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L. Bessieres, G. Besson, G. Courtois and S. Gallot

May 25, 2008

1 Introduction

The aim of this paper is to show the following result.

Theorem 1.1. Given any integer n > 3 and d > 0, there ezists e(n,d) > 0 such
that the following holds. Suppose that (X, go) is an n-dimensional hyperbolic compact
manifold with diameter < d and that Y is a compact manifold which dominates X,
that is, there exist a continuous map f :Y — X of degree one. Then Y has a metric
g such that

Ric, > —(n—1)g (1)
vol,(Y) < (1+2)voly, (X) @)

if and only iof f is homotopic to a diffeomorphism.

Sketch of the Proof:

We argue by contradiction. Suppose that there is a sequence (Xj)ren of compact
hyperbolic manifolds with diameter < d and a sequence of compact manifolds Y}, of
degree one continuous maps fi : Y,— X, and metrics g5 on Y} fulfilling the hypothesis
(M) and (f) for some ,—0. Since f; has degree one and X}, is hyperbolic, it is equiv-
alent to say that fr is homotopic to a diffeomorphism or simply that X and Y} are
diffeomorphic. We thus assume that Y), and X} are not diffeomorphic. One then shows
that up to a subsequence, for large k, Y} is diffeomorphic to a compact manifold Y,
X, is diffeomorphic to a compact manifold X, and X and Y are diffeomorphic. One
argue as follows: by the classical finiteness results we get the sub-convergence of (Xj).
Indeed, the curvature is —1, the diameter is bounded by hypothesis, and there is a
universal lower bound for the volume of any hyperbolic compact manifold of a given
dimension. Cheeger’s finiteness theorem then applies. Moreover, on a compact mani-
fold of dimension > 3, there is at most one hyperbolic metric, up to isometry. We can
therefore suppose that X, = X is a fixed hyperbolic manifold. The inequality proved
in [BCG] provides a lower bound for the volume of Y as it is explained below. We
have no a priori bounds on the diameter of (Y, gx), but we can use Cheeger-Colding’s
theory to obtain sub-convergence in the pointed Gromov-Hausdorff topology to a com-
plete metric space (Z,d) with small singular set. To obtain more geometric control,
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the idea is to use the natural maps between Y, and X (see [BCG]). One can show that
they sub-convergence to a limit map between Z and X, which is an isometry. Then Z
is compact and diffeomorphic to Y} for large k.

The paper is organized as follows. The construction and the properties of the natural
maps are given in section 2. In section 3, we construct the limit space Z and the limit
map F' : Z—X. In section 4, we prove that I’ is an isometry and conclude.

1.1 Some a priori control on (Y g)

Some a priori control on the metric g will be needed in section 2 and 3. We give here
some necessary results.

Let (X, go) be an hyperbolic manifold and Y be a manifold satisfying the assumptions
of theorem [[.1. For any riemannian metric g on Y satisfying the curvature assumption
(M), one has the following inequality

vol, (Y') > vol,, (X). (3)
It is a consequence of the Besson-Courtois-Gallot inequality [BCG]
h(g)" volg(Y) = h(go)" volg, (X)), (4)

where h(g) is the volume entropy, or the critical exponent, of the metric g, i.e.:

) 1
h(g) = lim Eln(volg(Bg(x,R))),

R—+o00

where § is the lifted metric on Y. Indeed, any metric g on Y which satisfies (), verifies,
by Bishop’s theorem,

h(g) < h(go) =n—1. (5)

One can obtain a local control of the volume by Gromov’s isolation theorem (see [[GroZ],
theorem 0.5). It shows that if the simplicial volume ||Y]| - a topological invariant - of Y
is non-zero, then for any riemannian metric g on Y satisfying the curvature assumption
(), there exists at least one point y, € Y such that

voly(B(yg, 1)) > v, > 0. (6)

Here B(y,, 1) is the geodesic ball of radius 1 for the metric ¢ and v, is a universal
constant. This theorem applies in our situation since, by an elementary property of
the simplicial volume, ||Y'|| > ||X]| if there is a degree one map from Y to X. On
the other hand, X has an hyperbolic metric and thus || X|| > 0 by Gromov-Thurston’s

theorem (see [[GroJ]).

Given this universal lower bound for the volume of a unit ball B(y,,1), the volume
of any ball B(y,r) is bounded from bellow in terms of r and d(y,,y). Indeed, recall



that under the curvature assumption ([l), Bishop-Gromov’s theorem shows that for any
0 <r < R, one has
voly(B(y,r)) S volgn (Ban (1)) )
voly(B(y, R)) — volgn (Bm=R))’

where By (1) is a r-ball in the hyperbolic space H". As B(y,, 1) C B(y, 1+d(y,, y)+7),
one deduces from ([]) that

volgn (Ban (1))
volgr (Ban (1 + d(yg, y) +71))

voly(B(y,r)) > volg (B(y,1+d(yg,y) +7))

) volgn (Ban (1))
nVOlHn(BHn(l + d(Yga y) + l”)) .

(8)

(9)

The curvature assumption ([[) and the volume estimates ([]) or (P) are those required
to use the non-collapsing part of Cheeger-Colding’s theory, as we shall see in section 3.

2 The natural maps

2.1 Construction of the natural maps

In this section we recall the construction and the main properties of the natural maps
defined by Besson-Courtois-Gallot ([BCG]|,[BCGY|). Suppose that (Y, g) and (X, go)

are compact riemannian manifolds and that
f:Y=X

is a continuous map of degree one. For the sake of simplicity, we assume that g is
hyperbolic (the construction holds in more general cases). Then, for any ¢ > h(g) there
exists a C! map

F.:Y — X,

homotopic to f, such that for all y € Y,

erl < () (10

with equality for some y € Y if and only if d, [, is an homothety of ratio

¢

h(go) "

The inequality ({) is then easily obtained by integration of ([d) and by taking a limit
when ¢ goes to h(g). To obtain global rigidity properties, one has in general to care
about the limit of F, as ¢ goes to h(g).

We divide the construction of the maps in 4 steps. Let Y and X be the universal
coverings of Y and X respectively, and f : Y—X a lift of f.

Step 1: for cach y € Y and ¢ > h(g), let vy be the finite measure on Y defined by
dvy(z) = e~ P dvy (2)
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where z € Y, § is the lifted metric on Y and p(.,.) is the distance function of (Y, §).

Step 2: this measure is pushed forward and gives a finite measure f*l/;; on X. Let us
recall that it is defined by

Fs(U) = vs(F7H(U)).

Step 3: one defines a finite measure y; on dX by convolution of f*l/y with all visual

probability measures P, of X. Recall that the visual probability measure P, at = € ):(
is defined as follows: the unit tangent bundle U, X is projected onto the boundary 90X
by the map

veUX 2 v(00) € 90X,

where v,(t) = exp,(tv). The measure P, is then the push-forward by E of the canoni-
cal probability measure of U, X, i.e. P,(U) is the measure of the set of vectors v € U, X
such that v, (+o00) € U.

Then

p(0) = [ PV dfo)

X

_ / Py (U) dvs(2).

Y

One can identifies X with the unit sphere in R™, by choosing an origin o € X and
using Ey. One can then show (REFERENCE) that the density of this measure is given
by

duZ(G) = (/Y eh(go)B(f(z),G)ecp(y,Z)dVg(Z)) de,

where 0 € 0X, df is the canonical probability measure on S*~' and B(z,) is a
Busemann function on X normalised to vanish at x = 0. We will use the notation

It is a classical fact that p is the Poisson Kernel of (X, go).

