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Capacitary estimates of solutions
of semilinear parabolic equations

Moshe Marcus Laurent Veron
Department of Mathematics, Department of Mathematics,
Technion, Haifa, ISRAEL Univ. of Tours, FRANCE
Abstract

We prove that any positive solution of dyu — Au+u? =0 (g > 1) in RY x (0, 00) with
initial trace (F,0), where F is a closed subset of RY can be represented, up to two universal
multiplicative constants, by a series involving the Bessel capacity Cs/4 4. As a consequence
we prove that there exists a unique positive solution of the equation with such an initial
trace. We also characterize the blow-up set of u(x,t) when ¢ | 0 , by using the ”density” of
F expressed in terms of the Cy/, ,-capacity.

2000 Mathematics Subject Classification. 35K05;35K55; 31C15; 31B10; 31C40.

Key words. Heat equation; singularities; Borel measures; Bessel capacities; Wiener type test; initial trace.

Contents
1 Introduction
2 Estimates from above

2.1 Global Li-estimates
2.2 Pointwise estimates . . . . . . . . .. e e e
2.3 The upper Wiener test

Estimate from below
3.1 Estimate from below of the solution of the heat equation
3.2 Estimate from above of the nonlinear term

Applications

Appendix

@@ﬂ@ (b}

EIEk

S &



1 Introduction

Let T € (0,00] and Q7 = RN x (0,7] (N > 1). If ¢ > 1 and u € C?(Qr) is nonnegative and
verifies
Ou—Au+u? =0 in Qr, (1.1)

it has been proven by Marcus and Véron [R5] that there exists a unique outer-regular positive
Borel measure v in R such that

li Lt) = 1.2
tl_r%u(,t) v, (1.2)

in the sense of Borel measures; the set of such measures is denoted by B (RM). To each of its
element v is associated a unique couple (S,, ) (we write v = (S,, p1,)) where S, the singular
part of v, is a closed subset of RY and ., the regular part is a nonnegative Radon measure on
R, = RN\ S,. In this setting, relation (L) has the following meaning :

() limiso fp ulst)ds = /R Cdpm, V¢ € Co(Ry),

(1.3)
) lim; / u(.,t)dx = oo, YO c RN open, ONS, # 0.
O
The measure v is by definition the initial trace of v and denoted by Tren(u). It is wellknown
that equation ([[.]) admits a critical exponent

N

This is due to the fact, proven by Brezis and Friedman [E], that if ¢ > ¢, isolated singularities
of solutions of (1)) in RY \ {0} are removable. Conversely, if 1 < ¢ < g, it is proven by the
same authors that for any k > 0, equation (D) admits a unique solution wuys, with initial data
kdg. This existence and uniqueness results extends in a simple way if the initial data kdq is
replaced by any Radon measure y in RY (see [H]). Furthermore, if k& — 00, uys, increases and

converges to a positive, radial and self-similar solution u, of ([.1]). Writing it under the form
1
Uso(, ) =t =1 f(|z| /\/t), f is a positive solution of
Af+5yDf+25f = f1=0 RN
' o (1.4)
hrn|y|—>oo |y|q_1 f(y) = 0.

The existence, uniqueness and the expression of the asymptotics of f has been studied thoroughly
by Brezis, Peletier and Terman in [[j]. Later on, Marcus and Véron proved in [P that in the
same range of exponents, for any v € ’B:eg(RN ), the Cauchy problem

Ou—Au+u? =0 in Qu,
(1.5)
Tren(u) = v,

admits a unique positive solution. This result means that the initial trace establishes a one to
one correspondence between the set of positive solutions of ([[.1) and ’B:eg(RN ). A key step for
proving the uniqueness is the following inequalities

£ (o — al V) < ula,t) < (g — 1)) V(@) € Qoo (16)



valid for any a € S,. As a consequence of Brezis and Friedman’s result if ¢ > ¢., i.e. in
the supercritical range, Problem ([LH) may admit no solution at all. If v € B RN), v ~
(Sy, pv), the necessary and sufficient conditions for the existence of a maximal solution v = @,
to Problem ([.5) are obtained in [RF] and expressed in terms of the the Bessel capacity C, Ja,d'>
(with ¢ = ¢/(q — 1)). Furthermore, uniqueness does not hold in general as it was pointed out
by Le Gall [R]]. In the particular case where S, = () and v is simply the Radon measure y,,, the
necessary and sufficient condition for solvability is that u, does not charge Borel subsets with
Cy/q,¢-capacity zero. This result was already proven by Baras and Pierre [] in the particular
case of bounded measures and extended by Marcus and Véron [RJ] to the general case. We shall
denote by 94 (R™) the positive cone of the space M4 (RYV) of Radon measures which does not

charge Borel subsets with zero Cy/, ,-capacity. Notice that W—2/a9(RN) 0 SIRE’F(RN ) is a subset

of M4 (RY); here 9% (RY) is the cone of positive bounded Radon mesures in RY. For such
measures, uniqueness always holds and we denote wu,, = u,, .

In view of the already known facts concerning the parabolic equation, it is useful to recal
the much more advanced results previously obtained for the stationary equation

—Au+u?=0 in Q, (1.7)

in a smooth bounded domain Q of RY. This equation has been intensively studied since 1993,
both by probabilists (Le Gall, Dynkin, Kuznetsov) and by analysts (Marcus, Véron). The
existence of a boundary trace for positive solutions, in the class of outer-regular positive Borel
measures on 92, is proven by Le Gall [Rq], [R1] in the case ¢ = N = 2, by probabilistic methods,
and by Marcus and Véron in B3], B4] in the general case ¢ > 1, N > 1. The existence of
a critical exponent go = (N 4 1)/(N — 1) is due to Gmira and Véron [[[J] who shew that, if
q > ge boundary isolated singularities of solutions of ([.7) are removable, which is not the case
if 1 < ¢ < ¢e. In this subcritical case Le Gall and Marcus and Véron proved that the boundary
trace establishes a one to one correspondence between positive solutions of ([.7) in © and outer
regular positive Borel measures on 9€2, which is not the case in the supercritical case ¢ > qe.
In [I(] Dynkin and Kuznetsov introduced the notion of o-moderate solution which means that
u is a positive solution of ([.7) such that there exists an increasing sequence of positive Radon
measures on 9 {/, } belonging to W~2/94 (9Q) such that the corresponding solutions v = Uy
of

(1.8)

—Av+0v1=0 in Q
v =y in Of)

converges to u locally uniformly in €2. This class of solutions plays a fundamental role since
Dynkin and Kuznetsov proved that a o-moderate solution of (D) is uniquely determined by its
fine trace, a new notion of trace introduced in order to avoid the non-uniqueness phenomena.
Later on, it is proved by Mselati (if ¢ = 2) BJ] and then by Dynkin (if ¢. < ¢ < 2) [§], that all
the positive solutions of ([.7) are o-moderate. The key-stone element in their proof (partially
probabilistic) is the fact that the maximal solution g of ([.7) with a boundary trace vanishing
outside a compact subset K C 0f) is indeed o-moderate. This deep result was obtained by a
combination of probabilistic and analytic methods by Mselati [BJ] in the case ¢ = 2 and by

purely analytic tools by Marcus and Véron [R§], [R9 in the case ¢ > q.. Defining uy as the



largest o-moderate solution of ([.7) with a boundary trace concentrated on K, the crucial step
in Marcus-Véron’s proof (non probabilistic) is the bilateral estimate satisfied by Tx and wy

O™l p(@)Wrk(z) < ug(z) < ax(z) < Cp(z) Wi (). (1.9)

In this expression C' = C(,q), p(z) = dist (z,0Q) and Wg(x) is the capacitary potential of K
defined by

m

>, matD)
Wi(a) =327 0 Cyy (2" Ko@), (1.10)

where K,,(z) = KN {z:27™"1 < |z — x| <27™}, the Bessel capacity being relative to RV~1,
Note that, using a technique introduced in 4], inequality T < C?uy implies uj = .

Extending Dynkin’s ideas to the parabolic case, we introduce the following notion

Definition 1.1 A positive solution u of (1)) is called o-moderate if their exists an increasing
sequence {ji,} C W=249(RN) N 9ME (RY) such that the corresponding solution u := uy,, of

ou—Au+ul =0 in Q
(1.11)

converges to u locally uniformly in Qs.

If F is a closed subset of RY, we denote by % the maximal solution of ([[1]) with an initial
trace vanishing on F°, and by uy the maximal o-moderate solution of ([[.T)) with an initial trace
vanishing on F°. Thus u is defined by

up = sup{u, : p € ML(RY), u(F°) = 0}, (1.12)

where MY (RY) := W-229(RV) 0 9% (RY). One of the main goal of this article is to prove
that ur is o-moderate and more precisely,

Theorem 1.2 For any q > 1 and any closed subset F of RN, ip = up.
We define below a set function which will play a fundamental role in the sequel.

Definition 1.3 Let F be a closed subset of RN. The Ca/q,q' -capacitary potential Wg of F is
defined by

Wg(z,t) = tfq%li(n + 1)%7ﬁ67%02/q ¢ _ V(z,t) € Qoo, (1.13)
—re ’ (n+ 1)t

where Fy, = Fy,(x,t) == {y € F:v/nt < |z —y| <+/(n+1)t}.

One of the tool for proving Theorem is the following bilateral estimate which is only
meaningful in the supercritical case, otherwhile it reduces to ([.6);



Theorem 1.4 For any q > q. there exist two positive constants C; > Cy > 0, depending only
on N and q such that for any closed subset F of RN, there holds

CoWp(z,t) <up(z,t) <up(z,t) < C1Wp(z,t)  V(z,t) € Qoo- (1.14)

It is important to notice that the capacitary potential is equivariant with respect to the same
scaling transformation which let ([.1]) invariant in the sense that, for any £ > 0,

(FTWp (Vi ) = Wy (e, t)  Y(e,t) € Que. (1.15)

This quasi representation, up to uniformly upper and lower bounded functions, is also interesting
in the sense that it indicates precisely what are the blow-up point of up = uy := up. Introducing
an integral expression comparable to W we show, in particular, the following results

. F A
llir?(l] Co/qq <? N Bl(x)> =v€0,00) = %g%t —lyp(z,t) =Cy (1.16)
for some Cy, = C(N,q,~) > 0, and
2 r
limsup 74-1Cy /g o <— N Bl(m)> < 00 = limsup up(z,t) < co. (1.17)
T—0 T t—0

Our paper is organized as follows. In Section 2 we obtain estimates from above on up. In
Section 3 we give estimates from below on ur. In Section 4 we prove the main theorems and
expose various consequences. In Appendix we derive a series of sharp integral inequalities.

Aknowledgements The authors are grateful to the European RTN Contract N° HPRN-CT-
2002-00274 for the support provided in the realization of this work.

2 Estimates from above

Some notations. Let Q be a domain in RV with a compact C? boundary and 7' > 0. Set B, (a)
the open ball of radius » > 0 and center a (and B,(0) := B,) and

Q2= x(0,T), 9,Q2=00x%(0,T), Qr:=0Q%, Quw:=0qQ%.

Let H®[] (resp. H[.]) denote the heat potential in  with zero lateral boundary data (resp. the
heat potential in R"V) with corresponding kernel

_Jz—y?

