

9 ti ow=m) , i Ow—m)
9o, l9lg Za - + b (w =) +21:01 B

where the C; are continuous functions and

ai\/gzglzz

The matrix (04;(00)) is symmetric, definite and positive since it is the Hessian of the strictly
convex function

p/2
1 p/2 1 .
X:(Xl,...,Xn,l)HZ—j(P02+|X|2) =~ P+ > XX,

gk

Therefore ( ]) has the same property in some neighborhood of ¢*, and the same holds true
with ( ) Finally the function 1) = w — n is nonnegative, vanishes at ¢* and satifies

1 0
T S [ X 20 =

Then v = 0 in a neighborhood of S. Since S is connected, v is identically 0 which a
contradiction.

If () holds, then § = 1 and the graphs of  and w are tangent at &. Proceeding
as above and using the fact that dn/dv exists and never vanishes on the boundary, we see
that 1 = n — w satisfies () with a strongly elliptic operator in a neighborhood A of 7.
Moreover ¢ > 0 in NV, ¥(5) = 0 and 9v¢/0v (&) = 0. This is a contradiction, which ends the



proof. O

Remark. If p = 2, the proof of non-existence is straightforward by multiplying the equation
in w by the first eigenfunction ¢g and get

/ (hs — Aga)ew — w?) dsdor = 0,
S

a contradiction since Ag < Ag 2.

2.3 Existence results

Let us consider the case ¢ = q. = (N(p — 1) +p)/(N —p) (N > p > 1), and let S be
any smooth subdomain of S¥~!. The research of solution of ([l.1]) under the form ([L.2])
vanishing on dCys leads to

/2—1 /2—1
-V ((ﬁin n |v'w|2)p V’w) — o= w = -2, (B2w?+ |v'w|2)p w S

w=0 in 08,

(2.10)
where 3, = N/p — 1. This equation is the Euler-Lagrange variation of the functional J
defined on W, "*(S) by

1 2 92 7 12 p/2 1 ge+1
= - - ¢ do. 2.11
J(¥) /s<p (6,;3/} + VY ) Ll a (2.11)
Theorem 2.1 Problem (R.10|) admits a positive solution.

Proof. Clearly the functional is well defined on VVO1 P(S) since ¢, is smaller than the Sobolev
exponent p%_, for W2 in dimension N-1. For any ¢ € W, (), lim;_o0 J(t1h)) = —o0.
Furthermore there exist § > 0 and € > 0 such that J(¢)) > e for any ¢» € W, *(S) such that
1]l 1., = . Assume now that {1} is a sequence of WyP(S) such that J(i,) — a and
|1 DJ ()|l =100 — 0 as n — oco. Then

/2—1 /21
v ((ﬁiwi + 9l V'wn) el k62 (8202 + 190 )" = en 0.

Then "
P
[ (e 9w)™ ol do = ter )
Since J(¢,) — « it follows

/2
/S ( §C¢Z+|V/wn|2)p d0‘—>p(qc+1)a/(qc+1_p).

Therefore {1, } remains bounded in L%*1(S), and relatively compact in L"(S), for any 1 <
r < g+ 1. Multiplying the equation DJ(1y,) — €, by Tk 0(¢n) where 0 € (1, (pi_1 —1)/4c),



k>0 and Ty ¢(r) = sgnmin{|r|, k} and using standard bootstrap arguments yields to the
boundedness of {¢,} in L*°(S). Combining this fact with the compactness of in L"(S), we
derive the compactness in any any L°, for s < oo. Therefore {1, } is relatively compact in
WyP(S). This means that J satisfies the Palais-Smale condition. O

3 The 2-dim dynamical system

3.1 Extension of the data

We study more generally the existence of 2m-periodic solutions of equation

/2—1 2-1
@ | (e do " dw O v/
@ w aw aw
do do do

du\ 2
Wﬁ+<£>] &+ glw) — el 2w =0,

(3.1)
where \, 3, ¢ are real arbitrary parameters, with 3 > 0, and g € C°(R)N C*(R\ {0}), g is
odd,

T g(s)/s" =1, lm g(s)/s" =00, ~(gls)/]sl") > 00n (0,00), (3.2

with ¢ > p—1 > 0. In fact we can easily reduce the problem to a simpler form, and
particularly in the case p = 1, where the equation has a remarkable homogeneity property.
The next statement is straightforward.

Lemma 3.1 (i) Let p > 1. Setting
7= f0, and w (o) = 6p/(Q+17p)w(T); (3.3)

equation takes the form, where w' = dw/dr:
d — _
7 ((w2 + w’2)p/2 ! w’) —b (v + w’2)p/2 Y+ f(w) — dlwP2w =0, (3.4)
-
where
- c

— ﬁ’ d= @) f(s) = B—I)q/(q-l-l—p)g(ﬁp/(q-i-l—p)S)’ (3.5)

thus f satisfies the same assumptions ) as g.
(i) Let p = 1. At any point where w(o) # 0, setting

b

T=0q0, andw(o)=(Bg)"" lw(r)| " w(r), (3.6)
then w satisfies an equation of type (@) with
b=-NBq  d=c/Be,  fi(s)=B"9((Bes)), (3.7)
and f1 satisfies the assumptions ) with g =1:
sl—igl-l- fi(s)/s =1, sli>nolo fi(s) = o0, f1(s) >0 on (0,00), (3.8)

From above, the changes of variables () and () reduce the problem to study
the existence of periodic solutions of equation ) and the range of values of the period
function, for any ¢ > p—1if p> 1, and for ¢ > 0 if p = 1.

10



3.2 Reduction to dynamical systems

Assume p > 1. Equation () can be re-written as the system,

w/ (U}7 ) v 3 2 2 -2 2 2\2—p/2
b b f d p + p 9

We denote by h the odd function defined on R by

h(s){ f(s)/ 15" "s ifs#0 (3.10)
0 if s =0.

If b+ d < 0, it has no non-trivial stationary point, while if b + d > 0, it admits the two
stationary points +Fy, with

Py = (a,0), a=h"tb+ad).

Furthermore P, is a center since the linearized system at Fj is given by the matrix (a ;L), (a) (1)) .

System (B.9]) is singular at (0,0), and, a priori, along the line w = 0 if p < 2, and ¢ < 1
ord # 0, orif p=1. In fact for p > 1 it is not singular at the points (0,0) for o # 0.
Indeed the problem w” = G(w,w’) with initial data w(0) = 0,w’(0) = o has a unique local
solution: indeed near (0,0), G is continuous with respect to w and C! with respect to v,
thus w is C?; locally ¢ can be expressed in terms of w, and setting w’(t) = p(w), p is C*
near 0, p(0) = 1 and dp/dw = G(w, p)/p, and J(w,p) = G(w,p)/p is C* with respect to p
and continuous with respect to w, thus one gets local uniqueness of p; and then the local
uniqueness of problem w’(t) = p(w(t)), w(0) = 1, since p is of class C*.

The phase plane of system () is invariant by symmetries with respect to the two axes
of coordinates, because F' is even with respect to w and odd with respect to y, and G is odd
with respect to w and even with respect to y. Thus from now we can restrict the study to
the first quadrant

O\ {(0,0)}, where Q= (0,00) x (0,00);

in particular w > 0. In case p > 1, due to the symmetries, any trajectory which meets the
two axes in finite times 7,7 + T is a closed orbit of period 47T.