Step 4: the map . .
F.:Y—X

associates to any y € Y the unique € X which minimizes on X the function
B(z) = / B(x,0) dus(0).
X

(see Appendix A in [BCQ)).

The maps F, are shown to be C! and equivariant. The quotient map, which is denoted
F.:Y — X, is homotopic to f. Note that F,. depends heavily on the metric g.



2.2 Some technical lemmas

Let us give some definitions.
Definition 2.1. We call o}, be the probability measure on X defined by

e My
b (0X)

g

Then
|| = i (0X) = /Y e~ 02) vy (2) = [

We consider two positive definite bilinear forms of trace 1 and the corresponding sym-
metric endomorphisms.

Definition 2.2. For any y € X, uve TFC(y)f(,

hg’,(u,v) = /a)”( dB(FC(y)ﬂ)(u)dB(Fc(y)ﬂ) (’U) dU;(@) = gO(Hg’,(u),v).

And, for anyy €Y, u,v € Tyf/,

fy dp(yz )dpyz (v) d’/gj(z)
15 (0X)

Lemma 2.3. For anyy € Y,ue Ty}}, v E Tp(y)X, one has

hy*(u, v) = = g(H,"(u), v).

c c 1/2 c 1/2
lg0((1 = He)dy Fu(u), v)] < ¢ (go(Hy(v),v))"* (g(Hy (), )" . (11)
Proof. since F,(y) is an extremum of the function B, one has
B = [ B 0) di(6) =0 (12

for each v € T}, (y)X Let V be a parallel vector field on T'X, then dp.)B(Vy) = 0 for
cach y € Y. One differentiates this equation in a direction u € T, Y thus using the
formula ([J) with v = V,,, one obtains

DB . Uy F), 000+ | B 0) ( [ stica) e)(—cdp<y,z><u>>dv;<z>) a0 =0

aX

Using Cauchy-Schwarz inequality in the second term, one gets
’ / ~ DdB(Fc(yw)(dch(u),v)dﬂg(e)' <
X

/af( |dB . ().0) (V)] <Lp(f(z),9)du§(z)>l/2 </ p(f(z),9)|cdp(y,z)(u)\2dy§(z))1/2 50
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which is, using Cauchy-Schwarz inequality again

< o[ 1Brwal [ i ) ([ [ ot 00dm0 >|2dv§<z>de)l/2

- (/ (B )0 () 2dpis (6) ) </ |dp(y,q (u IQdV())
NG

c 1/2
= Cuy(aX) (go(Hy(’U),U)) (g( y
It is shown in [BCG| chapter 5 that DdB = gy — dB ® dB for an hyperbolic metric.

The left term of the inequality is thus ué(@)? )90((I — Hy)dyFe(u),v). This proves the
lemma. 0

Definition 2.4. Let 0 < A{(y) < ... < A, (y) <1 be the eigenvalues of Hy.

Proposition 2.5. There ezists a constant A(n) > 0 such that, for anyy € Y,

pac ) < (55 (1 —AY 06 - %)) (13)

Proof. The proof is based on the two following lemmas.

Lemma 2.6. At cachy € Y,

¢ \" det(H,)"?
| Jac Fe(y)] < <ﬁ) det(I — H,°)

Proof of lemma [2-0. Let (u;) an orthonormal basis of T,y X which diagonalizes H,°.
We can suppose that d,F, is invertible thus let v} = [(I — H,%) o d,F,]”" (u;). Schmidt
orthonormalisation process applied to (v) gives an orthonormal basis (v;) at T,Y. The
matrix of (/ — H,°) o d,F. in the base (v;) and (u;) is upper triangular, then

det( — H,) Jac F.(y) = Hgo((I — H,%) od,F.(v;), u;)

which gives, with ([LT]),

1/2 n 1/2
det( — H, )| Jac F.(y)| < (H go(H,(v;), vy ) (Hg(H;%m),m))

n/2
< "det(H, 1/2[ ZgH'cuZ uZ]

and we have the desired inequality with tr(H,°) = 1. O



Lemma 2.7. Let H a symmetric positive definite n X n matrix whose trace is equal to
one then, if n > 3,

det(H/?) n \"? - 1o
det(I—H) = <h<go>2) (1 _A;(Ai_ » )

for a constant A(n) > 0.

Proof of lemma [2.7]. see Appendix B5 in [BCQ]. This is the point where the rigidity of
the natural maps fails in dimension 2. This completes the proof of the lemma R.5. O

0

2.3 Some nice properties

We now show that the natural maps F, are "nice”. In this section, we shall consider F,
as a map from (Y, g) to (X, go). We suppose that the metric g satisfies the curvature
assumption ([[) and the assumption on its volume (B) for some £ > 0. Let us introduce
some terminology:.

Definition 2.8. Let 0 < o < 1. We say that a property holds o — ae («a-almost

everywhere) on a set A if the set Ay of points of A where the property holds has

relative volume bigger than 1 — «, 1. e. ng)gé;)) >1—a.

We show that dF, is a-close to be isometric a — ae on Y for some a(e, ¢) > 0. Moreover
ale,c) — 0 ase — 0 and § — h(g). On the other hand, given any radius R > 0, one
shows that ||dF.|| is uniformly bounded on balls B(y,, R), provided c is close enough to
h(g). Recall that we have uniform bounds for the volume of g but not for the diameter.
The key point is to show that H; is a-close to % on a set of large volume, and to bound
it on a ball of fixed radius, with respect to the parameters ¢, c.

To control ¢ — h(g) we introduce a parameter § > 0. We suppose that the volume

entropy of g satisfies the inequality

h(g) < ¢ < h(g) +9. (14)

Observe that (), ([J) and ([[4) implies that

el < (M0 < (14 2 )T (15)

for all y € Y. The map F is thus almost volume decreasing. As vol,(Y') is close to
vol,, (X), the set in Y where F, is decreases the volume a lot must be small. Equiva-
lently, | Jac F.| must be close to 1 in L' norm. Now we give a precise statement of this
fact.




Lemma 2.9. There exists a; = ay(e,d) > 0 such that o —ae on'Y on has,
1 —ay < |JacF.(y)l, (16)

and for all y € Y one has
| Jac F.(y)| <14 a. (17)

Moreover, a;(e,0)—0 as ¢ and 6—0.

n—1
o = max \/(1—1— 0 ) — 1,1/
n—1

Thus (1 + %)n_l <1+ a? and € < o?. In particular, |Jac F.(y)]| <1+ a?<1+4a
forally e Y.

Proof. Let

As F,. has degree one, we have

ol () = [ Fr(dvy) = [ JucEwavily)
Y Y
Denote by Y, the set of points y € Y such that

| Jac F.(y)| > 1 — a

We have
ol () < [ [Jac F)ldvi(y) (18)
= [ PDreR@G + [ eeR@la) 09
< (1+ oz2) voly(Ya,) + (1 —a) voly (Y — Ya,) (20)
= vol, (V) + a®voly(Ya,) — avol,(Y — Y,,) (21)

Then, using the assumption (P]) and the inequality () on the volume, we get

vol,(Y) — voly, (X)

vol, (Y —Y,,) ” + avoly(Y,,) (22)
< (2 + oz) vol,(Y) (23)
< 2avoly(Y). (24)

Clearly, 1 — 2a < | Jac F.(y)| on Y,, and | Jac F.(y)| < 1+ 2a on Y which proves the
lemma with (e, 0) = 2a. O

From this lemma, we deduce that F, is almost injective. Let x € X, one defines
N(F.,x) € NU{oo} to be the number of preimages of by F.. As F, has degree one,
one has N(F,.,z) > 1 for all z € X. We then define X; := {z € X, N(F.|x) = 1}.
Observe that N(F.,xz) > 2 on X — X;.



