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Dynamics of dislocation densities
in a bounded channel. Part I: smooth solutions
to a singular coupled parabolic system.

H. IBRAHIM *, M. JAzZAR ', R. MONNEAU *

May 22, 2008

Abstract
We study a coupled system of two parabolic equations in one space dimension. This system is singular
because of the presence of one term with the inverse of the gradient of the solution. Our system describes
an approximate model of the dynamics of dislocation densities in a bounded channel submitted to an
exterior applied stress. The system of equations is written on a bounded interval and requires a special
attention to the boundary layer. The proof of existence and uniqueness is done under the use of two main
tools: a certain comparison principle on the gradient of the solution, and a Kozono-Taniuchi parabolic

type inequality.

AMS Classification: 35K50, 35K40, 35K55, 42B35, 42B99.
Key words: Boundary value problems for parabolic systems, nonlinear PDE of parabolic type,
BMO spaces, logarithmic Sobolev inequality.

1 Introduction

1.1 Setting of the problem

In this paper, we are concerned in the study of the following singular parabolic system:

Kt = ERgy + PaPoz _ TPs on I x (0,00)
Kz (1.1)
pt = (14 &)pps — Thy on I x(0,00),
with the initial conditions:
k(2,0) = k%(z) and p(z,0) = p°(x), (1.2)
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and the boundary conditions:

k(0,.) = k%(0) and «(1,.) =r(1), (1.3)
p0,) = p(1,.) =0, |
where
e>0, T#0,
are fixed constants, and
I:=(0,1)

is the open and bounded interval of R.

The goal is to show the long-time existence and uniqueness of a smooth solution of
(1.1), (1.2) and (1.3). Our motivation comes from a problem of studying the dynamics
of dislocation densities in a constrained channel submitted to an exterior applied stress.
In fact, system (1.1) can be seen as an approximate model of the one described in [21],
where the model presented in [21] reads:

0 = M—T o+ on I x(0,T)
t 9++0_ . ) 9
_ o —o0, _

9t = |:— <m — T> 0 :|x on I x (O,T),

with 7 representing the exterior stress field. System (1.4) can be deduced from (1.1), by
letting € = 0; spatially differentiating the resulting system; and by considering

(1.4)

pr =0, p=pt—p7, k=pT+p . (1.5)

Here 0% and 6~ represent the densities of the positive and negative dislocations respec-
tively (see [33, 25] for a physical study of dislocations).

The next challenge (that will be the motivation of another work by the authors) is
to show some kind of convergence of the solution (p°, k%) of (1.1) to the solution of (1.4)
as € — 0.

1.2 Statement of the main result
The main result of this paper is:

Theorem 1.1 (Existence and uniqueness of a solution)
Let 0 < a < 1. Let p°, &0 satisfying:

POk’ e 0%(I), p20)=p"(1) =x%(0) =0, (1) =1, (1.6)

{ (1+¢e)p°, =72 on 0OI )



and

min (k) — |pz(2)]) > 0. (1.8)

Then there exists a unique global solution (p, k) of system (1.1), (1.2) and (1.3) satisfying
(p,k) € C3+°"3+Ta(j: x [0,T]) forany T >0, (1.9)

and
(p,k) € C°(I x [¢,00)), V(¢ >0. (1.10)

Moreover, this solution also satisfies :
ke > |pz| on I x[0,00). (1.11)

Remark 1.2 Conditions (1.7) are natural here. Indeed, the regularity (1.9) of the solu-
tion of (1.1) with the boundary conditions (1.2) and (1.3) imply in particular condition.

Remark 1.3 Remark that the choice k°(0) = 0 and x°(1) = 1 does not reduce the
generality of the problem, because the problem is linear and equation (1.1) does not see
the constants.

1.3 Brief review of the literature

Parabolic problems involving singular terms have been widely studied in various as-
pects. Degenerate and singular parabolic equations have been extensively studied by
DiBenedetto et al. (see for instance [12, 13, 14, 15, 10] and the references therein). The
authors regard the solutions of singular or degenerate parabolic equations with measur-
able coefficients whose prototype is:

ug — div (|Vu|p_2Vu) =0, p>2orl<p<2.

The study includes local Holder continuity of bounded weak solutions, local and global
boundedness of weak solutions and local intrinsic and global Harnack estimates. Other
parabolic equations of the type

u —Au" =0, 0<m<l,

are examined in [12, 16, 17]. These equations are singular at points where v = 0. In
[16], the authors investigate, for special range of m, the behavior of the solution near the
points of singularity. In particular, they show that nonnegative solutions are analytic
in the space variables and at least Lipschitz continuous in time. However, in [17], an
intrinsic Harnack estimate for nonnegative weak solutions is established for some optimal
range of the parameter m. Other class of singular parabolic equations are of the form:

b
Up = Ugy + ~Ua, (1.12)

b is a certain constant. Such an equation is related to axially symmetric problems and
also occurs in probability theory. A wide study of (1.12), including existence, uniqueness



and representation theorems for the solution are proved (Dirichlet and Neumann bound-
ary conditions are treated as well). In addition, differentiability and regularity properties
are investigated (for the references, see [11, 37, 2, 9]). A more general form of (1.12),
including semilinear equations, is treated in [32, 7, 8, 29].

An important type of equations that can be indirectly related to our system are
semilinear parabolic equations:

up = Au A+ [ulP " u, p> 1. (1.13)

Many authors have studied the blow-up phenomena for solutions of the above equation
(see for instance [38, 31, 30, 22, 35, 36]). This study includes uniform estimates at the
blow-up time, as well as the investigation of of upper bounds for the initial blow-up
rate. Equation (1.13) can be somehow related to the first equation of (1.1), but with a
singularity of the form 1/k. This can be formally seen if we first suppose that u > 0, and
then we apply the following change of variables v = 1/v. In this case, equation (1.13)
becomes:

2 2
v
and hence if p = 3, we obtain:
1
vy = Av — —(1 4 2|Vo]?). (1.14)
v

Since the solution u of (1.13) may blow-up at a finite time ¢ = T, then v may vanishes at
t =T, and therefore equation (1.14) faces similar singularity to that of the first equation
of (1.1), but in terms of the solution itself.

1.4 Strategy of the proof

The existence and uniqueness is made by using a fixed point argument after a slight
artificial modification in the denominator k, of the first equation of (1.1) in order to
avoid dividing by zero. We will first show the short time existence, proving in particular

that
al,t) = VA2 + p2(8,0) > O, (1.15)
for initial conditions satisfying:

ke (,0) > 1/72(0) + p2(,0)

with some suitable y(¢) > 0. The only, but dangerous, inconvenience is that the function
~ depends strongly on ||pzzz||0o, roughly speaking:

Y~ —||praallocs (1.16)

where ||pzzz]|co does not have, a priori, a good control independent of . Here where a
logarithmic estimate interferes (see Section 2, Theorem 2.16) to obtain an upper bound
of || pzzz|loc Of the form

E
v
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where E is an exponential function in time, and m € N. This allows, with (1.16), to
have a good lower bound on 7 independent of ||pzzz|co- After that, due to some a priori
estimates, we will move to show the global time existence. One key point here is that

221 <1 which somehow linearize the first equation of (1.1), and then allows the global

existence.