Remark. Tt is sometimes useful to introduce the slope £ = w'/w, (or a function of the slope)
as a new variable. This was first used for p > 1 in [El[] for the homogeneous problem

d — -

— ((w2 4 w/?)l’/2 1 w’) —b (w2 4 wlz)p/2 Ly — 0;

in that case it be written under the form

% ((1 +€2)P/2—1 €) — _((p — 1)62 _ b) (1 +€2)p/2—1 ’

11



for w > 0 , and this equation is completely integrable in terms of u = (1 + 52)p/2_1 £

We can transform () by using polar coordinates in Q
(w,y) = (pcos, psinb), p>0,0¢€(0,7/2).
It gives

_b—(p—1)tan®6 + (d — h(pcosh)) cos’ >0

9/
1+ (p—1)tan?6

, p = p(1+6)tand. (3.11)

Equivalently, we introduce the slope £ = tan @ € (0, 00) instead of the angle, and set
u=¢(¢) =cos' POsing,  $(&) = (1+&)P /%,

the function ¢ is strictly increasing, from (0, 00) into (0,00) when p > 1, from (0, c0) into
(0,1) when p = 1. Indeed ¢/ (&) = (1 4 &2)P=H/2(1 + (p — 1)€?). Defining

p=0"", and  B()=(p-1)€-b) 1+ (3.12)
we obtain , ()
w = we(u),
(3.13)
u' = —E(p(w) = h(w) +d.
This system is still singular on the line w = 0 if h ¢ C* ([0, 00)) near 0. In the sequel we set
U(u) = /(p(s)ds. (3.14)
0

Noticing that

E'€) = -1 +2p—1)— (p—2)b) (1 +&)P2/2¢, (3.15)

we derive that F is increasing on (0, 00) when (p—2)b < 2(p—1). When (p—2)b > 2(p—1),
E is decreasing on (0,7n) and then increasing, where

pp—1n*=(p—-2)b—2(p 1), (3.16)
and /
2 ((p=2(b+p-1\?

min £ = E(n) = p2( pY— ) . (3.17)

In the case of initial problem (JL.11[), E' is increasing.

Remark. Ifp > 1, system (B.9]) is singular at (0, 0). If we replace the assumption lim,_q4 f(s)/s9 =
1, by the stronger one

Jim f1(s)/s7 =g, (3.18)

12



we can transform system () in (0,00) x R in a system of the same type, but without
singularity, by performing the substitution
v=witlP,

Then

v'=(q+1-pp(u), u = —E(o(u)) — h(v) + d. (3.19)
where v — h(v) = h(v'/(@+1=P) € C1([0,1) . In particular, if f(w) = |w|9"'w, we find
v = (¢+1—plvp(u), v = —E(p(u)) —v+d. (3.20)

Remark. In the case f(w) = |w|?7 'w, we can differentiate the equation relative to u’ and
obtain a second order equation that satisfies u,

u" = B(p(u))u' + (¢ +1 —p)(E(p(u) — d)o(u) (3.21)
where FE is given above, and

(P=2b+q-3(p-1)+(g+1-2p)(p—1)&
L+ (p—1)&2

Notice that equation (B.21]) has no singularity for p > 1.

B(¢) = I3 (3.22)

4 The case p > 1

4.1 Existence of a first integral
A natural question is to see if equation (B.4]) admits a variational structure.

When p = 2, it is the case, for any reals b, d : indeed () takes the form

W' — (b +dyw + fw) =0,
hence denoting F(w) = / f(s)ds, it is the Euler equation of the functional
0

/2 2
Ha(w,w') = = + (b+d) = — F(w)
and thus it has a first integral w'? = (b + d)w? — 2F(w) + C.

When p # 2,p > 1, we find a first integral only in the case b = 1; in this case equation
(B-4]) is the Euler equation of the functional

w? + w2 p/2 P
H(w,w') = 4 + du — F(w),
p p
from which follows the Painlevé integral:
Lo 12\p/2=1 2 2y _ lwl?
1—)(10 + w'?) (p—Dw fw)deff(w)fK. (4.1)
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Using the function F introduced at (8.12]), then ({.1]) is equivalent for w > 0 to
K+ F(w)

wP

- (4.2)

B (%) = Blet) =d-»

and here F is increasing on (0, 00) from —b = —1 to +oo0.

Therefore, in the general case, we cannot use a first integral for studying the periodicity
properties of the solutions, while it was the main tool in [H] for p = 2. We are lead to use
phase plane techniques. For the initial problem (Jl.11]), the value b = 1 corresponds to the
case p < 2and ¢ = (3p—2)/(2—p)).

4.2 Description of the solutions

Next we describe in more details the trajectories of system () in the phase plane (w,y).
Recall that the system can be singular on the axis w = 0.

Proposition 4.1 Assume p > 1. Then all the orbits of system are bounded. Any
tragectory 1(p) issued of any point P in Q is either a closed orbit surrounding (0,0), or (only
if b+ d > 0) a closed orbit surrounding Py but not (0,0), or an homoclinic orbit, starting
from (0,0) with the slope m such that E(m) = d, ending at (0,0) with the slope —m and
with R for interval of existence.

Proof. First look at the vector field on the boundary of Q. At any point (0,0) with o > 0,
it is given by (o,0), thus it is transverse and inward. At any point (w,0) with @ > 0, it
is given by (0,@(b+ d — h(w)). Thus it is transverse and outward whenever b+ d < 0 or
b+d >0 and w > a, and inward whenever b+ d > 0 and w < a.

Consider any solution (w,y) of the system, such that P = (w(0),y(0)) € Q , and let
(71, 72) be its maximal interval existence in Q. At each point 7 where «/(7) = 0, and u > 0,
u”(1) = —=h(w)wp(u) < 0 from (B.13]). Thus if 7 exists, it is unique, and it is a maximum
for w.

Since w’ = y > 0, then w has a limit {3 € (0,00] at 72 and ¢; € [0,00) at 7. And w is
strictly monotonous near 71, 72, thus it has limits uy, us € [0, 00], in other words € has limits
01,0 € [0,7/2]

(i) Let us go forward in time. On any interval where u is increasing, one has E(p(u)) < d,
thus u is bounded. Then us is finite. If £5 = oo, then #’ tends to —oo, thus p is decreasing
thus it is bounded, which is contradictory; thus ¢s is finite. If ug > 0 then (l2, f2¢ (u2)) is
stationary, which is impossible. Thus « is decreasing to 0, and the trajectory converges to
(£2,0). If b+ d > 0 and {3 = a, then ' tends to 0 from (B.13]), and

W' = —(Eoy) (uu — K (wywp(u) = —h'(a)ap(u)(1 + o(1))

thus u” < 0 near 79, which is impossible. Then either b+d < 0, or b+d > 0 and @ > a,
and 79 is finite, the trajectory leaves Q transversally at 7».