(z,y,t) = HY(x,y,t) (vesp.(x,y,t) — H(z,y,t) = (471'15)7%6 ).

We denote by ¢, := 1+ %, the parabolic critical exponent.

Theorem 2.1 Let q > q.. Then there exists a positive constant C; = C1(N,q) such that for
any closed subset F' of RN and any u € C?*(Qso) N C(Quo \ F) satisfying

Ou—Au+u? =0 in Qx 2.1)
limy,ou(z,t) =0 locally uniformly in F€, .



there holds
u(z,t) < C1We(z,t) V(z,t) € Qoo, (2.2)

where Wr is the (2/q,q')-capacitary potential of F defined by (L.13).
First we shall consider the case where F' = K is compact and
K Cc B, C By, (2.3)

and then we shall extend to the general case by a covering argument.

2.1 Global Li-estimates
Let p > 0, we assume (R.3) holds and we put

Trp(K) = {n € C5°(Br1,),0 <1 <1,n=1in a neighborhood of K}. (2.4)
IfneT ,(K),wesetn* =1—-n,(= H[n*]?¢ and
R[] = |VH)| + |8:Hln) + AH[n]| - (2.5)

We fix T > 0 and shall consider the equation on Q7. Throughout this paper C will denote a
generic positive constant, depending only on N, ¢ and sometimes T, the value of which may vary
from one ocurrence to another. We shall also use sometimes the notation A ~ B for meaning
that there exists a constant C' > 0 independent of the data such that C~'A < B < C A.

Except in Lemma the only assumption on ¢ is ¢ > 1. In the sequel we shall obtain
pointwise estimate on the solution expressed in terms of the L?-norm of R[n] for n € T, ,(K).
Although these estimates could have been immediately turned into capacitary estimates as in
[B9], the advantage of keeping them comes from the possibility of performing operations such as
dilations or summations on them. The next lemma points out the connection between R[n] and
the the Cy/, o~ capacity of K.

Lemma 2.2 There exists C' = C(N,q) > 0 such that

C il < [ | R dedt = RISy < Ol M€ T ). 0
Therefore

inf { | RONIY, 0 € Top(K) } = Oy (K). (2.7)

Proof. There holds 0,H[n] = AH]n]|, and
/ e _ q dt !
[ o awa= [ |i-vmom, T~ I (28)

9,9’
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where [WQ"]/, Lq,} ; indicates the real interpolation functor of degree 1/q between W2 (RN)
1/q,q'

and L7 (RY) [BF]. Similarly, and using the Gagliardo-Nirenberg inequality,

// (V)P do e < Ol e = Ol (2.9)

Inequality (R.6) follows from (R.§) and (R.9), and (R.7) from the definition of the Bessel capacity
relative to By . O

Lemma 2.3 There ezists C = C(N,q) > 0 such that for any T > 0,

//Q wiCda dt + /RN(UC)(QJ,T)dx <CIRMIY,  Vne T (K). (2.10)

Proof. We recall that there always hold

1

0<u(z,t) < (ﬁ) T V@t € Qu, (2.11)
and (see [ e.g.)
0 <wu(z,t) < <m> ﬁ V(z,t) € Qo \ Br. (2.12)

Since n* vanishes in an open neighborhood N7, for any open subset Ao such that K C Ny C
Ny C N there exist Crry > 0 and C Ny 0 such that

H[U*](ﬂ%t) S CJ/\/'2 eXp(—CN-2 t)’ \V/(Cﬂ,t) € Qé\“&
Therefore

lim (u¢)(x,t)dx = 0.

t—0 RN

Thus ( is an admissible test function and one has

/ / QTqudde /R (ut) (@, T)de = / / QTu(ﬁtC+AC)dxdt. (2.13)

Notice that the three terms on the left-hand side are nonnegative. Put H,» = H[n*], then
2¢'—1 2¢' —2 2
HC+AC = 2q'Hng (OpHy + AHp) +2¢"(2¢" — DHE ™| VH,, |7,

2¢'—1 — 2

= 2¢H,! 7 (8H, + AH,) + 2¢'(2¢' — 1)H;Y ~*|VH,|%,

because H,+ = 1 — H,, hence
w(OC + AQ) = uHLE Y |24/ (2 — DHZL 272V, [? - 2 H2 TP /Y(AH, + atHn)] .

7]*

7



Since 2¢' —2 —2¢'/g =0 and 0 < H,~ <1,

‘//QTu(atC +AQ)de dt‘ < Clq) (//QTqudx dt> v (//QTRq/(")dx dt) v

where
R(n) = ‘VHnF + |AH, + 9/Hy| .
Using Lemma P.2 one obtains (R.10). O

Proposition 2.4 Letr >0, p >0, T > (r + p)?
Ervp = {(x,0) 2] +1 < (r+p)*}

and Qr4p1 = Q1 \ Ergp. There exists C = C(N,q,T) > 0 such that
/ / widz dt + / w(e, T)ds < CIRIY, ¥ € Ty (K). (2.14)
Qr+p,T RN

Proof. Because K C B, and n* = 1 outside B, , and takes value between 0 and 1,

drt

12 2
2 lz—y|
= 1- <—> / e at dy.
At ly|<r-+p

For (z,t) € Erpp, Put = (1 + p)&, y = (r + p)v and t = (r + p)?>7. Then (£,7) € & and

N
1 a—y|? 1 2 —v|?
<—> / e*‘ it dy = <—> / e*‘§4r‘ dv.
Art ) Jyyl<rsp At ) Sl
1
max —
AT

and £ = ¢(N) € (0,1]. We recall that

1 \z2 le—v|?
(—) / e i dv<l1 VT > 0. (2.16)
471'7' ‘U‘Sl

If the maximum is achieved for some (£, 7) € &, it is smaller that 1 and

. 1\2 o=y
B o) > B =, ot = ()7 [ et
ly|>r+p

vl

We claim that

ol

o2
/ e SFdu (6,7) € 51} =, (2.15)
lv|<1

Hn*](x,t) > H[1 — XBT+p](x,t) >1-1(>0, V(x,t) € Ergp (2.17)



Let us assume that the maximum is achieved following a sequence {(&,,7,)} with 7,, — 0 and

|64 L 1. We can assume that &, — ¢ with E‘ =1, then

1 \? [ 1
() L (2)
ATy, lu|<1 Ay,

_lvl?
/ e 4m duv.
Bl(fn)
But By (&) N By (—&,) = 0,

_w? _lw? w2
/ e 4Tndv+/ e 4Tndv</ e 4 du
Bl(fn) Bl(_fn) RN
_li? _ i
e “mdv = / e 4 du.
Bl(fn) Bl(—fn)

) 1 \2 _
lim / e dmdv <1/2.

w2

and

This implies

If the maximum were achieved with a sequence {(&,,7,)} with |7,| — oo, it would also imply
(B-17), since the integral term in (R.16) is always bounded. Therefore (P.1G) holds. Put C' =

(1 —£)1 then

[/ MMﬁ+/u@nmgcmmﬂw
QT,T RN
and (P.14) follows.

2.2 Pointwise estimates

We give first a rough pointwise estimate.
Lemma 2.5 There exists a constant C = C(N,q) > 0 such that, for any n € T, ,(K),

u(z, (r +2p)?) < CHLH]H%%, Vo € RV,
~(p(r+p)2

Proof. We observe first that

T
/ / uldx dt + / w(z, T)dx = / u(z, s)dx VT > s> 0.
s JRN RN RN

(2.18)

0

(2.19)

(2.20)

By the maximum principle v is dominated by the maximal solution v which has the indicatrix
function Ip, for initial trace. The function v is the limit, as & — oo, of the solutions vy with

initial data ky, . Since vy < kH[x, |, it follows Hence

q 2
[ uto)dz <CIRMIG, VT > 5= (4 0%

(2.21)



by Lemma P.J. Using the fact that

ol

u(e,+5) < Hu(.,5))(z,7) < (i>

AdmT

/R ., s)d,

we obtain (R.19) with s = (r + p)? and 7 = (r +2p)% — (r + p)% = p(r + p). O

The above estimate does not take into account the fact that u(z,0) = 0 if |x| > r. It is
mainly interesting if |z| < r. In order to derive a sharper estimate which uses the localization
of the singularity and not only the LY -norm of R[n]. For such a goal, we need some lateral
boundary estimates.

Lemma 2.6 Let v > 74 2p and ¢ > 0 and either N =1 or 2 and 0 < t < ¢y? for some ¢ > 0,
or N >3 and t > 0. Then, for any n € T, ,(K), there holds

t
/ / wdSdr < Csy | Rin)l”, (2.22)
0 Jos,

where C' > 0 depends on N, q and ¢ if N =1, 2 or depends only on N and q if N > 3.

Proof. Let us assume that N = 1 or 2. Put G7 := BS X (-00,0) and 0;G” = 9B, X (—0,0).
Set

1
h’Y(x) =1 |£C|,
and let 1, be the solution of
aT¢’y + A¢»y - 0 in G’Y,
1y =0 on 9,G", (2.23)
Py (.,0) = hy in BS.

Thus the function .
(2, 7) =y (y2,7°7)

satisfies ~ ~
o)+ Ay =0 in G!
V=0 on 0,G! (2.24)
¥(,0)=h  in Bf,

and h(z) =1 — |z|~!. By the maximum principle 0 < ¢ < 1, and by Hopf Lemma

v
= plPBix[-e0 = 6 >0, (2.25)
where 6 = 6(N,c). Then 0 <, <1 and
0
- 8—n‘8B7X[—72,0] >0/v. (2.26)

10



Multiplying ([L.1) by ¢ (x,7 — t) = % (2, 7) and integrating on BS x (0,1) yields to

/t/ ul)rdxdr +/ (uhoy)(z,t)dx — /t/ a—ui/)*deT = —/t/ %udadT (2.27)
0 JBg ' Bt L 0 Jop, On "7 0 Jop, On . '

Since % is bounded from above by 1, (2.23) follows from (2.26) and Proposition P.4 (notice that
BS x (0,t) C &), first by taking t =T = 72 > (r +2p)?, and then for any t < ~2.

If N > 3, we proceed as above except that we take

ho(z) =1— (%)N_Q.

Then v (z,t) = hy(z) and § = N — 2 is independent of the length of the time interval. This
leads to the conclusion. O

Lemma 2.7 I- Let M, a > 0 and n € L®(RY) such that

0<nx)< Me—all a.e. in RN, (2.28)
Then, for any t > 0,
M _ alal? N
0 S H[T}] (,I,t) S ﬁe dat+1 Vo e RY. (229)
4at +1)=

II- Let M, a, b >0 and n € L=(RYN) such that

0<nx)< Memoll#1=00% a.e. in RN, (2.30)
Then, for anyt > 0,
a(|z|—b)3
Me™ it
0<Hp)(z,t) < ——"— VYzeRN vt>o. (2.31)
(dat +1)2
Proof. For the first statement, put a = is. Then
N 1 _l= N
0 <n(z) < M(4ns)2 ~e 4 = C(4ms)2 Hldo](x, s).
(4ms)2
By the order property of the heat kernel,
N
N s \2 __l=*
0 <Hnl(x,t) < M(4ws) 2 H[do|(x,t +s) =M s ) ¢ A(tts) |

and (:29) follows by replacing s by 1a.