1.5 Organization of the paper

This paper is organized as follows: In Section 2, we present the tools needed throughout
this work; this includes a brief recall on the LP, C* and the BMO theory for parabolic
equations. In Section 3, we show a comparison principle associated to (1.1) that will
play a crucial rule in the long time existence of the solution as well as the positivity of
K. In section 4, we present a result of short time existence, uniqueness and regularity
of a solution (p, k) of an artificially modified system of (1.1). Section 5 is devoted to
give some exponential bounds of the solution given in section 4. In section 6, we show a
control of the W22 1 horm of Pzzz- 1IN a similar way, we show a control of the BM O norm
of prrq in section 7. In section 8, we use a Kozono-Taniuchi parabolic type inequality to
control the L norm of pg... Thanks to this L>° control, we will improve the comparison
principle of section 3. In Section 9, we prove our main result: Theorem 1.1. Finally,
sections 10, 11 are appendices where we present the proofs of some standard results.

2 Tools: theory of parabolic equations

We start with some basic notations and terminology.

Abridged notation.

e I7 is the cylinder I x (0,7); I is the closure of I; I7 is the closure of Ir; OI is the
boundary of I.

o |l.llze(xy = II-llp,x, X is a Banach space, p > 1.

e St is the lateral boundary of I, or more precisely, Sp = 91 x (0,7T).

e OPIr is the parabolic boundary of I, i.e. 9?1y = Sy U (I x {t = 0}).
°u

e Dju = oy U is a function depending on the parameter y, s € N.

e [[] is the floor part of [ € R.
e Q = Q,(xo,t0) is the lower parabolic cylinder given by:
QT = {($7t)7 |:E - 33‘0| <r ty— 72 <t< t0}7 r> 07 (ﬂi‘o,to) € IT-

e |2] is the n-dimentional Lebesgue measure of the open set @ C R™.



o mq(u) = ﬁ Jq w is the average integral of the u € L'(Q) over Q C R™.

2.1 L?P and C“ theory of parabolic equations

A major part of this work deals with the following typical problem in parabolic theory:

U = EUge + f  on Ip
u(z,0) = ¢ on I (2.1)
u=7>a on 0I x(0,7T),

where T" > 0 and ¢ > 0. A wide literature on the existence and uniqueness of solutions
of (2.1) in different function spaces could be found for instance in [27], [20] and [28]. We
will deal mainly with two types of spaces:

1. The Sobolev space Wg ’I(IT), 1 < p < oo which is the Banach space consisting
of the elements in LP(I7) having generalized derivatives of the form D] D3u, with r
and s two non-negative integers satisfying the inequality 2r+ s < 2, also in LP(Ir).
The norm in this space is defined by the equality

2
Hu”wgvl(jT):Z Z |1 Dy D3 ullp,ir-

1=0 2r4+s=1

2. The Holder spaces C(I) and C“*/?(Tr), ¢ > 0 a nonintegral positive number.
The Hélder space C*(I) is the Banach space of all functions v(z) that are continuous
in I , together with all derivatives up to order [¢], and have a finite norm

[£]

YA ? ]
i = @0 + 3 W), (2.2)
j=0
where . .
@) = 10|\ = 10]|oo,r,
] : YA ¢
)9 = |Div| (W) = (Dl
with
<v>§a) =inf{c; Jv(z) —v(2")| <clx —2|* z,2" €I}, 0<a<l. (2.3)

The Hoélder space C%*/2(T7) is the Banach space of functions v(z,t) that are con-
tinuous in I, together with all derivatives of the form DjD3v for 2r + s < £, and
have a finite norm

l / ]
) = () + 3wy ?, (2.4)

where . .
W) =10/ = [0)loo, 1z
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WP =3 |D;DwlY,

2r+s=j
VA YA ?
W) = @)+ @),
and , "
9 = 3 (DD, (2.5)
2r+s=[{]
0/2 s £—2r—s
WP = Y o) (2.6)
0<l—2r—s<2

<v>§co})T = inf{c; |v(z,t) —v(@',t)| < clz — 2|, (x,t),(2',t) € Ir}, O0<a<l, (2.7)

(WIS =infle; v(@,t) —v(@, )] <clt —t|% (2,1),(x,t) eTr}, 0<a<l (28)

The above definitions could be found in [27, Section 1]. Now, we write down the com-

patibilty conditions of order 0 and 1. These compatibility conditions concern the given
data ¢, ® and f of problem (2.1).

Compatibility condition of order 0. Let ¢ € C(I) and ® € C(Sr). We say that the
compatibility condition of order 0 is satisfied if

¢‘8[ = (I)‘t:O' (2.9)

Compatibility condition of order 1. Let ¢ € C*(I), ® € C'(Sy) and f € C(I7).
We say that the compatibility condition of order 1 is satisfied if (2.9) is satisfied and in

addition we have: 0
(5¢mm + f)‘a[ - EL:O'

We state two results of existence and uniqueness adapted to our special problem. We
begin by presenting the solvability of parabolic equations in Holder spaces.

(2.10)

Theorem 2.1 (Solvability in Hélder spaces, [27, Theorem 5.2])
Suppose 0 < o < 2, a non-integral number. Then for any f € Co"a/z(ﬁ),

e C*() and ® e C'T2(Sy),

satisfying the compatibility condition of order 1 (see (2.9) and (2.10)), problem (2.1) has
a unique solution u € Cz+a’1+°‘/2(IT) satisfying the following inequality:

ju 75 < et (Iflﬁ‘;) + g+ |<I>|(Slja/2’> , (2.11)

for some cf! = cH(e,a,T) > 0.



Remark 2.2 (Estimating c(c,a,T))
The constant appearing in the above Hélder estimate (2.11) can be estimated as follows:

(e, 0, T) < (T +1)2eT+), (2.12)
where ¢ = c(e,a) > 0 is a positive constant. In order to obtain (2.12), we consider three
cases for the time T.

Case 1, T = 1. In this case, we obtain c*(¢,a,T) = c(e,a) > 1.

Case 2, T < 1. We linearly extend the function ® from [0,T] to [0,1], and we extend the
function f from It to I by f(x,t) = f(x,T) for T <t < 1. In this case, We have the
same result of Case T = 1.

Case 3, T > 1. Taken € N such that n <T < n -+ 1. We obtain the estimate (2.12) on
ct by iteration. Let F = ]f]g + P, (/2 We know that:

(2+a (2+a) (2+a)
S Z |u|I>< k—1,k) + |u |I><(nT (2.13)
We use the fact that |u(.,7)|; (2+a) <|u ‘12;((; Ly J €N, nd 1< j < n, we first compute

for ¢ = c(e,a) given in Case 1:
n+1

i < 3 CF+ el
i=1

(n+ 1) (F + gt )

IN

where for the last line, we have used the fact that ¢ > 1. The other terms of (2.13) can
be estimated in a similar way. Since n+ 1 < T + 1, the estimate (2.12) directly follows.

We now present the solvability in Sobolev spaces. Recall the norm of fractional Sobolev
spaces. If f € W7(a,b), s >0 and 1 <p < oo, then

(Is] »\ /P
1513609 = 1 o (/ [ M@’) e

Theorem 2.3 (Solvability in Sobolev spaces, [27, Theorem 9.1])
Letp>1,e>0and T > 0. For any f € LP(I7),

¢ e W2HP(I) and @ € WEV?(Sy), (2.15)

with p # 3/2 (p = 3/2 is called the singular index) satisfying in the case p > 3/2
the compatibility condition of order zero (see (2.9)), there exists a unique solution u €
sz’l(IT) of (2.1) satisfying the following estimate:

lellwzary < € (e + 19llya-2m gy + 1@l yrvmng, ) (216)

for some ¢ = c(e,p,T) > 0.