(ii) Next let us go backward in time.

e Suppose that u; = 0, then the trajectory converges to (£1,0); then necessarily b+d > 0

and /1 < a, and 1 < a as above . The trajectory enters Q transversally at 75, and from the
symmetries it is a closed orbit surrounding only the stationnary point F.
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e Suppose that u; = oo, that means 6 tends to 7/2. Then from (B.11]), ¢’ tends to 1,
thus 71 is finite and 7/2 — 0 = (7 — 71)(1 + o(1)), tan = (7 — 71) " (1 + o(1)), and

(p—1)(r — 7‘1)_1%/ = (b4 1+ (d—h(pcosh))cos?260)(1 4 o(1)

If p> 2, then p'/p=O((t —m1)); if p < 2 then p’'/p = O((T — 71)P~1). In any case, In p case
is integrable, thus p has a finite limit ¥ > 0. Then the trajectory enters Q transversally at
71 and from the symmeries it is a closed orbit surrounding (0,0). From the considerations
in § 3-2, for any § > 0 there exist such an orbit, and it is unique. Moreover in Q the slope
& = ¢(u) is decreasing from oo to 0; indeed it decreases near 71 and 75 and can only have a
maximal point.

e Suppose that 0 < u; < oo. If 1 > 0, then (¢1,¢1¢ (uy1)) is stationary, which is im-
possible. Thus (y,w) converges to (0,0). And w’'/w tends to ¢ (u1), thus 74 = —oo. And
u’ converges to d — E(¢(u1)), thus tanf = ¢(u) has a limit m > 0 such that E(m) = d.
From the symmetries the trajectory is homoclinic and the solution w is defined on R. O

The next precises the behaviour of solutions according to the sign of b + d.

Theorem 4.2 Consider system ) with p > 1.

(i) Assume b+d > 0. Then there exists a unique homoclinic trajectory H starting from (0,0)
in Q with the slope mq = E~Y(d) ( mo = \/b/(p—1) if d = 0), and ending at (0,0) with
the slope —myg, and surrounding Py. Up to the stationary points, the other orbits are closed,
and either they surround only one of the points Py or —Py, in the domain delimitated by
‘H, corresponding to solutions w of constant sign, or they are exterior to +H and surround
(0,0) and £Py, corresponding to sign changing solutions w.

(i) Assume b+ d < 0. Then

o if (p—2)b<2(p—1), or [(p—2)b>2(p—1) and d < E(n)], there is no homoclinic
trajectory.

o if [(p—2)b>2(p—1) and E(n) < d < —=b]; then denoting by miq < maq the two
roots of equation E(m) = d, there exists an infinity of homoclinic trajectories Hy starting
from (0,0) in Q with the slope m1 and ending at (0,0) with the slope —mq 4, and a unique
homoclinic trajectory Ha starting from (0,0) in Q with the slope ma and ending at (0,0)
with the slope —ms.

Proof. (i) Case b+d > 0. Then the equation E(m) = d has a unique solution m = E~*(d);
and w'/w tends to m; thus the trajectory starts from (0,0) with a slope m.Then for any
P € Q, the trajectory 7|p) passing through P meets the axis y = 0 after P at some point
(1,0) with g > a. Let

U={Pec Q:TpN{(0,0):0 >0} #0}, V={P e Q:TpyN{(1,0): 0 < p<a}#0}.

Then either P € U and the trajectory is a closed orbit surrounding (0,0) and £P, and in Q.
Or P € V and the trajectory is a closed orbit surrounding only Fy. Or 7[p) is an homoclinic
orbit H starting from (0,0) with the slope m, where m is the unique solution of equation
E(m) = d (, such that m > 7 if E is not monotone, see (B.15]). Now ¢ and V are open,
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since the vector field on the axes is transverse, thus & UV # Q. This shows the existence of
such an orbit H.

(ii) Case b+d < 0.

e Either b+ d < 0 and F is increasing, or E has a minimum at 1 and d < E(n). Then
equation F(m) = d has no solution: there is no homoclinic orbit. Or E is increasing and
b+d = 0; then E(p(u)) > —b =d, thus v’ < 0, thus u cannot tend to 0, the same conclusion
holds.

e Or E has a minimum at n and E(n) < d < —b; then the equation E(m) = d has two
roots mq, mz such that 0 < my < n < mg < my, where E(my) = —b. Consider again the set
U. Any trajectory T;p) such that P € U satisfies ' < 0, that means h(w) > d — E(p(u))
and u describes (0, 00), thus there exists 7 such that ¢(u)(7) = 7, thus h(w(1)) > d — E(n)
and y(7) = nw(r). Next consider any trajectory ’]’[15] going through P = (w,nb) such
that h(w) < d — E(n) at time 0. It cannot be a trajectory of the preceeding type, thus
(y,w) — (0,0) as 7 — 71, and € tends to 6, with tanf; = m; or mg; moreover u'(0) > 0
, and v’ < 0 near 79, thus there exists a unique 7 > 0 such that w'(7) = 0; then «’ > 0 in
(11,7), thus tanf; < 7, thus tan#; = m.Thus there exist an infinity of such trajectories
H1, starting with the slope m;. Next fix one trajectory ’]’[150] such that h(wg) < d — E(n).

Let R be the subdomain of Q delimitated by ’]’[150] and 7,1 Let

V={PeR: Tp)N{(w,nw) : 0 <w <o} #0}.

Then also V is open. Indeed the intersection with the line y = nw for w < g is transverse:
at the intersection point, h(w) < d — E(n), thus ' > 0, and y/w = ¢(u) = n, and

'LUI

u>n=—
y p(u) w

Then (U N'R) UV # R. Then there exists at least a trajectory H . starting from (0, 0) with
the slope mo.

(ili) Uniqueness of H and Ha. Let m = mg or ma 4. Suppose that system (B.9]) has
two solutions (w1,y1), (w2, y2) near —oo, such that w; > 0 and w; tends to 0 and y;/w;
tend to m. Then the system (B.13]) has two local solutions (w1, u1), (w2, u2) such that ¢(u;)
tends to m at —oo. Then w] > 0 locally, thus one can express u; as a function of w;. Then
at the same point w,

W) — o) 2 = —Bp(u) — hw) +d.
WM P =) _ o)) — B(p(u) = B (0! (u") s — )

dw
for some u* between uy and ug, and E'(p(u*)) = E'(m)(140(1)); and E’(m) > 0. Then for

small w
d(W (uz) — ¥(u1))
dw

(P(ug) — ¥(u1)) <0
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thus (¥ (u2) — ¥ (u1))? is decreasing; and its limit at 0 is 0, thus ¥(ug) = ¥(uy), thus us = ug
near —oo then from (B.13|), h(w1) = h(wz), and h is injective, thus wy = ws near —oo. The
global uniqueness follows, since the system is regular except at (0,0). And all the trajectories
are described.

