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Abstract: Arguments coming from Quantum Field Theory are supplemented with a 1-loop perturbative
calculation to settle the non-unitarity of mixing matriceslinking renormalized mass eigenstates to bare
flavor states for non-degenerate coupled fermions. We simultaneously diagonalize the kinetic and mass
terms and counterterms in the renormalized Lagrangian.SU(2)L gauge invariance constrains the mixing
matrix in charged currents of renormalized mass states, forexample the Cabibbo matrix, to stay unitary.
Leaving asideCP violation, we observe that the mixing angles exhibit, within experimental uncertainty,
a very simple breaking pattern ofSU(2)f horizontal symmetry linked to the algebra of weak neutral
currents, the origin of which presumably lies beyond the Standard Model. It concerns: on one hand,
the three quark mixing angles; on the other hand, a neutrino-like pattern in whichθ23 is maximal and
tan(2θ12) = 2. The Cabibbo angle fulfills the conditiontan(2θc) = 1/2 andθ12 for neutrinos satisfies
accordingly the “quark-lepton complementarity condition” θc+θ12 = π/4. θ13 = ±5.7 10−3 are the only
values obtained for the third neutrino mixing angle that liewithin present experimental bounds. Flavor
symmetries, their breaking by a non-degenerate mass spectrum, and their entanglement with the gauge
symmetry, are scrutinized; the special role of flavor rotations as a very mildly broken symmetry of the
Standard Model is outlined.
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1 Introduction

In the Standard Model of electroweak interactions [1], universality (we think in particular of gauge neutral
currents) is very well verified for mass states, which are theobserved and propagating states; non-diagonal
transitions (for exampled↔ s transitions – see Fig.1 –) as well as non-diagonal neutral currents and small
violations of universality are generated at 1-loop by charged weak currents and the Cabibbo mixing. This
empirical fact is consistent with the gauge Lagrangian for neutral currents being controlled, in mass
space, by the unit matrix (this will be justified later on moreprecise grounds). This work, motivated
by results of [2] and [3], which are summarized below, rests on the fact that, in Quantum Field Theory
(QFT) of non-degenerate coupled systems like fermions, theunit matrix controlling neutral currents in
mass space does not translatea priori unchanged when one goes from mass states to flavor states. We
show that neutral gauge currents exhibit, in bare flavor space, peculiar and regular structures related to
flavor transformations and symmetries.

We have shown in [2] that, in QFT, mixing matrices linking bare flavor to renormalized mass eigenstates
for non-degenerate coupled systems should never be parametrized as unitary. Indeed, assuming that
the renormalized (q2 dependent, effective) quadratic Lagrangian is hermitian at any q2, different mass
eigenstates, which correspond to different values ofq2 (poles of the renormalized propagator), belong
in general to different orthonormal bases1 2; this is the main property pervading the present work. We
recover this result in section 2 from perturbative arguments, through the introduction of counterterms (that
we shall call hereafter Shabalin’s counterterms) canceling, at 1-loop, on mass-shelld↔ s transitions and
equivalent [4].

Assuming, for mass states, universality of diagonal neutral currents and absence of their non-diagonal
counterparts, these two properties can only be achieved forbare flavor states in two cases3: “Cabibbo-
like” mixing angles (the standard case), and a set of discrete solutions, unnoticed in the customary ap-
proach, including in particular the so-called maximal mixing π/4 ± kπ/2. While, for any of these, one
recovers a unitary mixing matrix, the very small departure from unitarity expected because of mass split-
tings manifests itself as tiny violations of the two previous conditions in the bare mass basis: universality
gets slightly violated and flavor changing neutral currents(FCNC’s) arise. We empirically found [3] that
these violations obey a very precise pattern: in the neighborhood of a Cabibbo-like solution, they become
of equal strength for a mixing angle extremely close to its measured value

tan(2θc) =
1

2
. (1)

This success was a encouragement to go further in this direction. We present below the outcome of our
investigation in the case of three generations of fermions.The resulting intricate system of trigonometric
equations has been analytically solved by successive approximations, starting from configurations in
whichθ13 is vanishing. We will see that this approximation, obviously inspired by the patterns of mixing
angles determined from experimental measurements, turns out to be a very good one. Indeed, we show,
without exhibiting all the solutions of our equations, thatthe presently observed patterns of quarks as well
as of neutrinos, do fulfill our criterion with a precision smaller than experimental uncertainty.. While the
three angles of the Cabibbo-Kobayashi-Maskawa (CKM) solution are “Cabibbo-like”, the neutrino-like
solution

tan(2θ12) = 2 ⇔ θ12 ≈ 31.7o,

θ23 =
π

4
,

θ13 = ±5.7 10−3 or θ13 = ±0.2717 (2)

1Since, at anygiven q2, the set of eigenstates of the renormalized quadratic Lagrangian form an orthonormal basis, the
mixing matrix with all its elements evaluated at thisq2 is unitary and the unitarity of the theory is never jeopardized.

2Special cases can occur, in which two coupled states with different masses can be orthogonal: this would be the case of
neutral kaons in a world where they are stable and whereCP symmetry is not violated; the mass eigenstates are then the
orthogonalK0

1 andK0
2 mesons [5].

3For two generations, one is led to introduce two mixing angles to parametrize each2 × 2 non-unitary mixing matrix.
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is of a mixed type, whereθ23 is maximal whileθ12 andθ13 are Cabibbo-like.

Two significant features in these results must be stressed. First, the values for the third neutrino mixing
angleθ13 given in (2) are the only ones which lie within present (loose) experimental bounds; only two
solutions satisfy this constraint: a very small valueθ13 ∼ Vub ∼ a few10−3, and a rather “large” one,
at the opposite side of the allowed range (it actually lies slightly beyond present experimental upper
limit). Secondly, our procedure yields in an exact, though quite simple way, the well-known “quark-
lepton complementarity relation” [6] for 1-2 mixing:

θ12 + θc =
π

4
, (3)

whereθ12 is the leptonic angle, andθc the Cabibbo angle for quarks.

The phenomenological results that we obtain for the mixing angles only depend on the empirical pattern
of neutral currents that we uncover in bare flavor space, and not on the size of the parameter characterizing
the departure of the mixing matrix from unitarity (i.e., in practice, the value of the counterterms [4]).

The latter, that need to be introduced to cancel unwanted non-diagonal transitions and to restore the
standard CKM phenomenology [7], modify kinetic and mass terms of fermions. It turns out that the di-
agonalization of the new quadratic Lagrangian (kinetic + mass terms) obtained from the classical one by
their adjunction requires non-unitary mixing matrices similar to the ones used in [2][3] to connect renor-
malized mass eigenstates to bare flavor eigenstates. The difference with respect to unitary matrices is
proportional to Shabalin’s kinetic counterterms, and, thus, depends on wave function renormalization(s).
Nevertheless, we show, and theSU(2)L gauge symmetry plays a crucial role for this, that the mixing
matrix occurring in charged currents of renormalized mass states, for example the Cabibbo matrix, stays
unitary. In this (non-orthonormal) basis, theSU(2)L gauge algebra closes on the unit matrix which con-
trols neutral currents (like it did in the orthonormal basisof bare mass eigenstates). Mixing angles simply
undergo a renormalization depending on kinetic counterterms. By introducing a non-unitary renormal-
ization of flavor states, one can also make unitary the mixingmatrices which connect, in each sector,
the renormalized flavor states to renormalized mass states;the former do not form either, however, an
orthonormal basis.

The above results have been obtained, so far, without connection to horizontal symmetries; they only rely
on the generalization to three generations of the empiricalproperty concerning gauge neutral currents in
flavor space, that we uncovered in [2][3] for two generationsof quarks. This constitutes a departure from
customary approaches, which rather try to induce some specific form for mass matrices from suitably
guessed horizontal symmetries [8]. So, the last part of thiswork starts spanning a bridge between gauge
currents and mass matrices, investigate which role is eventually played by flavor symmetries, and how
they are realized in nature. For the sake of simplicity, we dothis in the case of two generations only.
A natural horizontal group arises, which isSU(2)f × U(1)f (or U(2)f ); the expressions of non-trivial
parts of gauge neutral currents and of the fermion mass matrix (that we suppose to be real symmetric)
respectively involve theSU(2)f (θ) generatorsTz(θ) andTx(θ). It is a rotated version of the most trivial
one (the generators of which are the Pauli matrices); its orientation depends on the mixing angleθ. It is
unbroken in the case of mass degeneracy (and the mixing angleis then arbitrary); mass splittings alter
this situation, and one can then find two subgroups leaving respectively invariant the gauge Lagrangian
of neutral currents, or the fermionic mass terms (but not both). Mixing angles, associated, as we saw, to
specific departure from unity of the matrix controlling neutral currents in flavor space, are accordingly
also related to a specific pattern of thebreakingof this SU(2)f

4. We show that 2-dimensional flavor
rotations, which are the transformations generated by the (θ independent) generatorTy, continuously
transform gauge neutral currents into the mass matrix.

Since introducing a unique constant mass matrix is known to be problematic in QFT when dealing with
coupled systems [10], we then establish, through theU(1)em Ward identity, a connection between the
photon-fermion-antifermion vertex and the fermionic self-energy. The same matrix as for other gauge

4That the breaking pattern of some underlying symmetry exhibits specific structures is not new since this kind of considera-
tion is at the origin of mass relations among mesons or baryons in Gell-Mann’s flavorSU(3) (see for example [9] p.285).
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neutral currents controls, inside the electromagnetic current, the violation of universality and FCNC’s
which occur in bare flavor space. Imposing that both sides of the Ward Identity are invariant by the flavor
transformation that leaves the vertex invariant set constraints on the self-energy that we propose instead
of “textures” because they stay, unlike the latter, invariant by flavor rotations.

Another important aspect of unitary flavor transformationsis that, though they may not be symmetries
of the theory (in the sense that its Lagrangian is not invariant), they should not change the “physics”,
in particular the Cabibbo angle occurring in charged gauge currents. We show that it is indeed the case,
including its renormalization through the counterterms ofShabalin. Among these unitary transformations,
flavor rotations turn out again to be of special interest. While they do not alter the breaking pattern (flavor
group structure) of neutral currents in each sector ((u, c) and (d, s)), it is in general not the case for
charged currents unless the rotations in the two sectors areidentical. When it is so, only one of the two
mixing angles (the one of(u, c) or the one of(d, s)) can be turned to zero, such that the one in the
other sector becomes, as commonly assumed, equal to the Cabibbo angle. Flavor rotations appear as
a very mildly broken symmetry of the Standard Model, in the sense that they only alter the Lagrangian
through unphysical phase shifts and do not modify the “physics” (the Cabibbo mixing angle or its leptonic
equivalent, masses . . . ).

The paper ends with various remarks and questions. Comparison with previous works is also done.
The important issue of the alignment of mass and flavor statesis investigated; that it can only occur
in one of the two sectors is put in connection with the group structure of gauge charged currents; the
empirical properties of mixing angles that have been uncovered inside neutral currents then naturally
translate to the physical angles observed in the former. Unfortunately, we have in particular not been able
to put the apparent quantization on thetan of twice the mixing angles asn/2, n ∈ Z in relation with
theSU(2)f × U(1)f flavor group of symmetry that underlies electroweak physicsfor two flavors. The
connection of thetan of the Cabibbo angle with the Golden ratio [3][11] stays a mystery the realm of
which probably lies beyond the Standard Model.

2 Perturbative considerations

In this section, we show how 1-loop counterterms introducedby Shabalin [4] in order to cancel on mass-
shell non-diagonal transitions between quark mass eigenstates entail, that mixing matrices linking (or-
thonormal) bare flavor states to renormalized mass states are in general non-unitary. This result is ob-
tained by diagonalizing the whole quadratic (kinetic + mass) renormalized Lagrangian + counterterms.
Kinetic counterterms (wave function renormalization) areshown to drive this non-unitarity. Accordingly,
renormalized mass states do not form an orthonormal basis (as demonstrated in section 3 from basic QFT
argumentation). Neutral currents being controlled in (both bare and renormalized) mass space, by the unit
matrix (which we demonstrate), we exhibit the non-unit matrix which controls them, at 1-loop, in bare
flavor space. We also show, by explicit calculations in the case of two generations, howSU(2)L gauge
invariance preserves the unitarity of the Cabibbo matrixC occurring in charged currents of renormalized
mass eigenstates. It does not write anymore, however, as theproduct of the two renormalized mixing
matrices occurring in bare neutral currents. We also show that, at the price of an additional non-unitary
renormalization of bare flavor states, which then become non-orthonormal, too, one can go to unitary
mixing matricesCu,d connecting, in each sector, renormalized mass states to renormalized flavor states.

The standard relationC = C
†
uCd is then restored.

2.1 The 1-loop self-energy

The study of neutral kaons [5] has unambiguously shown that,while flavor eigenstates can be assumed to
form an orthonormal basis, mass eigenstates(KLong,KShort) do not (see footnote 2); the corresponding
mixing matrix can only be non-unitary.
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Fig. 1: s0m → d0
m transitions at1-loop

The situation could look very similar in the fermionic case,since there exist, for example, transitions
betweens0m and d0

m
5 , depicted in Fig. 1. They have the form of a non-diagonal kinetic term (see

subsection 2.1.1 for renormalization)

fd(p
2,m2

u,m
2
c ,m

2
W ) d̄0

m p/(1− γ5) s0m, (4)

in which the functionfd is dimensionless and includes the factorsg2 sin θc cos θc (m2
c −m2

u) (θc is the
classical Cabibbo angle). One should however also take intoconsideration the work [4]6 which shows
how the introduction of counterterms can make these transitions vanish fors0m or d0

m on mass-shell7.
The following non-diagonal counterterms, which are of two types, kinetic as well as mass terms, and
with both chiral structures:

−Ad d̄
0
m p/(1− γ5) s0m −Bd d̄

0
m(1− γ5)s0m − Ed d̄

0
m p/(1 + γ5) s0m −Dd d̄

0
m(1 + γ5)s0m, (5)

with

Ad =
m2

d fd(p
2 = m2

d)−m2
s fd(p

2 = m2
s)

m2
d −m2

s

, Ed =
msmd

(

fd(p
2 = m2

d)− fd(p
2 = m2

s)
)

m2
d −m2

s

,

Bd = −msEd, Dd = −mdEd, (6)

are easily seen (see Appendix A) to play this role.

The kinetic counterterms for d-type quarks write (theL andR subscripts meaning respectively, through-
out the paper, “left”(1− γ5) and “right” (1 + γ5))

−Ad

(

d̄0
mL s̄0mL

)





1

1



 p/





d0
mL

s0mL



−Ed

(

d̄0
mR s̄0mR

)





1

1



 p/





d0
mR

s0mR



 , (7)

and the mass counterterms

−
(

d̄0
mL s̄0mL

)





Dd

Bd









d0
mR

s0mR



−
(

d̄0
mR s̄0mR

)





Bd

Dd









d0
mL

s0mL



 . (8)

Instead of the customary perturbative treatment of such counterterms in the bare orthonormal mass basis,
order by order in the coupling constant, which can be rather cumbersome in this case8, we shall instead

5s0
m andd0

m are the classical mass states obtained after diagonalization of the classical mass matrix by a bi-unitary transfor-
mation. At the classical level, they form an orthonormal basis; however, at 1-loop, non-locals0

m ↔ d0
m can occur.

6The introduction of these counterterms enabled to show that, in a left-handed theory, the electric dipole moment of the
quarks vanished up to 2-loops. This resulted in a neutron electric dipole moment well below experimental limits [12].

7Both cannot be of course simultaneously on mass-shell.
8In particular, when neitherd nors is on mass shell, which starts occurring at 2-loops, their role does not restrict anymore to

the cancellation of non-diagonal transitions. See also subsection 8.4.
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consider and re-diagonalize the effective renormalized Lagrangian at 1-loop

L =
(

d̄0
mL s̄0mL

)





1 −Ad

−Ad 1



 p/





d0
mL

s0mL



+
(

d̄0
mR s̄0mR

)





1 −Ed

−Ed 1



 p/





d0
mR

s0mR





−
(

d̄0
mL s̄0mL

)





md Dd

Bd ms









d0
mR

s0mR



−
(

d̄0
mR s̄0mR

)





md Bd

Dd ms









d0
mL

s0mL



 . (9)

The advantage of doing so is that a link can then easily be established with section 3 which uses the general
QFT argumentation of [2][3] to get similar results. The diagonalization of the quadratic Lagrangian (9)
(kinetic + mass terms) proceeds as follows.

