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Abstract

We study the limit behaviour of a sequence of singular solutions of a nonlinear
elliptic equation with a strongly degenerate absorption term at the boundary of the
domain. We give sharp conditions on the level of degeneracy in order the pointwise
singularity not to propagate along the boundary.

1 Introduction

Let Q be a bounded C? domain in RY. If ¢ > 1 and H € C(Q) is a positive function,
it is well-known that there exists a maximal solution U to

—Au+ H(z)u? =0 in . (1.1)

Furthermore, if H(z) < H(p(z)) where H is nonincreasing, p(z) = dist(z, dQ) and

/01 \/%ds < 00, (1.2)

then it is proved in [5] that U is a large solution in the sense that

lim U(z) = co. 1.3
Jlim V() (13)

If (1.2) holds, it is possible to construct a minimal large solution U, and in many cases
U =U (see [5], [9]). Let K be the Poisson kernel in Q and a € 9Q. If

/QH(:I:)Kq(x,a)p(:E)dac < oo (1.4)

then for any k > 0 there exists a unique weak solution v = u,, to

{ —Au+ H(z)u? =0  in (1.5)

u = kéd, on O



in the sense that u € L'(€2) N L4(Q) and

/ (—uA¢ + CH(x)ul) dx = —kg—c(a) (1.6)
Q mn

for any ¢ € W2 (Q) N W, () (see [2]). Furthermore, the mapping k — uy, is
increasing. Since uy, < U it converges to some U o, Which is a positive solution of
(1.1) in Q. A natural question is to identify uso 4. The following result is proved in [4]

Theorem 0. Assume
0 < H(x) <exp(—7/p(x)) VreQ (1.7)

for some T >0, then tuoo,q =U.

This result means that the pointwise boundary blow-up at a has propagated along the
whole 0€2. In this article we give conditions which prevents this phenomenon and we
prove the following.

Theorem 1. Let Q be a bounded domain in RN flat in the neighborhood of some
boundary point a. Assume

E(I;l)iilgp‘g(x) In(H(z)) > —o0 (1.8)

for some 0 < 0 < 1. Then lim,_. 4, Uso,q(x) =0 for any xo € 0N\ {a}.

This means that the singularity remains localized at the point a. This theorem
is a consequence of a much more general result in which the flatness condition of H
near the boundary is expressed by mean of a Dini condition. This condition allows to
replace (1.8) by

H(z) > h(p(x)) and In(1/h(p(x)) € L'(Q) (L9)

Contrary to the complete boundary blow-up phenomenon under assumption (1.7)
which is obtained by constructing local subsolutions, the proof of Theoreml is per-
formed by local energy methods in the spirit of Saint-Venant principle. Similar results
of propagations or confinement of singularities have been proved for parabolic equa-
tions of the type

Oru — Au+ exp(—w(t)/yu? = 0 € RY x (0,00) (1.10)

(g > 1) in [3] and [7].

Aknowledgements The authors have been supported by INTAS grant Ref. No :
05-1000008-7921.

2 The general result

Let @ C RY = {(z1,2) € RY : 21 > 0} be a bounded domain with C? boundary 952,
such that
L, {(0,2") : |2'| <27} c 99, (0,29)xT, C Q. (2.1)



for some v > 0. Let ¢ > 1 and H € C(Q) be a nonnegative function satisfying (1.4).
We consider the following boundary value problem:

{ —Au+ H(z)u?=0 inQ (2.2)

u = f(jé on 0,

where 6 = Jg is the Dirac measure at 0, {I_( ;} is positive increasing sequence: K j — 00
as j — oo. Then for arbitrary j € N problem (2.2) has a unique solution u;(z) ([2][8])
and the sequence {u;} is increasing. Furthermore, since there exists a maximal solution
U of equation (2.2) which also satisfies lim,;)_oU(z) — o0, u; is smaller than U
for any j. Our aim is to find sharp conditions on H, guaranteeing that the limit
solution us = limj_. u; has a boundary singularity localized at {0} and satisfies
limg .y uso(z) = 0 for all y € 92\ {0}. We shall assume that

H(z) > h(p(z)) Ve, (2.3)

for some positive nondecreasing function h that we shall write under the form

h(s) = exp(—@) Vs e (0,7). (2.4)

Our main result is the following.