Remark. Under the assumption (B.18]), existence and uniqueness of H and Hz can be
obtained more directly whenever d # E(n). Indeed the system (B.19]) relative to (v, u)
is regular, with stationary points (0,0), (0,4¢"1(m)), where m = mg,m; or ms and
also (+a,0) if b+ d > 0. The linearized system at (0, ~!(m)) is given by the matrix
m(qg+1— 0 .
( ‘ 0 . K(m)) , with K (m) = p(p — 1)(n* —m?)/(1+ (p — m?). I m = my,
then it is a source, and we find again the existence of an infinity of solutions. If m = mgq or
m = may g, then K(m) < 0, thus this point is a saddle point. Then in the phase plane (v, u),
there exists precisely one trajectory defined near —oo, such that v > 0 and converging to
(0,m) at —oo, and u/v converges to 0. O

Remark. Suppose f(w) = |w|9" w, then we can study the critical case (p — 2)b > 2(p — 1)
and E(n) = d : there exists an infinity of homoclinic trajectories H; starting from (0,0) in
Q with an infinite slope and ending at (0,0) with an infinite slope, and a unique homoclinic
trajectory Hs starting from (0,0) in Q with the slope n and ending at (0,0) with the slope
—n. Indeed using system (B.20]) and setting u = ¢ =1(n) + 2, and ¢ = (¢ + 1 — p)nz + v, it
can be written under the form

¢'=P(¢v), v'=(g+1-p)nw+Q(Cv),
where P and @) both start with quadratic terms. Moreover the quadratic part of P(¢,v) is
given by pa 0C? + p1.1¢v + po2v?, where by computation,

pp—1) 2\ (p—2)/2
=—— 1+ p < 0;
D2,0 q 17p77<P ()X +n7)

then the results follow from the description of sadle-node behaviour given in [ﬂ, Theorem
9.1.7].

Remark. In the case b =1 > —d, we have a representation of the homoclinic trajectory : it
corresponds to K = 0 in ({.2]). In the case f(w) = |w|?" 1w, in terms of u we obtain

o = T2 B(pl) - ),

which allows to compute u by a quadrature.

4.3 Period of the solutions

First we consider the sign changing solutions

Theorem 4.3 Consider system with p > 1. For any v > 0, consider the trajectory
Ti(0,v)] which goes through (0,v). Let T'(v) be its least period . Then T is decreasing on
0,00) .
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(i) If b+ d <0, and E is increasing or d < min E, it decreases from Ty to 0, where

e du /2 1+ (p—1)tan?0
4 —_—— =1 df 4.3
/0 E(p(u) —d /0 (p—1)tan?0 — b — dcosP=26 "’ (4.3)

and Ty is finite if and only if b+d < 0. If b < 0 =d, then

Ty =2n PN VTG D) (4.4)

(i) Ifb+d >0 orb+d <0 and d > min E, it decreases from oo to 0.
Proof. (i) Monotonicity of 7' : consider the part of the trajectories 7,y located in Q,

given by (w,,y,). We have shown that u is decreasing with respect to 7 from oo to 0, then
E(o(u)) + h(wy,(u)) —d > 0 and w, can be expressed in terms of u, and

o0 du
Tw) = 4/0 B(o(@) T h(w, @) —d°

Let A > 1. Since the trajectories 7| ) and 7[q x,). have no intersection point, then
wxy(u) > wy(u) for any u > 0, and h is nondecreasing, thus T(\v) < T(v), thus T is
decreasing.

(ii) Behaviour near oo : Let v, > 1, such that limv,, = co. Observe that for fixed u, for
any integer n > 1, there exists a unique 7, > 0 (depending on u), such that wy, (u) = n;
let ¥, = max(Pp,n). Then h(ws, (u)) > h(n) thus h(ws, (u)) converges to oo; since v —
h(wy (u)) is nondecreasing then h(w,, (u)) converges to oo, and T'(vy,) converges to 0, from
the Beppo-Levi theorem.

(iii) Behaviour near 0 :

e First assume b+d < 0, and F is increasing, or d < F(n). Then all the orbits are of the
type Tj(o,1)]- Let o, € (0,1), such that limv,, = 0. For fixed u, for any integer n > 1, there
exists a unique 7, > 0 (depending on u), such that wg, (u) = 1/n; let 2, = min(,, 1/n).
Then h(wg, (u) < h(1/n), thus h(ws, (u)) converges to 0, thus again h(w,, (u)) converges to
0. Then T'(v,) converges to T, given by (), from the Beppo-Levi theorem. If b+ d < 0,
then Ty is finite: indeed near oo, E(p(u)) = (p — 1)uP/®P=D(1 + o(1)); if E is increasing,
then E(p(u)) —d > —(b+d) > 0; if d < E(n), then E(p(u)) —d > E(n) —d >0 .

If b+d = 0 and E is increasing, then T;; = oo: indeed near 0, E(¢(u))—d = u*(E"(0)/2+
o(1)) and E"(0) = 2(p— 1) — (p — 2)b; if (p— 2)b = 2(p— 1), then E(p(w)) — d = (p(p —
1)/4)u*(1 + o(1)) ; in any case the integral is divergent.

When b < 0 = d, one can compute T :

o ¢ (& dE —1)¢?

; E / / |b|+< > DTS
T, 1 T 1-(p—1)
‘2” = ”/o FTRaTE ~ 50 o tan e

Hence (J.4]) holds.
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e Next assume d > F(n). Considering v, as above, for any fixed u such that ¢(u) > mo,
there exists a unique 7, > 0 (depending on u), such that wp, (u) = 1/n. Then as above

/°° du . /°° du
e~ 1(m2) E(‘P(u)) + h(w) —d @~ 1(ma2) E(@(u)) —d’

and the last integral is infinite, because the slope of E at mo is finite; as a consequence, T'(o)
tends to co. If d = E(n), the same proof still works with mgy replaced by 7 : the integral is
still divergent; the denominator is of order 2 in u — ¢~*(n); near 0,

1

Blpw)) — d = 3" (1) (plu) — m)*(1L+ 0(1)) = 5B (0) (p(u) —n)*(1 + o(1),

and
E" (n) = 2p(p — V(1 + ")~ > 0.

At last suppose b+ d > 0; the same proof with mg replaced by m shows that T (o) converges
to 0o as o tends to 0, since the slope of E at m = E~1(d) is finite. O

The monotonicity of the period function proved above is a more general property, as
shown in the next lemma.

Lemma 4.4 Consider a system of the form
w' = F(w,y), y' =G(w,y)

where F,G € C1(R?\(0,0)). Assume that F (resp. G) is odd with respect toy (resp. x) and
even with respect to x (resp. y), with F(w,y) > 0 in Q. Assume that for any (w,y) € Q,
and any A > 0,

) <F(/\w, \y)

9 0 (G(A\w,\y)
oA A

> >0 (resp. <0) and — 3

B > < 0 (resp. > 0). (4.5)

Assume also that for any o in an interval (o1,02) with 0 < o1 < o2 the trajectory Tio,0)
passing through (0,0) (necessarily entering Q since F(0,0) > 0) leaves Q transversally in a
finite time T'(0)/4 at some point (c(0),0) (thus G(c(o),0) < 0). Then from the symmetries,
Ti(0,0)) s a closed orbit surrounding (0,0), with period T'(c). Then T is decreasing (resp.
increasing) with respect to o on (o1, 032).

Remark. We can notice the condition on F is equivalent to F/(Aw, A\y) > AF(w,y) for any
A > 1; the second condition implies that for any A > 1,

G(Aw, A\y) < A\G(w,y) (resp.G(Aw, Ay) > AG(w, y)),

but is actually stronger.