• Find 2 matricesVd andUd such that, for the kinetic terms

V†d





1 −Ad

−Ad 1



Vd = 1 = U†
d





1 −Ed

−Ed 1



Ud ; (10)

they then rewrite

(

d̄0
mL s̄0mL

)

p/ (V†d)−1V−1
d





d0
mL

s0mL



+
(

d̄0
mR s̄0mR

)

p/ (U†
d)−1U−1

d





d0
mR

s0mR



 , (11)

which leads to introducing the new states

χdL = V−1
d





d0
mL

s0mL



 = V−1
d C−1

d0





d0
fL

s0fL



 , χdR = U−1
d





d0
mR

s0mR



 = U−1
d H−1

d0





d0
fR

s0fR



 , (12)

whereCd0 andHd0 are the two unitary matrices by which the classical mass matrix M0 has been diago-
nalized intodiag(md,ms)

9; we take them as follows10:

Cd0 = R(−θdL), Hd0 = R(−θdR), (13)

where we have introduced the notation

R(θ) =





cos θ sin θ

− sin θ cos θ



 . (14)

Solutions to the conditions (10) are thenon-unitarymatrices depending respectively of arbitrary angles
ϕLd andϕRd

11 and arbitrary parametersρd andσd:

9diag(md, ms) = C†
d0M0Hd0, whereM0 is the classical mass matrix.

10We take a rotation matrix with angle(−θdL) to match the formulæ of [2] [3].

11Maximal mixing, for example
1√
2

0

@

1 1

−1 1

1

A, also diagonalizes the kinetic terms, but into

0

@

1 + Ad

1 − Ad

1

A,

which is not the canonical form (= the unit matrix). This accordingly requires two different renormalizations of the cor-

responding eigenvectors, which are finally
q

1+Ad

2
(d0

m − s0
m) and

q

1−Ad

2
(d0

m + s0
m). The mixing matrix connecting

bare mass states to them isVd = 1√
2

0

B

@

1√
1+Ad

1√
1−Ad

− 1√
1+Ad

1√
1−Ad

1

C

A
, which is non-unitary (and non normal): it satisfies

V†
dVd =

0

@

1
1+Ad

1
1−Ad

1

A andVdV†
d =

0

@

1 Ad

Ad 1

1

A. This is why we look for general non-unitaryVd andUd. The

special case outlined here corresponds toρd = 0 andϕLd = π/4 in (15).
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Vd
Ad small≈ R(ϕLd) +Ad







ρd − 1

2
sin(ϕLd) −

ρd − 1

2
cos(ϕLd)

ρd + 1

2
cos(ϕLd)

ρd + 1

2
sin(ϕLd)







= R(ϕLd)
[

1−Ad

(

Tz(ϕLd) + iρdTy
)

]

,

Ud
Ed small≈ R(ϕRd) + Ed







σd − 1

2
sin(ϕRd) −

σd − 1

2
cos(ϕRd)

σd + 1
2 cos(ϕRd)

σd + 1

2
sin(ϕRd)







= R(ϕRd)
[

1− Ed

(

Tz(ϕRd) + iσdTy
)

]

, (15)

where we have introduced the notations

Tz(θ) =
1

2





sin 2θ − cos 2θ

− cos 2θ − sin 2θ



 , Ty =
1

2





−i
i



 , (16)

which will be often used in section 7, together with theTx(θ) generator which closes the corresponding
SU(2)f algebra..

The connection between the flavor states and theχL,R states that diagonalize the kinetic terms goes
accordingly through the non-unitary mixing matricesCd0 Vd andHd0 Ud. At this stage, one has already
made the transition from anorthonormal bare mass basis(d0

m, s
0
m) 12 to non-orthonormalχ bases; the

next bi-unitary transformation (below) will not change this fact.

• Express the renormalized mass matrix in the newχL,R basis

(

d̄0
mL s̄0mL

)





md Dd

Bd ms









d0
mR

s0mR



 = χdLMχdR, M = V†d





md Dd

Bd ms



Ud (17)

and diagonalize it by a second bi-unitary transformation

V †
d MUd =





µd

µs



 (18)

which, since it is bi-unitary, leaves the kinetic terms unchanged. The new (renormalized) mass eigenstates
are accordingly




dmL

smL



 = V −1
d χdL = V −1

d V−1
d C−1

d0





d0
fL

s0fL



 ,





dmR

smR



 = U−1
d χdR = U−1

d U−1
d H−1

d0





d0
fR

s0fR



 ,

(19)
which correspond to the non-unitary mixing matricesCd0VdVd andHd0 UdUd respectively for left-handed
and right-handed fermions. The renormalized mass bases areaccordingly non-orthonormal (see footnote
12).

• ParametrizingVd = R(θ2Ld), one uses the arbitrariness ofϕLd to chooseϕLd + θ2Ld = 0, which
cancels the influence of the mass countertermsBd,Dd and gives:

VdVd =







1
1− ρd

2
Ad

1 + ρd

2
Ad 1






, (20)

12since(d0
m, s0

m) is obtained from the bare flavor basis, supposed to be orthonormal, by a unitary transformation.
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The mixing matrixCd ≡ Cd0VdVd connecting the bare flavor states to the renormalized mass eigenstates





d0
fL

s0fL



 = Cd





dmL

smL



 (21)

can be written, after some manipulations (commutations)

Cd =
[

1−Ad

(

Tz(θdL) + iρdTy
)

]

R(−θdL) ⇔ C−1
d = R(θdL)

[

1 +Ad

(

Tz(θdL) + iρdTy
)

]

. (22)

It satisfies in particular
(C−1

d )†C−1
d = 1 + 2Ad Tz(θdL). (23)

Eq.(23) is specially relevant since, once neutral currentsare controlled, as we show later, in the (non-
orthonormal) mass basisξdL by the unit matrix,(C−1

d )†C−1
d provides, after introducing Shabalin’s 1-loop

counterterms in mass space, the renormalized 1-loop Lagrangian for neutral currents in the bare flavor
basis13.

When the system becomes degenerate, the reasons to forbidd0
m ↔ s0m on mass-shell transitions disappear

and Shabalin’s counterterms are expected to vanish. There is then no more need to introduce any non-
unitary mixing matrix. The same result can be reached by the general QFT arguments of [2] since one
can always choose an orthonormal basis of degenerate mass eigenstates; any connection between them
and the (supposedly orthonormal) bare flavor basis goes thenthrough unitary mixing matrices.

2.1.1 Renormalization; finiteness of the counterterms

The functionfd which appears in (4), calculated in the unitary gauge for theW boson and dimensionally
regularized, is proportional to [4]

g2 sin θc cos θc(m
2
c −m2

u)

∫ 1

0
dx

[

2x(1− x)
∆(p2)

+
p2x3(1− x)
M2

W ∆(p2)
+

x+ 3x2

M2
W ∆(p2)2−n/2

Γ(2− n/2)
]

. (24)

n = 4− ǫ is the dimension of space-time,∆(p2) = (1 − x)M2
W + xm2

u+m2
c

2 − x(1 − x)p2, andΓ is the
Gamma functionΓ(ǫ/2) = 2/ǫ − γ + . . . whereγ ≈ 0.5772 . . . is the Euler constant. In particular, it
includes a pole(1/ǫ) term and finite terms

fd ∋ g2 sin θc cos θc(m
2
c −m2

u)

∫ 1

0
dx

[

x+ 3x2

M2
W

(2/ǫ − γ) + finite(x, p2,M2
W ,m2

c ,m
2
u)

]

; (25)

we have decomposed the latter into the one proportional to the Euler constant, independent ofp2,m2
c ,m

2
u,

and “finite”, which depends on them. The transition corresponding to Fig. 1 gets, after renormalization
(for example in theMS orMS schemes), a finite value

fR
d (p2,m2

u,m
2
c ,m

2
W ) s̄0m p/(1− γ5) d0

m. (26)

The cancellation of the (now finite)d0
m ↔ s0m transitions ford or s on-shell can be obtained by intro-

ducing the finite countertermsAd, Bd, Cd,Dd given in (6). TheMS andMS schemes, which differ by
the subtraction of a constant proportional toγ in the integral (25), lead to different values forAd, but
identical values forBd, Ed,Dd. It is noticeable that (6), when considered for barefd, leads to infiniteAd

but to finiteBd, Ed,Dd. Likewise, the combination

(m2
c −m2

u)Au − (m2
s −m2

d)Ad, (27)

13This is also valid for the electromagnetic current, which isone among the gauge neutral currents. Up to the electric charge,
it is controlled in mass space by the unit matrix and by the combination(C−1

d )†C−1
d in bare flavor space.
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proportional (see (6)) tom2
cfu(p2 = m2

c) −m2
ufu(p2 = m2

u) −m2
sfd(p

2 = m2
s) +m2

dfd(p
2 = m2

d), is
finite 14. This property results from the independence of the pole term in (24) on the quark masses, but
for the global factors(m2

c −m2
u) for fd and(m2

s −m2
d) for fu. The finiteness of (27) entails in particular

thatAu andAd cannot vanish simultaneously and, thus, that a non-unitarymixing matrix is always at
work in, at least, one of the two fermionic sectors(u, c . . .) and(d, s . . .). Like theBu,d, Eu,d andDu,d

counterterms, the combination (27), which does not depend on the Euler constantγ, has the same value in
MS andMS; indeed, the aforementioned properties of the pole term areshared by the one proportional
to γ in (24).

The four bare “infinite” functionsfd(m
2
d), fd(m

2
s), fu(m2

u) and fu(m2
c) involved in the expressions

of the countertermsAd, Au, Bd andBu (and hence also ofEd, Dd andEu, Du) satisfy accordingly
three conditions, resp.Bd = cst, Bu = cst, (27)= cst. The left-over arbitrariness corresponds to the
renormalization prescription forAd

15 which fixes, for example,m2
sf

R
d (m2

s) −m2
df

R
d (m2

d) (see (6)). It
also corresponds to a renormalization prescription forfd. The most common choices areMS andMS,
which lead to the same values ofBu,d, Eu,d,Du,d and of the combination (27), but other choices area
priori conceivable, which are eventually closer to “physics” (seesubsection 8.3 and footnote 39, where
we comment about the alignment of mass and flavor states in the(u, c) sector in connection with flavor
rotations), and which can lead to different values forBu,d, Eu,d,Du,d and for the combination (27).

A few remarks are due concerning the cancellation of ultraviolet infinities leading to a finiteW → q1q̄2
amplitude. That a renormalization of the CKM matrix is mandatory to cancel infinities between the
(scalar)q1q̄2 andWq1q̄2 sectors when mass splittings are present was first shown in [13] for the case of
two generations, and then in [14] in the case of three. In the present work, which uses the unitary gauge
like in the section 3 of [13], only finite mass renormalization is needed and the only infinite counterterms
that occur are theAd,u (kinetic counterterms corresponding to wave function renormalization). They
become finite by a renormalization offd,u (see (24)), which also makes finite thes(c)0m → d(u)0m 1-
loop self-energy diagrams; both have indeed the same dependence on momentum and chirality. Showing
that ultraviolet divergences cancel between the(scalar)q1q̄2 andWq1q̄2 sectors amounts accordingly
to showing that this infinite wave function renormalizationis enough to make the observableWq1q̄2
vertex finite at 1-loop. The insertion of non-diagonal self-masses on any of the external legs of a bare
Wq1q̄2 vertex gives a vanishing contribution because one of the twofermions attached to it is always on
mass-shell (Shabalin’s counterterms are built up for this). So, the looked for cancellations correspond
to the standard property of infinities coming from wave function renormalization to combine with those
arising from the proper vertices (see for example [13]) to make, after a suitable charge renormalization,
the 1-loopWq1q̄2 amplitude finite.

2.1.2 Summary of the perturbative 1-loop procedure

Since the procedure to go from the bare Lagrangian to the effective renormalized Lagrangian at 1-loop in
flavor space is, though simple, not completely trivial, we make a brief summary of it below:

* the bare flavor basis can be supposed to be orthonormal;
* the bare mass basis, obtained from the diagonalization of the bare mass matrix by (bi)-unitary transfor-
mations, is orthonormal, too;
* in this bare mass basis, there appear at 1-loop non-diagonal transitions, and also flavor changing neutral
currents;
* counterterms are introduced in this basis to cancel non-diagonal on mass-shell transitions;
* they alter the matrix of kinetic terms, which, in the same basis, is no longer1, and the mass matrix,
which is no longer diagonal;
* putting back kinetic terms to the unit matrix requires non-unitary transformations; the new statesχ so
defined do not form anymore an orthonormal basis;
* the mass matrix, including the newly added counterterms, has to be re-expressed in theχ bases and

14 fu is defined by a formula analogous to (24), with the exchangemc ↔ ms, mu ↔ md.
15or for Au, but the two choices cannot be independent.
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re-diagonalized by a bi-unitary transformation; this doesnot change anymore the kinetic terms;
* this last diagonalization defines the renormalized mass states, which are obtained from the bare flavor
states by a product of three matrices, two being unitary and one non-unitary; they accordingly do not
form an orthonormal basis (the same result is obtained in section 3 from general considerations of QFT).
This is the counterpart of canceling, on mass-shell, through counterterms, the non-diagonal, non-local
transitions that occurred between orthogonal bare mass states. The situation, after renormalization, is
thus very similar to the one studied in [5] for neutral kaons;
* once the (non-unitary) mixing matrixC linking renormalized mass states to bare flavor states at 1-loop
has been defined by this procedure, we will show in subsection2.2.2 that, in the renormalized (non-
orthonormal) mass basis, the renormalized Lagrangian at 1-loop for neutral currents is controlled by the
unit matrix. This entails that the quantity(C−1)†C−1 determines the same Lagrangian in the bare flavor
basis (it differs from the unit matrix, its usual expressionin the absence of Shabalin’s counterterms).

2.2 Gauge currents and renormalized mixing matrices

2.2.1 SU(2)L gauge symmetry: how the renormalized Cabibbo matrix stays unitary

SU(2)L gauge invariance, through the expression of the covariant derivatives of the fermionic fields,
requires that the same counterterms that occur for the kinetic terms should also occur inside the gauge
couplings. Let us consider a kinetic fermionic term in its canonical formΨ

←→
∂ Ψ ≡ 1

2

(

Ψ∂Ψ − (∂Ψ)Ψ
)

,
and callA the generic kinetic counterterm. In the kinetic term∂ is accordingly replaced withA∂ and,
introducing the covariantSU(2)L derivative in the two terms ofΨ

←→
∂ Ψ yields 1

2ΨA(∂ − ig ~W .~T )Ψ −
1
2

(

A(∂ − ig ~W.~T )Ψ
)

Ψ = ΨA∂Ψ− ig
2 Ψ(A~T + ~TA). ~WΨ. Calling

A =

















1 −Au

−Au 1

1 −Ad

−Ad 1

















(28)

the matrix of counterterms, the Lagrangian in bare mass space must accordingly include

L ∈
(

ū0
mL c̄0mL d̄0

mL s̄0mL

)

(

Ap/− ig

2
(A~T + ~TA). ~Wµ)γu . . .

)

















u0
mL

c0mL

d0
mL

s0mL

















. (29)

It is hermitian and involves the (Cabibbo rotated)SU(2)L generators~T

T 3 =
1

2





1

−1



 , T+ =





C0


 , T− =





C†0



 ; (30)

C0 is the bare Cabibbo matrix

C0 = C†u0Cd0 = R(θc), θc = θuL − θdL, (31)

Cd0 being the classical unitary mixing matrix in(d, s) sector given by (13) andCu0 its equivalent in the
(u, c) sector, with bare mixing angle(−θuL).
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The mixing matrix has become, in the basis of bare mass eigenstates:

C =
1

2









1 −Au

−Au 1



 C0 + C0





1 −Ad

−Ad 1







 , (32)

which is not unitary. However, going to the final basis of masseigenstates





umL

cmL



 = V −1
u V−1

u





u0
mL

c0mL



 ,





dmL

smL



 = V −1
d V−1

d





d0
mL

s0mL



 , (33)

it becomes

C =
1

2
V †

uV†u









1 −Au

−Au 1



 C0 + C0





1 −Ad

−Ad 1







VdVd

= C†uCd −
1

2
(VuVu)†



Au





1

1



 C0 +Ad C0





1

1







VdVd, (34)

where we have used the expression on the left of (22) forCd and its equivalent forCu. Choosing, as we
did before,ϕLu + θ2Lu = 0 = ϕLd + θ2Ld, and using (20) forVdVd and its equivalent forVuVu, one gets
finally:

C =







cos θc +
ρuAu − ρdAd

2
sin θc sin θc +

ρuAu − ρdAd

2
cos θc

− sin θc +
ρuAu − ρdAd

2
cos θc cos θc +

ρuAu − ρdAd

2
sin θc






≈ R

(

θc −
ρuAu − ρdAd

2

)

. (35)

So, once Shabalin’s counterterms and the change of basis have both been taken into account, the renor-
malized Cabibbo matrix, which does not write anymore as the productC†uCd, becomes again unitary16.
This occurs because ofSU(2)L gauge invariance, and despite the fact that neitherCu nor Cd is unitary.
With respect to its classical value, the classical Cabibbo angle θc = θuL − θdL gets renormalized by
ρuAu − ρdAd

2
.

2.2.2 Neutral currents and the closure of theSU(2)L algebra

Like charged currents, the form of neutral currents is determined by gauge invariance, through the
SU(2)L covariant derivative. It is given in the bare mass basis by (29), which easily translates to the
renormalized mass basis since the latter deduces from the former by the transformations (33).

The procedure is specially simple since theT 3 generator only involves unit matrices in each sector, such
thatV −1V−1 can freely move through it. It is furthermore easy to check that, in addition to (10), one has

(Vu,dVu,d)
†





1 −Au,d

−Au,d 1



Vu,dVu,d = 1, (36)

such that the 1-loop effective Lagrangian for neutral currents gets controlled by the unit matrix in the
renormalized mass basis.