11



a(r— b) +ar?

For the second statement, let @ < a and R = max{e :r > 0}. A direct computation

aab?
gives R = eﬁ, and (R.31) implies

aab? 2

0 < n(z) < Mea-ae ol

Applying the statement I, we derive

aab?
a—a &\1\2
0 < Hnl(x,t) < (67)]\,6 dat+1 vz e RN, vt > 0. (2.32)
dat+1)=2
Since for any € RY and t > 0,
alz)® aab? _a(z|=b)?
(dat + 1)~ T e dateT <e a-a (4at + 1) datfl
(-31)) follows from (2.39). O

Lemma 2.8 There exists a constant C = C(N,q) > 0 such that, for any n € T, ,(K), there
holds

rtp 2| — 1 —2p) - Usl=C=2)?
s Cmax{(m P haaaN e el I e, (233)

for any x € RN\ B,13,.

Proof. Tt is classical that the Dirichlet heat kernel HP1 in the complement of B; satisfies, for
some C'=C(N) >0

/
o’ —y'|2

HB (2! o ', 8') < Cr(t) — &)~ NFD2(|2/) — 1)e 1@, (2.34)

for ¢ > s’. By performing the change of variable 2’ — (r + 2p)2’, t' + (r + 2p)?t/, for any
r € RV\ B, 19, and 0 <t < T, one obtains

2
_lz—=yl®

T at—s)
w(z,t) < C(la| - — 2p) / / ¢ Ty, s)do(y)ds. (2.35)
8Br+2p

t_81+2

The right-hand side term in (2.3§) is smaller than

—r—92p) _Uzl-r=2p)?
max Clle] = p) BT (0,2) / / u(y, s)do(y)ds.
(t - S)1+ 8B7‘~b»2p

We fix t = (r + 2p)? and |z| > r + 3p. Since

— ux\—z—zpﬁ
s ) 2
max W s E (O, (T + 2p) )

1 2
2
= (|z| —r — 2p)" 27N max c 4N 0<o< <H7p> ,

12




a direct computation gives

_1 2
1° 2
max{ )< o< (T+7P>
oty |z| —r —2p

(2N + 4)1+7% e~ (N+2)/2 if 7+ 3p < |z| < (r + 2p)(1 + VA + 2N),
9\t (laj—r—2p)?
<M> T it ol > (r 4+ 20)(1 + VTN,
r42p
Thus there exists a constant C(N) > 0 such that
_ (lzl=r=2p)° 2
s _(lzl=(r+2p)
max 1+4N 1€ (0,(r+2p)?) p <C(N)p > Ne (H552) (2.36)
s T2
Combining this estimate with (.23) with v = r 4 2p and (R.3H), one derives (2.33). O

Lemma 2.9 Under the assumptions of Lemma [.§, there exists a constant C = C(N,q) > 0
such that

r+p)? 1 (e’ '
0< 20)2) < C ( 2r+4p R T
<o (r+207) < Cmax{ - CE P IR0,
(2.37)
for every x € RN \ B, 3,.
Proof. This is a direct consequence of the inequality
_(lzl=r=2p C 2 (lz|-r—3p)\2

(|z| —r —2p)e ( 2r+4p ) < (T;‘P) e ( 2r+4p ) , Vo € B7§+2p, (2.38)

and Lemma @ O

Lemma 2.10 There exists a constant C = C(N,q) > 0 such that, for any n € T, ,(K), the
following estimate holds

~ (zl=r=3p)%
CMe™ '
u(a,t) < —— g |IR[)|Y,,  VzeRY,Vt>(r+20)% (2.39)
ta
where
N
<1+%)2 if x| <r+3p
M = M(z,r p) = (r4p)N+3 (2.40)

p(jz—r—2p)N+2 if r+3p < |z| < Cn(r+2p)
1+5 if |z| > Cn(r +2p)

with Cy =14+ V4 +2N.
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Proof. 1t follows by the maximum principle

uz,t) < Hlu(., (r +2p)*))(x,t = (r + 2p)*).

for t > (r + 2p)? and z € RY. By Lemma R.§ and Lemma P.9

ule, (r 4 20)%) < uplite” S5 | Ry ne,
where N
((r+p)p) 2 if o] <r+3p
M= R |y — p — 2p)N+2 if 7+ 3p < |a < Cn(r +2p)
AT if |z| > On(r +2p)

Applying Lemma R.7] with a = (2r +4p)™2, b = r + 3p and ¢ replaced by ¢ — (r + 2p)? implies

(r+ 2p)NM _ (lal=r=3,)?
t2 2

forall z € By 3, and t > (r + 2p)2, which is (2.39). O

The next estimate gives a precise upper bound for u when t is not bounded from below.

u(z,t) < C ol (2.41)

L’

Lemma 2.11 Assume that 0 < t < (r 4+ 2p)? for some ¢ > 0, then there exists a constant
C = C(N,q) > 0 such that the following estimate holds

1 1 Uzl=r=3p)2
u(z,t) < C(r+p) max{(m S }e IR, (2.42)

for any (z,t) € RN\ Byya, x (0, (r +2p)?.

Proof. By using (R.22) the following estimate is a straightforward variant of (R.33)) for any
¥ =1+ 2p,

_ (z[=r—2p)*
4s

u(z,t) < Cs(|z| — r — 2p)(r + 2p) max 0<s<to|RRIY, .  (243)

N
S+

Clearly

_ (z]=r— 2P)

max{ —:0<s<t¢
31+7
N + D)5 (jz] —r —2p) N2 i 0 < |2| <7+ 20+ /2N 1 2)

= _ (z|=r—2p)2
e 4t

—— if |z] > 7 +2p+ /2t(N +2).
t 2
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By elementary analysis, if v € B 5,

2
. .
(Ja|=r—2p)2 (al-r-30% | PE * if 2t < p?
(jaf — 7 — 2p)e= T < o :
20 402 e 2 2
—e T if p* <2t <2(r + 2p)°.
p
However, since
2
Pt <2
t p
we derive . o ,
x|—r—2 z|—r—3
(| — 7 — 2p)e~ 52 OF el
p
from which inequality (R.49) follows. O

Lemma 2.12 Assume q > q.. Let r > 0, p > 0 and K be a compact subset of B,y,. If
n € Trp(K), denote by n, the function defined by n,(x) = n(rz) and

R[] (x,t) = |VH[]|* + |0:H[n] + AH)| (rz,7t) V(1) € Qoo

Then
/ N—L /
IR, =" T (1R[], - (2.44)
Furthermore
B, N—-2 Biie
Coft(K) =1 "71C, " (K r), (2.45)
and
=i
__2 2 q—
PNt Co/q.q (K/7) < C’;?qfqp,(f() <corV e <1 + %) Co/g,q (K/T). (2.46)

Proof. Estimate (£:44) follows from the change of variable (rz,r%*t) = (y,s). Thus it implies
the scaling property (R.47), since there is a one to one correspondence between Ty ,(K) and
T1.2(K/r). In order to prove (R.44) set K’ = K/r C By, thus

B, »p ) ,
Cop () = 08 {IC a0 € € Tip (W)}

Let ¢ € C%(RY) be a radial cut-off function such that 0 < p < 1, p = 1 on By, p = 0 on
RN\ Bi,e, |[Vo| < Crp~ty, 2\By and ‘Dqu‘ < Cr2p=2 where C is independent of r
T 142

P XBI+$\Bl,
and p. Let ¢ € C2(RY). Then

V((9) = (V¢ +¢VC(, D*((¢) = (D*¢ + ¢D*¢ + 2V V(.
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Thus ”C¢HLq’(BI+B) < ¢l o vy

/ 'S ql /
[ ol ar<c (1 T —) 11
Byip p
and

! 2 q, !
/B |D%(¢o)|" dz < C <1 + %) [[qFeywe

Finally
2

)
1l erne < C (1 T ?) 1Cllara -

Denote by T the linear mapping ¢ — (¢. Because

w2/ed — [W2,q’7Lq’} ’
/4,4’

(here we use the Lions-Petree real interpolation notations and results from [RJ)), it follows

r2\ Ve
HTHE(WOQ/%III(RN),WOQ/CLIII(BI_’_‘?)) S C(q) <1 + F) .

Therefore

Bl 14 ’1“2 g1
C2/qJ,qu’ (K)<C <1 T ?) Co/q.q (K')-

Thus we get the left-hand side of (R.46)). The right-hand side is a straightforward consequence
of (R47). O

Remark. In the subcritical case 1 < ¢ < ¢, estimate (R.4() becomes

B 2
Cofn () < Cmax {r gV} (14 977 ) Cogyr (/). (2.47)

By using Lemma, P.11], it is easy to derive from this estimate that any positive solution u of
(1), the initial trace of which vanishes outside 0, satisfies

2N e
u(z,t) < Ct_qul min {1, <%> ! e_4_t} V(z,t) € Qoo (2.48)

This upper estimate corresponds to the one obtained in [[f. If F = B, the upper estimate is less
esthetic. However, it is proved in [RH] by a barrier method that, if the initial trace of positive

solution u of (R.I]), vanishes outside F, and if 1 < ¢ < 3, there holds

(e, t) < 7 fi((l2] = )NV Y(@,1) € Qoo [2] 2, (2.49)
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where f = f; is the unique positive (and radial) solution of
1
PGl g =0 i (0,0)

F(0) = 0, limy o0 [y 7T f(y) = 0.

Notice that the existence of fi follows from [ since ¢ is the critical exponent in 1 dim. Fur-
thermore f; has the following asymptotic expansion

fily) = Y@V 4 (1 4 o(1))  as y — oo

(2.50)

2.3 The upper Wiener test

Definition 2.13 We define on RY x R the two parabolic distances 6o and do by

621(2,1), (4,9)] = \lo — P + |t — s, (2.51)

and
dool(@, 1), (y, 8)] := max{|z — y|, /[t — s|}. (2.52)
If K c RN and i = 2, 00,

max{dist (z,K), \/W} if i = oo,

di(z,t), K] = inf{d;[(z, 1), (y,0)] 1y € K} = : o
Vdist2(z, K) + |t] if i = 2.

For > 0 and i = 2, 00, we denote by Bg(m) the parabolic ball of center m = (x,t) and radius
[ in the parabolic distance d;.

Let K be any compact subset of RV and g the maximal solution of ([[.1]) which blows up
on K. The function T is obtained as the decreasing limit of the ug, (€ > 0) when € — 0, where

K. = {z e RY : dist (z, K) < ¢}
and Ug, = limy_,o ug, k. = Uk, where uy, is the solution of the classical problem,
Opup, — Auy +uj =0 in Qr,
up =0 on 0,Qr, (2.53)
up(.,0) = ky,, ~ inRY.
If (z,t) = m € RY x (0,T], we set dx = dist(z,K), Dg = max{lz —y| : y € K} and
= \/d%( + t = da[m, K|. We define a slicing of K, by setting d,, = d,,(K,t) := Vnt (n e N),
T, = Bq, ., (z) \ Ba, (2), Vn e N,
thus Ty = B, ;(z), and
Ky(z) = KNT,(x) forn e Nand Q,(x) = KN By,,, ().