Remark 2.4 (Neumann conditions)
An analogous theorem of Theorem 2.3 is wvalid for problem (2.1), but with Neumann
boundary conditions

uy =0 on Sp.

The singular index in this case will be p = 3, see [27, Chapter 4, Section 10].

Remark 2.5 We recall that there exists a constant ¢ = c(p,T) > 0 such that if ¢ €
2,1
Wy (Ir), Plivioy = ¢ and o, =, then
H¢|’W572/I)(IX{O}) + HQ)HW7)171/2P(ST) S CHQOHWI?J([T)'

Remark 2.6 (The sense of the compatibility condition stated in Theorem 2.3)
Remark that in the case p > 3/2, the two functions ¢ and ® presented in (2.15) are
continuous up to the boundary, i.e. ¢ € C(I) and ® € C(St). This is due to the fact
that we have

s=1-1/2p>2/3 and s'=2-2/p>2/3,

hence
sp>n and sp>n,

where n = 1 is the space dimension. In this case the fractional Sobolev embedding [1]
gives the result, and a sense of the compatibility condition stated in Theorem 2.8 is then
glven.

For a better understanding of the spaces stated in the above two theorems, especially
fractional Sobolev spaces, we send the reader to [1] or [27]. The dependence of the
constant ¢ of Theorem 2.3 on the variable T" will be of notable importance and this what
is emphasized by the next lemma.

Lemma 2.7 (The constant ¢ given by (2.16): case ¢ =0 and ® =0)
Under the same hypothesis of Theorem 2.3, with

=0 and =0,
the estimate (2.16) can be written as:

[l el

T VT

where ¢ = ¢(e,p) > 0 is a positive constant depending only on p and e.

+ luzallp.rr + lutllp.1r < el fllp.2z, (2.17)

The proof of this lemma will be done in Appendix A. Moreover, We will frequently make
use of the following two lemmas also depicted from [27].

Lemma 2.8 (Sobolev embedding in Hélder spaces, [27, Lemma 3.3])
(i) (Case p > 3). For any function w € Wo'(Ir), ifa =1—3/p >0, i.e. p> 3, then

we CYHe S (Ir),  and JulT < clullyzi gy, ¢ =cp,T) > 0. (2.18)



However, in terms of u,, we have that u, € 007“/2(E) satisfying the following estimates:

luzlloo,zr < e {0 (lutllp,zr + Muzallprr) + 0 2llullpar } = clp) >0, (2.19)

and .
<UI>.(T;X~) < C{”uthJT + HUIIHPJT + 6_2”uHPJT} , c=c(p)>0. (2'20)

(i) (Case p > 3/2). If u € Wg'l(Ip) with p > 3/2, then v € C(Ir), and we have the
following estimate:

HUHOOJT <c {52_3/”(“%”1)7% + HUIHCHPJT) + 6_3/p”qu7]T} , €= C(p) > 0. (2'21)

In both cases § = min{1/2,/T}.

Lemma 2.9 (Trace of functions in Wy (Ir), [27, Lemma 3.4])
Ifu e Wﬁ’l(IT), p > 1, then for 2r +s < 2 —2/p, we have

Dy Diul,_, € Wy 2r===2/7() (2.22)
and
HUHWPQ—%"*SfQ/p(I) < C(T)HUHWEJUT)' (2.23)

In addition, for 2r +s < 2 — 1/p, we have
Di Djulg- € W, */>71/?(5) (2.24)

and
HUHWZ}frfs/Zfl/Zp(S—T) < ¢(T) HUHWEJ(IT)‘ (2.25)

A useful technical lemma will now be presented. The proof of this lemma will be done
in Appendix A.

Lemma 2.10 (L control of the spatial derivative)
Let p > 3 and let 0 < T < 1/4 (this condition is taken for simplification). Then for
2,1 ,
every u € Wy~ (Ir) with
u=0 on ()

in the trace sense (see Lemma (2.9)), there exists a constant ¢(T,p) > 0 such that
talloc.rp < T, )l 21 (2.26)

with s
o(T,p) =c(p)T % —0 as T —0. (2.27)

10



2.2 BMO theory for parabolic equation

A very useful tool in this paper is the limit case of the LP theory, 1 < p < oo, for
parabolic equations, which is the BMO theory. Roughly speaking, if the function f
appearing in (2.1) is in LP for some 1 < p < oo, then we expect our solution u to have
u; and g, also in LP. This is no longer valid in the limit case, i.e. when p = oco. In
this case, it is shown that the solution u of the parabolic equation have u; and gy, in
the parabolic/anisotropic BMO space (bounded mean oscillation) that is convenient to
give its definition here.

Definition 2.11 (Parabolic/Anisotropic BMO spaces)
A function v € L} _(I7) is said to be of bounded mean oscillation, w € BMO(I7), if the

loc
quantity
1
sup [u— ma, (u)]
QT‘CIT |Q7‘| Qr

is finite. Here the supremum is taken over all parabolic lower cylinders Q, (see the
beginning of Section 2 for the notation).

Remark 2.12 The parabolic BMO(Ir) space, which will be refereed, for simplicity, as
the BMO(Ir) space, and sometimes, where there is no confusion, as BMO space, is a
Banach space equipped with the norm,

1
lullsatogs = sup (— |u—mQr<u>|>. (2.28)
QTCIT ‘QT” Qr-

We move now to the two main theorems of this subsection; the BM O theory for parabolic
equations, and the Kozono-Taniuchi parabolic type inequality. To be more precise, we
have the following:

Theorem 2.13 (BMO theory for parabolic equations)
Consider the following Cauchy problem:

{ut = CUgy + [ on R x(0,7), (2.20)

u(z,0) = 0.
If f € LR x (0,7)) and f is a 2I-periodic function in space, i.e.
flz+2,t) = f(x,1),
then there exists a unique solution u € BMO(R x (0,T)) of (2.29) with
Ut, Uze € BMO(R x (0,7)).
Moreover, there exists ¢ > 0 independent of T such that:

luell Brro@x 0,1y + el Brro@x 1)) < [l flBMo®x 0.1y + m2rx 0 (| fD)]. (2.30)

11



The proof of this theorem will be presented in Appendix B. The next theorem shows an
estimate concerning parabolic BM O spaces. This estimate, which will play an essential
role in our later analysis, is a sort of control of the L> norm of a given function by
its BMO norm and the logarithm of its norm in a certain Sobolev space. It can also
be considered as the parabolic version on a bounded domain I7 of the Kozono-Taniuchi
inequality (see [26]) that we recall here.

Theorem 2.14 (The Kozono-Taniuchi inequality in the elliptic case, [26, The-
orem 1])
Let 1 < p < oo and let s > n/p. There is a constant C = C(n,p, s) such that the estimate

|flloon < € (14 1o (1+ 108" I fllwgan )) (2.31)
holds for all f € W7 (R™).

Remark 2.15 [t is worth mentioning that the BMO norm appearing in (2.31) is the
elliptic BMO norm, i.e. the one where the supremum is taken over ordinary balls

B, (Xo) ={X e R"™; |[X — Xo| <r}.