16The customary expressionC†
uCd for the CKM matrix is not unitary and should be discarded. Onegets indeed, with straight-

forward notations,C†C ≈ 1 − 2R(θdL)
“

AuTz(θuL) + AdTz(θdL)
”

R(−θdL)
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So,SU(2)L gauge invariance ensures that neutral currents are controlled by the unit matrix:
- at the classical level in the basis of bare (orthonormal) mass states;
- in the Lagrangian renormalized at 1-loop in the basis of renormalized (non-orthonormal) mass sates.

After Shabalin’s countertermsAu ≡ ǫu andAd ≡ ǫd have been included, in the renormalized mass bases
theSU(2)L generators write

T 3 =
1

2





1

−1



 , T+ =





C



 , T− =





C
†



 ; (37)

of course, the unitarity ofC is necessary for its closure on the unit matrix in the neutralgauge sector.

2.2.3 Charged gauge currents in flavor space; renormalized flavor states

It is now interesting to write back the renormalized Lagrangian in bare flavor space (it is in this basis that
we uncovered empirical specific breaking patterns). One starts from (32) in bare mass space and go to
bare flavor space by the bare mixing matricesCu0 andCd0; this yields

(

ūmL c̄mL

)

Cγµ





dmL

smL





=
(

ū0
fL c̄0fL

) 1

2



Cu0





1 −Au

−Au 1



 C†u0 + Cd0





1 −Ad

−Ad 1



 C†d0



 γµ





d0
fL

s0fL





=
(

ū0
fL c̄0fL

)

[1 +AuTz(θuL) +AdTz(θdL)] γµ





d0
fL

s0fL



 (38)

=
(

ū0
fL c̄0fL

)

[1 +AuTz(θuL)][1 +AdTz(θdL)] γµ





d0
fL

s0fL





≈ eAuTz(θuL)





u0
fL

c0fL



γµeAdTz(θdL)





d0
fL

s0fL



 , (39)

where we have used the expression forTz(θ) given in (16) and the relationsCu0,d0





1

1



 C†u0,d0 =

−2Tz(θuL,dL). It is therefore possible to define as “renormalized flavor states” the ones that appear in the
last line of (39)





dfL

sfL



 = eAdTz(θdL)





d0
fL

s0fL



 and





ufL

cfL



 = eAuTz(θuL)





u0
fL

c0fL



 . (40)

They are deduced from the bare flavor states by the non-unitary transformationseAu,dTz(θuL,dL), and do
not form anymore, accordingly, an orthonormal basis. In therenormalized flavor basis, theSU(2)L
generators write in their simplest form

T 3 =
1

2





1

−1



 , T+ =





1


 , T− =





1



 ; (41)
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universality is thus achieved together with the absence of FCNC’s, like in the basis or renormalized mass
states. The two points of view describe of course the same physics: in the non-orthonormal renormal-
ized flavor basis, neutral currents are controlled by the unit matrix (seemingly absence of non-diagonal
transitions, but they still occur through the non-orthogonality of the states), and, in the bare flavor basis,
neutral currents are controlled by a matrix slightly different from the unit matrix (non-diagonal transitions
between orthogonal states are then conspicuous).

The last step is to calculate the mixing matricesCu,d linking the renormalized mass states (see (19)) to
the renormalized flavor statesfuL,dL defined in (40). From (22), it is straightforward to deduce

Cd = eAdTz(θdL)Cd ≈ (1 +AdTz(θdL)) Cd
(22)
= (1 +AdTz(θdL)) [1−Ad (Tz(θdL)− iρdTy)]R(−θdL)

=
(

1 + iρdAdTy
)

R(−θdL) ≈ R(−θdL −
ρdAd

2
). (42)

which is unitary. The relation
C = C

†
uCd, (43)

is seen to be now restored. So, renormalized mass states are connected to renormalized flavor states
through unitary mixing matrices. In the renormalized flavorbasis, the sole effects of Shabalin’s countert-
erms is a renormalization of the mixing angles.

After all these steps have been gone through, the 1-loop renormalized Lagrangian writes identically to
the bare Lagrangian with:
∗ renormalized masses;
∗ renormalized, non-orthonormal (mass and flavor) eigenstates;
∗ unitary mixing matrices with renormalized mixing angles.

It has the same form as the bare Lagrangian of the Standard Model, except that the notion of flavor has
been redefined, such that it no longer appears as a strictly conserved quantity.

3 Neutral currents of bare flavor eigenstates; general QFT argumentation

After establishing by perturbative arguments thea priori non-unitarity of mixing matrices for non-
degenerate coupled systems, we come back to the argumentation of [2] based on general principles of
Quantum Field Theory, then generalize it to the case of threegenerations. Unlike in the previous section,
the argumentation goes beyond perturbation theory. There,for example, the two mixing angles which
could be introducedde factoin V (see (15)), arose through perturbative arguments and were perturba-
tively close to each other; we call them Cabibbo-like. At theopposite, “maximal mixing” solutions of
the “unitarization equations” (see subsection 4 below), which occur in addition to Cabibbo-like solu-
tions, form a discrete set of solutions superimposed to the former, and arise independently of perturbative
arguments. The property of maximal mixing to be non-perturbative is in agreement with its common
association with quasi-degenerate systems (the smaller the mixing angle, the bigger the mass hierarchy
[15]), for which small variations (for example in the mass spectrum) can have large effects on eigenstates,
and thus on the mixing angles themselves.

The only “perturbative expansions” that will be performed (in sections 5 and 6) concern small deviations
from the solutions of the “unitarization equations”.

3.1 Different basis of fermions

Three bases generally occur in the treatment of fermions:

∗ flavor eigenstates:(uf , cf , tf ) and(df , sf , bf ) for quarks,(ef , µf , τf ) and(νef , νµf , ντf ) for leptons;

∗ mass eigenstates:(um, cm, tm) and (dm, sm, bm) for quarks,(em, µm, τm) and (νem, νµm, ντm) for
leptons. They include in particular the charged leptons detected experimentally, since their identification
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proceeds through the measurement of theircharge/mass ratio in a magnetic field; these eigenstates are
the ones of the full renormalized propagator at its poles; at1-loop, they can be identified with components
of the renormalized mass states of (19) in section 2;

∗ for leptons, one often invokes a third type of basis, made with the neutrino states that couple to the
mass eigenstates of charged leptons in charged weak currents. These are the so-called ”electronic”,
“muonic” and ”τ ” neutrinos(νe, νµ, ντ ) considered in SM textbooks: they are indeed identified by the
outgoing charged leptons that they produce through chargedweak currents, and the latter are precisely
mass eigenstates (see above). They read











νe

νµ

ντ











= K†
ℓ











νef

νµf

ντf











= (K†
ℓKν)











νem

νµm

ντm











, (44)

whereKℓ andKν are the mixing matrices respectively of charged leptons andof neutrinos (i.e. the
matrices that connect their flavor to their mass eigenstates). These neutrinos are neither flavor nor mass
eigenstates; they coincide with the latter when the mixing matrix of charged leptonsis taken equal to
unity Kℓ = 1, i.e. when the mass and flavor eigenstates of charged leptons are aligned, which is often
assumed in the literature.

3.2 Mixing matrices. Notations

We start again with the case of two generations, and use the notations of [2]. The situation is depicted on
Fig. 2 17. The bare flavor states, independent ofq2 = z, areψ1 andψ2 (they can be for example thed0

fL

ands0fL of section 2) and we suppose that they are orthonormal. Threeorthonormal bases, respectively
made of a pair of eigenvectors of the (hermitian) renormalized quadratic Lagrangian at three different
values ofz, can be seen. The first corresponds to the physical massz = z1 = m2

1; the second, made
of ψ1(z) andψ2(z), corresponds to an arbitraryz; the last corresponds to the second physical mass
z = z2 = m2

2. Within the first basis one finds the first physical mass eigenstate, φ1
m, and a second

(non-physical) eigenstate,ω2
1; the third basis is made of the second physical mass eigenstate,φ2

m, and of
a second (non-physical) eigenstate,ω1

2
18. For example, at 1-loop,φ1

m andφ2
m can be identified with the

two components of





dmL

smL



 (see (19) in section 2).

17This figure was already published in [2]. Its inclusion in thepresent work makes it more easily understandable and self-
contained.

18On Fig. 2, theλ(z)’s are the eigenvalues of the inverse renormalized propagator atz = q2.
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θ1

ψ2

z1
z2

λ2
(z)

λ 2
(z1)

λ1(z2)

λ2 (z2) =0

ω
1
2

φm
1

φ
m
2

1
2

ω

ψ
1

θ(z)

λ1 (z)

θ2

λ1
(z1 ) =0 ψ (z)

1

ψ (z)2

z

ψ

Fig. 2: Eigenstates of a binary complex system

The flavor statesψ1 andψ2 can be expressed in both orthonormal bases(φ1
m, ω

2
1) and(φ2

m, ω
1
2) according

to

ψ1 = c1φ
1
m − s1ω2

1 = c2ω
1
2 − s2φ2

m,
ψ2 = s1φ

1
m + c1ω

2
1 = s2ω

1
2 + c2φ

2
m, (45)

which yields




φ1
m

φ2
m



 =





c1 s1

−s2 c2









ψ1

ψ2



 (46a)

⇔





ψ1

ψ2



 =
1

c1c2 + s1s2





c2 −s1
s2 c1









φ1
m

φ2
m



 . (46b)

Sinceψ1 andψ2 have been assumed to form an orthonormal basis, eq.(46a) entails

|φ1
m| = 1 = |φ2

m|, < φ2
m | φ1

m >= s1c2 − c1s2
θ2 6=θ1

6= 0. (47)

(46a) shows that, for two generations, the mixing matrixC satisfies19

C−1 =





c1 s1

−s2 c2



 . (48)

We generalize this, in the following, to the case of three generations by writing the corresponding mixing
matrixK−1 as a product of three matrices, which reduce, in the unitarity limit, to the basic rotations by
−θ12,−θ23 and−θ13 (we are not concerned withCP violation)

K−1 =











1 0 0

0 c23 s23

0 −s̃23 c̃23











×











c13 0 s13

0 1 0

−s̃13 0 c̃13











×











c12 s12 0

−s̃12 c̃12 0

0 0 1











. (49)

19This corresponds toρd = 1 in formula (22).
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We parametrize each basic matrix, which isa priori non-unitary, with two angles, respectively(θ12, θ̃12),
(θ23, θ̃23) and(θ13, θ̃13)

20. We deal accordingly with six mixing angles, instead of three in the unitary
case (wherẽθij = θij). We will use throughout the paper the notationssij = sin(θij), s̃ij = sin(θ̃ij), and
likewise, for the cosines,cij = cos(θij), c̃ij = cos(θ̃ij).

To lighten the text, the elements of(K−1)†K−1 will be abbreviated by[ij], i, j = 1 . . . 3 instead of
((K−1)†K−1)[ij], and the corresponding neutral current will be noted{ij}. So, in the quark case,{12}
stands for̄ufγ

µ
Lcf or d̄fγ

µ
Lsf , and, in the neutrino case, forν̄efγ

µ
Lνµf or ēfγ

µ
Lµf .

4 The unitary approximation

In a first approximation, mixing matrices are unitary, such that neutral currents are very close to being
controlled in the renormalized mass basis, too, by the unit matrix. The corresponding equations (uni-
tarization conditions) will determine the equivalent of “classical solutions”, away from which we shall
then consider small deviations which exist because of mass splittings: non-degeneracy generates a tiny
departure from unitarity of the corresponding mixing matrices and, accordingly, a tiny departure from
unity of the matrix controlling neutral currents in bare flavor space.

The unitarization conditions simply express the absence ofnon-diagonal neutral currents in flavor space,
and universality for their diagonal counterparts, assuming that the gauge Lagrangian of neutral currents
is controlled in mass space by the unit matrix; they accordingly summarize into

(K−1)†K−1 = 1. (50)

There are five equations: three arise from the absence of non-diagonal neutral currents, and two from the
universality of diagonal currents. Accordingly, one degree of freedom is expected to be unconstrained.

4.1 Absence of non-diagonal neutral currents of flavor eigenstates

The three conditions read:

∗ for the absence of{13} and{31} currents:

[13] = 0 = [31]⇔ c12
[

c13s13 − c̃13s̃13(c̃223 + s223)
]

− c̃13s̃12(c23s23 − c̃23s̃23) = 0; (51)

∗ for the absence of{23} and{32} currents:

[23] = 0 = [32]⇔ s12
[

c13s13 − c̃13s̃13(c̃223 + s223)
]

+ c̃13c̃12(c23s23 − c̃23s̃23) = 0; (52)

∗ for the absence of{12} and{21} currents:

[12] = 0 = [21]⇔
s12c12c

2
13 − s̃12c̃12(c223 + s̃223) + s12c12s̃

2
13(s

2
23 + c̃223) + s̃13(s12s̃12 − c12c̃12)(c23s23 − c̃23s̃23) = 0.

(53)

20So doing, we do not consider the most general non-unitary mixing matrices. All possible phases were included in [2][3],
where they have been shown to finally, in the case of two generations, drop out of the final results. There is another reason
to ignore them here, specially in the case of three generations (in addition to the point that they would make the equations to
solve extremely difficult to handle analytically): such phases can be expected to triggerCP violation, even in the case of two
generations. We consider that the corresponding extensivestudy should be the subject of a separate work.CP violation is not
our concern here.
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4.2 Universality of diagonal neutral currents of flavor eigenstates

The two independent conditions read:

∗ equality of{11} and{22} currents:

[11] − [22] = 0⇔
(c212 − s212)

[

c213 + s̃213(s
2
23 + c̃223)

]

− (c̃212 − s̃212)(c223 + s̃223)
+2s̃13(c23s23 − c̃23s̃23)(c12s̃12 + s12c̃12) = 0; (54)

∗ equality of{22} and{33} currents:

[22] − [33] = 0⇔
s212 + c̃212(c

2
23 + s̃223)− (s223 + c̃223) + (1 + s212)

[

s̃213(s
2
23 + c̃223)− s213

]

+2s12s̃13c̃12(c̃23s̃23 − c23s23) = 0. (55)

The equality of{11} and{33} currents is of course not an independent condition.

4.3 Solutions forθ13 = 0 = θ̃13

In a first step, to ease solving the system of trigonometric equations, we shall study the configuration
in which one of the two angles parametrizing the 1-3 mixing vanishes21, which is very close to what is
observed experimentally in the quark sector, and likely in the neutrino sector. It turns out, as demonstrated
in Appendix C, that the second mixing angle vanishes simultaneously. We accordingly work in the
approximation (the sensitivity of the solutions to a small variation ofθ13, θ̃13 will be studied afterwards)

θ13 = 0 = θ̃13. (56)

Eqs. (51), (52), (53), (54) and (55), reduce in this limit to

− s̃12(c23s23 − c̃23s̃23) = 0, (57a)

c̃12(c23s23 − c̃23s̃23) = 0, (57b)

s12c12 − s̃12c̃12(c223 + s̃223) = 0, (57c)

(c212 − s212)− (c̃212 − s̃212)(c223 + s̃223) = 0, (57d)

s212 + c̃212(c
2
23 + s̃223)− (s223 + c̃223) = 0. (57e)

It is shown in Appendix D that the only solutions are:
∗ θ̃23 = θ23 + kπ Cabibbo-like, associated with eitherθ12 = θ̃12 + mπ Cabibbo-like orθ12 and θ̃12
maximal;
∗ θ̃12 = θ12 + rπ Cabibbo-like, associated withθ23 andθ̃23 maximal.

Accordingly, the two following sections will respectivelystart from:

∗ θ12 andθ23 Cabibbo-like (and, in a first step, vanishingθ13), which finally leads to a mixing pattern
similar to what is observed for quarks;

∗ θ23 maximal andθ12 Cabibbo like (and, in a first step, vanishingθ13), which finally leads to a mixing
pattern similar to the one observed for neutrinos.

21By doing so, we exploit the possibility to fix one degree of freedom lefta priori unconstrained by the five equations; see
subsection 7.
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5 Beyond unitarity. The quark sector; constraining the CKM angles

Because of mass splittings, the “unitarization equations”of subsection 4 cannot be exactly satisfied. This
is why, in the following, mixing matrices connecting bare flavor states to (renormalized) mass states are
considered to only belong to the vicinity of the (unitary) solutions of these equations. Characterizing this
departure from unitarity is the subject of this section and of the next one dealing with leptons. We show
that all their mixing angles satisfy the straightforward generalization to three generations of the empirical
criterion satisfied to a high precision, for two generationsof quarks, by the Cabibbo angle [3]: for each
pair of fermions of the same type, universality in the space of bare flavor states is verified with the same
accuracy as the absence of FCNC’s. It cannot be deduced, up tonow, from general principles and stays
an empirical property the origin of which should presumablybe looked for “beyond the Standard Model”
22.