When there is no ambiguity, we shall skip the x variable in the above sets. The main result of
this section is the following discrete upper Wiener-type estimate.
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Theorem 2.14 Assume q > q.. Then there exists C = C(N,q,T) > 0 such that

C & N—-2 ., K,
ﬂK(fE,t) < t_ﬂZdTH»lq 16 4C2/q7q/ <d—1> \V/(,I,t) € QT, (254)
2 =0 n—+

where a; is the largest integer j such that K; # (.

With no loss of generality, we can first assume that z = 0. Furthermore, in considering the
scaling transformation u,(y,t) = EFllu(\/Zy,Et), with ¢ > 0, we can assume ¢t = 1. Thus the
new compact singular set of the initial trace becomes K/ V2, that we shall still denote K. We
shall also set a, = a,, Since for each n € N,

1
dy <

1
- <d -
NS iV

it is possible to exhibit a collection ©,, of points a,, ; with center on the sphere ¥, = {y € RN .
ly| = (dp+1 + dyn)/2}, such that

T, C U Bl/\/n—_H(an,j), lan,; —ank| > 1/2v/n+1 and #6O, < cnN

an,jGGn

for some constant C'= C(N). If Ky j = Kn N By, s71(an,;), there holds

K= U Kus

0<n<a, an, ;€O
The first intermediate step is based on the quasi-additivity property of capacities [E]

Lemma 2.15 Let q > q.. There exists a constant C = C(N,q) such that

N 1 K.
Z 02/q7q/(Kn7j) < Cn7iﬁc2/q,q' <7\/"> Vn € Ny, (2.55)
an,jegn n—+ 1

where By, j = B2/¢T+1(“mj) and Cyq 4 stands for the capacity taken with respect to RY,

Proof. The following result is proved in [, Th 3]: if the spheres B pe(bj) are disjoint in RY and
J

G is an analytic subset of |J B, (b;) where the p; are positive and smaller than some p* > 0,
there holds

Colgq(G) £ Coyq (GO By, (b)) < ACh), (G, (2.56)
J

where § = 1 — 2/N(q — 1), for some A depending on N, ¢ and p*. This property is called
quasi-additivity. We define for n € N,

T,=vVn+1T,, K,=+vVn+1K, and Q,=+vn+1Q,.
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Since Ky; C By, mzi(an;) and the Cy, 4 capacities are taken with respect to the balls
BZ/\/n—-i—l(anJ) = B, j. By Lemma with r =p = 1/, /n+ 1

Bnj

N -
2/‘17Q'(K ’J) < C(TL + 1) 2 CZ/q,q’(Kn,j)a (2.57)

where f(n,j = vn+1K, ; and B’n,j = vn+1B,,. For a fixed n > 0 and each repartition
A of points a,; = v/n+1 ay,; such that the balls Byo(a, ;) are disjoint, the quasi-additivity
property holds in the following sense: if we set

Kya = U Ky, f(mA:\/n—l—lKn,A: U f(n,j and f(n:\/n—FlKn,

an,j €A an,j €A

then

Y Copgq(Knj) < ACs g (Knn)- (2.58)

an, jEA

The maximal cardinal of any such repartition A is of the order of Cn~! for some positive
constant C' = C(N), therefore, the number of repartitions needed for a full covering of the set
T,, is of finite order depending upon the dimension. Because K,, is the union of the K, A

Y Copgg(Bng) =Y > Copgq(Knj) < CCoyy(Ky). (2.59)

Gn,; €O A anEA

Since, by Lemma P.13,

Ban - 1 K, 1 K,
Cora (Kn) < Gy (Kn) = (n+)" 1G5 <\/n—+1> < On+1)" ‘1‘102/q7q’< 1)’

we obtain (R.55) by combining this last inequality with (R.57) and (P.59). O
Proof of Theorem B.1j. Step 1. We first notice that

urg < Z Z ﬂKn,j' (2.60)

0<n<a, an ;€O

Actually, since K = J,, Uanj K, j, for any 0 < € < ¢, there holds K C |, Uanj K, jc. Because
a finite sum of positive solutions of ([[.1) is a super solution,

Uk, < > Y Uk, (2.61)

0<n<ay an €O,

Letting successively ¢ and e go to 0 implies (2.60).

Step 2. Let n € N. Since Ky j C By mri(an;) and |2 — anj| = (dn + dn1)/2 = (VR+ 1+
Vv/n)/2, we can apply the previous lemmas with » = 1/y/n+1 and p = r. For n > ny there
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holds t =1 > (r+2p)? =9/(n+1) and |z —a, | = (Vn+1—vn)/2> 2+ Cn)3/vV/n+1)

(notice that ny > 8). Thus

UK, ; (0, 1) < Ce(\/ﬁ—S/\/n—i-l)?/élC;Z,él( 7]) < 063/26716' Kn,j)- (2.62)

2/q q(
Using Lemma we obtain, with d,, = d,(1) = vn +1
Qe N2 . K,
Z Z ur, ;(0,1) <C Z dyr”” 1@402/“/( ) (2.63)

d
Ty G €On n=n, n+1

Finally, we apply Lemma P.§ if 1 <n < n, and get

Z S ure,(0.1) <0202/qq <_>

an, ;€O
K,
<C’E d iC — ).
6 ! 2ad (dn-i-l)

(2.64)

For n = 0, we proceed similarly, in splitting K in a finite number of K ;, depending only on
the dimension, such that diam K;; < 1/3. Combining (R.63) and (R.64)), we derive

K ON-2 ., K,
ﬂK(O, 1) S C Z dn+1q_1 eizCQ/q,q/ <d—+1> . (265)
n=0 "

In order to derive the same result for any ¢ > 0, we notice that

_ 1
Uk (y,t) =t g 4(yvt,1).

Going back to the definition of d,, = d,,(K,t) = v/nt = d,,(K+/t,1), we derive from (P.65) and
the fact that a,., = a

KVt,1
0,t) < Ot T & = e iC Ko 2.66
( ) - nzo n+1 2/q,q' K—f—l ) ( . )
with d,, = /t(n+1). This is (B.54) with z = 0, and a space translation leads to the
final result ]

Proof of Theorem P.3. Let m > 0 and F,,, = F N B,,. We denote by Upe, the maximal solution
of (L.T) in Qu the initial trace of which vanishes on B,,. Such a solution is actually the unique
solution of (R.1]) which satisfies

lim u(x,t) = oo
t—0

uniformly on B¢,,, for any m' > m: this can be checked by noticing that
1
Usg, o(y, t) = i1 Upe, (Viy, £t) = Use, :(U:t)-
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Furthermore ,
lim Ugpe (y,t) = lim m_quUBf(y/m,t/mz) =0
m—o0o m m—oo

uniformly on any compact subset of Q.. Since U, + U Be, is a super-solution, it is larger that
ur and therefore up, 1 up. Because Wg, (z,t) < Wg(z,t) and up, < C1Wg,, (z,t), the result
follows. 0

Theorem P.1] admits the following integral expression.

Theorem 2.16 Assume q¢ > q.. Then there exists a positive constant C7 = C*(N,q,T) such
that, for any closed subset F' of RN, there holds

_ C* \/t(at+2) _ﬁ N__2 1
up(x,t) < tlﬁ% /\/IE e s 10y 0 <gFﬂ Bl(x)> sds, (2.67)

where ag = min{n : F' C Bm(az)}

F, F
CQ/q’ql <dn+1> = CQ/q’ql <dn+1 " Bl) 7

F
(I)(S) = Cz/q’q/ (; N Bl) Vs > 0. (268)

Proof. We first use

and we denote

Step 1. The following inequality holds (see [fl] and [R9])
1 P(as) < P(s) < c®(Bs) Vs>0, V1/2<a<1<p<2, (2.69)
for some positive constants ¢1, ¢ca depending on N and ¢. If g € [1,2],
1 /F F
@(ﬁs) = Cg/q’q/ <E <; N B6>> ~ CQ/(LQ, (; N Bﬁ) Z Clq)(S).
If o € [1/2,1],
1 (F F
@((XS) = CQ/%q/ <E <g N Ba>> [ 02/q7q/ <; N Ba> < CQ@(S).
Step 2. By (£.69)
F F
CQ/q,q’ <— N Bl> S CQCQ/(LQI <; N B1> Vse [dn+1,dn+2],

dn+1

and n < a,. Then
vz v 2 o r
02/ sV a1/ Cojqq | =N B1)sds
d S

n—+1

F dnt2 5

> Coyqq (— N B1>/ sV Tt Mg s,
dnt1 i1
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Using the fact that N — qz—l >0, we get,

dn+2 s2 n N*L+1
/ stq%lefﬂsds > 67%2(1n+1q_1 (dnto — dpt1) (2.70)
dn+1
t N-—-2 .
> 2 il e (2.71)
Thus
B C Vt(at+2) No2 &2 1
up(x,t) < — s Te w0y 0 | —F N By | sds, (2.72)
tte Jvi TS
which ends the proof. O

3 Estimate from below

If e M (RY) N MY (RY), we denote by u,, = u, the solution of

O, — Auy +ul =0 in Qr,
{ s e (3.1)

u,(.,0)=p  in RV,

The maximal o-moderate solution of ([.1) which has an initial trace vanishing outside a closed
set F' is defined by

Wp = sup {uu :,uef)ﬁ?r(RN)ﬂi)ﬁb(RN), wu(F€) :0}. (3.2)
The main result of this section is the next one

Theorem 3.1 Assume q > q.. There ezists a constant Cy = Co(N,q,T) > 0 such that, for any
closed subset F C RYN, there holds

up(x,t) > CoWp(z,t) V(z,t) € Qr. (3.3)

We first assume that F' is compact, and we shall denote it by K. The first observation is
that if € ML(RY), u, € LI(Qr) (see lemma below) and 0 < u, < H[yu] := H,,. Therefore

u, > H, — G [HY], (3.4)

where G is the Green heat potential in Q7 defined by

Gl = [ BN —s)ds= [ [ Aot =50, s)dyds.

Since the details of the proof are very technical, we shall present its main line. The key idea
is to construct, for any (z,t) € Qr, a measure p = pu(z,t) € ML (RY) such that there holds

H,(x,t) > CWk(x,t) V(z,t) € Qr, (3.5)
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and
G (Hﬂ)q <CH, in Qr, (3.6)

1
with constants C' depends only on N, ¢, and T, then to replace pu by p. = ep with e = (2C) ™ a1
in order to derive

uy, > 27'H, > 271 OWy. (3.7)

From this follows
up > 27MH, > 27 1CW. (3.8)

and the proof of Theorem B.I] with Cy = 2-1C.

We recall the following regularity result which actually can be used for defining the norm in
negative Besov spaces [Bj|

Lemma 3.2 There exists a constant ¢ > 0 such that
—1
¢ ||/‘HW—2/q,q(]RN) < ||HuHLq(QT) < CH/‘Hw—?/q,Q(]RN) (3.9)

for any p € W=2/¢9(RN),

3.1 Estimate from below of the solution of the heat equation

The purely spatial slicing used is the trace on RY x {0} of an extended slicing in Q7 which is
constructed as follows: if K is a compact subset of RN, m = (x,t), we define dg, A, d,, and a;
as in Section 2.3. Let a € (0,1) to be fixed later on, we define 7, for n € Z by

T, = B M\ Bmlm) =1,

and put
Ty =TonN{s:0<s<t}, fornelZ.