Theorem 2. Assume w is a nondecreasing continuous function satisfying the technical
condition
sM <w(s) <wy=const<oo Vse(0,7), 0<y <1, (2.5)

and the Dini condition,

/ w(s) ds < o0, (2.6)
0o S
and let h and H be subjects to (2.8) and (2.4). If uj is the solution of problem (2.2),
then Uoo = lim; o0 u; is a solution of (1.1) with a boundary singularity at 0 and which
satisfies
;%u(x) =0 Vyeo\{0}. (2.7)
Since the solution u; on (2.2) is a decreasing function of the potential H, we shall
assume in the sequel that H(z) = h(p(z)) for all z € Q, thus the equation under
consideration will be
—Au+ h(p(z))u? =0 in Q, (2.8)

and u; denotes the solution subject to the boundary condition

u=K;6 on 9. (2.9)

2.1 Energy a priori estimates

The proof of Theorem 2 is based on some new variant of the local energy estimates
method. For the study of the localized singular boundary regimes for the quasilinear
second order parabolic equations energy method was first used in [6]. An adaptation
of these methods to the study of the localization principle of initial singularities of
singular solutions of parabolic equations with a strong absorption and a degenerate



t-dependent potential was elaborated in [7]. Here we propose the ”elliptic” version of
the above mentioned result.

Qs ={xeQ:p(x)>s} seRl,
O ={zeQ:0<p(x)<s}, seRl,
Q(r) = n{z = (z1,2) : |2'| > 7}, 7>0,0<s<7.

Because 0 is C?, there exists 5 > 0 such that, for any 0 < s < 3, 9Q° N Q = 99, is
C?. Notice also that we can assume that p(z) = z1 for any z € [0,29] x I',. If uis a
solution of (2.8) we set

1(s) ;:/S (Vul® + h(p(a)u™) dz, s> 0. (2.10)

Lemma 2.1. The function I satisfies

q+3

—1

I(s) < dy VO h(r)q_iﬁdr] q V0 <s <3, (2.11)

where constant di does not depend u.

Proof. Multiplying equation (2.2) by u and integrating on Qg (0 < s < §,), we get

5 1/2 1/2
I(s) = / u—i do < </ |Vu|2da> </ |u|? da) : (2.12)
o0, On 99, 99,

By Holder’s inequality,

1/2 T
(/ |u|? dm) < (mes 9Q,) 7D h(s)” wHT </ h(p(z))|ul?H do) . (2.13)
00, 0825

Substituting estimate (2.13) in (2.12) and using Young inequality we obtain

2
I(s) < cih(s) ™ UBQ (IVul* + h(p(x))u|™*") dU] : (2.14)

Because 09 is C?,

dI(s)
ds

N ‘/ (IVul? + h(p(2))|u|**") do. (2.15)
00
Substituting this equality in (2.14) we derive that I satisfies the differential inequality
I(s) < exh(s)™ w7 (~I'(s)) ! .
Solving this inequality we obtain estimate (2.11). O
Let @;, j = 1,2,..., be the solution of equation (2.8) subject to the regularized

boundary condition: -
’ﬁj = Kj(Sj on GQ, (2.16)



where the §; are C l_smooth functions such that:

suppd; C {2’ C RN 2| <571, 0< §;(2') < 2N -1
H(SquL-:L(RN—l) < qu(Nil)a valé_j”%Q(RN—l) < 2jN+1, (2.17)
H5j||L1(RN—1) =1 and 5]'(:L'I> —§(x) asj— oo.