We accordingly investigate, in the following, the possibility that, in agreement with the reported criterion,
the product(K−1

u,d)
†K−1

u,d, withK given by (49), be of the form

(K−1
u,d)

†K−1
u,d − 1 =











αu,d ±(αu,d − βu,d) ±(αu,d − γu,d)

±(αu,d − βu,d) βu,d ±(βu,d − γu,d)

±(αu,d − γu,d) ±(βu,d − γu,d) γu,d











; (58)

so, as conspicuous on (58), any difference between two diagonal elements (for example [11] - [33]) is
identical to± the corresponding non-diagonal ones (in this case [13] and [31]). The resulting conditions
yields a system of trigonometric equations for the six mixing anglesθ12, θ̃12, θ23, θ̃23, θ13 andθ̃13. With-
out exhibiting the whole set of its solutions, we are able to show that it includes all measured values of
fermionic mixing angles up to a precision smaller than the experimental uncertainty.

For the case of quarks, all mixing angles will be considered to belong to the neighborhood of Cabibbo-
like solutions of the unitarization equations (this will bedifferent for the case of leptons in section 6,
whereθ23 will be considered to belong to the neighborhood of the maximal mixing, also solution of these
equations).

5.1 The simplified caseθ13 = 0 = θ̃13

In the neighborhood of the solution with bothθ12 andθ23 Cabibbo-like, we write

θ̃12 = θ12 + ǫ,
θ̃23 = θ23 + η. (59)

The pattern(θ13 = 0 = θ̃13) can be reasonably considered to be close to the experimentalsituation, at
least close enough for trusting not only the relations involving the first and second generation, but also
the third one.

Like in [3], we impose that the absence of{12}, {21} neutral currents is violated with the same strength
as the universality of{11} and{22} currents. (57c) and (57d) yield

|2ηs12c12s23c23 + ǫ(c212 − s212)| = | − 2ηs23c23(c
2
12 − s212) + 4ǫs12c12|. (60)

We choose the “+” sign for both sides, such that, for two generations only, the Cabibbo angle satisfies
tan(2θ12) = +1/2. (60) yields the ratioη/ǫ, that we then plug into the condition equivalent to (60) for
the(2, 3) channel, coming from (57b)(57e)

|ηc12(c223 − s223)| = |2ηs23c23(1 + c212)− 2ǫs12c12|. (61)

22Notice that it is satisfied a mixing matrix equal to the unit matrix (alignment of mass and flavor states) since universality
and absence of FCNC’s are both fulfilled; accordingly they both undergo identical (vanishing) violations.

17



(60) and (61) yield

tan(2θ23) =
c12

1 + c212 − 2s12c12
(s12c12 + c212 − s212)
4s12c12 − (c212 − s212)

≈ c12

2− 5

4

s12c12

tan(2θ12)−
1

2

. (62)

In the r.h.s. of (62), we have assumed thatθ12 is close to its Cabibbo valuetan(2θ12) ≈ 1/2. θ23 is seen
to vanish with[tan(2θ23) − 1/2]. The value obtained forθ23 is plotted in Fig. 3 as a function ofθ12,
together with the experimental intervals forθ23 andθ12. There are two [17] forθ12; the first comes from
the measures ofVud (black (dark) vertical lines on Fig. 3)

Vud ∈ [0.9735, 0.9740] ⇒ θ12 ∈ [0.2285, 0.2307], (63)

and the second from the measures ofVus (purple (light) vertical lines on Fig. 3)

Vus ∈ [0.2236, 0.2278] ⇒ θ12 ∈ [0.2255, 0.2298]. (64)

Fig. 3: θ23 for quarks as a function ofθ12; simplified caseθ13 = 0 = θ̃13

The measured value forθ23 is seen on Fig. 3 to correspond toθ12 ≈ 0.221, that iscos(θ12) ≈ 0.9757.
The value that we get forcos(θ12) is accordingly1.7 10−3 away from the upper limit of the present
upper bound forVud ≡ c12c13 [16] [17]; it corresponds to twice the experimental uncertainty. It also
corresponds tosin(θ12) = 0.2192, whileVus ≡ s12c13 is measured to be0.2247(19) [18] [17]; there, the
discrepancy is2/100, only slightly above the1.8/100 relative width of the experimental interval.

The approximation which setsθ13 = 0 = θ̃13 is accordingly reasonable, though it yields results slightly
away from experimental bounds. We show in the next subsection that relaxing this approximation gives
results in very good agreement with present experiments.

5.2 Going to(θ13 6= 0, θ̃13 6= 0)

Considering all angles to be Cabibbo-like with, in additionto (59)
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θ̃13 = θ13 + ρ, (65)

the l.h.s.’s of eqs. (51),(52),(53), (54), (55) and the sum (54 + 55) depart respectively from zero by

ηc13
[

s12(c
2
23 − s223) + 2s13c12c23s23

]

− ρc12(c213 − s213); (66a)

ηc13
[

−c12(c223 − s223) + 2s13s12c23s23
]

− ρs12(c213 − s213); (66b)

− ǫ(c212 − s212) + η
[

s13(c
2
23 − s223)(c212 − s212)− 2c23s23c12s12(1 + s213)

]

+ 2ρc13s13c12s12; (66c)

4ǫc12s12 + η
[

−4s13s12c12(c
2
23 − s223)− 2c23s23(c

2
12 − s212)(1 + s213)

]

+ 2ρc13s13(c
2
12 − s212); (66d)

− 2ǫs12c12 + η
[

2s13c12s12(c
2
23 − s223) + 2c23s23

(

(c212 − s212) + c213(1 + s212)
)]

+ 2ρc13s13(1 + s212);
(66e)

2ǫs12c12 + η
[

−2s13c12s12(c
2
23 − s223) + 2c23s23

(

c213(1 + c212)− (c212 − s212)
)]

+ 2ρc13s13(1 + c212).
(66f)

We have added (66f), which is not an independent relation, but the sum of (66d) and (66e); it expresses
the violation in the universality of diagonal{11} and{33} currents.

5.2.1 A guiding calculation

Before doing the calculation in full generality, and to makea clearer difference with the neutrino case, we
first do it in the limit where one neglects terms which are quadratic in the small quantitiesθ13 andρ. By
providing simple intermediate formulæ, it enables in particular to suitably choose the signs which occur
in equating the moduli of two quantities. Eqs.(66) become

η
[

s12(c
2
23 − s223) + 2s13c12c23s23

]

− ρc12; (67a)

η
[

−c12(c223 − s223) + 2s13s12c23s23
]

− ρs12; (67b)

− ǫ(c212 − s212) + η
[

s13(c
2
23 − s223)(c212 − s212)− 2c23s23c12s12

]

; (67c)

4ǫc12s12 − 2η
[

2s13s12c12(c
2
23 − s223) + c23s23(c

2
12 − s212)

]

; (67d)

− 2ǫs12c12 + 2η
[

s13c12s12(c
2
23 − s223) + c23s23(1 + c212)

]

; (67e)

2ǫs12c12 + 2η
[

−s13c12s12(c223 − s223) + c23s23(1 + s212)
]

. (67f)

The principle of the method is the same as before. From the relation (67c) = (-)(67d)23 , which expresses
that the absence of non-diagonal{12} current is violated with the same strength as the universality of
{11} and{22} currents, one getsǫ/η as a function ofθ12, θ23, θ13 24. This expression is plugged in the
relation (67b) = (-)(67e)25, which expresses the same condition for the(2, 3) channel; from this, one
extractsρ/η as a function ofθ12, θ23, θ13 26. The expressions that have been obtained forǫ/η andρ/η are
then inserted into the third relation,(67a) = (67f) , which now corresponds to the(1, 3) channel. This
last step yields a relationF0(θ12, θ23, θ13) = 1 between the three anglesθ12, θ23, θ13.

23The (-) signs ensures thattan(2θ12) ≈ (+)1/2.
24

ǫ

η
= s13(c

2
23 − s2

23) + 2s23c23
s12c12 + c2

12 − s2
12

4c12s12 − (c2
12 − s2

12)
; (68)

ǫ/η has a pole attan(2θ12) = 1/2, the suggested value of the Cabibbo angle for two generations.
25There, again, the (-) sign has to be chosen so as to recover approximately (62).
26

ρ

η
= 2c23s23

»

s13 − c12

„

2
(c12s12 + c2

12 − s2
12)

4s12c12 − (c2
12 − s2

12)
− 1 + c2

12

c12s12
+

1

s12

c2
23 − s2

23

2s23c23

«–

. (69)

ρ/η has a pole attan(2θ12) = 1/2 and, forθ13 = 0, it vanishes, as expected, whenθ12 andθ23 satisfy the relation (62), which
has been deduced for̃θ13(≡ θ13 + ρ) = 0 = θ13.

19



It turns out that∂F0(θ12,θ23,θ13)
∂θ13

= 0, such that, in this case, a condition betweenθ12 and θ23 alone
eventually fulfills the three relations under concern

1 =

∣

∣

∣

∣

viol([11] = [22])

viol([12] = 0 = [21])

∣

∣

∣

∣

=

∣

∣

∣

∣

viol([22] = [33])

viol([23] = 0 = [32])

∣

∣

∣

∣

=

∣

∣

∣

∣

viol([11] = [33])

viol([13] = 0 = [31])

∣

∣

∣

∣

⇔ F̃0(θ12, θ23) = 1.

(70)

Fig. 4: θ23 for quarks as a function ofθ12; neglecting terms quadratic inθ13

θ23 is plotted on Fig. 4 as a function ofθ12, together with the experimental intervals forθ23 (black
horizontal lines) andθ12 (the intervals forθ12 come respectively fromVud (eq. (63), black (dark) vertical
lines) andVus (eq. (64)), purple (light) vertical lines).

The precision obtained is much better than in Fig. 3 since, inparticular, forθ23 within its experimental
range, the discrepancy between the value that we get forθ12 and its lower experimental limit coming from
Vus is smaller than the two experimental intervals, and even smaller than their intersection.

5.2.2 The general solution

The principle for solving the general equations (66) is the same as above. One first uses the relation
(66c) = (-) (66d) to determineρ/ǫ in terms ofη/ǫ. The result is plugged in the relation (66b) = (-) (66e),
which fixesη/ǫ, and thusρ/ǫ as functions of(θ12, θ23, θ13). These expressions forη/ǫ andρ/ǫ are finally
plugged in the relation(66a) = (66f) , which provides a conditionF (θ12, θ23, θ13) = 1. When it is
fulfilled, the universality of each pair of diagonal neutralcurrents of mass eigenstates and the absence of
the corresponding non-diagonal currents are violated withthe same strength, in the three channels(1, 2),
(2, 3) and(1, 3).

The results are displayed in Fig. 5;θ23 is plotted as a function ofθ12 for θ13 = 0, 0.004 and0.01. Like
in Figs. 3 and 4, the experimental bounds onθ12 are depicted by vertical black (dark) lines for the ones
coming fromVud and purple (light) for the ones coming fromVus; the experimental interval forθ23
corresponds to the black horizontal lines. The present experimental interval forθ13 is [17]

Vub = sin(θ13) ≈ θ13 ∈ [4 10−3, 4.6 10−3]. (71)
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Fig. 5: θ23 for quarks as a function ofθ12, general case.θ13 = 0 (red, bottom),0.004 (blue, middle) and
0.01 (green, top)

We conclude that:

∗ The discrepancy between our results and experiments is smaller than the experimental uncertainty;

∗ a slightly larger value ofθ13 and/or slightly smaller values ofθ23 and/orθ12 still increase the agreement
between our results and experimental measurements;

∗ the determination ofθ12 from Vus seems preferred to that fromVud.

Another confirmation of the relevance of our criterion is given in the next section concerning neutrino
mixing angles.

6 Beyond unitarity. A neutrino-like pattern; quark-lepton complementar-
ity

In the “quark case”, we dealt with three “Cabibbo-like” angles. The configuration that we investigate
here is the one in whichθ23 is, as observed experimentally [17], (close to) maximal, and θ12 andθ13 are
Cabibbo-like (see subsection 4.3). The two cases only differ accordingly from the “classical solutions” of
the unitarization equations away from which one makes smallvariations. The criterion to fix the mixing
angles stays otherwise the same.

6.1 The caseθ13 = 0 = θ̃13

We explore the vicinity of this solution, slightly departing from the corresponding unitary mixing matrix,
by considering that̃θ12 now slightly differs fromθ12, andθ̃23 from its maximal value

θ̃12 = θ12 + ǫ,
θ23 = π/4 , θ̃23 = θ23 + η. (72)

The l.h.s.’s of eqs. (51) (52) (53) (54) and (55) no longer vanish, and become respectively
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− 1

2
η2(s12 + ǫc12), (73a)

1

2
η2(c12 − ǫs12), (73b)

(∗) − ηs12c12 + ǫ(s212 − c212)(1 + η), (73c)

(∗) − η(c212 − s212) + 4ǫs12c12(1 + η), (73d)

η(1 + c212)− 2ǫs12c12(1 + η), (73e)

showing by which amount the five conditions under scrutiny are now violated. Some care has to be taken
concerning the accurateness of equations (73). Indeed, we imposed a value ofθ13 which is probably not
the physical one (even if close to). It is then reasonable to consider that channel(1, 2) is the less sensitive
to this approximation and that, accordingly, of the five equations above, (73c) and (73d), marked with an
“∗”, are the most accurate27 .

The question: is there a special value ofθ12 = θ̃12 Cabibbo-like for which small deviations(ǫ, η) from
unitarity entail equal strength violations of
∗ the absence of{12}, {21} non-diagonal neutral currents;
∗ the universality of{11} and{22} neutral currents ?

gets then a simple answer
s12c12 = c212 − s212 ⇒ tan(2θ12) = 2. (74)

We did not take into account the terms proportional toǫ because we assumed that the mass splittings
between the first and second generations (from which the lackof unitarity originates) are much smaller
that the ones between the second and the third generation .

In the case of two generations, onlyǫ appears, and one immediately recovers from (73c) and (73d) the
condition fixingtan(2θc) = 1/2 for the Cabibbo angle.

Accordingly, the same type of requirement that led to a valueof the Cabibbo angle for two generations
very close to the observed value leads, for three generations, to a value of the first mixing angle satisfying
the quark-lepton complementarity relation (3) [6].

The values ofθ12 and θ23 determined through this procedure are very close to the observed neutrino
mixing angles [17] [19].

Though we only considered the two equations that area priori the least sensitive to our choice of a
vanishing third mixing angle (which is not yet confirmed experimentally), it is instructive to investigate
the sensitivity of our solution to a small non-vanishing value ofθ13. This is done in Appendix E in which,
for this purpose, we made the simplificationθ̃13 ≈ θ13. It turns out that the terms proportional tos13
in the two equations[12] = 0 = [21] and [11] = [22] are also proportional to(c223 − s223), such that
our solution withθ23 maximal is very stable with respect to a variation ofθ13 around zero. This may of
course not be the case for the other three equations, which are expected to be more sensitive to the value
of θ13.

6.2 Solutions for the angleθ13

We now consider, like we did for quarks, the general caseθ13 6= 0 6= θ̃13(ρ 6= 0), θ̃12 6= θ12(ǫ 6= 0),
θ̃23 6= θ23(η 6= 0), while assigning toθ12 andθ23 their values obtained in subsection 6.1.

We investigate the eight different relations betweenθ12, θ23 andθ13 which originate from the2×2×2 pos-
sible sign combinations in the conditions (70) (the r.h.s. is now replaced by a conditionF (θ12, θ23, θ13) =
1 involving the three mixing angles), where each modulus can be alternatively replaced by “+” or “−”.

27The limitation of this approximation also appears in the fact that (73b), of second order inη, is not compatible with (73e),
which is of first order.
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Among the solutions found forθ13, only two (up to a sign) satisfy the very loose experimental bound

sin2(θ13) ≤ 0.1. (75)

They correspond respectively to the sign combinations(+/−/−), (+/+/+), (−/+/+) and(−/−/−)

θ13 = ±0.2717 , sin2(θ13) = 0.072,
θ13 = ±5.7 10−3 , sin2(θ13) = 3.3 10−5. (76)

The most recent experimental bounds can be found in [19]. They read

sin2(θ13) ≤ 0.05, (77)

which only leaves the smallest solution in (76)28. Future experiments will confirm, or infirm, for neu-
trinos, the properties that we have shown to be satisfied withan impressive accuracy by quark mixing
angles.

7 Flavor transformations

Up to now, the observed “pattern” of flavor mixing has been disconnected from flavor symmetries. It
has instead been connected with a precise scheme of departure from unitarity of the matrix controlling
gauge neutral currents in bare flavor space. This contrasts with most approaches which, first, focus on
mass matrices rather than gauge currents, secondly try to induce precise forms of the latter from horizontal
symmetries [8]. The goal of this section is to (start to) spana bridge between the two. We shall investigate
unitary flavor transformations, while restricting, for thesake of simplicity, to the case of two flavors, in
which symmetry patterns are more conspicuous (the presenceof a third generation has been seen, for
example, to only lightly affect the Cabibbo angle).