The original type of the logarithmic Sobolev inequality was found in [5, 6] (see also [18]),
where the authors investigated the relation between L, Wf and W7 and proved that
there holds the embedding

lullze gy < € (14+108™ (1+ lullwyen)) ), sp>n

provided [[ullyyx <1 for kr = n. This estimate was applied to prove existence of global
solutions to the nonlinear Schrédinger equation (see [5, 23]). Similar embedding for
vector functions u with div u = 0 was investigated in [3],

HVU”LOO(RTL) < C (1 + HI‘Ot uHLoo(Rn) (1 + 10g+ Hu”szJrl(R”)) + HI‘Ot UHL2(R")) y (232)

with sp > n, where they made use of this estimate to give a blow-up criterion of solu-
tions to the Euler equations. Estimate (2.31) is an improvement of (2.32) where a sharp
version of (2.31) can be found in [34].

In our work, we need to have an estimate similar to (2.31), but for the parabolic
BMO space and on the bounded domain Ip. This will be essential, on one hand, to
show a suitable positive lower bound of k, (x given by Theorem 1.1), and on the other
hand, to show the long time existence of our solution. Indeed, there is a similar inequality
and this is what will be illustrated by the next theorem.

Theorem 2.16 (A Kozono-Taniuchi parabolic type inequality)
Let v € L>(Ip) N W22’1(IT), then there exists a constant ¢ = ¢(T) > 0 such that the
estimate

[ollo.tz < elllizro) (1+ 108" Iolly2r i + 108" Iollpmoy ) (2:39)

holds, with
lvllEmouy) = lvllBmor) + vl

12



This inequality is first shown over R, x Ry, then it is deduced over I (for a sketch of
the proof, see Appendix B).

3 A comparison principle

Proposition 3.1 (A comparison principle for system (1.1))
Let e

p,KR) € 2 (U7 , or some 0 < a <1,

O3 (Ir) )? 0 1

be a solution of (1.1), (1.2) and (1.8) with k, > 0. Suppose that
|prae| <€ on I, (3.1)
for some constant ¢ > 0. Suppose furthermore that:

ap = mIin(/ig —1p%]) > 0. (3.2)

Then there exists a continuous non-increasing function y(t) > 0 such that:

ke(T,t) > /Y2(t) + p2(x,t) over Ir. (3.3)

Moreover v satisfies v(t) > v(0)e= €+ for some constants (independent of T ): v(0) > 0
only depending on ag, and ¢ > 0 only depending on € and 7.

Proof. Throughout the proof, we will extensively use the following notation:
Goly) =Va®>+y? a,yeR (3.4)

Without loss of generality (up to a change of variables in (z,t) and a re-definition of 7),

assume in the proof that
I=(-1,1).

Define the quantity M by:
M(z,t) = rz(2,t) — G'y(t) (p:c(x7 t), (=z,t)¢€ E7 (3.5)
~(t) > 0 is a function to be determined. The proof could be divided into five steps.

Step 1. (Partial differential inequality satisfied by M)

We do the following computations in I7:

i

/ Y

Mt = Rgt — G (px)pxt S = (36)

! VAR + 02
My = Ky — G;/(pw)Pm, Myy = Kyga — G;(Pm)f’im - Giy(pw)f’mm, (3.7)

and from (1.1) we deduce that
2
_ Pzz | PzPzzz  PzPzzKex

Kt = ERgea + Ky + P I{:% TPz, (38)

Pxt = (1 + E)me — TRgg-
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We set

’

-

From (3.6), (3.7) and (3.8), we get:

2
Pzz  PxPzxFaxx
Kz K2

M, = €(K/xmv - G;(Pm)Pwm) + <

/

+ <M — Giy(ﬂx)ﬂmﬂ) B T(pxx - G’Y(pl‘)ﬁ’xx) I

Ry
pup2a G (pz) >

K3

" 2 /02 PzPxx
= €(M$$ + Gﬁ/(pw)pwx) + = - 2 M, —
Ky K2

_ Paza Giy (pz)
Ry

M — T(p:c:c - G/«,(px)"i:c:c) - T,
where we have used in the last line that G; (y)G4(y) = y. Define the function F, by:

Fy(y) = y — varctan(y/7),

we note that F:/ = (G’ﬁ/)2 and hence we have:

2
" PzPxx Pzx !
M; = eM,, + EGV(Px)Pix - My + =5 [M + Gy (pz) — G (p2) pz]

T Kz
—es (Px) ! ' ,
— =M = 7{F,(pa)paz + (1= F(p2))paz — G, (pr)hiaa] =T
€T
2 2
R Kz Kz
PazaGly(pa) / /
_%M + TG«/(px)M:c - T(l - F,Y(px))Pxx B P’
€T

therefore

2
x "i:c Kg

’ 2 G’
My = eMy, + <TG’Y(’O$) - ﬁ#) M, + <Pm _ M) u
(3.9)

2
Prz

2
Kz

+ e ()02 + 22 (G (pe) — G (pa)pa] — 7(1 = FL(pa))pre — T

‘We notice that

1" ’72 ’ 2
G'Y(y) = W and 1-— F’Y(y) =

Using Young’s inequality 2ab < a? + b2, we have:

el EVpae T
VA T (PR e/ 4l

14
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Plugging (3.10) into (3.9), we get:

T

4 ’ 3.11
(P PG\, AP (3.11)
K Fia ek VAR

Step 2. (The boundary conditions for M)

The boundary conditions (1.3), and the PDEs of system (1.1) imply the following equal-
ities on the boundary (using the smoothness of the solution up to the boundary),

Ekpy + PaPrz _ 7p =0 on OI x|[0,T]
Kz (3.12)
(L+¢&)pge — Thzy =0 on 09I x [0,T].
In particular (3.12) implies
T /
M, = 1T gG'y(pl‘)M on 09I x[0,T]. (3.13)

To deal with the boundary condition (3.13), we now introduce the following change of
unknown function:

M (x,t) = cosh(Bz)M (z,t), (z,t) € Ir. (3.14)
We calculate M on the boundary of I to get:

T ’

M, = <ﬁtanh(6w) — 1—+EGV(/)QC)> M on 9I x[0,T]. (3.15)

We claim that it is impossible for M to have a positive minimum at the boundary of I.
Indeed we have

M has a positive minimum at x =1 = M, <0;

M has a positive minimum at x = -1 = M, > 0.
Both cases violate the equation (3.15) in the case of the choice of 3 satisfying:

-
1+¢’

Btanh § > (3.16)

and hence the minimum of M is attained inside the interval I. We make the following
calculation inside Ip.

M, 1 —  Ptanh(fz)—

~ cosh(Bx)’ M. = cosh(Bx)” *  cosh(Bx) =’

1 — 25tanh(6w)ﬁ N (?(2tanh?(Bz) — 1)M

Mez = cosh(Bx) " ™" cosh(fx) cosh(fx)

15



Using the previous identities into (3.11), we obtain:

B cosh(Bx)y?7? B cosh(Bz)yy
e/ VP

— [ tanh(fGz) <TG;(px) - pxpm> + ef?(2tanh?(Bz) — 1) | M

M, > My, + |:TG:Y(/)J;) — pij;m — 283¢ tanh(ﬁx)] M,

@ B pwwwG;(pr)
K2 Kz

_|_
K3

(3.17)
Step 3. (The inequality satisfied by the minimum of M)

Let

m(t) = min M (z, t).
zel

Since the minimum is attained inside I, and since M is regular, there exists xq(t) € I

such that m(t) = M (zo(t),t). We remark that we have:
M (xo(t),t) =0, and M.(zo(t),t) >0,

and hence we write down the equation satisfied by 7, we get (indeed in the viscosity
sense):

R

2
I{SC Ry x

my > <p;2(;x - M — [ tanh(fGz) <TGL/(pw) - pg:;“) + e (2 tanh?(fz) — 1)) m

B cosh(Bx)y?7? B cosh(Bz)vy

den/7? + p2 V2 + Pl

Step 4. (Estimate of the term R)

at = xo(t).