Proof of Lemma . In polar coordinates (p,8) in Q, we get

1
p' = Fcosf+ Gsinb, 0’ = —(Gcosf — Fsin).
p
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At each point 7 where ¢'(7) = 0, we find by computation

F F F
PQII(T) = (—ZG cos ) — g— sin&) pl(T) = o5l (Z—G cosf — g— sinH) .
P P P 4

But (i.5]) is equivalent to OF/dp > F/p and 0G/0p < G/p (resp >), thus

F
p9”7‘ <
() P

cos9(G cosf — Fsinf) =0 (resp. >)

In any case 6” has a constant sign. But 6/(0) = —F(0,0) < 0 and 0'(¢) = G(¢(0),0) <0
thus we get a contradiction by considering the first (resp. the last) point where 6'(7) = 0,
which satisfies 0”(7) > 0 (resp. < 0). Thus 6 is decreasing from 7/2 to 0. Then the curves
can be represented in function of 8 by (p (o,0),60(c)), and

/2 do
10)=4] oo

with
1
H(p,0) = —(F(pcosf, psin®)sind — G(pcosb, psinf) cos )
p

Let A > 1. Since the trajectories 7 ) and 7 xs)]. have no intersection point, then
p(Aa,0) > p(o,0) for any 8 € (0,7/2); by hypothesis for fixed 4, the function p —
F(pcos, psinf)/p is nondecreasing (resp. nonincreasing) p — G(pcos8, psin®)/p is de-
creasing (resp. increasing), thus H(p (Ao,0),0) > H(p(0,0),0), thus T'(\o) < T(c) (resp.
>) ; then T is decreasing (resp. increasing). O

Next we consider the positive solutions w of equation (B.4]).

Proposition 4.5 Let p > 1,b+d > 0. Consider the trajectories Tj(, o)in the phase plane
(w,y) which goes through (11,0), p € (0,a). Let T (p) be their least period. Then

2
lim T () = oo, lim T (u) = T

pn—0 r—a /ahl(a) ’
In particular if f(w) = |w|?  w, then lim,_, T* () = 27/(¢+ 1 —p)(b+ d).

Proof. We notice that the trajectory 7j(,,0) intersects the line y = 0 at (u,0) and another
point (g(u),0), with g < a < g(), and g is decreasing.

(i) Behaviour near a : when u tends to a, then also g(u) tends to a. Indeed for any small
e >0, then g(u) —a < € as soon as g —a < min(e,a — g~ !(a + €)). Since £ = p(u) varies
from 0 to 0 in Q it has a maximal point &*, where v’ = 0, thus F(£*) = h(w*). When p
tends to a, then h(w*) tends to b, thus £* tends to E~'(b) = 0, thus also maxye7;, ) [Vl
tends to 0 Using the matrix of the linearization at Py, and passing in polar coordonates near
(a,0), w =a+rcosn, y = +/ah/(a)rsinn, then r tends to 0 as u tends to a, and one finds
n' = —y/ah/(a) + R/r, where R involves the derivatives of G of order 2 , which are bounded
near the point (a,0), thus R/7? is bounded. Then 7’ tends to —y/ah’(a), thus T (u) tends

to 27 /+/ah/(a).
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(ii) Behaviour near 0 : on 7, ), the function u is increasing up to a maximal value
u*(u), and then decreasing, and «* is a nonincreasing function of u, because two different
curves have no intersection. Let p, € (0,a), such that lim yu,, = 0. For any n there exists
fn € (0,a) such that the orbit has a point above the line y = ¢~ '(m)(1 — 1/n)w, let
fin, = min(pn, 1/n). Then u*(fi,) > ¢~ (m)(1 — 1/n), thus u*(u,) tends to m ; then from
the Beppo-Levy theorem

e du i du
lim inf 77 (1) > 1im/ :/
U2 ] B — B ) Sy Bo) — d+ hw(w)
where w is the solution defining H, and this integral is infinite. U

Remark. Here the question of the monotonicity of the period is quite hard to answer, even
for p = 2, where it is solved by using the first integral, see [E] It is open in the general
case. In dynamical systems with a center, the qualitative behaviour of the period function is
not completely understood, even in quadratical ones: one can contruct such a system with
a center whose associated period function is not monotonous, and even with at least two
critical points, see [[f] and [{.

Remark. In the case b = 1, we can compute theoretically the period T by using the first
integral (l.1]). The stationary point Py = (h=!(1),0) is obtained for K, = a?/p — F(a) > 0
(in case of a power, K, = (¢ + 1 — p)/p(qg + 1)). The positive solutions correspond to
trajectories Tx with K € (0, K,), intersecting the axis y = 0 at points (wy,0), (w2, 0) with
w1 < a < wg defined by w? /p — F(w;) = K, and the period is given by

w2 dw
v
! 2/wl wE=1 (—pEZ )y

This formula does not allow us to prove the monotonicity of the period function for p # 2.

In the case f(w) = |w|? " w, we can solve the problem in a particular case: b = 1 and
g = 2p — 1, by using the equation (B.21]) relative to u :

Proposition 4.6 Suppose that f(w) = |w|q_1 w, andb=1and g =2p—1,p > 1 and
d+1>0.Ifp>2o0rd+1<1/(2—p), then TT is decreasing on (0,a).

Proof. In equation () the coefficient B is zero, thus
u” = (q+1-p)(E(p(u) - d)p(u) = (¢ + 1 —p)(=(1 +d) + p¥.(u))p(u)

Henceforth

1 ",/ / i / /
—u'uw = —(1+ )V (u)u + p¥(u)¥'(u)u',
R — (1+d) ¥ (w)u’ + p¥(u)¥'(u)
from which expression we derive the first integral,
1
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From () the curves S are symmetric with respect to the axis 4’ = 0. The times for going
from u = 0 to v = w* and from u* to 0 are equal, and u* is given by C = M (¥ (u*)).The
ccomputation of the period is reduced to the part relative to the first quadrant. Here we
follow the method of [P]: we get

w dn ! u*ds
T (u*) =4 —_— =4 .
w) /0 VU — U /0 JU) —U(sur)

Then
dT*(u*) Y (O(u*) — O(su*))ds wi o W) — U
du _4/0 U(u™) —U(sur))3? th Ou") =U(") — U (u")/2,
and )
22900 a6 = () — U ()

In the interval of study, ¢(u*) < E~1(d), (Eoy)(u) < d from (B.12]), thus ¥(u) < (1+d)/p,
and M is increasing for 0 < ¢ < (1+d)/p, thus Y’ > 0. Then at any point u, @' (u) > 0 <
(U'/u) < 0. Now

Z’g}SZ) _ (7E(50(u),3/ + d)w(u) —-1— (p . 1)502('“) + d(l + <P2(u>)(2fp)/2,

hence (U'/u) = 2X (u)p(u)¢' (u), with
X(u)=—(p— 1)+ (2 = p)d(1+*(u)) 7?2,

and d > E(p(u)); it implies X (u) <0ifp>2orp<2andd < (p—1)/(2 — p). Henceforth
O is increasing, and the same holds for P as a function of v*. Finally u* is decreasing with
respect to u, and consequently P is decreasing with respect to p. (|

Remark. When p = 2, and ¢ = 2p — 1 = 3, equation (B.21]) reduces to v’ = —2u + 2u?,
which, surprisingly, is an equation correponding to the other sign, and ) reduces to
w” —w + w3 = 0. Here all the solutions can be expressed in terms of elliptic integrals, see