The most natural unitary flavor group to be investigated is thenU(2)f , orU(1)f × SU(2)f . For degen-
erate systems, this is a symmetry group of the Lagrangian. Assoon as the degeneracy is lifted, it is no
longer so, though an arbitrary unitary transformation on fermions should not change “physics”i.e. the
physical masses and mixing angles. This last property meansthat unitary flavor transformations have to
be considered from two points of view: on one side, we will check that physical mixing angles do not
change when fermions are transformed, in particular that the process of renormalization by the countert-
erms of Shabalin goes also unaltered in the transformation,and, on the other side, we will investigate
which changes they induce on the (different parts of) the Lagrangian, and how their breaking can eventu-
ally be associated with the pattern of neutral currents thatseemingly controls mixing angles observed in
nature.

For non-degenerate masses, the explicit form for the matrix(C−1)†C−1 controlling neutral currents in the
bare flavor basis, that has been obtained in section 2.1) (see23)) provides an “orientation” of the relevant
SU(2)f with respect to the trivial one (the generators of which are the Pauli matrices), which depends
on the mixing angleθ: there arises the generatorTz(θ). A trivial invariance of the effective Lagrangian
of gauge neutral currents by transformationei(α+βzTz(θ)) follows, which is broken for charged currents
(unless the(d, s) and(u, c) sectors undergo identical transformations).

We then study possible connections between mass matrices and gauge neutral currents. We start by the
simple case of a constant (symmetric) mass matrix. A link with neutral currents rapidly appears because,
apart from trivial terms proportional to the unit matrix, the mass matrix is deduced from(C−1)†C−1

by a translationθ → θ − π/4 of the mixing angle. The departure of the mass matrix from (a term
proportional to) unity is then represented by theTx generator of the rotatedSU(2)f (θ) mentioned above.
The commutatorTy = [Tz(θ),Tx(θ)] is the standard Pauli matrix, independent of the mixing angle,

28These values substantially differ from the ones in [20], which mainly focuses on special textures for the product of the quark
and neutrino mixing matrices [21].
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In a short paragraph, we single out a special invariance of both (non-trivial parts of) neutral currents and
mass terms by the orthogonal, hermitian but non unitary transformationseαTy (it is not a symmetry of the
whole Lagrangian).

Then, we study general2 × 2 unitary transformations on fermions. We demonstrate, through various
steps, that these transformations go across Shabalin’s renormalization and finally leave unchanged the
renormalized mixing angles. Flavor rotations, equivalentto eiαTy transformations appear of special rele-
vance. They are shown to continuously rotate neutral currents into mass terms and to preserve their group
structure. As far as charged currents are concerned, their group structure only stays unchanged when the
same rotation is performed in the(u, c) ans(d, s) sectors. It then occurs that mass and flavor eigenstates
can only be aligned in one of the two sectors. The mixing angleof the non-aligned sector becomes then
identical to the Cabibbo angle occurring in charged currents. In this framework, as commented upon
more at length in subsection 8.3, flavor rotations appear as avery mildly broken flavor subgroup of the
electroweak Standard Model.

Last, we generalize this result to the renormalized mass matrix (fermionic self-energy). Its dependence
on q2 leads, like in the general argumentation of QFT used in [2], to the presence of an orthonormal
basis of eigenstates for each value ofq2, containing one at most among the physical mass eigenstates.
Accordingly, one reaches the same conclusion concerning the non-unitaritya priori of mixing matrices.
TheU(1)em Ward identity that connects the photon-fermion-antifermion vertex function at zero external
momentum to the derivative of the inverse propagator requires that the two sides of the identity be invari-
ant by the same transformationei(α+βzTz(θ)) mentioned above. This yields a constraint that we propose
to adopt because it guarantees that (q2 dependent) neutral currents and the fermionic self energy keep the
same structure as that encountered in the case of a constant mass matrix; they are in particular, again,
continuously transformed into each other by flavor rotations. The resulting expressions are in particular,
unlike textures, stable by these transformations.

7.1 A first type of horizontal symmetries

We exhibit below specific flavor transformations transformations that leave parts of the gauge electroweak
Lagrangian invariant. We deal with the case of two generations, which makes an easy link with [3], and
consider for example the(d, s) channel. The corresponding neutral currents in the basis ofbare flavor
eigenstates are controlled by the product(C−1

d )†C−1
d .

WhenCd departs from unitarity, we parametrize it like in (22) in which the role ofAd is now played by
ǫd, such that (23) becomes

(C−1
d )†(θdL)C−1

d (θdL) = 1 + 2ǫd Tz(θdL), (78)

where the expression forTz has been given in (16). Whatever beθdL, the unitary transformation

Ωz(αd, βd, θdL) = ei(αd+βdTz(θdL)) (79)

with arbitraryαd andβd, acting on





d0
fL

s0fL



, satisfies

Ω†
z(αd, βd, θdL)

[

(C−1
d )†(θdL)C−1

d (θdL)
]

Ωz(αd, βd, θdL) = (C−1
d )†(θdL)C−1

d (θdL), (80)

and, thus, leaves invariant Lagrangian for gauge neutral currents

(

d̄0
fL s̄0fL

)

W 3
µγ

µ
L

[

(C−1
d )†(θdL)C−1

d (θdL)
]





d0
fL

s0fL



 . (81)
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It is accordingly a horizontal group of invariance of the gauge Lagrangian for neutral currents in the space
of bare flavor states29.

As can be seen on (39), such transformations





d0
fL

s0fL



 → ei(αd+βdTz(θd))





d0
fL

s0fL



,





u0
fL

c0fL



 →

ei(αu+βuTz(θuL))





u0
fL

c0fL



, acting independently in the(u, c) and(d, s) sectors (with different parame-

ters), do not leave the gauge charged currents invariant.

A special invariance of the non-trivial parts of both neutral gauge currents and mass terms by a non-unitary
transformation will also be exhibited in subsection 7.2.2.

7.1.1 The example of the Cabibbo angletan 2θc = 1

2

The value of the Cabibbo angletan 2θc = 1
2 [3] corresponds tosin 2θc = 1√

5
and, so,Tz(θc) =

1

2
√

5





1 −2

−2 −1



 =
1

2
tc, t

2
c = 1. In this case, the horizontal group of invariance of the corresponding

neutral currents(C−1)†C−1 in bare flavor space is,(αd, βd) being arbitrary parameters

Ωz(αd, βd, θc) = ei(αd+βdtc) = eiαd(cos βd+itc sin βd) = eiαd





cosβd + i√
5

sinβd − 2i√
5

sin βd

− 2i√
5
sin βd cos βd − i√

5
sin βd



 .

(85)

29 Things become clearer in the proper basis ofΩz , which is also the one ofTz(θdL). Its eigenvectors are

1√
2

0

@

−
√

1 + sin 2θdL

√
1 − sin 2θdL

1

A ,
1√
2

0

@

√
1 − sin 2θdL

√
1 + sin 2θdL

1

A (82)

and the diagonalizedTz(θdL) is

DTz =
1

2

0

@

1

−1

1

A = T 3. (83)

Accordingly, in the proper (θdL dependent) basis, the horizontal group of invariance is

Ω(αd, βd) = ei(αd+βdT3), (84)

that is, up to an arbitrary phase, aU(1) transformation by theT 3 subgroup of the horizontalSU(2)f symmetry associated to
the triplet of neutral currents in the(d, s) channel. In the proper basis, the neutral currents become controlled by1 + ǫdDTz =
1 + ǫdT 3, close to unity like in the mass basis and in the flavor basis.

The proper basis

0

@

dp

sp

1

A of (C−1
d )†C−1

d , Tz(θdL), andΩz can be easily expressed in terms of the renormalized mass

basis (19)

0

@

dp

sp

1

A = P †
d

0

@

d0
fL

s0
fL

1

A = P †
dCd

0

@

dmL

smL

1

A, wherePd is the unitary matrix the columns of which are

the eigenvectors (82):Pd = P †
d =

0

@

− cos ζd sin ζd

sin ζd cos ζd

1

A with tan ζd =

√
1−sin 2θdL√
1+sin 2θdL

⇒ tan 2ζd = 1
tan 2θdL

⇒

ζd = −θdL + π
4

+ k π
2

. Cd being given by (13) and (22),P †
dCd writes

0

@

− cos(θdL + ζd) sin(θdL + ζd)

sin(θdL + ζd) cos(θdL + ζd)

1

A ≡
0

@

− cos(π
4

+ k π
2
) sin(π

4
+ k π

2
)

sin(π
4

+ k π
2
) cos(π

4
+ k π

2
)

1

A up to corrections inǫd.
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Note that it is of the form





α −2(α− β)

−2(α− β) β



 like (C−1)†C−1, belonging to the same group

of matrices (see subsection 7.2.1).

7.2 Gauge currents versus mass matrices

In this work, the determination of mixing angles has been disconnected from the knowledge and / or
assumptions concerning mass matrices,e.g. textures. In addition to the fact, already mentioned, that a
single constant mass matrix cannot account for the properties of coupled systems in QFT [5][10], the
limitations of putting the emphasis on mass matrices have already often been stressed. Textures are
unstable by unitary transformations on fermions and cannotrepresent genuine physical properties of the
system under consideration. In [22] it was explicitly shownhow one can obtain, for example, bi-maximal
mixing matrices without Dirac mass matrices playing any role. On these grounds, this last work casts
serious doubts on the relevance of the Quark-Lepton Complementarity relation, which does not rely on
“invariant” relations and quantities. That the Golden ratio value fortan θc can be recovered from special
textures (see for example [11]) can thus only be considered as a special case of some more general
properties.

It is noticeable that the way we obtained these two properties stays independent of any assumption con-
cerning mass matrices, since the remarkable properties at work concern gauge currents.

The problem that comes to mind is clearly whether a bridge canbe spanned between gauge currents and
some class of mass matrices. We just make a few remarks below;in a first step we shall consider a (abu-
sively) single constant mass matrix; then, we will considerrenormalized,q2 dependent, mass matrices.

7.2.1 The case of a constant mass matrix

We have demonstrated in subsection 2.1 that non-unitary mixing matrices arise in the diagonalization
of renormalized kinetic terms; this does not depend on the form of the classical mass matrixM0. We
consider, in a first step, the simple case of a binary system endowed with a real symmetric mass matrix

M0 =





a c

c b



 . (86)

Callingm1 andm2 its eigenvalues, one can re-parametrize

M0 = m+ ∆m Tx(θ), Tx(θ) =
1

2





cos 2θ sin 2θ

sin 2θ − cos 2θ



 ,

m =
m1 +m2

2
, ∆m = m1 −m2, (87)

whereθ is the (classical) mixing angle arising from the diagonalization ofM0. It satisfies

tan 2θ =
2c

a− b . (88)

That a given mixing angle can be related to infinitely many different mass patterns clearly appears since,
for example, shiftingM by κ × the unit matrix does not change the mixing angle, does not change
∆m either and shifts each individual eigenvalue byκ. In particular, a value ofκ much larger thanm1,2

leads to a quasi-degenerate binary system, the mixing angleof which stays nevertheless the same since
tan 2θ = 2c/

√

(∆m)2 − 4c2 is unchanged. Also, two mass matrices proportional to each other have the
same mixing angle though their eigenvalues have the same proportionality factor (mass ratios keep the
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same in this case)30. Trying to explain a given mixing pattern by a specific mass matrix is thus illusory
because it cannot tackle the problem in its generality.

Shifting M0 by a constant is a particular one among the transformations that leave the r.h.s. of (88)
unchanged,i.e. the ones such that2c

a−b = cst. The set{Θ(u)} of such matrices31

Θ(u) =





a
u

2
(a− b)

u

2
(a− b) b



 =
a+ b

2
+
a− b

2





1 u

u −1



 (89)

form, for any givenu, a real abelian group, spanned by the two matrices1 and
1

2

1√
1 + u2





1 u

u −1



.

Interesting connections can be obtained as follows. Comparing (78) and (87), one gets:

(C−1)†C−1 − 1

2ǫ
(θ) =

M0 −m
∆m

(θ − π/4). (90)

It then appears natural to consider the threeSU(2)f (θ) generators (anticommuting matrices with eigen-
values±1/2)

Tx(θ) =
1

2

1√
1 + u2





1 u

u −1



 , Ty =
1

2





−i
i



 , Tz(θ) =
1

2

1√
1 + u2





u −1

−1 −u



 , (91)

such that, parametrizing32

cos 2θ =
1√

1 + u2
, sin 2θ =

u√
1 + u2

, (92)

one has, like in (87) and (78)

M0 = m+ ∆m Tx(θ),
(C−1)†C−1 = 1 + 2ǫ Tz(θ). (93)

The ~T (θ)’s are related to the standardSU(2) generators~T defined in (41) by





Tx(θ)

Tz(θ)



 = R(u)





Tx

Tz



 , R(u) =
1√

1 + u2





u 1

−1 u



 ; RT (u)R(u) = 1. (94)

“Mass terms” and neutral currents are transformed into one another by the action of (see (14) for the
definition of the rotationR)

eiγTy = cos
γ

2
+ 2iTy sin

γ

2
= R(

γ

2
). (95)

Indeed,




e−iγTyTx(θ)eiγTy

e−iγTyTz(θ)eiγTy



 = R(−γ)





Tx(θ)

Tz(θ)



 , (96)

30Any homographic transformation on a mass matrixM : M → αM+β

δM+γ
preserves the eigenvectors ofM and thus the mixing

angles.
31This set is of interest to us because, as we recalled in section 5, the Cabibbo angle empirically corresponds tou ≡ tan 2θc =

1/2, and, as we showed in sections 5 and 6, the same structure underlies, for three generations, quark and leptonic mixing
angles. The empirical criterion equating the violation of universality and that of the absence of FCNC’s corresponds tothe same
structure, in which the difference of diagonal elements of asymmetric2 × 2 matrix is identical, up to a sign, to its off-diagonal
one.

32Foru ≡ tan 2θ to be continuous, we have to restrict, for example,θ to the interval] − π/4, +π/4[.
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which we rewrite33





T̂x(θ)
T̂z(θ)



 = R(−γ)





Tx(θ)

Tz(θ)



 , T̂x,z(θ) = e−iγTyTx,z(θ)e
iγTy . (98)

Comparing (95) and (98) shows thateiγTy , which shiftsθ by γ/2, rotates fermions byγ/2, but rotates
theTx(θ) andTz(θ) generators by(−γ). In particular, when rotating the fermions byπ/4, i.e. taking
γ = π/2, Tx(θ)→ −Tz(θ), Tz(θ)→ Tx(θ).

Combining with (94), one finds





T̂x(θ)

T̂z(θ)



 =





sin(γ + 2θ) cos(γ + 2θ)

− cos(γ + 2θ) sin(γ + 2θ)









Tx

Tz





= R
(

−(γ + 2θ − π

2
)
)





Tx

Tz





=





e−i(2θ+γ−π
2
)Ty Tx e

i(2θ+γ−π
2
)Ty

e−i(2θ+γ−π
2
)Ty Tz e

i(2θ+γ−π
2
)Ty



 . (99)

The rotation matrix occurring is exactly of the same type asR(u) occurring in (94), with its argument
shifted from2θ to 2θ + γ. (94) rewrites in particular











Tx(θ)

Ty
Tz(θ)











= e−2i(θ−π
4
)Ty











Tx

Ty

Tz











e2i(θ−π
4
)Ty . (100)

(91) shows that one recovers the standardSU(2) generatorsTx, Ty, Tz at the limitu→ +∞ (θ → π/4);
whenu→ −∞ (θ → −π/4), Tx,z(θ)→ −Tx,z; at the limitu→ 0 (θ = 0), Tx(θ)→ Tz,Tz(θ)→ −Tx.

By the transformation (isomorphic toZ2) u→ −1/u, Tx(θ)→ Tz(θ), Tz(θ)→ −Tx(θ). It corresponds
to the transformationtan 2θ → −1/ tan 2θ, which is an outer automorphism of theSU(2) × U(1) (or
U(2)) algebra under scrutiny. One can also speak of an infinite setof SU(2)f , depending of the contin-
uous parameteru. This set is divided by the transformationu → −1/u into two subsets, respectively
with generators{Tx(θ),Ty,Tz(θ)} and{Tz(θ),Ty,−Tx(θ)}. They intersect along theU(1) group with
generatorTy, which is independent ofθ.

7.2.2 A special invariance

In subsection 7.1, we encountered the unitary transformationsΩz which leave invariant the Lagrangian
of neutral currents. Likewise, we can define transformations Ωx = ei(α+βTx(θ)), which, due to (87), leave
mass terms invariant. None is a symmetry of both terms: neutral currents are not invariant byΩx, nor are
mass terms byΩz.