(3.18)

We turn our attention now to the term R from (3.18). By Young’s inequality 2ab <
a® + b?, we have:

2
B tanh(82) G, (pr) < 2¢% tanh?(Bz) + %(Gﬁ/(px))z, (3.19)
therefore the term R satisfies:
2 ! 2
pxx Pz Pz PxxxG»y (p:r:) T ’ 2 2
R> H—% + B tanh(fx) o — - — g(GV(pw)) —epf”. (3.20)
Moreover, using again the identity ab > —“—22 — %, we get
PzPas V2pys | ( Btanh(Bz) p, Pas 37 tanh®(Bz) p3
tanh = — > _ e 0 v /P
ftanh(fz) K2 ( Kz ) < NG P 4 K2’
and hence (3.20) implies
pmmmG/ (px) ﬂz tanh2 51’ % 2
R>- el (Bz) o _ (G (pa))? — B> (3.21)

K 4 K2 8
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By the hypothesis (3.2), for all § € R, there exists a unique n = n(3) > 0 satisfying:

Un ==gg?kiﬁh(ﬁ1ﬂ(ﬁg($)-— (P2.(2))? +n?)]- (3.22)
Define
a1 = v(0) = n(B), where [ satisfies (3.16). (3.23)

From (3.22), we know that
m(0) = af > 0,

and the continuity of 7 preserves its positivity at least for short time. Then, as long as
™ is positive, we have
Ke > /72 + p2. (3.24)
By using (3.24), (3.1), and the basic identities
|tanh(z)] <1 and \G:{] <1,

inequality (3.21) implies:

R > _M_ﬁi_f_dp
Ve 4 8
- 2 2 4 8¢

v+ Pz
c

—_—— — ¢, (3.25)

V2 + 0k

where

2 2 )

Cl—z—i-g-l-&“ﬂ.

Step 5. (The choice of v and conclusion)

When 7" < 0, we deduce from (3.18) and (3.25) that
c 72 cosh 3 ~? el
R ) L | ) - RNEE
' <\/72+m% ) de VY HE R (326)

We remind the reader that p, appearing in the previous inequality have the following
form:

Pz = p:c(xO(t)v t),

where
m(t) = M(zo(t),t), wmo(t) €1. (3.27)

Two cases can be considered:

Case A: m = 2 smooth.

17



Assume first that v is C' (which is not the case in general). Then we plug the function
m =~2 in (3.26) to deduce when 4" < 0:

1 ! c 2 7
- - > S .
(“ m) e (m*)” V-
with
B 72 cosh 3
Cy = T
Let
¢* = max(cq, c2), (3.29)

inequality (3.28) implies:

s [CECAE VAR |
S TNV ocra
hence
7Y = =@+ (3.30)
In other terms
my > —2(c+c")m.
This directly implies that mi(t) > mi(0)e2(¢+e)t,
Case B: the general case.
Simply choose )
() = age” @, (3.31)

where ¢* is given by (3.29), and «; is given by (3.23). We claim that 2 is a sub-solution
of (3.26). Indeed, the function + given by (3.31) is constructed in such a way that 72 is a
sub-solution of (3.26). To see this, we remark that ~ solves the equality that corresponds
to the inequality (3.30) and therefore it solves (3.30) with the reverse inequality. Hence,
coming back from (3.30), we can see that 72 is a sub-solution of (3.26). Since

7*(0) = af =m(0),

we deduce that
m(t) > v2(t). (3.32)

Finally, remark that
o2 > min (k2 (p9)2 +a?) > min(k) — p2 — 1) > ap — o,

T T

i.e. a? +aj > ag. If a; <1, then 202 > ap, therefore in general

a1 > min <1, \/ %) =: . (3.33)

Inequality (3.32) implies in particular that we have

fe 2 V220,

Finally, this result is still true with v(0) = oy = ao. O
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4 Short time existence, uniqueness, and regularity

In this section, we will prove a result of short time existence, uniqueness and regularity
of a solution of problem (1.1), (1.2) and (1.3). This could be done in two steps. At the
first step, we show a short time existence and uniqueness result of a truncated system of
equations that will be specified later. At the second step, we show an improved regularity
of this solution by a bootstrap argument.

4.1 Short-time existence and uniqueness of a truncated system

Fix a time T > 0. Consider the following system defined on I x (Ty, Ty + T') by:

pxxT2Mo(pr) .
Kt = ERgy + -7 in Ix(Typ,To+T
e )+ (ke — 0/ @ T+T)
Pt = (1 + E)Pm — TRy in I x (T(),TQ + T),

with My > 0 and vy > 0 are two positive constants. Here, the function Ty (z), x € R and
a > 0, is called a truncation function and is given by:

a if z>a
To(z) =% = if |z]<a (4.2)
—a if z<—a.

The initial conditions are:

o, To) = p(x) i [ x{t="Tp) w
Kz, Tp) = k10(x) in Ix{t="To}, .
and the boundary conditions:
p(0,t) = p(1,t) =0 for To<t<Tp+T (4.4)
k(0,t) =0 and x(1,t) =1 for Ty <t<Ty+T. ’

Remark 4.1 (The terms p and «)
In all what follows, and unless otherwise precised, the term p is a fized positive real
number such that

p>3,

and the term 0 < « < 1 is a fized real number that is related to p by the following relation
a=1-3/p.
We write down our next proposition:

Proposition 4.2 (Short time existence and uniqueness)
Letp >3, and Ty > 0. Let

plo k10 € C°(I x {Tp}), a=1-3/p, (4.5)
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be two given functions such that:

{ p"(0) = p™o(1) = (4.6)
K10(0) =0 and xT0(1) =1,
kIO >~y on I x {t=Ty}, (4.7)
and
[(Dip™ Dik™) oot < My on I x{t=Ty}, s=1,2, (4.8)
where v > 0 and My > 0 are two given positive real numbers. Then there exists
T =T(My,0,¢,7,p) >0,
such that the system (4.1), (4.3) and (4.4) admits a unique solution
(p,w) € (Wt (I x (To, To + T)))*.
Moreover, this solution satisfies
Ke >0/2 on I x [Ty, Ty + T1, (4.9)
and B
lpz| < 2Moy  on I x [To,To+T). (4.10)

Remark 4.3 Remark that the reqularity (4.5) of the initial conditions that we have
considered is somehow strange and not natural for a result of existence in the Sobolev
space Wg 1o m fact, the regularity (4.5), which is natural in connection with the main
theorem of this paper (see Theorem 1.1), was just taken for the simplification of the
forthcoming announcements of our results.

Remark 4.4 [t is worth noticing that (4.6) justifies the compatibility of zero order with
the boundary conditions (4.4) (see (2.9)).

Proof of Proposition (4.2). Let
Ingr=1x(Tp,To+T) and Y =W>'(I, ).

We will prove the existence and uniqueness for T small enough using a fixed point
argument. Define the application ¥ by:

U:Y?2— Y?
L L (4.11)
(p, k) — W(p, k) = (p, k),
where (p, k) is a solution of the following system:
pwa2Mo (ﬁm) R .