We recall that for n € N,

and
K, =KNTy1=KnN(Bq,,, (x)\ Bg,()) .

Let v, € M, (RY) N W—2/24(RN) be the g-capacitary measure of the set K, /d,1 (see [[l, Sec.
2.2]). Such a measure has support in K,,/d,+1 and

1
Vn(Kn/dni1) = Coqq (Kn/dni1) and HVnHWf?/q,q’(RN) = (02/q,q’(Kn/dn+1)) o (3.10)
We define u,, as follows

N——2_
pin(A) = dp " vn(A)dpgr) VA C K,, A Borel , (3.11)
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and set
at
Mt K = Z M,
n=0
and

at
HMt,K = § :Hﬂn
n=0

Proposition 3.3 Let ¢ > q., then there holds

1 at nt1 N——2- K.
H,, « (z,t) > e~ d, O (—")
Ht,K( ) > (47_”5)% nz;) n+1 2/4,q dpi1

in RN x (0,7).

Proof. Since

1 _lz—y?
H,, (x,t) = ~ e At duy,
(Art)z JK,

and
ye K, = |r—y| <dp1,

(B13) follows because of (B.11]) and (B.13).

3.2 Estimate from above of the nonlinear term
We write (B.4) under the form

q

t
’U/M(l',t) > ZHMn(x7t) - / H(l’,y,t - 8) Z Hun(yas) dde
nel 0 JRN neAg
=1L —Is.

since p, =0ifn ¢ Ax = NN[1,a], and

q

1 t _lz—y[?
I < N// (t—s)"2e ) ZHM(y,s) dyds
(4m)=z Jo JRN neAx
1
< (4 )E(J€+Jé)a
7)) 2

for some ¢ € N* to be fixed later on, where

q
2

N _lz—yl
J/z:Z//T*(t—S)26 9| H(y,) | dyds,
p

PEL n<p+~
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and
q

lz—y|?
Jy Z// (t—s) —Ye A Z H,,, (y,s)| dyds.
pEZL n>p+L
The next estimate will be used several times in the sequel.
Lemma 3.4 Let 0 < a <b andt > 0, then,
N a a
tT2e 4 if — > 1,
N p2 1 f 2N

max{a_?e_E 0<o<t, at < p? —|—0<bt}: 1 N

2

Proof. Set

and
Kapt = {(p,0) €[0,00) x (0,] : at < p*> + o < bt}.

We first notice that, for fixed o, the maximum of J (., o) is achieved for p minimal. If o € [at, bt

the minimal value of p is 0, while if o € (0, at), the minimum of p is v/at — s.

- Assume first a > 1, then J(vat —o0,0) = eiaf%efﬁ thus, if 1 < a/2N the minimal value
_ N .

of 7(Vat —o,0) is e (280)2 | while, if /2N < 1 < a, the minimum is et

e 1.
- Assume now a < 1. Then

max{J (p,0) : (p,0) € Kaps} = max{ max J(0,0), max J(Vat— o, a)}

o€(at,t] o€(0,at]

N 1-2n (2N Bl
= max (at) 2,e 4 E

Combining these two estimates, we derive the result. O

Remark. The following variant of Lemma B.4 will be useful in the sequel: For any 6 > 1/2N
there holds

max{J (p,0): (p,0) € K(a,b,t)} < et <¥> N i iffa>1. (3.17)

Lemma 3.5 There exists a positive constant C = C(N,{,q) such that

at 2 K
Jo < Ct—%deﬂq-le*<1+<"*f>+>/4 Co/ <—"> : (3.18)

d
n—1 n+1
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Proof. The set of p for the summation in J; is reduced to Z N [ + 2,00) and we write
Jo=Jig+ Joy

where
N _lz—y?
Jig = Z // (t—s) 2e 49 Z H,, (y,s)
p=2—/4 n<p+e

and

lz—yl?
JM—Z// t—s)” T iie Z H,,, (y,s)

n<p+~
Ifp=2—-4¢,...,0,
(y,8) €T = ta®> P < |z —y* +t—s < ta ™,
and, if p > 1
(y,8) €T, = pt < lz—y> +t—s<(p+ 1)t
By Lemma B.4 and (B.17), there exists C = C(N, ¥, «) > 0 such that

_lz—y)? -
max{(t —s)" Teaae (y,s) € 7;*} <Ot~ %e /A (3.19)
ifp=2—4¢,...,0, and
_lz—y)?
max {(t - 8)7%6 1w (y,s) € 7;,*} < Cf%e*p/‘l, (3.20)
ifp>1. Whenp=2-1/,...,0
p+e—1 d p+e—1
Y | <0 w00 (321)
1 1
for some C' = C(¢,q) > 0, thus
N 0 22-2p pHi-1
Jig < Ct 2 Z e Z HH/anHL‘Z(Qt)
p*2 4
N 0 701272;7
< Ct Z Hllfegy >, € 7 (3.22)
p=n—_{+1

20—

<Ot %e

Z (b= [P

If the set of p’s is not upper bounded, we introduce § > 0 to be made precise later on. Then

pi—1 4 rpte—1 449 pis—1 .
__9gqn
[ZHM (y,s ] [Z 0% ] Yo e T HL (v,9), (3.23)
1

1
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with ¢ = q/(¢—1). If, by convention p, = 0 whenever n > a;, we obtain, for some C' > 0 which
depends also on 4,

NN spre—ngpF TR s

_N S(pt+t—1)g—p _dqn

Jop < Ct72 Ze 1 Z e 4 HHun”qu(Qt)

p*l n=1
_N n > S§(p+e€—1)g—p
<Ct Z e 9000y e (3.24)
p=(n—L+1)V1
<Ct” Ze ”HMnHLlI Q1)

Notice that we choose § such that 6¢¢ < 1. Combining (B.29) and (B.24), we derive (B.1§) from

Lemma B.23, (B.1() and (B.11)). O

The set of indices p for which the j,, terms are not zero in J; is Z N (—o0, a; — £]. We write

Jo=Ji0+ Jap
where
q
_le—y? >0
Ju = Z // (t—s)" Te M Z H,,,(y,s)| dyds,
p=—00 T* n=1Vp+{
and

q

o=y |
Sy = Z// (t—s)" Te i Z H,, (v, s) |dyds.

n=p+(
Lemma 3.6 There exists a constant C' = C(N,q,¢) > 0 such that
Ko< on e S ey (Ko (3.5
n=0 ntl
where Bg = (¢ —1)/4 and h = 2q(q+1)/(q — 1)%.
Proof. Since
(y,s) € T, and (2,0) € K,, = |y — 2| > (V/n — a PV, (3.26)

there holds

(Vi—a—P)2 (Vn—a~P)?
H,, (y,5) < (dms)"2e™ a pn(Kn) < Ct2e a pn(K),

by Lemma B.4. Let ¢, > 0 such that

o

A= Ze%/ < 00,

n=1
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then

|z ‘2 n—aP)?
Ty < CAVTE Z // (=) Femie e 1T (1) ds dy
p=—00 Ty n=1V(p+¥)
) p=0A(n—~) oDy Y o
<O ) Y et JIICEERT 525 dsay
n=1 —00 Ty (327)
a/q' ,—Na — _an-1)? _N _leoul?
<CAS U2 Z n At (Ky)e 1 (t—s)"2e -sdsdy
n=1 Up<o Ty
! > n— 2
< CAY t1—%z ~18 (K,)e e/
n=1

Set h =2q(q+1)/(¢g—1)? and Q = (1 + q)/2, then ¢(v/n — 1)2 > Q(n — h), for any n > 1. If
_(g=)(n—h)4 _ 7q(f 1?2 (g+3)(n—h) 4 )
we choose €, = e 16 , there holds €, %e <e 16 . Finally

o
_ Ng (teg)(n—h) 4
S SCHT2 ) e i (Ka),

n=1
with By = (¢ — 1)/4, which yields to (B.2§) by the choice of the . O

In order to make easier the obtention of the estimate of the term J ,, we first give the proof
in dimension 1.

Lemma 3.7 Assume N =1 and £ is an integer larger than 1. There exists a positive constant

C =C(q,f) > 0 such that

K
Ty, < Ct7/2 TNe — . 3.28

N nzf e\ (329
Proof. 1f (y,s) € T and z € K, (p > 1, n > p = {) , there holds |z —y| > Vt,/p and
ly — 2| > Vt(v/n —/p + 1). Therefore

at—4 at

(Vn—v/pF1)?t
JQK < C\/_Z / € 4(t s) 71/267 4;{) ,un(Kn)
n= p—l—K

q

If € € (0, q) is some positive parameter which will be made more precise later on, there holds

q
e (A \/F) ¢
Z s1/% in (Kn)
n=p+~{
q/qd
X ) (/A= /P Y g (/A /FFD)2e
<[ S0 e E) S e
n=p+~{ n=p+~{
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by Holder’s inequality. By comparison between series and integrals and using Gauss integral

at

(Vr—vpFD)?t > (Vo= VpED?t
Z e—sq/ " 45 S/ e—eq/ 45 dx
p

n=p+~¢ +¢

:2/00 L o+ VP T T)da

\/mf\/ﬁ
4s / (VpHl—/pF1)> e o' 22
< _/ —€q = 4sp+ : + 2\/m/ e q4s tdﬂj
€q't VP VpT
<C (p+ 1)36_“1,(@;@)%
- t
<oy /T Ds
- t
If we set ¢¢ = q — €, then
/ q = _pt__ (Vr—vpt1)%t
Jpy < Ce /=8 N (K Zp 2 / —5) 22T Al e T 0 ds.

n=~0+1

where C' = C(e,q) > 0. Since
t 2
/ (t— 8)_1/25_1/2674&8)e’qe(f 1 s
0

1 2
[ - (vVn=vp+T1)
:/ (1 — 5)~ /25127000 o0 g
0

)

we can apply Lemma A with a = 1/2, b=1/2, A= /p and B = \/g(v/n — /p +1). In this
range of indices B > \/qc(vp+ £ —+/p+1) > /(¢ —1),/p, thus k = \/qc(¢ — 1) and

< pin—1/2 B 1/2.
\/A+B\/A+B—p" (Vi = v/p)

Therefore

1 1/2
[ syttt e g ¢ O PR s
0 - N ’

which implies

(3.29)

G K,) R s (V+ e (V= /PFT))2
Bz oot Y BRI (i e SEEERERE g
n={+1 p=1

where C' depends of €, ¢ and ¢. By Lemma [A.9

Nﬁ

Jb, < Ct73 Zn2 il (K,) (3.31)

n=¢+1

29



K,
Because p,(Ky) = d,‘i+11C2/q 7 (Kjl) (remember N = 1) and diam df:l < n~!, there holds

q—3 =3 43
i) < (L) = () die i/t 63

and inequality ([.2§) follows. O

Next we give the general proof. For this task we shall use again the quasi-additivity with
separated partitions.