The next lemma provides a global energy estimate on ;.

Lemma 2.2. The solution @; of problem (2.8), (2.16) satisfies
[V + plapla; ) de < K, (2.18)
Q

with K; < c(f(}”lw’qm_l) + l_(jzvjN‘H +I_(]27_1jN_1), where the constant ¢ > 0 does
not depend on j.

Proof. Let us introduce a C? cut-off function ¢ such that ((r) = 1if » <0, {(r) = 0 if
r > (v is from condition (2.1)). Let us denote for simplicity @; = u. If we multiply
(2.2) by B
vj(x) = u(z) — K;0;(x")((x1)
and integrate on ©, we obtain for all j > jo =y, since vj(z) = 0 on 99,
J0Val? + hptalap™ )y do = [ RV, VG, (0 )ela) da
+/ h(p(z))ulK;6;(2")((x1) do == Ay + Ag. (2.19)
Q

By Young’s inequality and properties (2.17), we derive

1 _
|41 < 5/ |Vul? d;g+clK]2(w-N+1 4N,
Q

. (2.20)

|Az] < 3 /(2 h(p(z))uitt dz + clKJ‘?ijq(N*l).

Estimate (2.18) follows from (2.19), (2.20)with
Kj = g(K;) 1= 2c1(K§ T 9N =0 4 K2 Nt K271V, (2.21)
O
We introduce a family of cut-off functions (s with

C(r)y=1 ifr <s, C(r)=0 ifr>2s

(2.22)

d
‘545(7’) <ecesTl Vs >0,

and define the additional family of energy functions, for any solution of (2.8),
Tor)= [ (VU G ) dr TG6) = T(0). 029

We shall denote by I;(s) and J;(s, ) the energy functions I(s) and J(s, 7) associated
with the solution @;(z).



Lemma 2.3. The following differential inequality holds:

Ji(s,7) < dgs(fdiijj(s,ﬂ) +dsF(I;(s),h(s),s) V7€ (G 29), Vs € (0,7),

(2.24)
where the constants da,ds do not depend on j and F(I,h,s) is defined by
1172&111) ]1_3_}
F(I,h,s):=—m—F +—5—5 (2.25)
§2@+D ha¥1  satlhatt

Proof. We consider (2.2) satisfied by v = @;, multiply the equation by ;s (p(x)) and
integrate on the domain Q%¢(7), 2y > 7 > j~1. As result we have the following

Ji(s,7) = / (IVuf? + h(p(2))[ul*)Cs (p(2)) da
Q2 (7)

B /Fzs(T)u%CS(P(SC)) do — /

(Vu, Veu(p(a))ude  (226)
Q2s(7)\Qs(7)
= Rl + RQ;

where I'?%(7) = {p(x) < 2s, |2'| = 7}. Let us estimate the terms Ry, Ry from above.

1z 12 1/2 1/2
(o) ([ o) e ) )

We decompose R§2) as follows

RgQ) = / u?Cs do + / u?(s do = R§2’1) + R§2’2).
2 (r)\['*(7) rs(r)

In order to estimate R§2’1), we use a standard trace interpolation inequality (see e.g.
[1]), and get

/ u(zy,2')* do’
| |=7

1/2 1/2
<c / |V (2, 2')Pda’ / u(zy, z’)da’
Tz [ <2y Tz | <2y

+ 02/ u(zy, 2')de’ V7 <n, Yo € (s,2s).
T<|z'| <2y

Integrating the last inequality in 21 over (s,2s), we obtain

1/2 1/2
Rf’l) <c (/ |Vu|? dz) (/ u? dz)
Q2= (7)\Q#(7) Q2= (7)\Q#(7)

+ cos7? / u? dx (2.28)
Q2 (r)\Q*(7)
1/2 1/2
= ¢y (R§2,1,1)) (R§2’1’2)) n 02R§2’1’2).