33In terms of neutral currents and mass terms, one has

e−iγTy M0e
iγTy = m + ∆m(Tx(θ) cos γ − Tz(θ) sin γ) ≈ (m + ∆mTx(θ)) − γ∆mTz(θ)

= M0 − γ
∆m

2ǫ

“

(C−1)†C−1 − 1
”

,

e−iγTy (C−1)†C−1eiγTy = 1 + 2ǫ(Tx(θ) sin γ + Tz(θ) cos γ) ≈ (1 + 2ǫTz(θ)) + 2ǫγTx(θ)

= (C−1)†C−1 + γ
2ǫ

∆m
(M0 − m). (97)
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There exist a special invariance satisfied by the non-trivial parts of the mass matrix and of neutral currents,

which results from the anticommutation ofTy with Tx andTz. Both
M0 −m

∆m
and

(C−1)†C−1 − 1

2ǫ
satisfy

O†M0 −m
∆m

O =
M0 −m

∆m
, O† (C−1)†C−1 − 1

2ǫ
O =

(C−1)†C−1 − 1

2ǫ
, (101)

whereO is the orthogonal matrix depending on an arbitrary real parameterα

O =





coshα −i sinhα

i sinhα coshα



 ≡ e
iα

„

−1

1

«

= e2αTy , OOT = 1, O†O 6= 1. (102)

This transformation is non-unitary, such that the trivial parts of the matrices for mass and neutral currents
(the ones proportional to the unit matrix) are not invariant.

It is also noticeable that the corresponding parts of the Lagrangian arenot invariant by the unitaryU(1)
rotationÕ obtained by going to imaginaryα. At the opposite, the trivial parts of the corresponding mass
terms and gauge neutral currents, which are not invariant byO, are invariant byÕ.

7.2.3 Unitary transformations on fermions

∆m (mass splitting) and2ǫ (lack of unitarity of the mixing matrix) cannot be but tightly connected; they
are in particular expected to vanish simultaneously. When both vanish, the mixing angle is undetermined:
mass terms, proportional to the unit matrix, are trivially invariant by theSU(2)f (θ) × U(1)f flavor
symmetry; so are the terms corresponding to neutral currents in the gauge Lagrangian.

As soon as the degeneracy is lifted, this symmetry is broken:mass terms and neutral currents are no
longer invariant. However, it is the common belief that “physics” should not depend on arbitrary unitary
flavor transformations on the fermion fields. So, on one side,we will check this point and, on the other
side, we will study how different parts of the Lagrangian transform, putting a special emphasis on flavor
rotations.

Flavor rotations

According to (95), they are strictly equivalent (up to a phase) to transformationsΩy = ei(α+βTy(θ)). We
consider





d0
fL

s0fL



→ R(ϕ)





d0
fL

s0fL



 , (103)

which is equivalent to a transformatione2iϕTy .

Concerning mass terms and neutral currents (in the original(bare) flavor basis), they respectively trans-
form according to (see (78) and (87))

R†(ϕ)Tx(θ)R(ϕ) = Tx(θ + ϕ), R†(ϕ)Tz(θ)R(ϕ) = Tz(θ + ϕ), (104)

which consistently shifts the angleθ → θ + ϕ. Such transformations, in particular, rotate continuously
mass terms into neutral currents (see also (98)).

To ascertain that they “do not change physics” (given that they are obviously not symmetries of the
Lagrangian), we must check that physical mixing angles are not changed by such transformations, in
particular the Cabibbo angle occurring in charged currentsof renormalized mass states. We accordingly
consider (103) acting on(d0

fL, s
0
fL), together with





u0
fL

c0fL



→R(ϑ)





u0
fL

c0fL



 . (105)
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By the unitaryR(ϑ,ϕ), the(u, c) classical mass matrix is left-multiplied byR†(ϑ) and the(d, s) one by
R†(ϕ). In the diagonalization process by a bi-unitary transformation, the unitary matricesCd0 andCu0

(see subsection 2.1) have simply to be changed intoĈu0 = R†(ϑ)Cu0 andĈd0 = R†(ϕ)Cd0 (in this simple
case of rotations, the classical angles linking the original flavor states to the new mass states have become
θ̂uL = θuL+ϑ, θ̂dL = θdL+ϕ 34). So doing, the bare masses stay the same. The new classical mass eigen-

states are





û0
mL

ĉ0mL



 = C†u0R(ϑ)





u0
fL

c0fL



 ,





d̂0
mL

ŝ0mL



 = C†d0R(ϕ)





d0
fL

s0fL



; they are deduced from

the original ones by the transformationsC†u0R(ϑ)Cu0 ≡ R(ϑ) andC†d0R(ϕ)Cd0 ≡ R(ϕ). By the action of

R(ϑ) andR(ϕ), the classical charged currents Lagrangian becomes
(

ū0
fL c̄0fL

)

R†(ϑ)W/ R(ϕ)





d0
fL

s0fL



,

which writes in terms of the new classical mass eigenstates as (using the unitarity ofR(ϑ) andR(ϕ))
(

û0
mL ĉ0mL

)

C†u0W/ Cd0





d̂0
mL

ŝ0mL



. So, at the classical level, the mixing (Cabibbo) matrix occurring

in charged currents is unchanged. This means that, in the equivalent of (30), involving the new classical
mass eigenstates defined above,C0 is formally unchanged and so are theSU(2)L generators. This is
precisely the ingredients which are used to calculate Shabalin’s counterterms. So, in the new classical
mass basis, theAu,d, Bu,d,Du,d’s are unchanged. This entails that the renormalized matrixC expressed
by (32) is also unchanged. The last step is to go to the basis ofthe new renormalized mass eigenstates




d̂mL

ŝmL



 (see (19)). Since theAu,d Shabalin’s counterterms are unchanged, so are, formally, the ma-

tricesVu,d (see (10,15)), which still depend on arbitrary anglesϕLu andϕLd and parametersρu andρd.
Since Shabalin’s countertermsBu,d andDu,d are unchanged, so are the unitary matricesVu,d andUu,d.
SinceCd0 andCu0 have been changed (see above), so haveCd andCu (see (22)), in whichθdL andθuL are
now also respectively shifted byϕ andϑ. Let us keep as beforeϕLu + θ2Lu = 0 = ϕLd + θ2Ld; VdVd,
which does not depend onθdL (see (20)), stays unchanged (and so doesVuVu). SinceC has been seen to
be unchanged, too, the Cabibbo matrixC, expressed by the first line of (34), is unchanged.

Cd, which connects original flavor states to renormalized massstates, becomeŝCd ≡ Ĉd0VdVd = R†(ϕ)Cd
and one gets a similar expression forĈu.

We introduce, like before, renormalized flavor states (see (40)) and the renormalized mixing matricesĈu

andĈd connecting the latter to renormalized mass states. Redoingthe manipulations that led from (32)
to (35), one finds that (35) stays unchanged. So do the three first terms of (42), as well as(Cu)−1. The
rotation anglesϕ andϑ can be absorbed in the definition of the new renormalized flavor states which are,
as expected, deduced from the initial ones (see (40)) byR(ϕ) andR(ϑ). Finally, Ĉd = Cd, Ĉu = Cu:
each renormalized mixing matrix stays unchanged and the relationC ≡ Ĉ = Ĉ

†
uĈd still holds. The mixing

angles are renormalized as before according to

θ̃uL = θuL +
ρuǫu

2
, θ̃dL = θdL +

ρdǫd
2
, θ̃c = θ̃dL − θ̃uL. (106)

Let us also write what happens in there for charged currents (the transformations of mass terms and

34Sinceϕ andϑ are both free, by tuning the former to−θdL and the latter to−θuL, one can tune botĥCd0 = R†(ϕ)Cd0

and Ĉu0 = R†(ϑ)Cu0 to the unit matrix: the mixing angles connecting, in both sectors, the new classical mass states to the
initial flavor states, can thus be cast to zero (the mixing angles connecting the rotated bare flavor states to the new classical mass
eigenstates are left unchanged by the rotation). However, if one considers charged currents in flavor space, we show after (107)
that their group structure stays unaltered only if the two arbitrary flavor rotations become identical; this accordingly favors a
common arbitrary flavor rotation in the two sectors. See alsoappendix F for the reverse statement that, by a flavor rotation, one
can always align the new flavor states to the classical mass states.
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neutral currents are given in (104)). It is convenient for this to use the second line of (38):

(

ūmL c̄mL

)

Cγµ





dmL

smL



 =
(

ū0
fL c̄0fL

)

[1 + ǫuTz(θuL) + ǫdTz(θdL)] γµ





d0
fL

s0fL



 . (107)

We recall (see subsection 2.1) thatǫd and ǫu are proportional tosin(θdL − θuL) cos(θdL − θuL). By
the transformations (103) and (105) the arguments ofTz(θuL) andTz(θdL) in (107) are both shifted by
(ϕ + ϑ): 2θuL → 2θuL + ϕ + ϑ, and2θdL → 2θdL + ϕ + ϑ, such that their difference stays the same.
The structure of (107) stays unchanged, but for the1, which becomesR(ϕ− ϑ) 35. Because of this term,
the group structure of charged currents is modified, since itno longer projects only onTz, unlessϕ = ϑ;
accordingly, if one wants to preserve it, the same flavor rotation should be performed in both sectors.

So, while independenteiαT
u

y × eiβT d
y flavor rotations do not change, in the new bases, the mixing angles

(see also footnote 34), they modify the different parts of the Lagrangian in different ways. The tightly
connected structure of neutral currents and mass terms stayunchanged and they are continuously rotated
into one another. The modification of charged currents is more important unless the two rotations are
identical. Accordingly, requesting that neutral and charged gauge currents exhibit the same flavor struc-
ture provides a constraint on the arbitrary flavor rotationsthat can be performed and thus a connection
between sectors of different electric charge. This is one ofthe consequences of the fact that the angles of
the two sectors get entangled by radiative corrections. It has also consequences for the alignment (up to
small radiative corrections) of mass and flavor eigenstatesin oneof the two sectors(u, c) or (d, s) (see
subsection 8.3).

Arbitrary unitary transformations

We now consider arbitrary2× 2 unitary transformationsΩu andΩd on fermions.

Like for rotations, it is straightforward to show thatC0, Shabalin’s counterterms,C, Vu,d, Vu,d andUu,d

stay unchanged. So doVdVd andVuVu and, finally, the Cabibbo matrixC between the new renormalized
mass states.Cd becomeŝCd = Ωd†Cd andCu becomeŝCu = Ωu†Cu.

We parametrize, with the appropriateu or d index forα and~β

Ω = ei(α+βxTx(θ)+βyTy+βzTz(θ)). (109)

Concerning mass terms and neutral currents, in the originalflavor basis one gets:

Ω†Tx(θ)Ω ≈ Tx(θ +
βy

2
) + βzTy, Ω†Tz(θ)Ω ≈ Tz(θ +

βy

2
)− βxTy, (110)

while, for charged currents (107) becomes:

35One can check directly this statement by starting again from(34), which we have shown to be unchanged (thoughCu0 and
Cd0 have changed,C0 stays unchanged). We just have to make the transformation from the new classical mass eigenstates to
the original flavor states. This is the role of the transformations Ĉd0 andĈu0 such that, in the original flavor basis the charged
currents write (omitting theWµγµ)

“

ū0
fL c̄0

fL

”

Ĉu0
1

2

2

4

0

@

1 −Au

−Au 1

1

A C0 + C0

0

@

1 −Ad

−Ad 1

1

A

3

5 Ĉ†
d0

0

@

d0
fL

s0
fL

1

A

=
“

ū0
fL c̄0

fL

”

R†(ϑ)

8

<

:

1

2
Cu0

2

4

0

@

1 −Au

−Au 1

1

A C0 + C0

0

@

1 −Ad

−Ad 1

1

A

3

5 C†
d0

9

=

;

R(ϕ)

0

@

d0
fL

s0
fL

1

A ,

(108)

which yields the same conclusion as operating withR(ϑ) andR(ϕ) directly on (107).
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Ωu† [1 + ǫuTz(θuL) + ǫdTz(θdL)] Ωd

≈ Ωu†Ωd + ǫu

[

Tz
(

θuL +
βu

y + βd
y

4

)

+ i(αd − αu)Tz(θuL)− 1

2
βu

x Ty −
i

4
βu

z

+
i

4
βd

x F
(

(θuL − θdL)
)

+
i

4
βd

z G
(

(θuL − θdL)
)

]

+ ǫd

[

Tz
(

θdL +
βu

y + βd
y

4

)

+ i(αd − αu)Tz(θdL)− 1

2
βd

x Ty +
i

4
βd

z

+
i

4
βu

x F
(

(θuL − θdL)
)

− i

4
βu

z G
(

(θuL − θdL)
)

]

,

with F (τ) =





sin 2τ cos 2τ

− cos 2τ sin 2τ



 , G(τ) =





cos 2τ sin 2τ

− sin 2τ cos 2τ



 . (111)

So, mass terms, neutral currents and charged currents are all in general deeply modified, which corre-
sponds to a strong breaking of theSU(2)f × U(1)f flavor symmetry.

7.2.4 Self energy, electromagnetic current and Ward identity

Departure from the inappropriate Wigner-Weisskopf approximation [5][10] can also be done by working
with an effective renormalizedq2-dependent mass matrix (self-energy)M(q2).

The eigenvalues ofM(q2) are nowq2-dependent, and are determined by the equationdet[M(q2) −
λ(q2)] = 0 36. Let them beλ1(q

2) . . . λn(q2). The physical masses satisfy then self-consistent equations
q2 = λ1...n(q2), such thatm2

1 = λ1(m
2
1) . . . m

2
n = λn(m2

n). At eachm2
i , M(m2

i ) hasn eigenvectors,
but only one corresponds to the physical mass eigenstate; the others are “spurious” states [5]. Even if the
renormalized mass matrix is hermitian at any givenq2, the physical mass eigenstates corresponding to
differentq2 belong to as many different orthonormal sets of eigenstatesand thus, in general, do not form
an orthonormal set. The discussion proceeds like in the coreof the paper, leading to similar conclusions.

We study below the role of theU(1)em Ward Identity connecting the inverse fermionic propagatorS−1(q)
to the photon-fermion-antifermion vertexΓµ(q, q) at vanishing incoming photon momentum. In each
sector of (bare) flavor space, the vertex function is (due to the Gell-Mann-Nishijima relation between
neutralSU(2)L andU(1)em generators in the standard model, and up toγµ× the electric charge in the
given sector) nothing more than(C−1)†(q2)C−1(q2) encountered before for neutral currents (see also
footnote 13). Requesting that the two sides of the identity be invariant by the same flavor transformation
(79) will induce constraints which do not suffer the major drawback of textures, their instability by such
transformations.

In each channel, for example(d, s), the aforementioned Ward Identity writes

Γµ(q, q) =
∂

∂qµ
S−1(q). (112)

Accordingly, both sides of (112) should be invariant by the same group of symmetry.

We write the(d, s) propagatorS(q2) (we suppose that it is symmetric, such that left and right eigenstates
are obtained by the same rotation) as

S−1(q2) = /q −M(q2), M(q2) =





a(q2) c(q2)

c(q2) b(q2)



 . (113)

36This is the simple case of a normal mass matrix, which can be diagonalized by a single (q2-dependent) unitary matrix.
When it is non-normal, the standard procedure uses a bi-unitary diagonalization.
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Definingθ(q2) such thattan 2θ(q2) =
2c(q2)

a(q2)− b(q2) ,M(q2) can then be rewritten

M(q2) =
a(q2) + b(q2)

2
+
a(q2)− b(q2)
2 cos 2θ(q2)

Tx(θ(q2)). (114)

Differentiating both sides of (113) with respect toqµ and using (114) yields

∂

∂qµ
S−1(q) = γµ + 2qµ

[

∂(a(q2) + b(q2))

2 ∂q2
− a(q2)− b(q2)

2 cos 2θ(q2)
Tx(θ(q2))

∂θ(q2)

∂q2

+

[

∂

∂q2

(

a(q2)− b(q2)
2 cos 2θ(q2)

)]

Tz(θ(q2))
]

, (115)

in which only the first two terms, respectively proportionalto the unit matrix and toTz, are invariant by
the same transformationΩz (79) as(C−1)†C−1 which controls both neutral and electromagnetic gauge

currents; the last term, proportional to
∂∆m(q2)

2 ∂q2
,m(q2) =

λ+(q2) + λ−(q2)

2
(see footnote 37), is not.

The invariance can be recovered if we constrain this derivative to vanish, that is the self-energy to satisfy
the condition

a(q2)− b(q2) = 2µ cos 2θ(q2), µ = cst, (116)

(of course trivially satisfied fora(q2) = b(q2), in which caseθ(q2) = π/4) or, equivalently37

M(q2) = a(q2)− µ cos 2θ(q2) + µ Tx(θ(q2)). (118)

Unlike textures, this form of the self-energy is stable by flavor rotations




d0
fL

s0fL



 → R(ϕ)





d0
fL

s0fL



; M(q2) is transformed intoa(q2) − µ cos 2θ(q2) + µ Tx(θ(q2) + ϕ),

which shows that the mixing angleθ(q2) has simply become, as expected,θ(q2) + ϕ while the spectrum
is unchanged. So is the form (78) for the vertex functionΓµ.

Our conjecture is accordingly that any self-energy or vertex function should be of the form

Ξ(q2) + µ





cos 2θ(q2) ± sin 2θ(q2)

± sin 2θ(q2) − cos 2θ(q2)



 or Σ(q2) + µ





sin 2θ(q2) ± cos 2θ(q2)

± cos 2θ(q2) − sin 2θ(q2)



 , (119)

which make them stable by flavor rotations. They are in particular normal, and thus can always be diago-
nalized by a unique unitary transformation, which can be used to define both left and right eigenvectors.