Lemma 2.10. There exists ag = as(e,0) > 0 such that
Volyy (X1) 2 (1 — a3) vol,y (X) (25)

and

| NI dV(a) < as(e,) voly (). (26)
X-X,
Moreover, as(e,0)—0 as ¢ and 6—0.

In particular, N(F.,z) = 1 o/-ae on X.

aﬂaé):ﬂz(<1+97§E>n(1+5)—1).

From ([3) and the area formula (see [Mo1] 3.7), we have

Proof. one defines

(7)) 2 [ 3Ryl dvt) 7
= [ MRl dvy (@) (28)
— [ NBg) v @)+ [ N(RJ) ~ 141 dv (0)(29)
— ol (X)+ [ N(Ele) 1 dv o) (30)
And
vol,, (X — Xp) < N(F.|z) — 1 dvg,(z) (31)
< ( CO ) voly(Y) — voly, (X) (32)
< < e )" 1+€)—1) voly, (X) (33)
< 26D, x) (34)
Thus
volg (X — X;) < /X . N(F;|x) dvg, (x) < as(e, d) voly, (X),
and this proves the lemma. O

Lemma 2.11. There exists ag = az(g, ) > 0 such that the following holds. Lety € Y,
and u € T,)Y then

(1 = ag)llully < lldyFe(u)llg < (14 as)ljully - (35)

Moreover, az(e,d)—0 as £,0—0.



Proof. The inequality ([[3) implies that for all y € Y

Id 1 | Jac F.(y)|
He— 22 < = (1= 22C2W)
I Hy nH_A( (1+-2)

Let us define

1/2
1 1—ay(e,d
o= (1- TR
n—1

where (e, d) is the constant from lemma P.9. Clearly, (;(¢,0) — 0 as € and §—0.
Let Y, be the set of points where ([§) holds. On Y, , one has

o Id
I Hy = —|* < 8:°. (36)

Let (u;)i=1,..n be an orthonormal basis of T, and v; = d,, F'(u;). Writing Id — Hy =

.....

n—1 Id c : i :
“=Id + 57 — Hg, the left side of ([) gives

|90 ((1d — H)d, Fu(u:), dyF.(u;))] >

o0 (100, R0, 4,0 )|

n
Id

90 (% — HY)dyF.(u;), d, Fc(ui)) ’ (37)

n—1 Id
> " |- | Hg 1, )
(39
n—1
> (" - 8l Ftwl (39
Writing H,, = % + H, — %, one has
1/2 Id .
oo (5, ). F00) < g (0, ) o)
. 12 (40)
an (7 = S0, o0
1
< (55 +2) Il (1)

Taking the trace of the right hand side of ([L1]) and using the Cauchy-Schwarz inequality,
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one has

n 1/2
c w w 1/2 OARTALE: 1/2 U
> oo (Hidy ) o) g1 ) ) < (=4 5 )(ZIIdF I )

- n 1/2
X (Z 9(H, (), Uz‘))

- (42)
" 1/2
o L 1/2 Us 2
_ (fw ) <;||dch< Z>||go>
(43)

By ([T), the trace of (BY) is not greater than the right hand side of ({3) multiply by c,
hence
)l il < e ( =+ 52) (Z ||dch<ui>||§0) ,
i=1 i=1

n 1/2 1/1
+ 5 § 1+ /1
(ledch(Uz)\\§0> <c {1 < Vn(l+ ) ynf
i=1

0 n—1"1-5

thus

Let us define

Bole,8) = (14 1) )2 <11—i—_\/ﬁﬁl/2> L

n—1 =0
Clearly, 2(e,d)—0 as € and 6—0. One has

D ldyFeully, < n(1+ G).
i=1
Let L be the endomorphism of 7,Y" defined by L = (d,F.)* o d,F.. We have

trace(L) = 3 g(Lus) u) = 3 0(dy Fulu), dyFulu)) < 01+ ). (44)
On the other hand
1= o < e RGP = der(z) < () < 4

which shows that there is almost equality in the arithmetic-geometric inequality. We
get that there exists some az(e,d) > 0, with as(e,)—0 as £,6—0, such that

I|IL — Id]| < as(s, d).
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Thus for any y € Y,, and u € T,)Y
(1= as)lull < [ldyFe(u)llg < (1 + as)l|ul (45)

and d, F; is almost isometric. O

We now prove that given a fixed radius R > 0, the natural maps F, are uniformly
bounded on B(y,, R) if the parameters €,0 are sufficiently small.

Lemma 2.12. Let R > 0, then there exists e(R) > 0 and 6(R) > 0 such that for any
0<e<e(R) and 0 <0 <6(R), and for any y € B(y,, R),

ldy el < 2v/n (46)

Proof. We first prove that for all y € Y, ||d,F|| is controlled from above by A¢(y), the
maximal eigenvalue of H; (see definition P.4 ). Recall that 0 < A;, < 1. Let u be a unit

vector in T,Y and v = d, F,(u). The equation([T) gives

(1= X () go(dy Fe(w), dy Fu(w)| < X (y) g0 (dyFe(w), dyFu(u)'? (47)
thus
VA (y)
d,F, < - es 4
I, Flu)l < TLEL (18)
Hence we have to show that A (y) is not close to 1. More precisely, let 5 > 0 such that
% + (8 < 1, one then defines

(8,8) = (%) V1+n8—1>0.

One can check that if A% (y) < 2+ 6, then ||d, F.(u)|l4 < v/n(1+7). Clearly, v(8,6)—0
as 0, 0—0. For our purposes, it is sufficient to suppose that v < 1. Let 9, > 0 and
B, > 0 be such that if 0 < § < 104, and 0 < 8 < 108, then (d, ) < 1. One defines
moreover &, > 0 such that if 0 < ¢ < ¢, then with the notations of lemma P.T1],
Bi(g,6) < (,. In what follows, we suppose ¢ and ¢ sufficiently small.

By (BA) we have that |5 (y) — | < Bi(,0) on Y,,. Recall that Y, has a large relative
volume in Y. The idea is first to estimate A’ on a neighborhood of Y,, and then to
show that this neighbourhood contains B(y,, R) if the parameters ¢, 0 are sufficiently
small relatively to R.

We begin by estimating the variation of Aj. Recall that H, is defined by

go(HE (), ) = /6 AB(r ()dBir (1) doi(0)

Let U, V be parallel vector fields near F.(y) extending unit vectors u, v. We compute
the derivative of go(Hy(U), V) in a direction w € T,Y":

w.g()(H;(U), V) = /a)”( DdB(F(y),g) (dyF(w), U)dB(Fc(y)ﬁ)(V)dU;(H)—F

/a . AB(F.(y),0)(U)DdB ) 0)(dyF'(w), V)do, (0) + /a

12



Recall that ||DdB]| <1 and ||dB|| <1 thus

w.go(HE(U), V)| < 2||dy Fe(w)]|, + ’/M w.do—;(e)’ .