By Holder’s inequality,

g—1

q+1
R§2’1’2) <dy </ uitt dx) (mes(QQS(T) \QS(T))) at1
Q2s(7)\Qs (1) , (229)

FESY
dss 5 h(s) 7 / hp(a)) ™ dz | .
Q28 (7)\Qs (1)

Therefore it follows from (2.28) and (2.29),

IN

2
q+1
R < dostnts) | B(p())lul ™ da
Q2s(7)\Q5(7)
o4

1/2
g—1 1
+d7s2@tD h(s) ot <f925(7_)\95(7_) |VU|2 dm) <f§225(7')\95(‘r) h(p(-r))|u|Q+1 dl‘)

_gq—1 1 ~p__a-1_ _g-1 2 ~1_a—1
< dgs2@tD) h(s) atT R 20+ + dgs™ aFT h(s) T R aF T

[

where
fr= / (IVul* + h(p(2))|u|1) da.
Q2s(1)\Q2 (1)

Using the definition of I;(s) we derive
RV < dysT h(s) ™74 (I (s) — 1;(2s))' 20
+dgs™ T h(s) a1 (I (s) — I;(2s)) T FT.(2.30)

Since u(0,2') = u;(0,2') =0Va': j=! < |2'| < ~, we derive by Poincaré’s inequality,

R§2’2) = / wdo < ngQ/
rs(r) rs(r)

Plugging (2.30) and (2.31) into (2.27) and using Young’s inequality leads to

Ou |2 9 9
—’ do < dgs |Vul|* do. (2.31)
(9:61 rs(r)

1/2
|Ry| < dio </ |Vu|?C, da—> ls—zéﬁﬁ h(s)” 7T (I;(s) — Ij(2s))1——zé’qli>
I'2s(r)

[

9— 2

1/2
55T h(s) T (1(s) — I(26)' T 4 7 / lvuizd(’]
Is(r)

<dn

/ IVul?Cy do + s~ 0 h(s) T (I (s) — 1;(2s)) ' erD
I'2s(7)

2

T 5T B(s) "7 (I(s) - e(%»lﬂ - (232)

The last terms to estimate is Ro. By Holder’s inequality and (2.22), we have,

1/2 1/2
|Ra| < cs™? / |Vul|? dx / u® dx
Q23 (1)\Q= (1) Q25 (7)\ Q5 (1) (2.33)

= cs_l(Rél))l/2 (RéQ))l/Q .



From (2.28), the term RgQ) coincides with R§2’1’2) ; thus RgQ) satisfies

22 (1)\Q2 (7)

q+1
R < dssiei h(s)" it (/ h(p(z))|ulrtt dz) : (2.34)
¢

using (2.34) and Young’s inequality, we derive from (2.33),

~alern
(IVul* + h(p())]ul™") dw) :

(2.35)

|Ra| < 15~ Tem ) p(s) " </
025 (7)\Q5(7)

Thus, due to estimates (2.32) and (2.35), it follows from (2.26),
Ji(s,7) < es / IVul2¢ do + e5™ 20 h(s) ™1 (I(s) — 1;(2s))' 2
025 (r)
+eos™ T h(s) "7 ([ (s) — I;(2s)) T (2.36)

It is easy to see that
d
[ (9P + oty ) do < —cJi(s,7), (2.37)
2s (1) dr
where ¢ does not depend on 7, s, j. Substituting (2.37) into (2.36) we obtain (2.24). O

In order to estimate from above the function F(I;(s),h(s),s) in the right-hand
side of (2.24), we first prove the following technical result.

Lemma 2.4. Let a > 0 and w(s) be a nonnegative nondecreasing function satisfying
the following condition:

u(s) == —0 as s—0.

Then the following inequality holds:

2

/Os eXp(i%(t)) at 2 aw(s)(ls—i— 21(s)) eXp(i aws(S))' (2.38)

Proof. Since p(0) = 0, an integration by parts yields to

/OS texp (f awt(t))dt - S;exp (wz(s))Jrg /OS exp (7%(15)) (tw' (t)—w(t)) dt.