Lemma 3.8 Assume N > 2 and £ is an integer larger than 1. There exist a positive constant

Cy = Cy(q, N,¢) > 0 such that f

NA a N-E K,
Jé,z < Cit™ 2 Ze id, lCz/q’q/ (ﬁ) . (3.33)

Proof. As in the proof of Theorem P.14, we know that there exists a finite number J, de-
pending only on the dimension N, of separated sub-partitions {#@hn}izl of the rescaled sets

~ . - - dpy1+d
T, = /™ T, by the N-dim balls B (an,;) where an; = /L apj, |an;| = % and
|an,j — an k| > n4—_i1. Furthermore #@Zn < CnN—1. We denote K,; =K,NB = (anj)-
J J
We write :Zuﬁ, and accordingly Jé,e :ZJQQE, where pul = Z Hnj, and g, ; are the
h=1 h=1 jeer,
capacitary measures of Ky, j relative to By, ; = Bgy /5, /m(an, j), which means
Bnj Bnj 1/q
anj(Kn,j) = Cz/q,q/(Knvj) and HVn,jHW%/q,q/(Bn’j) = <Cz/q,q/(Kn,j)> . (3.34)
Thus
q
ar—0 Ja—yl? oo J
J”—Z// (t—s)” PR Z Z ZHMn’j(y,s) dyds.
n=p+{ h=1 je@?,n
We denote
q
at—4 la—y? 9]
Z// (t—s)” Yo ats Z Z My, ,(y,s) | dyds,
n=p+~{ jeeﬁn
and clearly
J
Sy <O 539

where C' depends only on N and ¢. For integers n and p such that n > £+ 1, we set

i Vit
Anjy =1inf{ly —z|: z € B\/i/\/nT-l(an,j)} = |y — anj| — T_,_l
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Therefore

Z/ _ly sz\ Z Z/ \u4sz\2 i s(2)

n=p+¢ n=p+£ j e@h
1/q’ 1/q
a /\?L 1Y a 2 €
, _
< 2 : 2 : e—€cd 5 E E q>\n]y 1s NZ](KHJ)
n=p+tjeop, n=p+tjeop,

where € > 0 will be made precise later on.

Step 1 We claim that

Z > e g <C\/: (3.36)

n= p+€]€@t n

where C' depends on €, ¢ and N. If y is fixed in T}, we denote by z, the point of T;, which solves
ly — zy| = dist (y,T5,). Thus

— VP 1) <y =z <tVn - vb).

%
Let Y = y\/t(p+1)/|y|. On the axis 0Y we set e = Y/ |Y|, consider the points b, = (kv/t/\/n)e
where —n < k < n and denote by G, . the spherical shell obtain by intersecting the spherical
shell T;, with the domain H, ; which is the set of points in RY limited by the hyperplanes

orthogonal to 0y going through ((k 4 1)v/t/y/n)e and ((k — 1)y/t/y/n)e. The number of points
an,j € Gk is smaller than C(n + 1 — |k[)N =2, where C depends only on N, and we denote by
A, the set of j € ©y,, such that a, ; € Gy, . Furthermore, if a, ; € G, 1, elementary geometric
coglsidferations (Pythagore’s theorem) imply that )\%J’y is greater than t(n+p+1—2k\/p + 1/y/n).
Therefore

eq/ (n+p+1-2k\/p¥1/)t

at \2 at n
D Qe RSOy Y (I RN e (3.37)

n=p+LjcO¢n n=p+Lk=—n
Case N = 2. Summing a geometric series and using the inequality 7— < 1+ uw™! for u > 0,
we obtain )
eq ty/p+1
" eql(ki Vp+1)t eq ty/n(p+1) e 2sVn

e Bvi <e 2 —0——

= cdt/pEL 4
k=-n e 2svn (3.38)

< LG <1 n M) |
€q'tv/p+1
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Thus, by comparison between series and integrals,

YT e q4z”<cz<

n=p+LjEO¢ n n= p+£

/ _ 2
cof ey, (3.:39)

p+1
Cs [ ed' (Va—vpF1)?%t
+— Vrze~ is dx.
p+1

NG

> _ d (Va—pFD)?
(& 4s

Next
/0"6 cq (f—\/p+_1)2 d;c_Q/OO e,eq’<y—4¢sp+—1)2tydy
p+1 N/aa!
& ,eq/yQt > ,6q'y2t
=2 e as ydy+2p+1 e is dy (3.40)
0 0
2 6 /22 1 o0
_ 2 RPN LRt L /
t Jo t 0
and

o0 / 2 9] / 2
_ e (VT—/pFT)“t _ed' (y—pF1)“t
/ Ve s dr = 2/ e 15 y2dy
p+1 yp+1 2

/

€

o
:2/ e~ (y + v T 1)%dy

0

o eq’ 2 e} /2 (341)
§4/ ey (p+1)/ e~ dy

0 0

o N

Jointly with (B.39), these inequalities imply

X e\ S
Yo Y e e = (3.42)

n=p+£Lj€O¢n

Case N > 2. Because the value of the right-hand side of (B.37) is an increasing value of N, it is
sufficient to prove (B.3() when N is even, say (N —2)/2 = d € N,.. There holds

n eq (kyv/pF1)t ed' (kvpTI)t

> (n+1—k)le e < 22 n+1—k)le 2vn | (3.43)

k=—n
We set n

tvp+1
o= eq'% and I; = kzo(n +1—k)dere.
Since
eka B e(kJrl)a — ek

e —1
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we use Abel’s transform to obtain

1 n
I; = ] (e("‘H)O‘ —(n+ 1%+ (n+2—k)?—(n+1-— k)d) eko‘>
“ - k=1
1 n [e% (0% & - (6%
S = ((1—d)e( e _(n+ 1) + de kgl (n+1—k)1) e ) :
Therefore the following induction holds
de®
I; < Iy 4. 44
4= o —la (3.44)

In (B.3Y), we have already used the fact that

de §C<1+—s\/ﬁ>,
e* —1 t\/p

d+1
L<cl1+ (S*/ﬁ> Io.
0
Thus (B.39) is replaced by

e>\2 at d+1 eq’ _ 2
$ oy et o3 (1 () e
tvp

and

n=p+LjEO¢ n n=p+~{
<c °°e_eq’<f—4$¢m)2tdx
p+1
Cs \ " [ ed/ (Vo /BET) %t
n (—) J I ™
t\/ﬁ p+1

(3.45)
The first integral on the right-hand side has already been estimated in (B.40), for the second
integral, there holds

/ ) - L / Oo(y+¢m)d+2 L g
p+1 0 oo )
<C/ gy + Ot / e dy
0
/ s (3.46)
<o(3)"” P
t 0
3/2 0 gz
so(3) ot [T
0

Combining (m), (B.45) and (m), we derive ()
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Step 2. Since T, C T', x [0,t] where I', = By, ,(z) \ Bq,_,(2), (y,8) € T, implies that
|z —y|* > (p— 1)t, thus J5/ satisfies

2
|

o
lz—y
h < // t_s 28 (Q(N 1)+1)/ e 4(t——s)
n]y (1—e)
Y T, sy

—p+5j6®h’n
1 a
1=q
<ot Y D tin(Kay)
n*f—}—lje@h

n (1—e)
XZp / / (= 5)~ ¥ 5@V D402 ey Al = D2 )
Iy

(3.47)

and the constant C' depends on N, ¢ and e. Next we set ¢c = (1 — €)g. Writting
[y = angl” =z = yI* + |z — angl* =2y — x,an; — @) 2 pt+ |z — any|* — 2y — 2, a0 — ),

we get

qe|y*an,j|2 q€|17‘7‘n,j|2 tp+1) 2
/ ezlsdyzezls/ 645/ 62%<y*r7an,j*$>/4sdsr(y)dr‘
Ly Vip lz—yl=r

For estimating the value of the spherical integral, we can assume that a, j—2 = (0,...,0, |a, ; — |),
y = (y1,-..,yn) and, using spherical coordinates with center at z, that the unit sphere has the
representation SNV~! = {(sin¢.0,cos¢) € RV xR : 0 € SN2 ¢ € [0,7]}. With this repre-
sentation, dS, = rN1sinN 2 ¢dpdo and (y — z,a,,; — ) = |an; — x| |y — x| cos ¢. Therefore

<yfzvan,j*1> anj—ac rcos¢
/ | quSTd _’I"N 1{51]\7 2{ N 2¢d¢
T—y|=r

By Lemma
-
(y—x,an’-—x) N-—1 2q5+
/ e 8 () < 06 —
el (14 Hema=el) 2 (3.48)

N—-1

< 05" < : >T a5
jan,j — |

| 2 No1 (|an,j—o|=Vi+D)?

y— an ] N73 S 2 g 4e 4s

/F e dy < ct'r o , (3.49)
P

lan,; — x| 2

Therefore
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and, since |a, ; — z| > Vin,

‘ ‘2 >\2
// (t=5)" 2 s (@N=D)HD /20~ 00 g0 i dyds
Fp

tp 4 t _N _(qfl)(Nfl)H _ pt _ (VIn—/t(pt1)?
SC\/_ZZ, 1 / (t_s) 28 e DR E S ve— (350)
n 1
1—
t DOV-1)+1 P - /PTT)2
<(C—————F—— / (1—23) % — =Dl e 4-s) e*qe%.

We apply Lemma [A1], with A = VP, B = e (vVn—+vp+1),b= W, a = % and
K = /qc({ —1)/8 as in the case N = 1, and noticing that, for these specific values,

(g— l)N D)

AV B (A B2 = (g - VD)
X (VP + V&R~ VEFT)

(g=1)(N— 1)+N 3

1—(¢g—1)(N—1)
co(n) (ST
p Vvn

where C depends on N, g and k. Therefore

t
_lo—yl?
// (t—s)*%s ge 4(t—s) g~ qely— z\ /4ded5
0 JT'p
1)(N71)

<Ct(1—q(N—1))/2p¥ T2 - V- /b _(FrvEVE-ED?  (3.51)
_ e 1
- N p vn

< Ctl_qgv_l)p‘in(q DOV =1)- 2(\/—_\/_)1—<q—12><N—1) e_(\/z_)+\/ﬂ(\{f—\/r+l))2.
We derive from (B.47), (B-51)),

Th < Cf =

n—~{

(g— 1)(N (g=1)(N-1)=2 2¢-3 1-(g—1)(N=1) _ (Pt (Vn—+/pF1))?

x E > pi(Kni)d p s (Vn—yp) 2 e 1 :
n= K—l—lje@h p=1

(3.52)

2 — 3 —(0—1)(N—
By Lemma [A.3 with o = q4 ,5:%,5:%and’y:q5, we obtain

1-(g—D)(N-1) _ (VPHae(vVn—vp+1))? N(g=1)+q=3 _n

n—~¢
ST (Va-yp) e 1 <Cn 4 €1, (3.53)
p=1

thus
_Ng Ng=1) 4 _n
Tl <t Y e e i Yl (Ky). (3.54)
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Because B
fin(Knj) = Gy o (K ),

we use the rescaling procedure as in the proof of Lemma R.15, except that the scale factor is
v/(n+ 1)t instead of v/n + 1 so that the sets T,,, K,, Q, and K, remains unchanged Using

J
again the quasi-additivity and the fact that J} , = ZJQ% , we deduce
h=1
N ol N--2 K
14— o -1 _-2 n
Jog < C't 2 Z dpi1' e 10y <dn+1> , (3.55)
n=~(+1
which implies (B.33). O

The proof of Theorem EI follows from the previous estimates on J; and .Jo. Furthermore
the following integral expression holds

Theorem 3.9 Assume q > q.. Then there exists a positive constants C5 , depending on N ,q
and T, such that for any closed set F, there holds

C* Viat 52 2 r
up(z,t) > QN/ e as" qleQ/q ¢ <— ﬂBl(:c)> sds, (3.56)

where a is the smallest integer j such that F C B (x).