Kt = ERgy + - -7 in Ip .,
PR T G0/ + (R —0/2)T " To.T (4.12)

Pt = (1 + 5),0:2:2 - T"%x in IT07T7
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with the same initial and boundary conditions given by (4.3) and (4.4) respectively.
Recall that p™ and x7° verify (4.6). Hence we deduce from Theorem 2.3 (using on one
hand, the fact that the source terms of both equations of (4.12) are in LP(Ir, r); the fact

that pT0, k10 € WI? 2 (I x{Tp}) “this is a direct consequence of (4.5)”, and on the other
hand, the compatibility of the boundary conditions (see Remark 4.4)), the existence and
uniqueness of the solution (p,k) € Y2 of (4.12), (4.3) and (4.4). We claim that ¥ is
a contraction map over some suitable closed subset of Y2 for T small enough. Let us
clarify that the constant ¢ that will frequently appear in the proof may vary from line to
line but always has the form:

c=c(e,p,7)>0.

Assume we are searching for some T > 0 such that

0<T<1/4

The proof is divided into three steps.
Step 1. (Defining the map ¥ over a suitable subset)

Let A be any fixed constant. Define Df and D} as the two closed subsets of ¥ given by:
DS = {u €Y fuallprny, <A u=p" on &Iz, 7} (4.13)

and
DY ={veY; [lvglpin,r <A, v= k10 on 0PI, 1} (4.14)

We will prove that ¥ is a well defined map over Dﬁ x D¥ into itself, at least for sufficiently
small time T Let (p, k) € D{ x D% and let

(5, 7) = (p, k).
We use system (4.12) to write down some estimates. Take
plx,t) = p(z,t) — p(z) and F(x,t) = k(z,t) — k10(2). (4.15)
From (4.12), the equations satisfied by p and & are:

pr=(1+8)pra + (1 +)p12 —The on Iz, 7, (416)
p=0 on 8pITO7T, ‘
and
— — (Pzz + pg%)T2Mo (Pz) T A
Rt = €Rgq + = +erk S — T on I ,
FEER T G2+ (e — o/2)T e TP To.T (4.17)
k=0 on GPITovT,

respectively. We use equation (4.16) together with the estimate (2.17), we obtain

HﬁprJTO,T < C\/T <|’p£%|’P7[TO,T + H"%SUHPJTO,T)
< VT (T2 Bl + A)
< TP (M + ),
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and from (4.15), we deduce that

1p2llp, gy < TP(A+ Mo). (4.18)

Therefore, choosing T' satisfying:

T < (ﬁ) (4.19)

ensures that ||ps[p,17, » < A and hence
p € DY.

In the same way, we use equation (4.17) with the estimate (2.17) to obtain

_ 4 My .
L e [T U RS A

< T [% (Tl/PMo + A) +TYP M, + /\]
Y0

AM,
< TP [7—0 (Mo + \) + My + /\]
0

< eTYP (Mo + N <% + 1> : (4.20)
0

where we have used again, passing from the first to the second line, the equation (4.16)
together with the estimate (2.17). Precisely, we have used that:

HﬁZ‘Z‘HpJTO,T <c (Tl/pMO + )‘) :

From (4.20) and (4.15), we deduce that

4M,
el tn, ¢ < TP (Mo + 2) (70 ; 1) . (4.21)
0

In this case, choosing
P

T < A (4.22)

T\ e+ ) (04 1)

ensures that ||rz||p,1,, » < A and hence
k€ DY.

From (4.19) and (4.22), we deduce that for sufficiently small time T, the map ¥ is a well
defined map from Dﬁ x D into itself.

Step 2. (U is a contraction map)
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Let
U(p, k)= (p,k) and (g, &)= (p,K).
)

The couple (p — p/, kK — £’) is the solution of the following system:

pxxTZMO (ﬁx)
(70/2) + (fe —70/2)*

(k — k)i =e(k — K ) gz +

/ A~
p:c:cTQMO (px) Y . (423)
— — —7(p— in Iy r
oD + &, —of2yr PP I
(P - p/)t = (1 + E)(p - p/)xx - T(/% - /%/):c in ITO,T7
with
(p—p,k—K)=1(0,00 on O Ig 1. (4.24)
Step 2.1. From the second equation of (4.23), and (2.17), we have:
o=y < el = &)allp,rmy - (4.25)

By the boundary conditions (4.24) and the LP parabolic estimate (2.17), we deduce that
for some ¢ > 0, we have:

”(’% - ’%/)IHPJTO,T < C\/TH(’% - ’%/)t - (’% - ’%/)IIHPJTO,T < C\/TH’% - ’%/HY' (4'26)

Therefore from (4.25),
Ip - Al < VT — &y, (4.27)

Step 2.2. Let F' be the function given by:

= PuaTonty (Po) B PreaTont, (P7) —rlp—§
h= (70/2) + (ke — 10/2)F  (10/2) + (R, — 70/2)+ (P—=10)s (4.28)

From the first equation of (4.23) and using (2.17), we get

[k — H/”Y < CHF”PJTO,T7 (4.29)

The function F can be rewritten as follows:

A Az
o Ton, (ﬁx) o P;I(T2Mo (ﬁx) — Tong, (/3;))
FHT0 =) = G (e — 072 P~ ) T G0 + (= 0/
As
/ A1 L 1
+ P Ton, (D) <('YO/2) ¥ (e —70/2)" - (70/2) + (R, — 70/2)4-) .

(4.30)
We are going to use the system (4.23), (4.24) together with the inequality (2.17) in order
to estimate each term of (4.30). First, from (4.27), we have:

My
HAl”p,ITO,T < 4_0”(/) - p/):c:c”p,ITO,T
M,
< =2VT R =/ (4.31)
7o
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For the term As, we proceed as follows. We apply the L control of the spatial derivative
(see Lemma 2.10) to the function p — g/, we get:

A p=3 .
16 = #)alloe g < T 15— 7'l (4.32)

For the term p’,,, we first remark that if we let 5/ = p’ — p0, this function satisfies (4.16)
with &, replaced by &/, and hence we deduce that

lex‘prJTo,T <c(Mo+A). (4.33)
From (4.32) and (4.33), we deduce that

(Mo + )

e
[ A2llp 1z, 7 < € T o= #llv- (4.34)

The term Az could be treated in a similar way as the term Ao, and we obtain the following
estimate:

Mo(\ + M), =3
MT % ||k — & ||y (4.35)

”A?»HPJTO,T <c
Also we have

1(p = )allpizy 2 < VTN =) = (b= P )aallpimy» < VTNp—§lly-

Step 2.3. From (4.27) in Step 2.1, and (4.29) in step 2.2, we finally get:

o R p—3 M, My + )\ M, o oo
W (p, i) —W(p,&)|ly2 < T'% [1—#7—004- 0 <1+’Y—00>} 1(p, &) — (0, &) |ly=,

and therefore, taking T' satisfying:

1
T < , (4.36)

M, Mo+
c(1+7;) (1+—g0 )

(4.19) and (4.22), we deduce that ¥ is a contraction from D§ x D¥ into itself.
Step 3. (Conclusion)

In order to terminate the proof, it remains to show (4.9) and (4.10), again for sufficiently
small time 7. In fact, this will be done by controlling the modulus of continuity in time
of p, and kK, uniformly with respect to T'. The time T' that we will use in Step 3 is that
determined by (4.19), (4.22) and (4.36), ensuring existence and uniqueness. However,
additional conditions will be imposed on T so that the inequalities (4.9) and (4.10) are
valid on Q7.