Recall now that
_dpg(0) [y p(f(2), 0)e P dvy(2)

doc(0) — ~ df .
70 = e 0%) Jy e v (2)
Then
~ r 9 _ d 5 fcp(y,z)d ~
wdot(6) — J5 p(f(2), 0)(=c.dpyy, (w))e Vel2) g (49)
115,(0X)
dpi(0) / -
— 2| (—cdppy o (w))e YA dva(2) . 50
o OX) | (=edpo(w) 5(2) (50)
As [dpgy,z)(w)| < Jlwllg, we have
/ w.doé(@)’ S/ 2c||w||gdoy,(0) = 2¢c|wly (51)
ax X

we get that, |w.go(Hy(U), V)| < 2||dyFo(w)|lg + 2¢||w]ly. We now suppose that w is a
unit vector and we use (fg), then
A ()
go(H¢ V) <2 —~+1]. 52

Let us now consider small constants n > 3 > 0. One defines

-8
r(6,8,m) = ! - > 0.
2(n —1+6) (1_V(qf;) + 1)

Our goal is to prove that

, . 1 . 1
lnf{d(y()ayl) |y07y1 € Y> )‘n(yo)} < ﬁ +ﬁ7 )‘n(yl) > ﬁ +77 > 7”(5,@77)-

Let yo € Y so that A5(yo) < = + 5. Assume that there exists y € Y such that
AS(y) > 4+ 1. One defines

. . 1

r=inf{d(yo,y) ly € Y, AL(y)} = — + .
Clearly, there exist y; € Y such that X% (y;) = + +n and d(yo, y1) = r. Let v : [0,7] —
Y be a minimising geodesic from yq to y;. We easily see that A5 (y(t)) < £ 4 n for any
0 <t <r. Let U(t) be a parallel vector field in X along F.(y) such that U(r) is a unit
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eigenvector of Hy, . Then using (B2) with 4.g0(H5, U(t), U(t)) = %gO(Hf{(t)U(t), U(t)),
one has

Xem) = Xe(o)| < JgolHEy U, U) — g0 HEUO), UO)]  (53)
- / o HS U, U (1)t (54)
< IV_A; L (55)
< 9 7”“'“ (56)
< 2cr. = (% . )

Thus 3
r> = = (6, 8,m).
2(n—1+9) (1@) +1)

Now we fix n = 23, so that y(d,n) < 1 for any 6 < ,, . One defines r,, = r(d,,, Bn, 206,)-
Recall that for ¢ < ¢, and § < §,, we have (1(¢,0) < (,. On Y,,, one has \S(y) <
L4 Bi(e,8) <2+ B,. Thus if X (y1) > L + 23, one has

d(yb Yal) Z T<57 51(57 5)7 2571) Z T(ényﬁna Qﬁn) =Tn.

We have proved that in the r,,-neighborhood of Y,,, one has X¢ (y) < ++24,. It implies
that

ld,Ful| < (1+(6,28,))v/n < 2v/n.

Let us denote by V;, (Y4, ) the ro-neighborhood of Yy, . Il remains to show that B(y,, R) C

Vio(Ya,) if € <e(R) and § < 6(R). Recall that V:(I)"lg;ﬁ) > 1 — «, thus

voly(Y —Y,,) < agvol,(Y) < aq(1+¢) voly, (X) = v(e, ).
Clearly, v(e,§)—0 when £,0—0. On the other hand, by (§) for any y € B(y,, R) we
have
VOlHn (BHn (I'()))

volgn By (L + R +10))

If vo(R) > v(e, d), then for any y € B(y,, R) one has B,(y,r) ¢ Y —Y,,, which means
that B,(y,ro) intersects Y,,. Thus d(y,Y,,) <19 and y € V;,(Ya,).

So if we define e(R) > 0, §(R) > 0 to be sufficiently small constants such that v(e, ) <
vo(R), the lemma is proved. O

voly(By(y,70)) > vy, = v9(R) > 0. (57)

We now prove that F. is almost 1-lipschitz.
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Lemma 2.13. For any R > 0, there exists eo(R) > 0 and 62(R) > 0 such that for
every 0 < e < e3(R) and 0 < § < 03(R), there ezists k = k(e,0, R) > 0 such that on
Bg<y97 R) d

dgo (Fe(yn), Fe(y2)) < (1+ R)dg(yr,y2) + . (58)

Moreover, k(e,d, R)—0 as £,0—0.

Proof. The idea is the following. We have proved that on Y, d,F% is almost isometric.
On the other hand, d,F. is uniformly bounded in B(y,, R) if the parameters ¢ and &
are sufficiently small. To prove the lemma one computes the lengths of F.(v) where ~
is a minimising geodesic in B(y,, R) whose intersection with Y, is large.

Fix some R > 0. We define the following constants :

If d > 0,
volgn (0Bun (s))
ci(n,d) = sup )
1(m,d) 0<s/2<r<s<d VOlHn (0Bun(r))
Ifr>0 R>0,
ca(n, 7, R) = ¢1(n, 2R) (21volgn (Bas (7)).
Ife>0,6 >0,

0(z,8) = 2a3(e,6) voly, (X) + 2(4n + 2¢/n + 1)y (g, 8)vol,, (X).
Clearly, 0(e,)—0 as e, —0.
Let 7(g,d, R) > 0 be the function defined by
2¢1(n, 2R) volgn (1 + R+ 1)?

2
Un

volgn (7)1 = 0(g,0)

Again we easily see that, 7(e,d, R)—0 as €,0—0. One defines £5(R) > 0 and §(R) > 0
such that e9(R) < £(2R), d2(R) < §(2R) and if 0 < ¢ < ¢(R) and 0 < § < §(R) then
7(e,0, R) << 1.

Finally, one defines «(g,d, R) = max(2y/n+/7,8/7).

There are two cases.

Case i) let y1, y» in By(y,, R) such that d(y1,y2) < /7. Using (@), if 0 < e < ¢(2R),
0 < 6 < §(2R) one has

Case ii) : let y, y2 in B,(y,, R) such that d(y1,y2) > /7. We use [Col] proposition
2.11 with the function
2
e(y) = sup ([ldyFeu| = [lul)”.

uceUyY

Let us define A; = By(y1,7), Ay = By(y2,7) and W = By(y,, 2R). For any z; € A;
and any unit vector v; € T, Y, the measure |I(zy,v1)| of

I(z1,v1) = {t | 7(t) € As,7V|j0,4 is minimal ,~'(0) = v}
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is bounded by 27. Thus

D(Ay, Ag) :=sup |I(z1,v1)] < 27.

21,01

Similarly, D(As, A1) < 27. For any z; € A; and 2z, € As, let 7,,,, be a minimizing
geodesic from z; to zo. Clearly, ¥ C B(y,, 2R). Then by [Col] proposition 2.11 we have

d(z1,22)
/ / e(Vz1,2)(8) ds < ¢1(n, 2R) (D(A1, Ag) vol(Ay) + D( Az, Ay) vol(As))
A1 ><A2 0

< [ etw) v o)

By Bishop’s theorem, for ¢ = 1,2 we have
voly(A;) < volgn (Bun (7)),
and thus
c1(n, 2R) (D(Ay, Ag) vol(Aq) + D(Ay, Ay) vol(As)) < co(n, 7, R).