Due to the monotonicity of w(t), inequality (2.38) follows from the last relation. [

Using Lemma 2.4 and identity (2.4), we obtain

/OS h(r)q%?' dr > COUJS(S) eXp(fq i 3 wgs)), (2.39)

where ¢y > 0 does not depend on j, s, and this transforms (2.11) into

a+3 q+3

dy w(s)a1? 2 w(s) w(s)a= _ 2
I:(s) < - — ex = C—+——h(s) 1. 2.40
J( ) — Cgii Sz(quls) p((q o 1) s ) Sz(quls) ( ) ( )



Substituting this estimate into (2.25) we derive

(5)5 Dt w(s) @D
2 [ w(s)2@—D(e+1 w(8) @+D(g—1 )
F(I;(s),h(s),s) < Ciho(s) a7 ( T — > Vs>0,VjeN,
s2(@tD(a—1) s@rD(a-1)
(2.41)
In turn, (2.4), assumption (2.5) jointly with (2.41) yields to
F(I;(s), h(s),s) < Ca(8)h(s) 710  Vs>0, V>0, (2.42)

where C3(§) — oo as  — 0. Plugging this inequality into (2.24), we finally obtain

Ji(s,7) < dgs(—%Jj(s,T)) —l—dgCg((S)h(s)fﬁf‘s V6>0,Vs>0, Vre (it 2y).
(2.43)

2.2 Proof of Theorem 2

Our proof will be based on the careful analysis of the vanishing properties of the
energy functions J;(s, 7), satisfying inequality (2.43). Notice that J;(s, 7) satisfies the
following initial condition, which follows from (2.18), (2.21)

Ji(s,57) < Kj=9(K;,j)  VieEN, (2.44)
Let us fix j large enough. If 0 < §p < 1, we shall define s; by the identity
Fo(s;) = dsCa(do)h(s;) 71 % = K5, (2.45)

where 0 < ¢ < 1 will be made explicit later on. Then it follows from (2.43), (2.44)
that J;(s;, ) satisfies the following differential inequalities

d _
{ Jj(s5,7) < d28j(—EJj(SjaT)) +KF VT > (2.46)
Ji(s5,57") < K.

Let us define now the value 7; by the identity
Ji(s5,57 "+ 15) = 2K5, (2.47)

where € has been introduced in (2.45). In order to find an upper estimate for 7;, we
observe that
Ji(sj,7) >2K; V1€ (G457t + 7).

Therefore, (2.46) reads as

dJ;(sy, 1 -

4J5(85,7) T)) vre (it + ). (2.48)
dr

Solving this differential inequality and taking into account the initial condition into

(2.46), we obtain

Jj(Sj,T) S 2d25j (7

1

Ti(s5,7) < K; exp(—TQ;jS‘ ) ¥re(TLiT+m). (2.49)
J

By (2.47) and (2.49),

-
9K < K (f j )
g =Riexp 2d28j



Consequently, 7; satisfies the following upper bound:
Tj S 2d28j(71112+(17€)1HKj). (250)
Next, we notice that
/ (Vs + h(p()lus|77) do < Ii(sy) + Jj(s5,5 7" +75). (2.51)
Q@G +75)
with Q(7) :={z : |2’| > 7}. From estimate (2.40), it follows
1;(s;) < Cs(Go)h(sy) 77", (2:52)
where dp has been introduced in (2.45) and C3(dy) depends on various parameters of

the problem, but not on j. Using now the definition (2.45) of s; and (2.47) of 7;, we
deduce, from (2.51) and (2.52),

C5(d0)
Vuil? + hip(z))|u |2 de < (2 + —"2_ K¢, 2.53
Jory, (70 RNl e < 04 B RDRS @5
Because of (2.21), we can fix the sequence {K;} such that
Ki=e¢,  i=1,2,..7,.... (2.54)