Step 3.1. (Controlling the quantity p,)
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Indeed, from estimate (2.20), we deduce that

_ _ _ |-
(P < c(nptnp,zTO,T +\|pmup,ITO,T+f||p||p,zTO,T>
C(M(]‘F/\),

A\

where for the last line we have used estimate (2.17) for equation (4.16). Hence we have

(pu)\D < o(My + N).

LIy,

Call m; = ¢(My + ), and recall that p = p — p’°, we therefore obtain

()2 <. (4.37)

t7IT0,T -
From (2.8), (4.8), and (4.37), we deduce that for any (x,t) € Qr, we have
[pa (i, )] <y T2 + M,

and then for

T < <%>2/a7 (4.38)

=\
we obtain )
‘px‘ < 2M0, V(m,t) S QT.

Step 3.2. (Controlling the quantity x,)

We argue in a similar manner in order to control (ﬂx>£°}f)T. Again, using (4.17), (2.20)
»4T,
and (2.17), we deduce that

2
(k)Y O?T < ma, (4.39)
with Ny
mQZC(Mo—I—)\) <—0—|-1> .
70
Following the same arguments as above, we obtain that for
70 2/
T<(—/— 4.40
<(om) (4.40)
we have

Ke > Y/2, V(x,t) € Qr.

By choosing T verifying (4.19), (4.22), (4.36), (4.38) and (4.40), we reach the end of the
proof. O
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4.2 Regularity of the solution

This subsection is devoted to show that the solution of (4.1), (4.3) and (4.4) enjoys
more regularity than the one indicated in Proposition 4.2. This will be done using a
special bootstrap argument, together with the Holder regularity of solutions of parabolic
equations.

Remark 4.5 (The computations of Proposition 3.1)

The following proposition shows that the solution of (4.1), (4.3) and (4.4) has the suffi-
cient regularity so that the calculation of the proof of the comparison principle (Proposi-
tion 3.1) can be done.

Proposition 4.6 (Regularity of the solution: bootstrap argument)
Under the same hypothesis of Proposition 4.2, let p™® and k0 satisfy:

(1+e)ple =760 at oI, (4.41)

and

(1+e)kl =7pl0 at oI (4.42)
Then the unique solution (p, k) € Y2 given by Proposition 4.2, satisfying (4.9) and (4.10),
s in fact more reqular. To be more precise, it satisfies:

p e C¥ O (I x [Ty, Ty + T)), a=1-3/p, (4.43)
and .
k€ CH T (I x [Ty, Ty +T)), a=1-3/p, (4.44)
where T is the time given by Proposition 4.2. Moreover, we have:
2
(p,K) € (COO(I % (To, Tp + T))) , (4.45)
precisely,
_ 2
(p, ) € (cwux [T0+6,T0+T])) , Y0<d<T. (4.46)

Proof. Let us first indicate that since, from (4.9) and (4.10), £y > 70/2 and |p,| < 2Mp,
then

Tonto(pz) = px and  (70/2) + (ke —70/2)" = ka,

therefore the system (4.1) can be rewritten as:

Kt = ERKge + PaPzz _ TPy on Ix(Ty,To+1T)
Kz (4.47)
pt = (1 +€)pga — Tz on I x(Ty,To+1T).

For the seek of simplicity, let us suppose that Ty = 0. We first write system (4.47) as a
two “separated” equations:

pt = (1 +¢€)ppy — Thy on Ip=1x(0,T)
p(x,0) = p°(z) on I (4.48)
plx,t) =0 xedl, tel0,T).
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and
pxpSCSC

Kt = ERgy + —Tp, on Ip

#(x,0) = x2(x) ’ on I (4.49)
k(0,t) =0 and k(1,t)=1, te]0,7],

where we set p = pT® and k° = k0. The proof could be divided into three steps.
Step 1. (The Holder regularity of the solution)

Since k € Wg’l(IT), we use Lemma 2.8 to deduce that x, € C*%?(Iy). From the
boundary conditions of system (4.48) and form (4.41) we deduce the compatibility of
order 1 for the equation (4.48). Also, we have p° € C?T(I). This altogether permits
using the solvability of (4.48) in Holder spaces (see Theorem 2.1) to deduce that

p e CPrelte2(Tny o =1-3/p, (4.50)

in particular, we have o
Py Pt Pas Pz € C2(T70). (4.51)

From (4.51) and the fact that r; > 79/2, we deduce that the source term 2282 — 7p, of
system (4.49) lies in C*/2(Tr). We also have, from (4.9), (4.41) and (4.42), that:

0,.0
0 0 TPz lyg
i — I [ A
K9 "Pzlor oo + (1+¢e)xY
€ 0 0
= 1 +e ((1 + E)"i:c:c - Tpx) ‘8[
0.

0.0
0 pxlo:m: 0
ERzg + 0 - Tp:c‘a[

This, together with the constant boundary condition of system (4.49), ensures the com-
patibility of order 1, and hence we reuse Theorem 2.1 to deduce that

ke CHOITe 2Ty o =1-3/p. (4.52)
Step 2. (The increment of the Holder regularity)

From (4.52), we see that the regularity of the source term of system (4.48) is increased.
In fact, now

ke € CLTS(T7), a=1-13/p. (4.53)

However, in order to use the Holder solvability for the system (4.48), in particular The-
orem 2.1, with this new obtained regularity of the source term (4.53), we just need to
check that the compatibility of the boundary conditions is not altered. Indeed, this is
the case since

0<l4+a<2

We also remark from (4.5) that p® € C**(1+®)(]), and therefore, we can use Theorem
2.1 to deduce that o
p € C3T5 (Ir), (4.54)
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hence (4.43) is satisfied. Similarly, as in Step 1, (4.54) increases the regularity of the
source term of system (4.49) hence

—pfm — 7py € OIS (T,
€T

Again the compatibility between the boundary_conditions of system (4.49) is unchanged,
and from (4.5), we know that x° € C2t(4+)(]). Therefore, upon reusing Theorem 2.1,
we deduce that -

ke C3eT" (T, (4.55)

hence (4.44) is satisfied and the proof is done.
Step 3. (The C™ regularity)

At this point, we will show how to obtain more regularity of the solution (p, k) away from
the initial data. Remark that if we want to follow similar arguments of what was done
in the previous two steps, we might think of increasing the regularity of p by using the
Holder solvability, Theorem 2.1, and the fact that k. € C2+Q’HTQ(E) (see (4.55) above).
In fact, this requires higher order compatibilty conditions that are not satisfied having
only (4.41) and (4.42). We send the reader to [27, Chapter 4, Section 5, page 319] for
the details of these compatibility conditions. To overcome this difficulty, we introduce
the following function. Let 0 < 6 < T', define the test function g5 € C*°[0,T] by:

0 if 0<t<4/3
Bs(t) =< Bs(t) € (0,1) if /3 <t<25/3 (4.56)
1 if 25/3<t<T.
We introduce the quantities
p=pps and E = Kps. (4.57)

We can easily check that these quantities satisfy two parabolic equations with the higher
order compatibility of the initial data are all satisfied. By the bootstrap argument (see
Steps 1, 2 above), we get: o
(p,R) € C™(Ir).
From (4.56) and (4.57), we deduce that
(7, 7) = (p, k) on [26/3,T],

hence the C* regularity (4.45) and (4.46) are both satisfied. O.

5 Exponential bounds

In this section, we will give some exponential bounds of the solution given by Proposition
(4.2) and having the regularity shown by Proposition (4.6).
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It is very important, throughout all this section, to precise our notation concerning
the constants that may certainly vary from line to line. Let us mention that a constant
depending on time will be denoted by ¢(T"). Those who do not depend on T will be
simply denoted by c. In all other cases, we will follow the changing of the constants in
a precise manner.