We then have, using (BJ) on W NY,, and (#§) on W — Y,

d(z1,22)
| s < ) ( | wmanms [ e dvg<y>>
< o, 7, R) (a3. voly(Y) + (4n + 2v/n + 1) vol, (Y — Yy,))
< exn, R, 6). (60)

Now, if we denote v = 7,,.,, we have

d(z1,22)
(Fuon) — ((7)] = / Iy () — 141 ds

d(z1,22)
< / sup ||l Fu(w)]l — lull| ds.
0

ucT,Y

Using Cauchy-Schwarz inequality we have

d(z1,22) 2
(Feo) — )P _ (o supa o Fetwll — lul] ds)
d(z1, 22) - d(z1, 22)

d(z1,22)
< / e(v(s)) ds.
0

Integrating on A; x Ay, we deduce from (p() that

14 Fc z1z2) 4 212 ’
/ [U(Fe 0 Yaizs) — (Vo2 dvg(z1)dvg(22) < ea(n, 7, R)0(e,0) . (61)
A1 XA d(Z1, 2’2)
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By (@), for i = 1,2 one has

volgn (Bas (7))
N > = .
vol,(4;) > v, volr Br (1 - R £ 7)) vo(T, R) >0
Thus
1
< — 0)d d .
CQ(”aTu R)9<875) — UQ(T, R)2 [41XA2 C2<n77-7 R)9<87 ) Vg<21) Vg<22)

We then have

_ 2
/ |£(Fc © 72'122) 6(72122” < / C2 (na T, R)e(;v 5) ' (62)
A1 x Ao d(Zla 22) A1 x Az UO(T7 R)

Hence there exists z; € Ay, 2o € Ay such that

ca(n, T, R)0(g,0)
Vo (T, R)2

|£(Fc © 72122) - 6(72122”2 < d('zl? 22)

One can check that
CQ(”? T, R)Q(EE, 5)

2¢1(n,2R) volgn (1 + R + 1)27_ 2
vo(7, R)? '

v2 volgn (7)

< 0(e,9)

Now one has
|€(Fc © ’72122) - E(’VZ1Z2)|2 < d(zlv 22)7_27
thus
A(F.(21), Fu(2)) < U(F.072,2,) < d(2120) 4 7d(21, 2) Y.

As d(y;, z;) < 7 and d(y1,y2) > /T, we have

d(z1,22) < d(y1,92) + 27 < d(yy, y2) (1 + 2¢/7).

On the other hand, as 7 << 1 we have

5

d(z1,22) > d(y1,y2) — 27 > 5

We then have

d(Fe(yr), Fe(y2)) < d(Fe(yn), Fo(21)) + d(Fe(21), Fe(22)) + d(Fe(22), Fe(y2)) (63)
< 2T +d(z1, 2) + T.d(21, )V 4 2¢/nT (64)
d(z1, 22) ~1/2
< 4\/ﬁT+d(y1,y2)d(yhy2)(1 +1.d(z1,2)71?) (65)
< AT+ d(yy, ye) (1 + 2¢/7) (1 + V273 (66)
< AvnT +d(yny2) (1 +8VT). (67)
Finally, we get
d(Fe(yr), Fe(y2)) < k4 (14 w)d(y1,92) (68)
in case ii). O
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3 A limit map on the limit space

In this section, we consider a sequence (Y}, gk )ken of Riemannian compact n-manifolds
satisfying the curvature assumption (fl[) and the following condition: we suppose that
there exists an hyperbolic compact n-manifold (X, go), degree one maps fi : Y, — X
and a sequence €k —0 such that

vol,, (Yi)— vol,, (X) (69)
as k — +oo. Moreover, for every k € N, there exists y, € Y} satisfying the local

volume property ().

We prove that (Yy, gk, ¥y, ) sub-converges in the pointed Gromov-Haudorff topology
to a limit space (Yu,doo, 200). Moreover, there exists a sequence of natural maps
F.. : (Yi,9x) — (X, go), with suitably chosed parameters, which sub-converges to a
"natural map” F':Y, — X.

Let us define the Gromov-Hausdorft topology. Recall that for two subsets A, B of a
metric space Z the Hausdorff distance between A and B is

dy?(A,B) =inf{e >0 | B C V.(A) and A C V.(B)} € RU {o0}.
It is a distance on compact subsets of Z.

Definition 3.1. Let X, X5 be two metric spaces, then the Gromov-Hausdorff distance
dgn (X1, X2) € RU oo is the infimum of the numbers

dy” (f1(X1), f2(X2)))

for all metric spaces Z and all isometric imbeddings f; - X; — Z.

It is a distance on the space of isometry classes of compact metric spaces. One says
that a sequence (X;);en of metric spaces converges in the Gromov-Hausdorff topology
to a metric space X, if dgr(X;, X)) — 0 asi — 0o0. Let x; € X, 1o € X, One says
that the sequence (X, z;)ien converges to (Xoo, Too) in the pointed Gromov-Hausdorff
topology if for any R > 0, dgy(Bx,(zi, R), Bx. (%, R)) — 0 as i — +oo for some
sequence (g;) tending to 0 (In fact this definition holds only for length spaces, which
will be sufficient in our situation).

To deal with the Gromov-Hausdorff distance between X; and X, it is convenient to
avoid the third space Z by using e-approximations between X; and X, .

Definition 3.2. Given two metric spaces X1,Xs and ¢ > 0, an e-approzimation (or
e-isometry) from Xy to Xy is a map f: X1 — Xy such that

1. for any z,2" € Xy, |dx,(f(z), f(2') — dx, (2, 2")| <e.

2. the e-neighbourhood of f(X1) is equal to X,.

18



Then one can show (see [BBI] corollary 7.3.28) that dgx (X7, X2) < € if and only if
there exists a 2e-approximation from X; to Xs.

Our goal is to prove the :

Proposition 3.3. Up to extraction and renumbering, the sequence (Yy, gx, yx) satisfies
the following.

1. There exists a complete pointed length space (Yoo, doo, Yoo) Such that (Y, g, yx)
converges in the pointed Gromov-Hausdorff topology to (Yeo, deo, Yoo). Moreover,
(Yoo, doo) has Hausdorff dimension equal to n.

2. there exists sequences of positive numbers (ex), (0) tending to 0, (cx) such that
h(gr) < cx < h(gr) + 0k, (Rg) tending to +oo such that e < e(Ry) and
0k < 0(Rg), and ay-approzimations Yy : By (Yoo, Rk)— By, (Y., Ri) such that
the following holds. Let

Fck : (Yk7gk)H<X7 gO)

be the natural map as defined in section 2. Then Fi, o)y converges uniformly on

compact sets to a map
F:Y, — X,

which s 1-lipschitz.

Proof of (1) and some properties of the limit

Under the curvature assumption ([l) and the local volume assumption (JJ), the point (1)
is a straightforward application of Gromov & Cheeger-Colding compactness theorem.
See (JCh-Cd]). Let us make precise some features of the convergence and of the limit
space.

The continuity of the volume under the (pointed) Gromov-Hausdorff convergence is
crucial for our purposes. For £ > 0, note H* the /-dimensional Hausdorff measure of a
metric space (see [BB]] definition 1.7.7).