2]}

4.4 Returning to the initial problem

Proof of Theorem 2.  Here 3 = B, = p/(g+ 1 —p), A = A, is given by ([L12]) and
Cq = 6572)\,] by (L.13]). And w (o) = 5"10(6,]0) from (B.3]), and b = f)\q/ﬂg = —cq4/BY and
d = c/pP from (B5)), f(s) = g(s) = 5|77 s, thus h(s) = |s|*Ps. Thus ¢ > ¢, is equivalent

to b+ d > 0, and then the constant solutions w = +(b + d)*/(¢=+1 of (B.4]) correspond to

the constant solutions w = = (¢ — ¢,)"/ ") of equation ([L11]). For any integer k > 1,

we search periodic solutions w of smallest period 27 /k, or equivalently solutions w of period
Ty = 2n3,/k. From (B.15]), the function FE is increasing. First consider the sign changing
solutions: if ¢ > ¢4, then from Theorem @, the period function T" of w is decreasing from
oo to 0, hence for any £ > 1 it takes precisely once the value T}. If ¢ < ¢4, then T" decreases
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from Ty given by ([£3]) to 0, thus it takes once the value Ty for any k > M, = T;/273, given
at (l.15]). Next consider the positive solutions: from Proposition @, the period function
of w takes any value between oo and 27/+/(q + 1 — p)(b+ d), thus it takes the value T}, for
any k < (pByP(c— ¢q))'/?, which achieves the proof. O

In the case of equation ([.LIL]) without potential (that means ¢ = 0), we deduce the
following:

Corollary 4.7 Assumep >1,qg>p—1, and c=0.
(i) Then € is given by (L.14]), where ky = 1 if p < 2 and ¢ > 2(p —1)/(2 — p), and
ke >Mgifp>2or (p<2andq<2(p—1)/(2—p)), where My =2/(q—1) for p=2, and

_ (p—2)my, oo 2D+ —2) _ p=2 .
Mo = = Dmy + Dmy — 1) \/ - 1) \/”@—wquﬂ'

(4.7)
(i) If p>2or (p<2and q<2(p—1)/(2—p)), then ET = 2. If p < 2 and q >
2(p—1)/(2 — p), then ET = {(—cy)/aH1=P)} |

Proof. Here c; < 0 is equivalent to p < 2 and ¢ > 2(p —1)/(2 — p). And M, = Ty/27f,
can be computed from (|.4 [), which gives (.7 ]). Moreover in any case ¢+ (7' /p =
BE(p—1)(g+1)/p* > 0 thus there exist no positive nonconstant periodic solutions. O

Proof of Corollary 1. Let S be a sector on S with opening angle 6 € (0, 27). From [E, Th
3.3], Bs is the positive solution of equation

2
o) = (1+5) (% + 2305 05+ 1) =0,

where k = 7/6 > 1. From Corollary [.] (applied without assuming that k is an integer) we
distinguish two cases:

(i) p<2and ¢ >2(p—1)/(2—p). Then there always exists a solution of the Dirichlet
problem in S. Notice that 0 < B, < (2 —p)/(p — 1), thus ¢(8s) < 0 and consequently
ﬁq < BS-

(i) p>2orp<2and¢g<2(p—1)/(2—p). The existence is equivalent to k > M, (see

(B.7])). It means

(1+l>2< (—vm2—1\* _ (8,41 _ (Ba + 12
k mq(p —2) ﬁg”@ Bq(Byg + (p —2)Bq/(p — 1)
Thus ¢(8,) < 0. Equivalently, 3, < (s. O
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5 The case p=1

5.1 Existence of a first integral

As shown in Lemma @, we can reduce the study to

d w’ w 1

where f satisfies (B.8]); in particular we are interessed by the case f1(s) = s.

Here the problem is variational: if Sy(w) is any primitive of w — |w|"™" fi(w) and
R(w) = |w|” /b if b # 0, R(w) = In|w| if b = 0, then (B-8]) is the Euler equation of the
functional

H(w, w') = |w|"" Vw? + w? — Sy (w) + dR(w).
Thus we have the Painlevé integral
|w|b+1

The system (B.9])
w =y

bw? + (b + Dwy? — (f(w) — djw| " w)(w? +y*)*
2 )

! __ —_
Y =Gw,y) = "

is singular on the line w = 0. System (B.13]) reduces (for w > 0) to

w' = wp(u) = w=
—u (5.10)
u =bv1—u? — fi(w) +d.
In the case f(w) = w, the equation in u” is
u = (1 - b) et — b — d—ee . (5.11)

1—u? V1—u?

5.2 [Existence of periodic solutions

From the Painlevé integral (), we can describe the solutions, by using the phase plane
(w,y). Since a complete description is rather long, we reduce it to the research of periodic
solutions.

Proposition 5.1 Let p = 1, and consider equation (5.8]).

(i) If d # 0, there is no periodic sign changing solution. If d = 0 there exists such a solution
if and only if b > —1, and then it is unique (up to a translation).

(i) There exists periodic positive solutions if and only if b+ d > 0.
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(#ii) Suppose moreover that f1(w) =w. Then the sign changing solution is given by
w(r) = (b+ 1) cos(t — 1),

of period 2. The closed orbits Tj(, o)) of the periodic solutions intersect the axis y =0 at a
first point (p,0) such that p < a = b+d, and p describes p € (fi,a) with i =0 if d <0, and
i >0 if d > 0; it is given by (5.16]),(5.14]), 5.15]).

Proof. By symmetry we reduce the study to the case w > 0 and the integral ) takes
the form
wby/1 —u? — S1(w) + dR(w) = C (5.12)

where we take S1(w) = / s*=1f1(s)ds if b > —1 and S;(w) = / sP=1fi(s)ds +1/(b+1)
0 1

it b < —1, and S1(w) = / s72f1(s)ds if b= —1.
1
(i) The curves in the phase plane (w,y) are given for w > 0 by

wb+l
y? = (C—dR(w)+Sl(w))2
w? (Wb + dR(w) — S1(w) — C) (w® — dR(w) + S1(w) + C)

(S1(w) + C — dR(w))?

— w?

)

which defines +y in function of w. If there exists a sign changing periodic solution, the
trajectory intersects the axis w = 0 at some point (0,¢) with £ > 0, thus y needs to £ as
w tends to 0. From (.12]), it is impossible if b < —1. Assume d # 0; if —1 < b, then near
w =0, in any case y? < (b?/d? + 1)w?, thus £ = 0 and w’/w is bounded, thus the maximal
interval of existence is infinite, and we reach a contradiction. If d = 0, and C # 0, then
y? = —w?(1 + o(1)), which is impossible. If d = C = 0, then y? = w?(w?*/S%(w) — 1) ;
observing that the function w +— y(w) = w™?S;(w) is increasing from 0 to oo, the curve
intersects the two axis at (0,b+ 1) and (x~!(1),0) and this corresponds to a closed orbit.

(ii) If we look at the intersection points of any trajectory in the phase plane with the
axis y1 = 0, we find that they are given by H(w) = C, where
H(w) = w® + dR(w) — S1(w).