Eq.(118) trivially rewrites

M(q2) = a(q2) + µ





0 sin 2θ(q2)

sin 2θ(q2) −2 cos 2θ(q2)



 , (120)

reminiscent, up toa(q2) (which does not changeθ(q2)) of the triangular matrix suggested in [11] for
tan 2θ(q2) = −2; however, while the expressions (119) are stable by flavor rotations, this particular
texture is not. Indeed, rotating (118) and (120), one gets respectively

37 The eigenvalues ofM(q2) are λ+(q2) = a(q2) + 2µ sin2 θ(q2) and λ−(q2) = a(q2) − 2µ cos2 θ(q2) (thus µ =
λ+(q2)−λ

−
(q2)

2
), such that the physical masses (poles of the propagator) satisfy

m1 = a(m2
1) + 2µ sin2 θ(m2

1), m2 = a(m2
2) − 2µ cos2 θ(m2

2). (117)

The degenerate casem1 = m2 corresponds toµ = 0. By (116), this is equivalent toa(q2) = b(q2) and toθ = π
4

. For

quasi-degenerate systemsm1 ≈ m2 ≈ m, one has
m1 − m2

m1 + m2
=

µ

a(m2) − µ cos 2θ(m2)
≈ µ

a(m2)
andµ ≈ m1 − m2

2
.
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R†(ϕ)
[

a(q2)− µ cos 2θ(q2) + µ Tx(θ(q2))
]

R(ϕ) = a(q2)− µ cos 2θ(q2) + µ Tx(θ(q2) + ϕ),
(121)

R†(ϕ)



a(q2) + µ





0 sin 2θ(q2)

sin 2θ(q2) −2 cos 2θ(q2)







R(ϕ)

= a(q2) + µ





− sin 2θ(q2) sin 2ϕ − 2 cos 2θ sin2 ϕ sin 2(θ(q2) + ϕ)

sin 2(θ(q2) + ϕ) sin 2θ(q2) sin 2ϕ− 2 cos 2θ(q2) cos2 ϕ



 .

(122)

By evaluating the ratio between twice the non-diagonal termand the difference of diagonal ones, one
finds, on both (121) and (122), that, as expected, the mixing angle has becomeθ(q2)+ϕ. However, while
the “structure” of (121) is manifestly preserved by the rotation, the0 texture in (122) is not.

8 Conclusion, open issues and outlook

8.1 Summary

That mixing matrices connecting flavor to mass eigenstates of non-degenerate coupled fermion systems
should not be considereda priori as unitary has been given in this work, in addition to generalQFT
arguments, a perturbative basis from the calculation of radiative corrections at 1-loop to fermionic self-
energies and neutral currents. The counterterms of Shabalin, in particular kinetic counterterms (wave
function renormalization), have been shown to play an important role, controlling the departure from 1 of
the matrix of neutral currents in bare flavor space.

We have shown that, in the renormalized mass basis, which, unlike the bare one, is no longer orthonormal,
the renormalized mixing (Cabibbo) matrix stays unitary and, as required by the closure of theSU(2)L
gauge algebra, neutral currents are, like in the bare mass basis, controlled by the unit matrix.

The peculiar feature that is satisfied for two generations bythe Cabibbo angle, that universality of neutral
currents is violated with the same strength as the absence ofFCNC’s, has been shown to be compatible
with all mixing angles of quarks and leptons for three generations, too. For neutrinos, we have shown that
there exists only one solution forθ13 to the corresponding equations that rigorously falls within present
experimental limits, and we have obtained, without any hypothesis (textures) concerning mass matrices,
the property of “quark-lepton complementarity” between the Cabibbo angle and theirθ12.

Flavor symmetries, and their entanglement withSU(2)L gauge symmetry, have been shown to underlie
the physics of mixing angles. In particular, for two generations, the ways gauge currents and fermionic
mass terms (or self-energy) transform by flavor rotations bear common footprints left by a non-degenerate
mass spectrum.

8.2 Comparison with previous works

At this stage, it can be useful to stress that, in this approach to the renormalization of mixing matrices,
both kinetic and mass terms + counterterms have been simultaneously diagonalized. Having dealt with
self-mass as well as wave function renormalization, the mixing matrices that we define connect bare mass
states to renormalized mass states which do not anymore undergo non-local non-diagonal transitions.

This is not the case of previous approaches, in particular of[23], in which the sole diagonalization of
mass terms + counterterms defines renormalized mass states;so there still exist among them non-diagonal
kinetic-like transitions38.

38In the renormalization scheme proposed in [23], it is furthermore impossible to cancel finite contributions to self-masses in
all channels. As a results, in some of them, finite non-diagonal fermionic mass counterterms stay present, which, when inserted
on external legs ofWq1q̄2 vertex, can trigger right-handed currents atO(g5) in the standard model.
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We have shown that Shabalin’s kinetic counterterms are the ones that drive the non-unitarity of mixing
matrices. Would we have left them aside, like in [23], we would have reached the same conclusion as
theirs, that renormalized individual mixing matrices are unitary.

The mechanism that keeps unitary the CKM or PMNS matrices occurring in charged current is thus
different from the one advocated in [23]; it results from subtle cancellations between two individually
non-unitarity mixing matrices and the fact that, because ofSU(2)L gauge invariance which dictates the
form of covariant derivatives, the customary expressionK = K†

uKd for the CKM matrix in terms of
individual mixing matrices foru- andd-type quarks is no longer valid.

Another important feature of our work is that the general QFTargument leading to non-unitary mixing
matrices makes use of pole masses. These are the only ones which are gauge independent. This choice
goes along with the existence of severalq2 scales. One can instead choose to consider the renormalized
mass matrix (self-energy) at a given uniqueq2, and to define the renormalized mass eigenstates through
a bi-unitary diagonalization of this mass matrix. This leads to unitary mixing matrices. However, the
renormalized masses that appear by this procedure (which are not the eigenvalues of the mass matrix) do
not match the poles of the renormalized propagator (which correspond to different values ofq2). Because
of this, they certainly cannot satisfy the criterion of gauge independence.

As for the fate ofSU(2)L Ward Identities in a multiscale renormalization approach,in addition to the
fact thatSU(2)L gauge invariance is compatible with the existence of different mass scales, we refer
to [24]: the regularization method might violate some invariance (gauge, Lorentz ...); one has then to
introduce counterterms which violate it, too. After the regularization has been taken away, the S-matrix so
obtained satisfies the requested invariance. There appearsaccordingly to be no fundamental obstacle (only
technical difficulties) if the regularization procedure does not respect the Ward Identities corresponding
to the invariance of the theory.

8.3 Physically relevant mixing angles

The results that have been exposed are valid for fermions of both electric charges. They concern the
mixing angles which parametrize

∗ for quarks, the mixing matrixKu of u-type quarks as well asKd of d-type quarks;

∗ for leptons, the mixing matrixKν of neutrinos as well as that of charged leptonsKℓ,

and we have shown that our approach accounts for the observedvalues of the mixing angles.

However, a question arises : the measured values of the mixing angles are commonly attached, not to a
single mixing matrix, e.g.Ku or Kd, but to the productK = K†

uKd which occurs in charged currents
when both quark types are mass eigenstates. Thus, in the standard approach, they area priori related to
an entanglement of the mixing angles of quarks (or leptons) of different charges. Then, if mixing angles
in each sector are expected to satisfy the same criterion, their difference, which makes up, up to small
approximation, the Cabibbo angle, would be expected to vanish.

The same issue arises in the leptonic sector. Let us considerfor example the case of solar neutrinos:
the flux of “electron neutrinos” detected on earth is (roughly) half the one predicted by solar model
to be emitted from the sun. Would the flux predicted in solar models concern flavor neutrinos, and
would also the detection process counts flavor neutrinos, the sole mixing matrix which controls their
evolution and oscillations would beKν ; it is indeed the only matrix involved in the projection of flavor
states onto mass (propagating) states. The situation is different if the comparison is made between the
(emitted and detected) fluxes of statesνe, νµ, ντ defined in subsection 3.1; since their projections on
the mass eigenstates now involve the productK†

ℓKν , their oscillations are, like for quarks, controlled
by an entanglement of the mixing angles of neutrinos and charged leptons. The nature of the neutrino
eigenstates that are produced and detected is also sometimes questioned (see also for example [25]). An
often proposed solution is that, for charged leptons, theirflavor is defined to coincide with their mass
[26], which amounts to settingKℓ = 1.
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This is indeed the solution that comes naturally to the mind since, as we stated in subsection 7.2.3 (fla-
vor rotations) (see also appendix F): while arbitrary independent flavor rotations are a priori allowed
in each sector of different charge, with the corollary statement that the only physically relevant mixing
angles are the ones occurring in the Cabibbo matrix, these two rotations are constrained to be identical
if one likes to preserve the group structure (breaking pattern) of both neutral and charged currents in
bare flavor space. Forϑ = −θuL = ϕ, only the mixing angles in the(u, c) sector becomes vanishing
(alignment of bare mass and flavor states in this sector). Thestructure (107) of charged gauge currents
in bare flavor space becomes

(

1 + ǫu(θuL = 0)Tz(0) + ǫd(θuL = 0)Tz(θdL − θuL)
)

. Now, as discussed
in subsection 2.1.1, the value of the parameterǫu ≡ Au depends on the renormalization scheme; for
example its values inMS andMS differ by a constant proportional toγg2 sin θc cos θc(m

2
s −m2

d)/M
2
W ,

γ being the Euler constant. A “physical” renormalization scheme39 would correspond to the condi-
tion ǫu(θuL = 0) = 0. In this scheme, a classical unit mixing matrix (vanishing classical mixing an-
gle) would not be modified by (1-loop) radiative corrections: mass and flavor eigenstates could keep
aligned in the corresponding sector both at the classical level and at 1-loop40. Then, after aligning
mass and flavor states in the(u, c) sector, that is, in practice, turningθu to zero by a flavor rotation,

the formula (107) for charged current in bare flavor space becomes
(

ūmL c̄mL

)

Cγµ





dmL

smL



 =

(

ū0
fL c̄0fL

)

[1 + ǫd(θuL = 0)Tz(θdL − θuL)] γµ





d0
fL

s0fL



, in which the only argument of theTz gen-

erator is the Cabibbo angle. The criterion linking universality and FCNC’s could accordingly be applied
to charged gauge currents in the bare flavor basis, which controls the observed Cabibbo angle.

8.4 Shabalin’s counterterms in the calculation of physicaltransitions

As far as physics is concerned, some remarks are due concerning decays likeK → πνν̄, µ → eγ, µ →
eνν̄, for which 1-loop flavor changing neutral currents play an important role. One could indeed wonder
what are the consequences on these transitions of the introduction of Shabalin’s counterterms.

The first way to proceed is the usual one: no counterterm “à laShabalin” is introduced and calculations
are done in the bare mass basis, which is orthonormal as soon as the bare flavor basis is supposed to be
so.

However,d0
m ↔ s0m transitions occur at 1-loop, which can be considered to jeopardize the standard CKM

phenomenology [7]. To remedy this, theAu,d, Bu,d, Eu,d,Du,d counterterms are added, and should then
be included in any perturbative calculation. This second possibility may be cumbersome, due to their
twofold nature (kinetic and mass) and the fact that they haveboth chiralities. Furthermore, ford ands off
mass-shell (which occurs at 2-loops and more), their actioncan be no longer reduced to the cancellation
of non-diagonald0

m ↔ s0m transitions.
Note that the one-loop amplitude of, for example,s0m → d0

mZ or s0m → d0
mγ transition does not change

when these counterterms are introduced since, on one side, they kill s0m → Z(γ)s0m → Z(γ)d0
m and

s0m → d0
m → Z(γ)d0

m transitions but, on the other side, the covariant derivative associated with thep/
in Eq. (5) restores them (see Appendix B). So, the standard (without counterterms) 1-loop calculation of

39Its existence is only a conjecture. One could simply subtract from AMS
u its value atθuL = 0, that is, another constant

like when going fromMS to MS. However it is not clear that such a scheme respects the gaugeWard Identities, nor how to
implement it in practice at the level of individual Feynman diagram. Subtracting from each one its value atθuL = 0 is the
simplest choice as a “physical” renormalization prescription suitable to the alignment of flavor and mass states in the(u, c)
sector. When applied to Fig. 1 or to its equivalent foru0

m ↔ c0
m transitions (hence, in practice, to the functionsfu,d (see

footnote 14)), it also modifies the values of theBu,d, Eu,d, Du,d counterterms and that of the combination (27), which keeps
non-vanishing, because the subtracted constants have, in this case, a dependence on fermion masses and onp2 more involved
than the sole difference of(mass)2 that factorizes the Euler constantγ in (24).

40The resulting mixing matrix, which is identical to the unit matrix, trivially satisfies the criterion under consideration, i.e.
that the violation of universality (presently non-existing) is equal to that of the absence of FCNC’s (also vanishing).
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FCNC’s stays valid when counterterms are introduced, and the latter do not accordingly play, there, any
physical role.

The third possibility is to diagonalize the bare Lagrangian+ Shabalin’s counterterms and to perform
calculations in the so-defined renormalized mass basis, in which it has the standard canonical form except
that, as usual when counterterms are introduced, the parameters (masses, mixing angles) become the
renormalized ones.

This form of the Lagrangian is extremely simple since all effects of Shabalin’s counterterms have been
re-absorbed in a renormalization of the masses and mixing angles, and a change of status (orthogonality
or not) of the mass basis. However, again, non-diagonaldm ↔ sm transitions can occur at 1-loop, be-
tween renormalized mass states. They are similar to the onesoccurring in the bare Lagrangian without
counterterms, except that their amplitudes are now expressed in terms of renormalized parameters. Two
attitudes are then possible:
* either one applies standard Feynman rules to this Lagrangian without worrying about the orthonor-
mality of the basis of reference, which leads back to the usual way of performing calculations; this is
tantamount to considering that Shabalin’s counterterms donot play any physical role. This can look a
reasonable attitude since one does not knowa priori whether a set of vectors is orthonormal or not, except
on physical grounds;
* or, before starting any perturbative calculation, one first worries whether the reference basis is orthonor-
mal or not. This is now tantamount to considering that physical predictions could depend on this property
and that any sensible Lagrangian should be written, before any perturbative expansion is performed, in
an orthonormal reference basis. These considerations go however beyond the scope of the present work.

8.5 Flavor rotations as a very softly broken symmetry of the Standard Model

Performing a rotation by an angleϕ in the two sectors(u, c) and(d, s) (or (e, µ) and(νe, νµ)):
* shifts both argumentsθuL andθdL in theSU(2)f generatorsTz(θuL,dL) andTx(θuL,dL) which occur
respectively in neutral (and electromagnetic) currents and mass matrices byϕ (see (104));
* yields equivalent shifts in charged currents (see (107));
* does not modify the physical Cabibbo angle (see “Flavor rotations” in subsection 7.2.3);
* leaves invariant the rest of the Standard Model Lagrangianand does not change the physical masses.

The rotation angleϕ and the resulting modifications of the Lagrangian appear unphysical. This is why
flavor rotations (identical in the two sectors) can be considered to be a symmetry of the Standard Model.

8.6 CP violation

In this work we have deliberately ignoredCP violating mixing angles and all effects ofCP violation.
There are several reasons for this:
* they area priori small and should not quantitatively alter the results that have been obtained for the
other type of mixing angles;
* since the renormalized Cabibbo matrix is constrained bySU(2)L gauge invariance to stay unitary, we
do not expect strong deviations from the customary results;
* the introduction ofCP violating phases would considerably complicate the trigonometric equations to
solve, which are already highly non-trivial.

There is however an interesting point: the most general non-unitary mixing matrix allowsa priori CP
violation even for two generations. But we consider this as another matter which deserves a separate
investigation.

8.7 Open issues. Beyond the Standard Model

The present work raises several questions and challenges.
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A first type of challenge concerns experimentally observable consequences of the issues raised in this
work, specially thea priori non-unitarity of mixing matrices. Unlike theCP -violating parametersǫL
andǫS of neutral kaons the difference of which we could estimate in[5], we are not yet able to exhibit
and estimate observables which would be sensitive to this non-unitarity, or, equivalently, to the energy
dependence of eigenstates induced by radiative corrections. This is all the more challenging as we have
shown that the renormalized mixing matrix occurring in charged currents (Cabibbo, CKM, PMNS) keeps
unitary as a consequence ofSU(2)L gauge invariance. So, no deviation from unitarity can be expected in
charged currents from this mechanism. The finite renormalization of mixing angles in charged currents
by the simple functionρdǫd−ρuǫu

2 of Shabalin’s counterterms is itself non-physical since the parameters
ρu,d are arbitrary. Non-unitary is thus expected to only be at work in neutral currents in bare flavor space,
where only one fermionic sector gets involved. However, it is a much debated issue whether individual
mixing angles, corresponding to a given sector, are observable, or whether the sole observable angles are
the ones occurring in charged currents.