Theorem 3.4 ([Ch-Cd] 5.9). Let p; € Y; and po € Yo their limit, and let R > 0.
Then
lim voly, (B(pi, R)) = H"(B(pso, R)) - (70)

i——+00

In particular, Y, satisfies the Bishop-Gromov inequalities ([]) and the Bishop inequal-
ity. By definition, a tangent cone at p € Y, is a complete pointed Gromov-Hausdorff
limit, {Yaop, doos Poo} Of & sequence of rescaled space, {(Yao,7; 'd,p)}, where {r;} is a
positive sequence such that r;—0. By [GLD] theorem 5.2, every such sequence has a
convergent subsequence, but the limit might depend on the choice of the subsequence.
The limit is called a tangent cone because (Y p, Adoo) is isometric to (Yo, dso) for
any A > 0.
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Definition 3.5. The regular set R consists of those points, p € Y, such that every
tangent cone at y is isometric to R". The complementary S = Y, —R is the singular
set.

Let By (1) € R™ be the unit ball.

Definition 3.6. The e-regular set R. consists of those points, p € Yo, such that every
tangent cone, (Yoo p, Poo), satisfies dap(B(po, 1), B§(1)) < e. A pointin Yoo —R. = S:
15 called e-singular,

Theorem 3.7 ([Ch-Cd] 5.14). There exists e, > 0 such that for e < e,, R. has a
natural smooth manifold structure. Moreover, for this parametrization, the metric on

R is bi-holder equivalent to a smooth Riemannian metric. The exponent a(e) in this
bi-holder equivalence satisfies a(e)—1 as e—0.

Theorem 3.8 ([Ch-Cd]6.1).

H"23(S) =0 (71)
Remark 3.9. Clearly, R = N.xoR.. The sets R., R are not necessarily open. How-
ever, for any e > 0, there is some e > 6 > 0 such that Rs C R. (see Appendiz A.1.5 in

[Ch-C4d)). In section 3, it is proved that R. is path connected. This important
fact will be used in the last part of this text.

Let us study the density of this hausdorff measure. A consequence of Bishop’s inequal-

< 1.
r—0  VOlRn(T)

Definition 3.10. the density at p of Y is

o HY B, 1)

O(p) =1 f ———. 72

(p) = liminf = o (72)

A consequence of [Ch-Cd|A.1.5 is the existence of some positive function 7(¢), with
7(e)—0 as e—0, such that for every p € R.,

O(p) >1—1(e). (73)

Conversely, there exists a positive function £(7), such that ¢(7)—0 as 7—0 and such
that
0(p) >1—7=p€Rer). (74)

Remark 3.11. A point p is called regular if and only if 6(p) = 1. From now on, we
consider € < gy, where gy < &, is sufficiently small so that T(g¢) < 1/2, the density is
thus > 1/2 on R..
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Existence of the natural map at the limit

For every k € N and h(gx) < ¢, there exists a natural map F. : (Yx, gx) — (X, go), as
seen in section 2. To define a good sequence one argues as follows. Given m € N*,
one chooses positive numbers ¢, < go(m) and §,, < dy(m) sufficiently small such that
K(Em, Om,m) < . One defines

Oy, = maX<a1<5ma 5m)7 &%) (5m7 5m)7 a3<5m7 5m>/§<5m7 5m7 m))

We check that a,,,—0 as m— + oco. By the hypothesis (B9), there exists ki (m) € N
such that for any k > ky(m), voly, (Yi) < (1 4 em)voly,(X). As By, (y,,, m) tends to
Boo (Yoo, m), there exists ka(m) € N such that for any k& > ky(m), there exists a,-
approximations from By (Yoo, m) to By, (yy,,m). Define k(m) = max(ki(m), k2(m))
and let ¢y, : Boo(Yoo» M) — By, (Yr(m), M) be an a,-approximation. One can suppose
that ¥ (Yoo) = Yoy FiX ¢m €]R(gr), h(gr) + dm[ and consider

F., oty Boo(Yoo, m)—X.
The lemma (B.I3) applies to I, on By, (Vg (., ™). Thus for any p, ¢ € Bu(Yeo, m),

dgo(Fe, © Um(p); Fepo 0 ¥m(q)) < (14 ain)dg, (¥ (p), Ym(q)) + am
< (T4 am)deo(p, q) + (1 + ) + .

Applying the same reasoning as in Ascoli’s theorem, one can show that for any compact
K C Y., there exists a convergent sub-sequence of F, towards a map Fi : K — X.
If one uses an exhaustion of Y., by compacts sets and a standard diagonal process, one
can extract a sub-sequence of Fi., =014, which converges uniformly on any compact
set to a map F': Y,,—X. It is easy to see that the map h is 1-lipschitz.

Then one renumbers the sub-sequences Yi(¢(m)), Ygm) and F, o) such that for any
m € Nx, vol,, (Vi) < (1 + &) volg (X), h(gm) < ¢m < € + 6, and the inequalities
of the lemmas (R.F), (B.11]) hold with «y, as, as replaced by a,, and those of lemmas
(B12), (B.13) hold on B(y,,, m) C Y, with x replaced by «,,. For simplicity, the map

F. . will be denoted F,,.

4 The limit map F': Y,,— X is isometric

We prove first that F' preserves the volume.

Lemma 4.1. Let A C Y, a measurable subset. Then,
voly (FI(A)) =H"(A). (75)

Proof. As F is 1-lipschitz, it decreases the Hausdorff measure (see [Mo1]3.5). Thus,
it suffices to prove that for every Boo(p,7) C Yoo, voly (F(Bso(p,7))) > H"(Boo(p,)).
By construction, F/(By(p,7)) is the Hausdorff limit of Fy o (B (p,7)).
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We first show that this is the Hausdorff limit of Fy(B,, (Y« (p),r)). Let x € F(Bx(p,7)).
There exists x € F(By(p,7)) such that z,—x. Let pp € Boo(p,r) such that F(pg) =
xy,. By definition of the aj-approximation, one has dg, (V5 (px), wk( )) <7+ ag. There
exists z € By, (¥x(p),r) such that dg, (Yr(pk), 21) < oy (for example z;, may be on the
segment [t (pr), ¥r(p)]). Note that deo(Pr, Yoo) < 7 + doo(P, Yoo) and remember that
Ui (Yoo) = g, Thus 4 (px) remains at bounded distance from y,,. Then, applying the
inequality of lemma (2.13) we have
dgo (Fr(zx), Fr(¥n(pr)) < (14 aw)dy, (2k, Yr(pr)) + o
< (T4 ag)og + oy
0.

—
k—+o00

On the other hand, as F}, converges uniformly to ' on compact sets, F (¢ (px) has the
same limit as F'(pg) = , thus Fj(¢¥(pr)—z. From the inequality above one deduces
that Fj(z)—x thus x € limy_.o Fj(By, (Yx(p),7)). One has proved that F'(Bu(p, 7)) C
limg oo F3(By, (¥r(p),7)). To prove the other inclusion one argues in the same way.
Given = € limy_o Fi(B,, (Yr(p),r)), there exists x, € Fi(By, (¢Yx(p),r)) such that
xp—x, thus one can write x = Fy(z) where 2, € B, (Yr(p),r). As 1y is an oy-
approximation from Be (Yoo, k) to B(yy,, k), one has By, (¥x(p), ) C Us,¥k(Boo(p, r +
ay)) for large k. Thus there exists gz € Boo(p, 7+ ) such that dg, (zx, ¥x(qr)) < r+ay.
As Y, is a length space, there exists g, € By (p,7) such that doo (g, gx) < k. Then
dg, (Vr(qi), z) < dg, (Vr(ar), Yi(ar)) + dg, (Vr(ar), 2)) < 3ag. Thus

dgy (Fy. 0 Yr(qy,), o) = dgo (Fr 0 Yrlqy,), Fr(zr)) < (1 + aw)dg, (Vr(qr), 2x) + au
< (1 + Oék)?)Oék + a;—0.