Proof. We shall distinguish according ¢ = ¢., or ¢ > ¢., and for simplicity we shall denote
B, = B,(z) for the various values of r.

Case 1: ¢ = q. <= N — q%l = 0. Because F;, = F'N(Bg,,, \ Bg,) there holds

F, F FN By,
Colad <dn+1> = Cofaa <dn+1 : B1> ~ ol < dni1 > ’

Furthermore, since dy4+1 > dy,

FﬂBdn d,, FﬂBdn
Cuna (i) = Cone (3570%) = O (022,
thus
Co/q,q dor1 > Cy/qq doit NB1) —Coyy a NBy),
it follows

at F at
e TCy )y —"> > e 10y, .
nz:l 2/q,q <dn+1 —nz:l 2/q,q
at
n F 1 n F
> e aC | ——NDB; | —e 1 e aC | ——nNB
_;:1 2l <dn+1 1) Z 2/a4 (dn+1 1)

) n=0
atf
1 n F 1 F
2(1—67)5 e 1C /<—ﬂB1>—e4C /<—mBl>.
] 2/q,q di1 2/4,q NG



Since, by (B.69),
F F F
C’2/q,q’ <§ n Bl> > C'2/q,q’ <K+1 N B1> > Cz/q,q/ <§ N B1> )

for any s’ € [dy11,dn+2] and s € [dy,, dp41], there holds

n F F dnt1
te”1Cyq ¢ <K+1 N Bl> > Cy/q.q (Kﬂ N B1> / e /4 ds

dn+1 F
> / 6*32/42502/(17(1/ <; N Bl> sds.

This implies

Viag F
We(z,t) > (1 — ezll)t(1+]2v)/ 6_52/4’502/(17(1/ <— N B1> sds.
0 S
Case 2: ¢ > q. <= N — qz—l > 0. In that case it is known [] that

F, %—N
Cz/q7q/ K_’_l ~ dn+1 CQ/q,q’ (Fn)

thus .
t
Wr(e,t) 772> e 1 Ch g () -
n=0
Since
02/q,q/ (Fn) = C2/q,q/ (F N Bdn+1) - C2/q,q/ (F'N Ba,),
and again
N a 1 Nati1
72 e iChy (Fo) > (L—e3)t72 Y e 1Cyy (FNBy,,,)
n=0 n=0

1 N \/E 52
> (1-— 64)t(1+2)/ e 1 Cy/qq (F N By)sds.
0
Because Cy/q o (F'N Bs) = sNﬁﬁCz/%q/ (sT'F N By), (B5G) follows.

4 Applications

The first result of this section is the following

Theorem 4.1 Assume N > 1 and g > 1. Then ug = u.
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Proof. 1f1 < q < q., the result is already proved in [RJ]. The proof in the super-critical case is an
adaptation that we shall recall, for the sake of completeness. By Theorem and Theorem B.9
there exists a positive constant C', depending on N, ¢ and T such that

up(z,t) <up(x,t) V(z,t) € Qr.

. 1 . . o .
By convexity 4 = up — — (up — uy) is a super-solution, which is smaller than uy if we assume

that up # up. If we set 0 := 1/2 4 1/(2C), then up = 6up is a subsolution. Therefore there
exists a solution u; of (L) in Qe such that up < uy < @ < up. If p € ME(RY) satisfies
p(F€) = 0, then ug, is the smallest solution of ([L.1) which is above the subsolution fu,. Thus
ugy < uy < up and finally up < wuy < up, a contradiction. O

If we combine Theorem and Theorem B.9 we derive the following integral approximation
of the capacitary potential

Proposition 4.2 Assume q > q.. Then there exist two positive constants Cir, C;r, depending
only on N, q and T such that

Vi 2 F
C';t(pr];)/ SN—%efﬂCQ/%q/ <— N Bl(x)> sds < Wp(z,t)
0 ° (4.57)
t N t(a+2) N—_—2_ 2 F
< o 0+3%) st ateT Oy | —N Bi(z) ) sds
1 Vi /04" \ g

for any (x,t) € Qp.

Definition 4.3 If F is a closed subset of RY, we define the (2/q, q')-integral capacitary potential
Wr by

__2 F
WF(x,t) =t 2/ SN q316732/4tc2/q,q/ <g N B1($)> sds V(m,t) € Qoo, (458)
0

where Dp(x) = max{|z —y|:y € F}.

An easy computation shows that

Viag 2 F
0 < Wpg(z,t) — t(1+12v)/ stﬁefﬂCQ/q,q/ (— N Bl(az)> sds
0 S

4.59
ta=3)/2(¢=1) | (4.59)

< C—o e DR/t

- Dp(z)
and
(at+2) 2
0< t_(H‘%)/ sNﬁﬁe_TtCQ/%q/ < N By (z ) sds — Wpg(z,t)
0 (4.60)
t(@a=3)/2(¢=1)  p2 ()
< C I

Dp(z)
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for some C'= C(N,q) > 0. Furthermore
L (Dr@ve 5, 2 F
We(z,t) =t q—l/ 57 e Tem 10y <— N Bl(x)> sds. (4.61)
0 T\ sVt

The following result gives a sufficient condition in order %g has not a strong blow-up at some
point x.

Proposition 4.4 Assume q > q. and I is a closed subset of RN . If there exists vy € [0,00) such
that

) F
llir(l) Cg/qg/ <? N Bl($)> =, (4.62)
then )
limtaTtup(z,t) = Cy, (4.63)
t—0

for some C = C(N,q) > 0.

Proof. Clearly, condition ({.62) implies

: F
}gl(l) CQ/q’q/ <% N Bl($)> =7

for any s > 0. Then (f.63) follows by Lebesgue’s theorem. Notice also that the set of v is
bounded from above by a constant depending on N and gq. O

In the next result we give a condition in order the solution remains bounded at some point
x. The proof is similar to the previous one.

Proposition 4.5 Assume q > q. and F is a closed subset of RN. If

2 r
limsup 7 = Co/gq <— N Bl(m)> < 00, (4.64)
T

7—0

then up(x,t) remains bounded when t — 0.

A Appendix

The next estimate is crucial in the study of semilinear parabolic equations.

Lemma A.1 Let a and b be two real numbers, a > 0 and k > 0. Then there exists a constant

C =C(a,b,k) > 0 such that for any A >0, B > /A there holds

1
/ (1 _ x)faxfbefAQ/Zl(lf:r)6732/4:vdx < Cef(A+B)2/4A17aBlfb(A + B)a+bf2‘ (Al)
0
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Proof. We first notice that

max{e*AQ/‘l(l*x)e*BQ/M 0<x <1} = e~ (A+B)*/4 (A.2)

)

and it is achieved for zg = B/(A + B). Set ®(z) = (1 — )~z be=A*/4(1-2)=B*/4z thyg

1 o 1
/ O(x)dr = / O(z)dx + / O(x)de = Iop + Jop-
0 0 T

0

Put 2 B
— = A3
“ 41 — ) T (A.3)
then
4ux? — (4u+ B* — A%)z + B> =0. (A.4)

If 0 < & < x( this equation admits the solution

1
x=uxz(u) = S <4u + B? — A% — \/16u2 — 8u(A2 + B2) + (A2 — BQ)Q)

o 0o
/ (1 — z) g be=A*/A0—0)=B/dzg, —/ (1 —z(u) % (u)"be "2 (u)du
0 (A+B)2/4

Putting 2/ = 2/(u) and differentiating ([4.4),

4x(1 — x)
2 2 42 _ r_
4z° + 8uzx’ — (4u + B —A)ﬂ:'—4:c—0:>—$—4u_|_Bz_A2_8ux'

Thus

o 00 (1 _ x(u))_a+1x(u)_b+1e_“du
= . A.
/0 (w)de 4/(A+B)2/4 4u + B? — A% — Buzx(u) (4.5)

Using the explicit value of the root x(u), we finally get

o 00 _ —a+1 —b+1 _—u
/ () dar — 4/ (1 —z(u)) x(u) e "“du , (A.6)
0 (A+B)2/4\/16u? — 8u(A2 + B2?) + (A2 — B2)2

and the factorization below holds
16u? — 8u(A% + B?) + (A? — B*)? = 16(u — (A + B)*/4)(u — (A — B)*/4).
We set u = v + (A + B)?/4 and obtain

v+ (AB + B%)/2 — \/v(v+ AB)
2(v+ (A+ B)2/4) ’

z(u) =

and

. v+ (A2 4+ AB)/2+ \/v(v+ AB)
— o) = 2(v+ (A + B)2/4) '

40



We introduce the relation = linking two positive quantities depending on A and B. It means
that the two sided-inequalities up to multiplicative constants independent of A and B. Therefore

/xofb(x)dx = 2“b4e(A+B)2/4/Oo<i>(v)dv where

0 0

(v AB+BY2- it AB))H’ (v+ (42 + AB)/2 + /oo  AB)) By
)= (vt (A+ B)2/4) " Jo(u t AD) ¢

(A7)
Case 1: a > 1, b > 1. First
(1) 4 (A+B)2/4)a+b72 . (U+ (A+B)2/4)a+b72 B (U+ (A+B)2)a+bf2 (A 8)
v(v+ AB) - v(v+ k) v(v+ k) '
since a+b—2 >0 and AB > k. Next
1—a
<v 4 (A2 + AB)/2 + /oo F AB)) ~ (v+ A(A+ B))°. (A.9)
Furthermore
+(A+ B)?/4
v+ (AB + B2)/2 — \/o(v + AB) = B2 Y
( )/ ( ) v+ B(A+ B)/2+ \/v(v+ AB) (A.10)
~ B2 v+ (A + B)2
T v+ B(A+B)
Then
1-b o (v+BA+ B\
2y /9 _ ~ B2-2b s A1l
(v—i—(AB—i—B)/Q \/v(v—i—AB)) B <v+(A+B)2> ( )
It follows . -
@(v)<032—2b<v+(A+B)2> (v+B(A+B))"™
- v+ A(A+ B) v(v+ k) (A.12)
< OB2-2 < v+ (A+ B)? >a_1 '+ (B2 4+ AB)"!
- v+ A(A+ B) v(v + k)

where C depends on a, b and k. The function v +— (v+ (A + B)?)/(v+ A(A+ B)) is decreasing
on (0,00). If we set

> pb=le=vdy > e dv
C1 = ———— and Oy = -
0o Vv(v+k) 0 Vu(v+ k)

then
C, < K(B*+ AB)" ¢,

with K = C1x'~?/Cy. Therefore

o
/ O(z)dr < Ce™(ATBI*/ABI-bgl-a( 4 4 B)atd=2, (A.13)
0
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The estimate of J,; is obtained by exchanging (A,a) with (B,b) and replacing = by 1 — x.
Mutadis mutandis, this yields directely to the same expression as in and finally