A connection should also be made with the non-unitary equivalence of mass and flavor Fock spaces
investigated in [27]. We have shown that renormalized mass states area priori connected to bare flavor
space by non-unitary transformations, which preaches in favor of the propositions in [27]. However, we
have also proved in subsection 2.2.3 that one can define renormalized flavor states which deduce from
bare flavor states by a non-unitary transformation and which, now, connect to renormalized mass states
by unitary transformations. The issue arises accordingly (see also subsection 8.4) of which basi(e)s can
be considered to be orthonormal. Renormalized mass states and bare flavor states we have shown cannot
be simultaneously orthonormal. Since, and this is the pointof view of [27], physical mass states (that
is renormalized mass states) are expected to have the standard anticommutation relations and to form a
Fock space of orthonormal states, renormalized flavor states, which are unitarily connected to the latter,
would then form, too, an orthonormal basis (such that bare flavor states should not be anymore considered
to form an orthonormal set, nor bare mass states). Then the two spaces of renormalized flavor states and
renormalized mass states would be two unitarily connected Fock spaces. This issue is currently under
investigation.

It is to be mentioned that, often, mixing angles are not defined, like we did, through fundamental parame-
ters of the Lagrangian, but as ratios of amplitudes among physical bound states (mesons). The connection
between the two approaches is certainly to be investigated,but it is clear that it faces the tedious problem
of bound states, in which any tentative calculation is doomed to uncertainties largely exceeding the effects
that need to be tested.

The last type of challenge concerns the criterion that seemingly controls observed mixing angles: it
connects in the simplest possible way the violation of unitarity to FCNC’s in bare flavor space. We have
no reason to believe that the Standard Model possesses, in itself, even including the refinements of QFT
that we have implemented, the necessary ingredients to givebirth to such a property. All it can tell is that,
due to non-degeneracy, one expects both violation of unitarity and the presence of FCNC’s for all gauge
currents in bare flavor space. So, it seems reasonable to think that the realm of any possible connection
between the two lies “beyond the Standard Model”, and that only there can one hope to ultimately find a
theoretical explanation to the observed pattern, and to therelation between thetan of the Cabibbo angle
and the Golden ratio [3][11].

8.8 Conclusion and perspective

This work does not, obviously, belong to what is nowadays referred to as ”Beyond the Standard Model”,
since it does not incorporate any “new physics” such as supersymmetry, “grand unified theories (GUT)”
or extra-dimensions. However it does not strictly lie within the SM either, even if it is very close to. Of
course, it shares with the latter its general framework (mathematical background and physical content),
and also borrows from it the two physical conditions of universality for diagonal neutral currents and
absence of FCNC’s, which play a crucial role in the process. But, on the basis of the most general argu-
ments of QFT, we make a decisive use of the essential non-unitarity of the mixing matrices, whereas only
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unitary matrices are present in the SM. This property may be considered, in the SM, as an ”accidental”
characteristic of objects which are intrinsically non-unitary.

The mixing angles experimentally observed get constrainedin the vicinity of this “standard” situation,
a slight departure from which being due to mass splittings. Hence our approach can be considered to
explore the ”Neighborhood of the Standard Model”, which is likely to exhibit low-energy manifestations
of physics ”Beyond the Standard Model”.

While common approaches limit themselves to guessing symmetries for mass matrices (see for example
[8] and references therein), we showed that relevant patterns reveal instead themselves in the violation of
properties attached to gauge currents: in each given(i, j) flavor channel, two dimensional flavor rotation
appears as a flavor subgroup softly broken by the presence of mass splittings, which continuously connects
neutral currents and the fermionic self-energy.

When two generations are concerned, nature seems to exhibita quantization of thetan of twice the mixing
angles as multiples of1/2. This corresponds to the property that, in the original flavor basis, the effects
of lifting the mass degeneracy are such that universality for neutral currents is violated with the same
strength as the absence of FCNC’s. The third generations appears as a small perturbation of this property.
Whether this quantization really exists and whether it can be cast on a firm theoretical background, in
particular through perturbative calculations, stays unfortunately an open question.

It is remarkable that the same type of symmetry underlies both the quark and leptonic sectors; they only
differ through the0th order solution to the “unitarization equations”, the twofold-ness of which was
recently uncovered in [2]. In the neutrino case, the values that we obtain for the mixing angles (with the
smallest one ofθ13) do not deviate by more than10% from the tri-bimaximal pattern [28].

To conclude, this work demonstrates that flavor physics offers to our investigation very special and simple
patterns which had been, up to now, unnoticed. Strong arguments in favor of them have been given in both
the quark and leptonic sectors, and they will be further tested when the third mixing angle of neutrinos is
accurately determined.
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Appendix

A Calculation of Shabalin’s counterterms

We derive here the expressions (6) for Shabalin’ s countertermsAd, Bd, Ed,Dd.

Requesting that the sum of (4) and (5) vanishes fors0m one mass-shell gives the first equation

fd(p
2 = m2

s)d̄
0
m(1 + γ5)ms s

0
m =

Ad d̄
0
m(1 + γ5)ms s

0
m +Bd d̄

0
m(1− γ5)s0m + Ed d̄

0
m(1− γ5)ms s

0
m +Dd d̄

0
m(1 + γ5)s0m.

(123)

Likewise, usingd̄
←→
∂µs ≡ d̄(∂µs) − (∂µd̄)s and iγµ∂µs̄ = −mss̄, the equivalent request ford0

m on
mass-shell yields

fd(p
2 = m2

d)d̄
0
mmd(1− γ5)s0m =

Ad d̄
0
mmd(1− γ5)s0m +Bd d̄

0
m(1− γ5)s0m + Ed d̄

0
mmd(1 + γ5)s0m +Dd d̄

0
m(1 + γ5)s0m.

(124)

(123) yields the two conditions, respectively for(1 + γ5) and(1− γ5) terms:

msfd(p
2 = m2

s) = msAd +Dd,
Bd +msEd = 0. (125)

while (124 yields the two other conditions

mdfd(p
2 = m2

d) = mdAd +Bd,
Dd +mdEd = 0. (126)

The solutions of the four equations in (125) and (126) are given by (6).

B The inclusion of Shabalin’s counterterms does not modifys → dγ tran-
sition.

Making use of formula (4) for the 1-loops0m → d0
m transition of Fig. 1, the left and center diagrams

of Fig. 6 write respectively (we omit theǫµ of the photon and use and abbreviated notationfd(m
2
d) =

fd(p
2 = m2

d,m
2
u,m

2
c ,m

2
W ))

d̄0
m(p)fd(m

2
s) 6p(1− γ5)

1

6p−ms
γµs0m(p + q), (127)

d̄0
m(p)γµ

1

6p− 6q −md
fd(m

2
s)(6p+ 6q)(1− γ5)s0m(p + q). (128)

u,c

p

W

pr

p

p

r

q+

−

γ

q

s s dm
0

m
0

m
0

p q+ p q+

p q+

u,c

W

r

γ

p

qr−

s d d0
m

0
m

0
m

p q+

γ

p

q

s dm
0

m
0

Fig. 6: diagrams contributing tos0m → d0
mγ sensitive to Shabalin’s counterterms, which cancel the left

and center amplitudes; the latter are re-created via the covariant derivatives insideAd andEd which
yield the diagram on the right.
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Using that thed quark is on mass-shell in Fig. 6 left and thes quark is on mass-shell in Fig. 6 center,
straightforward manipulations transform (127) and (128) respectively into

fd(m
2
d)

[

m2
d

m2
d −m2

s

d̄0
mγµ(1− γ5)s0m +

mdms

m2
d −m2

s

d̄0
mγµ(1 + γ5)s0m

]

, (129)

− fd(m
2
s)

[

m2
s

m2
d −m2

s

d̄0
mγµ(1− γ5)s0m +

mdms

m2
d −m2

s

d̄0
mγµ(1 + γ5)s0m

]

, (130)

the sum of which yieldsAd d̄
0
m γµ(1−γ5)s0m +Ed d̄

0
m γµ(1−γ5)s0m, whereAd andEd are the Shabalin’s

counterterms given in (6).

So, while the two corresponding amplitudes are canceled by Shabalin’s counterterms (since, in both
diagrams, as0m → d0

m transition occurs with eithers or d on mass-shell), the photonic parts in the
covariant derivatives which should be used insideAd andEd re-create the same transition amplitude
(Fig. 6 right).s0m → d0

mγ is thus left unchanged by the introduction of these counterterms.

The same demonstration holds fors0m → d0
mZ transitions.

C θ̃13 = 0 ⇒ θ13 = 0

Using the notations of section 3, we start with the followingsystem of equations:

[11] + [22]

2
= [33]⇔ s213 + s223 + c̃223 = 1; (131a)

[11] = [22]⇔ c213 cos(2θ12) = (c223 + s̃223) cos(2θ̃12); (131b)

[12] = 0 = [21]⇔ c213 sin(2θ12) = (c223 + s̃223) sin(2θ̃12); (131c)

[13] = 0 = [31]⇔ s̃12

(

sin(2θ23)− sin(2θ̃23)
)

= c12 sin(2θ13); (131d)

[23] = 0 = [32]⇔ c̃12

(

sin(2θ̃23)− sin(2θ23)
)

= s12 sin(2θ13). (131e)

From equation (131a), we havec223 + s̃223 6= 0, which entailsc213 6= 041. Let us study the consequence on
the two equations (131b) and (131c).

• the two sides of (131b) vanish forcos(2θ12) = 0 = cos(2θ̃12), i.e. θ12 = π
4 [π2 ] = θ̃12.

(131c) then givesc213 = c223 + s̃223, which, associated with (131a), yields the following solution 42:
θ13 = 0[π] andθ̃23 = ±θ23[π].

• the two sides of (131c) vanish forsin(2θ12) = 0 = sin(2θ̃12) = 0, i.e. θ12 = 0[π2 ] = θ̃12.
(131b) gives thenc213 = c223 + s̃223, hence, like previously,θ13 = 0[π] andθ̃23 = ±θ23[π].

• in the other cases we can calculate the ratio (131b) / (131c),which givestan(2θ12) = tan(2θ̃12), hence
θ12 = θ̃12[π] or θ12 = π

2 + θ̃12[π]:

∗ θ12 = π
2 + θ̃12[π] implies for (131b)(131c)c213 = −c223 − s̃223, which, together with (131a) (c213 =

s223 + c̃223), gives a contradiction :2 = 0:

∗ θ12 = θ̃12(6= 0)[π] implies, like previously,c213 = c223 + s̃223, which gives, when combined with
(131a):θ13 = 0[π] andθ̃23 = ±θ23[π].

Hence, it appears that whatever the case, the solution givesrise toθ13 = 0[π].

Let us now look at (131d) and (131e). Sinceθ13 = 0, the two r.h.s.’s vanish, and we obtain the twin
equations̃s12(sin(2θ23) − sin(2θ̃23)) = 0 and c̃12(sin(2θ23) − sin(2θ̃23)) = 0, which, together, imply
sin(2θ23) = sin(2θ̃23). It follows that, eitherθ23 = θ̃23[π] or θ23 = π

2 − θ̃23[π];

41Indeed, let us suppose thatc13 vanishes. Thencos(2θ̃12) andsin(2θ̃12) must vanish simultaneously, which is impossible.

42

8

<

:

c2
13 = c2

23 + s̃2
23

s2
13 + s2

23 + c̃2
23 = 1

=⇒

8

<

:

s2
23 + c̃2

23 = 1

s2
13 = 0
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∗ θ23 = θ̃23[π] matches the result of the previous discussion in the “+” case, whereas, in the “-” case,
the matching leads toθ23 = θ̃23 = 0, which is to be absorbed as a particular case in the “+” configuration;

∗ θ23 = π
2 − θ̃23[π] matches the result of the previous discussion in the “+” configuration, in which

case it leads toθ23 = θ̃23 = π
4 [π2 ], i.e. maximal mixing between the fermions of the second and third

generations.

D (θ12, θ23) solutions of eqs. (51) (52) (53) (54) (55) forθ13 = 0 = θ̃13

Excluding θ̃12 = 0, (57a) and (57b) requiresin(2θ23) = sin(2θ̃23) ⇒ θ̃23 = θ23 + kπ or θ̃23 =
π/2− θ23 + kπ.

• for θ̃23 = θ23 + kπ Cabibbo-like,

(57c) requiressin(2θ12) = sin(2θ̃12)⇒ θ̃12 = θ12 + nπ or θ̃12 = π/2− θ12 + nπ;

(57d) requirescos(2θ12) = cos(2θ̃12)⇒ θ̃12 = ±θ12 + pπ;

(57e) requiress212 + c̃212 − 1 = 0⇒ θ̃12 = ±θ12 + rπ.

The solutions of these three equations areθ12 = θ̃12 +mπ Cabibbo-like orθ12 = π/4 + qπ/2 maximal
(θ̃12 = ±θ12 + rπ is then also maximal). They are associated withθ̃23 = θ23 + kπ, condition heading
this paragraph.

• for θ̃23 = π/2− θ23 + kπ,

(57c) requiress12c12 = 2c223s̃12c̃12;

(57d) requiresc212 − s212 = 2c223(c̃
2
12 − s̃212);

(57e) requiress212 + 2c223c̃
2
12 − 2s223 = 0.

Taking the ratio of the first two conditions yieldstan(2θ12) = tan(2θ̃12) = 2c223 ⇒ θ̃12 = θ12 + kπ/2 +
nπ, which entails2c223 = 1 ⇒ θ23 = ±π/4 + pπ/2 maximal; by the conditioñθ23 = π/2 − θ23 + kπ
heading this paragraph,̃θ23 is then maximal, to. The third condition becomess212 + c̃212 − 1 = 0, which
requiresθ̃12 = ±θ12 + rπ. Then, the second condition is automatically satisfied, butthe first requires that
the“+′′ sign be chosen; so,̃θ12 = θ12 + rπ is Cabibbo-like.

• Summary: the solutions are:
∗ θ̃23 = θ23 + kπ Cabibbo-like, associated with eitherθ12 = θ̃12 + mπ Cabibbo-like orθ12 and θ̃12
maximal;
∗ θ̃12 = θ12 + rπ Cabibbo-like, associated withθ23 andθ̃23 maximal.

E Sensitivity of the neutrino solution to a small variation of θ13

If one allows for a smallθ13 ≈ θ̃13, (53) and (54) become respectively

− 2ηs12c12s23c23 + ǫ(s212 − c212) + ηs13(c
2
23 − s223)(c212 − s212) = 0 (132)

and

− 2ηs23c23(c
2
12 − s212) + 4ǫs12c12 − 2ηs13(c

2
23 − s223)(2s12c12 + ǫ(c212 − s212)) = 0. (133)

Forθ23, θ̃23 maximal, the dependence onθ13 drops out.
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F Aligning classical flavor states and classical mass states

We show below that, at the classical level of mass matrices, one can always perform, in each sector, a
flavor rotation such that the classical mass eigenstates andthe rotated flavor states get aligned. Since the
logic is slightly different from the one in paragraph 7.2.343, we chose to explain things in detail here.

Let us now consider thechange of variablesin flavor space





d′fL

s′fL



 = R(ϕ)





d0
fL

s0fL



. In terms

of the primed fields, the mass terms in the Lagrangian rewrite





d′fL

s′fL





†

R(ϕ)M0S†(ϕ)





d′fR

s′fR



, in

which S(ϕ) is the equivalent ofR(ϕ) for right-handed fields. SinceM0 was diagonalized according to
C†d0M0Hd0 = diag(m0

d,m
0
s),R(ϕ)M0S

†
ϕ is now diagonalized according toC†d0R

†
ϕ(R(ϕ)M0S†(ϕ))S(ϕ)Hd0 =

diag(m0
d,m

0
s). Accordingly, the new classical mass eigenstates are





d′mL

s′mL



 = C†d0R†(ϕ)





d′fL

s′fL



 =

C†d0





d0
fL

s0fL



 ≡





d0
mL

s0mL



. So, the classical mass eigenstates are unchanged, but are now deduced from

the new classical flavor states by the productC†d0R†(ϕ). The angleϕ can accordingly be tuned such that
this product is the unit matrix. When it is so, the new classical flavor states are aligned with the bare mass
states.

The same demonstration holds in the(u, c) sector. This shows that, at the classical level of mass matrices,
mixing angles in each sector, when defined as the one connecting bare flavor states to original bare mass
states have no physical meaning and can always be tuned to zero. So, the only physical mixing angles are
the ones occurring in charged currents. Indeed, since mass states are unchanged, it is even more trivial
than in subsection 7.2.3 to show that these angles stay unchanged by arbitrary flavor rotations.

We recall however that, as emphasized in footnote 34, a common flavor rotation of both sectors is required
as soon as one wants to preserve the group structure of charged currents in bare flavor space.

43The change in flavor states was defined, there, by (103) and thetransformed Lagrangian was expressed in terms of the
original bare flavor fields. Classical mass eigenstates got changed such that the new ones are deduced from the starting ones by

the rotationR(ϕ):

0

@

d̂0
m

ŝ0
m

1

A = R(ϕ)

0

@

d0
m

s0
m

1

A. The new classical mass eigenstates could then be aligned with the starting

bare flavor states. In the present approach, it is the new flavor states which can get aligned with the bare mass eigenstates, the
latter staying unchanged.
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