Hence dg,(F) © ¥i(qy,), x)—0. As Fj, o 1y, converges uniformly to F' on compact sets,
one has dy, (F(q), x)—0 thus z € F(Bx(p,1)).

It then suffices to prove that limy_, . voly, (Fi(By, (Yx(p),r)) > H"(Bw(p,7)). Re-
member that N(Fy|z) is the number of preimages of x by Fj,. We denote by X} ; the
set of € X such that N(Fi|z) = 1. The construction of the sequence (F}) and the
lemma implies that voly, (X% 1) > (1 — ay) voly, (X). Moreover,

/X . N(Filz)dvg, (z) < aj voly, (X) . (76)

We denote by Y}, ., the set of y € Y}, such that

1 —ay <|JacFi(y)| <1+ ag. (77)
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Then lemma P.9 implies that vol,, (Yy1) > (1 — o) volg, (Yx). We then have

Vol (F(By, ((p), 1)) = / dv,,
Fy(Bg, (i (p):r))

-/ N(FLLe) v () -+ Vol (B By, (0(9). 1) = X
Fi(Bg;, (i (p),r))N Xk 1

> / | Jac Fy,(y)|dve(y)
By, ($x (p),r)NFy,  (Xk, 1)V oy

> (1 - ay) voly, (B (6e(p), 1) N Fy (Xi) 1 Vo) (78)

On the other hand, using ([77) and (@) we have

| Jac Fy|

mYk,ak 1 - O{k;

vol(F M (X — Xp1) NYiw,) < / dv,
FiN(X—Xp 1)

1
l—ozk
Qg
1—Oék

JERRGIEE

VOIQO (X)a

thus

VOlgk (ng (wk(p)v T) N Fl;1<Xk,1) N kaak) = VOlgk (ng (Q/Jk(p), T) N Yk@‘k)
— voly, (Bg, (¢r(p), ) N Fk_l(X — Xi1) N Yia,)

> voly, (By, (Un(p), 7)) — a voly, (V) — lo‘i‘fk voly, (X).

By putting this inequality in ([§) one gets

VOIQO (Fk(BQk (Q/Jk (p)7 T)) > (1—0%) VOlgk (ng (Q/Jk (p)7 T>>_<1_O‘k‘)&k‘ VOlgk (Yk>_ak‘ VOlgO (X)

As By, (¥x(p),r) tends to Be(p,r) in the Gromov-Hausdorff topology, theorem B4
implies that limy_., voly, (B, (¥x(p),r)) = H"(Be(p, 7)), hence

lim ol (Fy(By, (6(p). 7)) > H"(Bolp. )
which proves the lemma. O

We now prove that F' is injective on the set of points where the density is larger than
1/2.

Lemma 4.2. The map F' is injective on R..

Proof. Suppose there are p;,ps € R. such that F(p;) = F(ps). As F' is 1-lipschitz, we
have for every r > 0,

F (Bso(p1,7) U Boo(p2,7)) C By (F(p1),7) -
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By the previous lemma,

H" (Boo(p1,7) U Boo(p2,7)) = vOlg, (F(Boo(p1,7) U Beo(p2,7))) < voly, (Beo(F(p1),7)) -

~—

-
@\_/

~—

For r < d(pl 22) the balls Boo(p1,7) and Buo(po,7) are disjoint. Hence, dividing (9) by
volgn (1), We get

H"(Boo(pr,7)) | H"(Boo(p2,7)) _ vOlgy (B (F(p1), 7))
volgn (1) volga(r)  — volgn (1) '

By taking the liminf as r—0, we have

O(p1) +0(p2) < O(F(p1)) =1,

which is a contradiction, since § > 1/2 on R. if € < &y (see remark B.11]). O

Lemma 4.3. The map F is open on R..

Proof Let p € R We have to prove that there ex1sts n > 0 such that By, (F(p),n) C

F(R ). There exists r > 0 such that B (p,2r) C 72 Note that B := B, (p,r). By
the previous lemma, F(p) ¢ F(0B). Thus, by compactness of 0B and continuity of F,
there exists n > 0 such that dy, (F(p), F(0B)) > n. One could used the theory of local
degree but unfortunately, we do not know if (Y., ¥ ) is locally lipschitz equivalent to
R". Let R > 2d(z, %) be a fixed radius such that ¢(Bx(p,2r)) C By, (Y., R) for
all large k. Let 2z, = ¥y(p) and By = B(z,7) C B(yg, R). Consider all integer k
large enough such that dy(Fy(0By), F(0B)) < 5. Let C (resp. Cy) be the connected
component of X — F(0B) (resp. X — Fj(0By)), which contains F'(p), (resp Fy(zx)). By
the corollary 4.1.26 of [Fed], deg(Fy|By) is constant on Cy,, where, for a subset A C Y%,

deg(Fy|A)(z) = Z sign Jac Fi(y).

yeF, (z)nA

One sees that deg(Fy|By) = 1 on Cy as follows. Denote again by X ; C X the set of
x € X such that N(Fy|x) = 1, that is « has one preimage by Fj. By the lemma P.10,
volg, (Xk1) > (1 — o) voly, (X). Clearly, the intersection of X} 1 with Cy has a positive
measure for k large enough; indeed, the volume of B(Fy(zy), 10) C Cy, is bounded below
by (B) and vol(B(Fy(2), 15) — Xx1)—0 as k— + oco. Now, by lemma .19 one has
Fy(B(2k; 390)) © B(Fk(zk), 15) for large k, and the proof of lemma .1 shows that
the volume of the image is bounded below. It thus intersects X} on a set of positive
measure for k large enough. This proves that deg(Fi|By) = 1 on Cy. In particular, any

point in B(F'(p), i5) has a preimage by [}, in Bk By taking the limit k— + oo, it gives
B(F(p). ) € F(B(p.r) C F(B(p.2r)) C F(R.). [

Lemma 4.4. There exists c(¢) > 0 such that F : 7€€%F(7€€) C X is locally (14-c(¢))-
bilipschitz. Moreover, ¢(e)—0 as e—0.
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Proof. The idea is the following: we already know that F' is 1-lipschitz and volume
preserving. In particular, a ball By (p,7) C Y is sent into a ball By (F(p),r) C X. If
the ball in Y, is in the almost regular part and has a small radius, its volume is close
to the Euclidean one, as is the volume of the hyperbolic ball. One can then estimate
how much the image of B (p, ) is close to fill ,,(F(p),r). If one considers the images
of two disjoint balls, one can estimate how the hyperbolic balls overlapp, and thus the
distance between their centers.