Then H'(w) = w*1(b+d — fi(w)). If b+ d < 0, then H is decreasing, thus there exist
no positive periodic solutions. If b+ d > 0, the function H is increasing on (0,a) up to a
maximum M, and decreasing on (a, 00). The stationary point (a,0) with a = f; *(b+d) cor-
responds to C = M. If b > 0, then lim,, o H = 0, if b < 0, then lim,,_.g H = —o0. Equation
H(w) = C has two roots 0 < wy < ws, if and only if C' € (max{lim,, o H, lim, . H}, M).
Moreover if there is a trajectory going through (wq,0) and (ws,0) defining

K(w) = dR(w) — S1(w) = H(w) — u’,
one has K (w) < C on (wy,ws), thus C > M’ = max K = K(f; !(d)). Reciprocally, if

max{ligloH, lim H,M’} <C<M, M=H("'b+d), M =K(Ffd) (513)

w—00
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then there exists a closed orbit going through (w,0) and (ws,0).

(iii) The sign changing solution is given by w? + w? = (b + 1)? and its trajectory is a
circle of center 0 and radius b+ 1; for w > 0, w = (b+ 1)v1 —u? = bv/1 — u? — v/, thus
u' = —v1—wu? and § = —1, then w(7) = (b+ 1) cos(6 — 1), periodic solution with period
27. Now consider the positive periodic solutions. Here a = b + d, and

(1+d/b)yw® — w1 /(b+1),  ifb#0,-1,
H(w) = 14+dnw — w, if b= 0, (5.14)
(1—-dw™! —Inw, ifb=—1,

M =a"*/b(b+1), M = (") /b(b+1)), ifb#0,-1,
M=1+dlnd—d, M’ =dlnd—d, if b= 0. (5.15)
M=-1-In(d-1), M =-1-1nd)), ifb=—1,

If d <0, thus b > 0, then any C € (0, M) corresponds to a closed orbit, thus for any
u € (0,a1), one has a closed orbit passing through (p,0), of period still denoted by 7% (u).
If d > 0, in any case, any C' € (M', M) corresponds to a closed orbit. If —1 < b < 0,
then H is increasing on (0,a) from —oo to M < 0, and then decreasing on (a,c0) from
M to —oo. If b < —1, then M > M’ > 0. If b < —1, then d > 1, and lim,_o H = —o0,
limy oo H = 0,0 < M < M. If b = 0, thus d > 0, then lim, .o H = —oo, then any
C € (M — 1, M) corresponds to a closed orbit. Then H is increasing on (0,d) from —oo to
M=1+4dlnd—d >0, (M =0<%« d=1 and then decreasing on (a;,c0) from M to —oo,
and ..)); let @ € (0,b+ d) be defined by

H(i) = M, (5.16)

thus for any u € (fi,a), one has a closed orbit passing through (u,0), of period still denoted
by T (). If =1 < b < 0, thus d > —b > 0, then lim,, .o H = —00 = limy, o, H, M < 0, and
any C € (M’, M) corresponds to a closed orbit (if b = —1, then H(w) = (1 — d)w™! — Inw,
M=-1-In(d—1), M’ = —1 —Ind). Returning to equation ([L.11]), the conclusion follows
with i, = fif. O

5.3 Period of the solutions

Let p = 1,b+ d > 0. Consider the equation (f.8]). Let T (x) be the least period of the
periodic positive solutions on the orbit 7j(, o). As in the case p > 1, we have a general

result: 5
lim 77 (u) = _r

n—a Vafi(a)
Next we study the variations of the period in the case of a power fi(w) = w.
Theorem 5.2 Let p = 1,b+d > 0 and fi(w) = w. Then lim, ., T*(u) = 27/Vb+d. If
d <0, then lim,_,o T"(p) = oco. If d > 0, then lim, ;T (u) = T is finite, and given by

B-18]) if b #0,-1, (p.19]) if b=0, or ((.20]) if b= —1. Ifd = 0, then T+ = n(1 + 1/b).
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Proof. (i) Let b# 0,—1. From (5.12]), the solutions of (5.8]) satisfy
wl/1—u? — w

b+1 b

b+1 d

thus

d C(1+b
u':b\/l—u2—w+d=—\/1—u2——+#-
w

b
Eliminating w in the two relations, we find that Cb(b+ 1) > 0 and A = (Cb(1 + b))'/®+1)

d+bov1—u2 - ’ d+bv1—u? +bu =A
( > u) /(b+1)< )1/(b+1)

When the half-part of 7 located in Q is described, thus u increases from 0 to some u* € (0,1)
corresponding to u’ = 0, then d+bv/1 — u*? > 0; now d+bv/1 — u? is monotone and positive
at 0 and u*, thus d 4+ bv/1 — u? > 0 everywhere. And A = d + bv1 — u*2 = w* (value of w
at u*) Let

!/

u
[
d+bv/1—u?

Ifb > 0,then z € (—1/b,1);ifb < —1 then z € (—o00,1);if —1 < b < 0 then z € (—o0,1/1b]),
and

and  G(s) = (1— )Y (1 4 bs)/ D)

A
G(z) = ——.
() d+bv1—u?
Since
G'(s) = —bs (1 — s)_l/(b+1) (1+ bs)_b/(b+1) ,
and

G (s) = —b(1 — 5)"FD/OFD (1 4 gy @b+D/(b+1)

)

it follows G(0) = 1 and 0 is a maximum if b > 0 and a minimum if b < 0; if b > 0, G
increases on (—1/b,0) from 0 to 1 and decreases on (0, 1) from 1 to 0. If b < 0, G decreases
on (—00,0) from oo to 1 and increases on (0, min(1,1/1b|)) from 1 to co. Thus it has two
inverse functions —L; and Ly : for b > 0, L; maps (0,1) into (0,1/b) and Ly maps (0,1)
into (0,1); for b < 0, Ly maps (1, 00) into (0, 00) and Le maps (1, 00) into (0, min(1,1/1d])).
Then

1
T =T+ T, T = / Viux (N, (5.17)
0
where
2u*
(d+bvV1 = XN2uw2)Li((d + bV1 —u*?)/(d + b1 — N2u*?))

e First suppose d < 0 (thus b > 0); then one looks at the case where C' — 0 , thus
V1—u*? — —d/b, thus u* — u = /1 — d?/b? . Near 4,

wi,u* ()\) -

2u* —d
VT2 — T w?)Li(0) ~ bL0) (1 —22)’

wi,u* ()\) Z b
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therefore T; tends to oc.

e Suppose d > 0,b > 0. One looks at the case where C — M’, thus u* — 1. There
exists a constant m > 0 such that 0 < 1 — G(s) = G(0) — G(s) < m?s® on [—1/b,1].
Indeed G'(0) = 0 and G” is bounded on [-1/2b,1/2], and on [—1/b, —1/2b] U [1/2,1] the
quotient (G(0) — G(s))/s? is bounded. Thus 1/L;(n) < m//T—1n on [0,1), hence taking
n=(d+bv1—u*?)/(d+ bv1— N2u*?), and computing *

b(1 — A?)u*?
(d+bv1—22u?) (VI —uw? + V1 - Nu?)’