Actually, K; ~ e¢/(@=1, We fix ¢ (see definition (2.45) in order the next inequality
be satisfied for j large enough,

Cs(do)
2 K <K;_ = 2.
(2+Cy)K; < K, Cy 450500 (2.55)
Because of (2.54), (2.55) is equivalent to
In(2+Cy) +cexpj < e texpj, (2.56)

and it is sufficient to take
£ = (26)71,

in order condition (2.56) be satisfied for all j > jo = 1 +In2 + Inln(2 + C4). With
such a choice of € and K}, s; is uniquely defined by identity (2.45). Therefore, from
(2.53) and (2.55), it follows

/Q(_ . )(|Vuj|2 +h(p(z))ud™) de < K1, (2.57)
J T

which will be the starting point for the second round of computations. From the first
round, we can obtain sharper upper estimates of 7;, s; defined by (2.45), (2.47). First,
(2.45) gives,

w(s;)

Sj

+ 50) W(Sj) S Ethj
1 Sj

Vi =7(Ca). (258)

d3Cy exp((i + 50)

€ 2
:B?:}—IB-<(
g—1 ) J 211 T = \g -

10



From (2.58), (2.5) and (2.54) we obtain,

2 2 _
s; < 2(50 + 1)571(1111(]-)*10}(5]-) < 2(50 + F)wo exp(—4), (2.59)

and, by the monotonicity of w(s),
. 2
wis;) Sw(Csexp(—7)),  Cs=2(8+ q_—l)wo. (2.60)

As for 7;, we deduce from (2.50) and (2.58):

4da(1 — €) (0o + =25
Tj S 2d2(1 — E)Sj anj S C6w(sj), Cﬁ = 2( )E( 0 q_l). (2.61)

Substituting (2.60) into (2.61) we get:
7 < Cow(Csexp(—j)). (2.62)

Thus we can initiate the second circle of computations. We define s;_; similarly to
(2.45) by the identity

F()(Sj_l) = d302((50)h(8j_1)7ﬁ760 = K¢

J—1»

(2.63)
with e = 1/2e). Then J;(s;j_1,7) satisfies, instead of (2.46), the following differential
inequality,
d €
{ Jj(Sj_l,T) < dQSj_l (—EJj(Sj—l,T)) + Kj—l V1> R (264)
Jj(sj-1,07" +75) < Kj1.

Observe that the initial value condition follows from estimate (2.57) resulting first
round of computations. Next we define 7;_1 by the following analog of (2.47)

Jj(sj—lajil + 75 + 7-j—l) = QKJE‘_l- (265)

Thus, we obtain the following analog of (2.48):
d . .
Jj(ijl,T)SQdQijl(fan(ijl,T)) VTE(] 1+Tj,] 1+Tj+7—j71)- (266)

Solving this inequality with the initial condition of (2.64), we obtain, in the same way
as for (2.49),
T—Tj— j‘l)

Ji(sj-1,7) < Kj eXp(— s
i

V71 e (j_1+Tj,j_1+Tj +Tj_1). (267)

Definition (2.65) of 7,_1 and estimate (2.67) lead to the following estimate of 7;_1
Tj—1 S 2d28j_1(—1n2+(1 —E)lDKj_l), (268)
and finally, to the estimates on s;_; and 7;_1,

(i) sj—1 < Csexp(—(j — 1))

(Z’L) Tj—1 < Cﬁw(C5 eXp(—j + 1))
(2.69)

11



The final energy estimate, similar to (2.57) with index j — 1 follows,
/ (19, 2 + h(p(e)) s 1) do < K. (2.70)
QU +ry+Ti-1)

The described circles of computations can be repeated i times with a unique restriction
on i already observed, namely j —i > jo = 1 +In2+ Inln(2 + Cy). Thus, performing
(j — jo) times our computation, we obtain at end

/ (Vs 2h(p(a))g 71 de < K, (2.71)
Q1T ™)

i=jg T4

The key point in our construction is to prove that j~! + ZZ: jo Ti Temains uniformly
bounded. It is clear from (2.69)-(ii) that, because of the monotonicity of w,

7 < Ce Y w(Csexp(~i)

i=Jjo i=jo

<Cs /J w(Csexp(—s))ds (2.72)

o—1

Cs exp(—jo+1)
SC’gC’gl/ r_lw(r)dr§C7 VjeN.