Let p € R.. Let r(p,e) > 0 be a radius such that for every 0 < r < r(p,e),
H"(Bs(p, 7))

volgn (1) > 1-7(e),

and let r. = min(e,r(z,¢)). One can suppose that r. is smaller than the injectivity
radius of X. Let 0 < r < r2 be such that B, (p,r) C R.. For every ¢ € B (p,r),
B(p,r. — %) C Buo(g,7:). Thus,

H"(Bo(q,72)) = H"(Boo(p,re = 12)) (80)
> (1 —7(g)) volgn (re — 12) (81)
> (1 —7(e))(1 —1)" volgn(r:) . (82)

Suppose that there exists py,ps € B(p,7), p1 # p2 and a number 0 < p < 1 such that

dgo (F(p1), F'(p2)) < pdoc(p1, p2)-

Define r’ = % > 0. By ([[0) and the Bishop-Gromov inequality ([]), for i = 1, 2
one has

H (Bpr’) 2 W (Bl r)) S,
Thus, with lemma [£1] and (B3) we have
voly, (F(B(pr,#") U B(po, ™)) = H(B(pr, ")) + H (B, ) (53)
> 2= @)1 - ) g voln (1) (81)
> 2(1—7(e))(1 — 7’5)”%:&3 volgr= (') (85)
< 20() volu (1) (36)

where 9(c) = (1 — 7(¢))(1 — )" GBS 1 as 0.
On the other hand,

F(B(p1,7") U B(pa,7")) C B(F(p1),r") U B(F(p2),7’),

Hence

volyy (F(B(p1,7') U B(ps, ")) < volyy (B(E (p1), ")) + voly (B(F(p2),1"))
— voly, (B(F(py), ') O B(F(ps), ).
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For any x € X and any s > 0 lower than the injectivity radius of X one has
volg, (B(x,s)) = volun(s). Let x be the middle point of the segment [F(p;)F(p2)].
Then

B(z,r'(1 = p)) € B(F(p1),r') N B(F(p2),1").

1),7
Indeed, if 2’ € B(z,7'(1—p)) then d(2', F(p;)) < d(«', z)+d(x, F(p;)) < r'(1—p)+pr' =
r’ for i =1, 2. Thus (B7) gives

volg, (F'(B(p1,7") UB(p2,1"))) < 2volgn(r') — volga (r'(1 — p)) (88)
= 2V01Rn(r1)%:g; (1 — p)" volra(r') (89)
< 2V01Rn(r')% (1 — p)"volga(r') (90)

- (ol

VOan (8)

—(1— p)") volgn (). (91)

From (Bg) and (P1]), we find

volgn (¢)

- <e ~0(0)) 0.

volgn ()

therefore

p>1-—2ln volun () _ 0(e) " =1 —c(e)—1
- volgn (€) ’

as e—0. One has proved that inside the ball B(p, ),

dgo (F'(p1), F(p2)) > (1 = c(€))doo(p1, p2),

and the proof of the lemma follows. O

Remark 4.5. On the connected (see remark [5.9) open set F(7€5) C X, the metric

go induces a distance p.. The above lemma shows that F : (ﬁg,doo)—>(F(7€5),p€) is
a (1 + c(e))-bilipschitz homeomorphism. If one can prove that p. = d,,, one deduces
that R. has bounded diameter. One then concludes that dgy (Y, Yoo)—0 and that F :
Y..—X 1is isometric.

More precisely, we prove the

Proposition 4.6. 1. for any x1,x2 € F(R.), one has dg(x1,z2) = p-(z1, z2).

2. One has F(7€€) =

3. F 1 (Yoo, doo)— (X, dy,) is isometric.
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o

Proof. let x1,xo € F(R.). Without loss of generality, one can suppose that x5 is not in
the image of the cut-locus of xy. Clearly, p-(x1,x2) > dg, (71, 22). Let v : [0,1]—X be

a go-minimal geodesic from x; to x5. It is not clear that v is in F'(R.) we then prove

that there exist paths in F (725) arbitrarily close to . Let r > 0 be a radius such that
By, (x1,7) C F(R.) and By, (xa,7) C F(R.). We consider geodesics with the origin z;
and the extremity in B(xq,0), for a small § > 0. More precisely, let u = 4(0), then
for any v € U,, X such that and u L v, one defines v, ,(t) = exp,, (t(u + s.v)d(xq, x2)).
Clearly there exists r(d) > 0 such that 7;,(1) € B(z2,9) if |s| < r(d) and one can
suppose that r(6)—0 as 0—0.

o

We claim that for every 6 > 0, there exists such 7, , which is imbedded in F(R.).
We begin to find such ~;, disjoint from F'(S), where S is the singular set of Y, defined
in B.J. The idea is that if any s, hits F'(S) at least in one point, then the Hausdorff

dimension of F(S) will be larger than n — 1, which is not possible. One considers a
truncated cone U, s defined as follows. Let

I:0,7(0)] x (Upg, X Nub) x [0,1] — X

be defined by I'(s, v,t) = 75, (t). If ¢ is sufficiently small, I' is an embedding. one defines
Urs = T(]0,7(8)]) x (Upy X Nut) x [0,1]). One denotes by U,5(1/2) the hypersurface
in U, s defined as I'(]0,7(8)]) x (U, X Nut) x {1/2}).

Let P : U,5—U,5(1/2) be the projection along geodesics defined by P(v;,(t)) =
Vsw(1/2). Clearly, there exists a constant C' > 0 such that P is C-lipschitz from
U,s to X. In particular, P decreases the Hausdorff dimension, thus

dimy (P (Urs N F(S))) < dimy(Us N F(S))
< dimy(S)
< n—2
< dimU,4(1/2) =n—1.

Hence there exists « € U, 5(1/2) such that « ¢ TI(F(S)). It implies that the geodesic
Vs such that z = v, ,(1/2) does not intersect F(S).

o

Now we prove that s, is imbedded in F(R.). Let ¢ty € [0,1] be maximal such that

o

Ys0([0,t0[) € F(R.). By lemma[L:4, the path 8 = F 1o~ is well-defined on [0, ¢ and
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has a length bounded by (1+4¢(¢))d(x1, z2). Thus there exists a limit p = lim;_,, B(t) €
Yooo As ys(to) ¢ F(S),p¢ S then p € R =NR. = NesoRe and £y = 1.

Hence

E(’Ys,v) + dO(’Ys,U(l)a 1‘2)

<
< 1+ T2<5)d0(371, 1’2) +90

As § was arbitrary, this gives p.(z1,x2) < do(z1, x2).

p= (21, T2)

The second assertion is proved in a similar way. Suppose there is a ball B(x,r) C

o

X — F(R.) and consider a geodesic v from a point x; inside F(R.) to x. Then we
find another geodesic from xq, close to v, disjoint from F'(S) and with extremity in

o

X — F(R.). Arguing as above, we find a contradiction.

Now 3) is straightforward. Using the density of 7'\(’),5 in Y, and F (725) in X, we find that
F: (Yoo, ds)—(X,dp) is a (1 + ¢(g))-bilipschitz homeomorphism for any 0 < € < ¢
thus is isometric. O

End of Proof of theorem [[.]. Proposition .q implies that the diameter of (Y, gx) re-
mains bounded. Thus, dgx((Y, gr), (Yoo, ds))—0. As (Ya, dwo) is isometric to (X go),
one deduces that dgx((Y, gx), (X, go))—0 as k—oo. By theorem A.1.12 of [Ch-Cd], YV’
is diffeomorphic to X. The fact that f is homotopic to a diffeomorphism is classic for
hyperbolic manifolds. H
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