1
/ ®(2)dx < Ce~ATBI/Ag1-apl=b g 4 pyatb=2 (A.14)
0

Case 2: a > 1, b < 1. Estimates (4.7), (A.§), (4.9), (A.10) and ([A.11)) are valid. Because
v+ (v+ B(A+ B))’! is decreasing, ([A.12) has to be replaced by

v+ (A+ B)? >“‘1 (AB+BQ)b_1‘ (A15)

(i)(v) < CB?*?% <v +A(A+ B) v(v+ k)

This implies ([A.13) directly. The estimate of J,; is performed by the change of variable x
1—xz. If z1 =1 — zg , there holds

1 1
Jap = / x (1 — x)fbefAQ/‘lme*BQM(l*m)dx = / U(z)dz.
0 0
Then
xr1 1
/ U(z)dr = 2b_“_46_(A+B)2/4/ U(v)dv where
0

0
. <v + (AB+ A%)/2 — \Jv(v + AB)) e <v +(B?+ AB)/2 + \/v(v + AB)) o B
)= (v+ (A+ B)2/4)> " \Ju(u + AB) ¢

(A.16)
Equivalence ([A-§) is unchanged; ([A.9) is replaced by
(v+ (B2 + AB)j2+ /(o + 4B)) T (w4 BA+ B, (A.17)
(4.10) by ,
v+ (AB + A2)/2 — \/o(v + AB) wAQ%, (A.18)
and (JA.11)) by
—a v a—1
(v+(AB+4%)/2 - Voo AB))1 ~ 422 (%) . (A.19)

Because a > 1, (A.19) turns into

v+ A2+ AB)*Y(v+ B2 + AB)'?

= _ i
V(v CA2=2b(y A+ B)?)b-1
(v) < CAZ (0 + (A+ BY) —

< Cef(A+B)2/4A272b(A + B)2b72
y va—b_|_(A2_|_AB)a—1v1—b_|_(Bz_|_AB)1—bva—1 +Aa_1Bl_b(A—|—B)a_b
v(v+ k) :

(A.20)
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Because AB > k, there exists a positive constant C, depending on x, such that

/Oo’l)a_b+ (AQ _|_AB)(1—1,Ul—b+ (B2 _{_AB)l—b,Ua—leivdv
0 v(v +£) (A.21)
a-1p71-b ab [T _€ v
< CA*'B'"°(A+ B) —_—.
0 v(v + K)
Combining ([4.20) and ([4.21)) yields to
x1
/ U(z)de < Ce~(A+B?*/4gl-agl=b( A | pB)atb=2, (A.22)
0

This, again, implies that ([A.1]) holds.

Case 3: max{a,b} < 1. Inequalities ([A.7)-([A11) hold, but ([A.I3) has to be replaced by

d(v) < CB*% <U +(A+ B)? >a_1 (v+B*+ AB)bil

v+ A(A+ B v(v+ K
1—a A2 A(B lfa) (A23)
< CBl—b(A + B)Za-l—b—?»v + ( + )
B v(v + k)
Noticing that
00 1 A=y o] e Vdv

2
m<C(A +AB)'° ) et

it follows that ([4.13) holds. Finally (J[A.14) holds by exchanging (4,a) and (B, b). O

Lemma A.2 . Let «, 3, v, § be real numbers and £ an integer. We assume v > 1, § > 0 and
£ > 2. Then there exists a positive constant C such that, for any integer n > £

n—~{
S (Vi — /) e WPV < opapize=in (A.24)
p=1

Proof. The function z — (vz+,/7(v/n—+/x + 1))? is decreasing on [(y—1)"!, c0). Furthermore
there exists C' > 0 depending on ¢, @ and 3 such that p*(y/n — \/1_))5 < Cax(vn—Vx +1)8
for x € [p,p + 1] If we denote by po the smallest integer larger than (y — 1)~!, we derive

n—~{ 1 n—/{
S = Zpa(\/__ \/ﬁ)ﬁe—(\/ﬁ+ﬂ(\/_—\/m))2/4 :poz +Zp \/— \/‘) —8(y/PHyA(Vn—vpF1))?
p=1 p=1 Po
po—1
Z ¢ (yn — /p)Pe S WPHVAVn= VpT1))?
p=1
+C e 2% (y/n — T )Pe S WVatVIVn—VatD)) gp

po
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(notice that v/n — vz ~/n—+/z+1 for z <n —{). Clearly
po—1

Zpa(\/ﬁ _ \/E)ﬁe—5(\/ﬁ+ﬂ(\/ﬁ—vp+1))2 < Con®(vn—Vn—€)Pe (A.25)
p=1

for some Cp independent of n. We set y = y(x) = & + 1 — /z/,/7. Obviously

y'($)=%<\/%—\ﬁlﬁ> Va > po,

and their exists € = €(,7) > 0 such that v2v/z > y(x) > ey/z and y/(z) > ¢/\/z. Furthermore

_ ﬁ<y+\/m>

x )

v—1
f_ﬁzww—ww?:ﬁ%@?ﬁ?

_ (=D 4y -2 Am—
V(v =1) =+ VAV +1 -
oy = 1)+ = 2y/Am — vy
vn

since y(z) < y/n. Furthermore

n(y —1) +v = 2y/An —vy* =y(Vn+ 1+ Vn/ A +y)Vn+1-n/ 7 —y)
~ V(v + 1=/ g —y),

because y ranges between vn +2 — ¢ —+v/n+1 — (/7 =~ /n and \/po + 1 — \/po,/7. Thus
(Vi = va)' ~ (Vat 1= Va/yi-y)’.

This implies

n+1—¢
/ 2 (/7 — /T )PVt (Vi—VaFT))? gy

Po

y(n+1-£)
<C v+ (k1 — /A — y)5 e 18 (=9) gy
(po)
e 1-y(po)/v/n )
< Cno”rﬁ/z“/ (1—2)2 e+ /1+1/n—1- 1/\/5)66*75“ dz.
I—y(n+1-£0)//n
(A.26)
Moreover
y(po) 1 ( VE)
1- — 1 (Vpor1- Y,
V@g VGE Do \/ﬁ
y(n —€+1) Vn—0+2 n—(l+1
A ) S N
v v (£ —2) " (0—2)2—(—1)?
1 VA= —0+1 -2 — (-1 »
v <1 + 5y + <2 +O0(n™7).
(A.27)
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y(n—L+1) y(po)

Let 0 fixed such that 1 — NG <f<1l- NG for any n > pg. Then
1—y(po)/v/n ) 1—y(po)/\/n ,
/ (1 _ Z)2a+1(z + 1+ 1/n —_ 1= 1/\/5)667757” dz < Cg/ (1 _ Z)2a+1e*’75"2 dz
0
, [1-y(po)/v/n
<y [T sypeas
0

< C e max{1,n—"1/2},
Because 70% > 1 we derive
1-y(po)/vn )
/ (1—2)% (z+/1+1/n—1-1//7)Pe 7" dz < Cn=Pe ", (A.28)
0
for some constant C' > 0. On the other hand

0
/ (1—z)t(z+ 1+1/n—1—1/\/§)5e*75”22dz
1—y(n+1-0)/v/n

6
< Cg/ (z+ 1+ 1/n—1-1//7)e .
1—y(n+1-0)/v/n

The minimum of z — (2 + /1 +1/n—1—1/,/7)" is achieved at 1 — y(n + 1 — ¢) with value

VIU+TL) +1-4
2n./y

and the maximum of the exponential term is achieved at the same point with value

+0(n™?),

e O EDVIFLI=O/2(1 4 o(1)) = Ce ™ (1 + o(1)).

We denote
0
Zym=1+1/y/y—+/1+1/n and Ig= / (z — z%n)ﬁe*'yénﬁdz.
l—y(n+1-0)/v/n
Since 1 —y(n+1—4¥) > 1/4/27 for n large enough,
0 2
Ig < /27y (2 — 2yn)P2e 7" dz
1=y(n+1-0)/v/n
-2 0 vZy [?
< Y |:(Z _ Z%n)ﬁeffy(San + B2y (Z _ Z%n)ﬁflzefﬂféandz
2n~0 l—y(n+1-0)/vn 2090 Ji_ytmt1—0)/v/n

But 1 —y(n+1—-40)/v/n— 2y, = —1)(1—-1/\/7)/2n, therefore

Ig <O Pt 4 BCIn g 4. (A.29)
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If 6 <0, we derive
Ip < Cyn~B=1le=om,

which inequality, combined with ([A.26) and ([4.2§), yields to ([A.24)). If 8 > 0, we iterate and
get

I5 < Cyn P le™®m 4 Cin Y (CinPe™ + (B — 1)Cin ' 5 0)
If 5 —1 <0 we derive

Ig < Cyn B-le=om 4 ClC{nflfﬁe*‘sn = anfﬁfle*‘sn,

which again yields to ([A.24). If 3 —1 > 0, we continue up we find a positive integer k such that
B — k <0, which again yields to
Ig < Ckniﬁilef(sn

and to (|4.24). O

The next estimate is fundamental in deriving the N-dimensional estimate.

Lemma A.3 For any integer N > 2 there exists a constant cy > 0 such that

" mcosf _:. N—2 e’
< _ . .
/0 e sin? " 60df < cn A Em) 7 Vm >0 (A.30)

Proof. Put Zn(m) = / emcos9sinN=20dp. Then Zh(m) = / e™<%% cos § df and
0 0

T (m) = / e 058 cos? § df) = To(m) — / emeos¥ sin2 6 d
0 0
1 s
=To(m) — — [ em™%cosf db
T 0
= To(m) — EIé(m)

Thus T, satisfies a Bessel equation of order 0. Since Z5(0) = 7 and Z4(0) = 0, 717, is the
modified Bessel function of index 0 (usually denoted by Ij) the asymptotic behaviour of which
is well known, thus ([4:30) holds. If N =3

T __mcosf17T 2sinh
Zs(m) :/ emes9gin g dh = [ ¢ ] — 2o
0 m 0 m

For N > 3 arbitrary

T-1d N-3["
T = [ = (emeosginN39q9 = 2 | emcosfo505inN 40 dh. A.31
N(m) T dﬁ(e ) sin m e cos 0 sin ( )

Therefore,

1 ™
Zy(m) = E/o €m0 cos 0 d = Th(m),
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and, again ([4.30) holds since I{)(m) has the same behaviour as Ip(m) at infinity. For N > 5

_3-N

IN(m) 5

™ N-=-3 /[T d
[em 088 cos f sin™V P 0} + 5 / emeost — (cos @ sin™V 5 0) df.
m 0 m= J do
Differentiating cos 6 sin®™ ~® # and using ([A.31]), we obtain

_ 4sinhm  4sinhm

Iym) = — 35—~ — 5
while
Ty(m) = LN (7 m) — Zyaom) (A32)
for N > 6. Since the estimate ([A.3() for Z», Z3, 7, and Z5 has already been obtained, a straigth-
forward induction yields to the general result. O

Remark. Although it does not has any importance for our use, it must be noticed that Zn can
be expressed either with hyperbolic functions if NV is odd, or with Bessel functions if N is even.
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