—-n=

one finds 1; 4« (A) < 4m/\/b(1 — A\2). From the Lebesgue theorem, as u* — 1, T tends to
the finite limit

1
- - — — dA
Tt =T/ +T,, T.+:2/
b ‘ o (d+bvT=X2)Li(d/(d+ bv/1 = A%))
in particular if d = 0, then L1(0) = 1/b, L1(0) = 1, thus T}, = 7 and T}, = 7/b.
e Suppose b < 0, thus d > —b > 0. Then again C — M’, consequently u* — 1. The
function

(5.18)

. . d+byv1—u*? b(1 — A?)u*?
d+bv1 — \2u*2 (d+b\/17)\2u*2) (V1 —u*2 4+ /1 — \2u*2)

is increasing on (0, 1) from 1 to d/(d+b\/1 - )\2) and d/(d+bv1 — \2) < d/(d+b) = a. There
exists m > 0 such that 0 < G(s) —1 < m?s? on [~ Li(«), L2()], thus 1/L;(n) <m/v/n—1
on (1/d/(d+b)]. Thus as above, ¥; ,«(A) < 4m/+/]b| (1 — A2), and T+ tends to T defined
)

(iii) Assume b = 0. There exist periodic solutions for any C' € (M — 1, M) . The solutions

are given by
Vi—w@+Hw) =v1-uw+dhw—-—w=C
and v’ = —w +d, thus u is maximal (= u*) for w = d : therefore v'1 — u*2+ H(d) = C, then
H(d—u) d)+ V1 —u? = \/1—u2

and H has two inverse functions H; from (—oo, H(d)) into (0,d) and (d, oc), thus (b.17])
holds with

2u*d\
(d— H;(H(d) + V1 —u*2 — V1 — \2u*?)

Vi (N) =

and ¢ = H(d) + V1 —u2 —+/1—-Xu*2 = H(d) — k = H(d+ h) stays in (M —1,M) =
(H(d) —1,H(d)), and H(d+h)—H(d) > —m?h? for H(d+h) € (M — 1, M), thus H(d)—¢ =
k <m?(d— H;(£))?, thus

o *2 _ )\2,,%2
wi7U*(A)§2_m:2m(\/1 w2 + V1 — Nu )S am__
VEk V1= )2 V1= )2
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Therefore, as u* — 1, T tends to the finite limit

_ 1 d\
’ Ti+2/o (d— Hi(H(d) VI 2)

(iv) Assume b= —1; then d > 1;let B=—(C+1) € (In(d — 1),Ind) then B — Ind and

T+ =T + Tf (5.19)

W4w=d—+1-u2=(B+1)w—whw= Hg(w)

where Hp is increasing on (O,eB) from 0 to e? and decreasing on (eB,oo) from e? to

—o0; it has two inverse functions Lp; from (—oo,e?) into (0,e?) and (57!, 00); and
w* =d—+/1—u*2=eP; then (.17]) holds with

2u* 2u*

d—VT=2u? — Ly (d—V1-Xu?  |Hp_1(Lpi(d— V1 Xu?))|

Because Hp_1(e?) = 0, Hp_1(x) — Hp_1(e?) = Hlj_,(&)(x — €P) and = ranges onto
(Hpa(d—1),Hpa(d—1)) := (x1,B,22,8), when B — Ind, (z1,,22,8) — (Z1,Ind>T2,Ind)

it follows \ngfl(g)] > 1/p > 0 independent on B. Moreover Hg (x)—Hp(e?) = (1/2)H}(€)(z—
eP)? = —(1/2¢)(z — eP)2. Thus there exists m > 0 such that

Vi (N) =

Hp(x) — Hp(e?) <m?(x — eP)? <m?u’HE ().
Therefore, near Ind, taking x = Lp ;(d — v1 — A2u*?), one derive
2 2 4
Vi u* (A) S = S 5
mpVd— V1= NuZ —eB mp/VI—u? — V11— N2 mpy/1— A

Consequently, as u* — 1, Tir ; tends to the finite limit

1
kL _ dA

T =T"+T,, T+.:2/ .
! ? b 0 [Hina—1(Lmai(d— V1 —X2))|

(5.20)

O

Remark. In the case d = 0,b # 1, notice that 7;" and T, converges to 7r/\/l_7 as u tends
to b (one can verify it by linearizing the equation in u) and respectively to 7 and 7 /b as u
tends to Thus if those functions are monotonous, they vary in opposite senses and it is not
easy to get the sense of variations of their sum T} . Moreover in the phase plane (w, ),
as p tends to 0, on can observe that the trajectory tends to a limit curve constituted of a
segment [(0,0), (0,b)] and half of the unique closed orbit surrounding (0, 0), circle of center
0 and radius b + 1, which is covered in a time 7

The case b = 1 is the most interesting for ), since it corresponds to the initial

problem ([l.11]). In that case we improve the results by showing the monotonicity of the
period function:
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Theorem 5.3 Assume b =1, d > —1. When d = 0 the function T (u) is constant, equal
to 27, thus there exists an infinity of positive solutions w of ), which all have a period
27; they are given by

w=1+1-K*2sin®7 — K*cosT, 7€ [-mn], K*€(0,1). (5.21)

When d # 0, then TV () is strictly monotone; if d < 0 it decreases from oo to 2m/v/1+ d;
if d > 0 it increases from

N 1 /2
Tt = 4/ du = 4/ =504 (5.22)
0 \/(qum)QfdQ 0 cosf + 2d

to 2w /1 +d.

Proof. e If d = 0, then v’ = —u, from (), and u = sind € [0,1), thus the positive
solutions w are given in Q by

u= K*sinr, K*e]0,1), 7€ [0,7],

and the period TV is constant, equal to 2r. We obtain an infinity of positive solutions w,
given explicitely by

w=+v1-u2—u =V1-K*?2sin?1 — K*cost, K* € (0,1)

which intersect the axe y = 0 at points w; = (1 F K™).
e In the general case d > —1, we find

(d—l—\/l—uQ—u’) (\/1—u2+u’—|—d) = A2
that means G is symmetric: G(s) = v/1 — s2, thus
u? = (d+V1—u?)? - A
V1—u?=A—d=+2C — d; thus here T,” = T, , and

1 /T — \2¢)2 _ /T _ <)2
Tt = 4/ L, where (s, \) = (d+ V1= Ms) = (d+ v1=s) .
0 VP(u*2, ) B

We show that the period function is strictly monotone with respect to u*. Because

52%—\P(5,A) —d(d+1) (1/\/1 s 1/V/1- )\25) >0,

S

we see that 7T is increasing if d < 0 and decreasing if d > 0 (and we find again that it is
constant if d = 0). Also p can be expressed explicitely in terms of u* by

u:d—l-l—\/(d+1)2—(d+\/1—u*2).

Therefore u is decreasing with respect to u*, hence T'" is decreasing with respect to pu if
d < 0 and increasing if d > 0. O
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5.4 Returning to the initial problem

Proof of Theorem 3. Here a, = (3; = 1/q, the substitution (B.6]) takes the form w (o) =

|w(0)|1/q*1 w(o), and thus b = 1, and d = ¢ from (8.7]). Then the existence of sign changing
solutions of () is given by Proposition f.]. The constant solutions exist whenever
¢+ 1 > 0. Searching positive solutions of smallest period 27 /k . From Theorem @ and
Theorem , If ¢ < 0 the period function T+ decreases from oo to 27//1 + ¢ > 2m, thus
there exist no solution. If ¢ > 0, Tt increases from T given by (f.22]) to 27/v1 + ¢,
thus it takes once any intermediate value, which gives one solution (up to a translation)
for any k € (k1,k2). If ¢ = 0, the solutions wx are given explicitely by (f.21]), and wd is
obtained from wg, showing that system () does not satisfy the uniqueness property at
(0,0). O
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