C's exp(—j)

The last estimate follows from condition (2.6). Moreover, from (2.6) follows that
C7 = C7(jo) — 0 as jo — oo. Therefore for arbitrary small v > 0 we can find
Jo = Jjo(v) such that

/Q( )(IVUJ'IQ +h(p(@))ug| ") dr < Kjywy V5> o (2.73)

Validity of the statement of Theorem 2 follows from (2.73) by standard way. First of
all (2.73) yields

|‘Uj||H1(Q(V),6Q(V)mQ) <c= C(I/) V] S N, (274)
where for arbitrary set S C 99 by H'(2,S) we denote, as usually, the closure in the
norm H'(Q) of the set C*(Q,S) := {f € C'(Q) : f|s = 0}. Therefore for arbitrary
v > 0 limiting solution u(x) is weak limit of some subsequence {u;(x)} in the space
HY(Q(v),00(r) N Q). As result:

uwe H (wv),00wv)NQ)  VYv>0, (2.75)

thus, u satisfies boundary condition (2.7) in the weak sense. Next, since h(p(z)) > 0,
each function u;(z) is subsolution of Laplace equation:

Auj; >0 Ve, VjeN. (2.76)

Therefore due to well known inner a priory estimate (see, for example [1]):

(sup u;)* < cl(v)/ |uj(x)*dx Vv >0, VjeN, (2.77)
Q(2v) Qv)
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where ¢; = ¢1(v) does not depend on j € N. From (2.73) and (2.77) follows:

sup u; < ¢o = ca(v) VjeN, Vv >0. (2.78)
Q)

Next, function u;(x) is the solution of the boundary problem:

Auj = fi(x) := h(p(x))u;(x)? in Q) (2.79)
ujloouyne =0, Yj > jo(v), (2.80)

where, due to (2.78),
I fillz, o)y <es(v)  VieN, Vp>1. (2.81)

Therefore due to classical local L, a priory estimate (see, for example, [1]),
Hu]'HW2,p(Q(2V)) < C4(I/) Vj S N, Vp > 1, (282)

as consequence,

u e CPMNQ(v)) Vv > 0. (2.83)

Finally, it follows from to (2.75) and (2.83), that u satisfies the boundary condition
(2.7) in a strong sense.
g

2.3 Further extensions

Problem 1. Although the construction should be much more technical, it looks clear
that local flatness condition on 02 near a must be of a technical aspect.

Problem 2. A related problem is the following. Let k& > 0, » > 0 and u = uy be the
solution of

{ ~Au+ H(z)u? =0 in Q (2.84)

u=kx. ., ono

where a € 9Q and T',.(a) = B, (a) NON. Are conditions (2.5)(2.6) sufficient in order to
garantee that e 1= limy_ o uy satisfies limy_,, uoo(y) =0, for all y € Q\ T (a).

Problem 3. Assume € and ) are two bounded C? domains such that 9Q and 9¢
are tangent at some point a. Assume also that Q@ € ' U{a} and H € C (ﬁl) is positive
in Q, vanishes on '\ Q. Under what condition on H and the tangency order of 9
and 0, is the solution u = uy, 4 of

_ =0 in¢Q
{ Au+ H(z)u? =0 in Q (2.85)

u = kd, on O

satisfy oo q = limg_r00 Uk,q & solution in ' ? has ue 4 zero limit on 9\ {a} ?
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