Proposition 5.1 (Exzponential bound in time for ||(pz(.,t),5z(-1))|co,r)
Let

34+a
2

(p, k) € C3+5E (T % [0,00)) N C=(I x (0,00)) N C®(I x [5,00)), V6 > 0,

be a long time solution of the following system:

PabPoz Tpe on I x(0,00)
Kz (5.1)
pt = (14 ¢€)pps — Thy on I x(0,00),

Kt = ERgy +

with p(x,0) = p°(z), k(z,0) = k°(x), and the boundary conditions
p(0,.)=p(1,.) =0 on OI x|0,00), (5.2)

k(0,.) =0, k(l,.)=1 on 9II x][0,00). (5.3)

B === satisfies ||Blloo < 1.

Then we have
(P (-1 £), g () oo,r < ce, (5.4)
where
e = (Il gy, Iy 2zrmgy) =1, p>3.
Wy TP(I) wy P(I)) =7

Remark 5.2 (Improved exponential bound)
Concerning the exponential bound (5.4), we can even get

H(pl‘('? t)? ’%x('? t))”OOJ < caeCt7

where a = (1 A+ 10 2270,y + 60| 22/ ), and ¢ > 0 is a fized constant independent
Wy (1) Wy ()
of [10°l..2—2/0, . and ||K°||. 2-2/s, . (see the final step of the following proof). However,
Wy = () Wy~ (1)

this result will not be used in that refined form.

Proof of Proposition 5.1. We use the special coupling of the system (5.1) to find our
a priori estimate. Roughly speaking, the fact that k, appears as a source term in the
second equation of system (5.1) permits, by the LP theory for parabolic equations, to
have LP bounds, in terms of ||kg||p,7,, on py and pz, which in their turn appear in the
source terms of the first equation of (5.1) satisfied by . All this permits to deduce our
estimates. To be more precise, let T' > 0 an arbitrarily fixed time.
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Step 1. (estimating x, in the LP norm)

Let s’ be the solution of the following equation:

(5.5)

Ky =K op on Ip
K =k on OPIr.

As a solution of a parabolic equation, we use the LP parabolic estimate (2.16) to the
function ' to deduce that:

1522 1py < €T) (160 2-2rm, +1) (5.6)

where the term 1 comes from the value of k' = k on St. Take

i

R=K—k, (5.7)
then the system satisfied by < reads:

— — / / PxPxx
Rt = Rgax — ("it - Eﬁxz) +

—Tp, on Ip
Ka (5.8)
F=0 on OPIr.

Using the special version (2.17) of the parabolic LP estimate to the function &, we obtain:
Fallp iz < VT (Islte + Vsl + Iosallpte + loalpie) s (59)

where we have plugged into the constant ¢ the terms ¢, 7, p and || B||oo. Combining (5.6),
(5.7) and (5.9), we get:

I lle < eT) (16°0a2m gy +1) + VTl (5.10)

The term || pHW2,1( Ir) appearing in the previous inequality is going to be estimated in
p
the next step.

Step 2. (estimating p in the W' norm)

As in Step 1, let p/, p be the two function defined similarly as «/, & respectively (see (5.5)
and (5.7)). p/ satisfies an inequality similar to (5.6) that reads:

19 221y < O ga-2rm (5.11)

The term 1 disappered here because p’ = p = 0 on S7. We write the system satisfied by
p, we obtain:

(5.12)

pr=(14€)pax + (1 +)ppy — p) — Ty on Iy
p(x,0)=0 on OPIp,
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hence the following estimate on p, due to the special L? interior estimate (2.17), holds:

Hﬁ”wgvl([ﬂ <c (Hp;HPJT + Hp;cxH;DJT + ||K’$HPJT) . (5'13)

Again, we have plugged ¢, 7 and p into the constant ¢, and we have assumed that T' < 1.
Combining (5.11) and (5.13), we get in terms of p:

lollwz1 gy < DA 2200, + lliallp e (5.14)
We will use this estimate in order to have a control on |||l 7, for sufficently small time.
Step 3. (Estimate on a small time interval)
From (5.10) and (5.14), we deduce that:
allprp < e(T) (I8l z-2rm gy + 16 yz-2rmggy + 1) + VT lallpige (5:15)

Let us remind the reader that all constants ¢ and ¢(7T") have been changing from line to
line. In fact, the important thing is whether they depend on 7" or not. Let

*

=52 ¢ is the constant appearing in (5.15),
c

we deduce, from (5.15), that

allp e < €5 (I lya-2ro gy + 10 lyz-2rm gy +1)

P

where c3 = ¢3(T*) > 0 is a positive constant which depends on T%. Recall the special
coupling of system (5.1); the brief introduction in the beginning of the proof of this
proposition, and the above estimate, we can deduce that:

0 0
10 )21y < 3 (1600 2-27m gy + 1%z 1) (5.16)

with ¢4 = ¢4(T*) > 0 is also a positive constant depending on 7™ but independent of the
initial data.

Step 4. (The exponential estimate by iteration)
Now we move to show the exponential bound. Set

f(t) = H(p7 K)HWE’l(IX(t,t—l—T*))’ h(t) = ”(pxa"ix)”oo,lx(t,t—i-T*)a

and
9(8) = 5Dl -2 + 100 )y 2-20m (5.17)

We have proved in Step 3, estimate (5.16), that
f(0) < ea[g(0) + 1],
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and we know, from the Lemma 2.9 “trace of W' functions”, estimate (2.23), that
9(T") < s f(0), 5 =c5(T") >0,
hence for A =1+ c4c5 > 1, we get:
9(T") + 1 < A[g(0) +1].
Therefore, for n € N, n > 1, by iteration we have:
g(nT™) +1 < X"[g(0) + 1],

and hence
fnT™*) < eqA"[g(0) +1]. (5.18)

From the Sobolev embedding in Holder spaces, Lemma 2.8, estimate (2.19), we know
that
h(nT*) < cgf(nT™), ¢ =ce(T*) > 0. (5.19)

Combining (5.18) and (5.19), we obtain
h(nT*) < czA"[g(0) + 1], ¢7 = cqc6. (5.20)
Using the fact that
h(t) < h(nT*) + h((n+ 1)T*), if nT* <t < (n+ 1T,
we deduce, from (5.20), that:

h(t) < cg[g(0) + 1]e®?,

where
cs =1+ Ncy, co= % with = log \.
Since
||(pw(7 t)v ’{I('v t))HOO,I < h(t)v
the result easily follows. O

Remark 5.3 (Exponential bound for | pm|§o;)(t T) and |/{m|§o;)(t ) )
We remark that from the Sobolev embedding in Hélder spaces (see Lemma 2.9):

W2l(I7) — CW 5 (Tr), p>3,

(a)

the previous result could be improved to an exponential bound of |p, Ix(b44+T%) and
’legi)(t,t—i—T*)’ namely:
| |(a) <ce® and |k |(a) < ce® (5.21)
Pl ti+T) = Tl (t 4Ty = ’ :

where ¢ > 0 is a positive constant only depending on the initial conditions.
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Proposition 5.4 (Exzponential bound in time for ||py(.,t)|co.1)
Under the same hypothesis of Proposition 5.1, we have

1022 (-s 1) loo,s < cAe, >0, (5.22)

where
A=1 0 0 0(2+a)
=1+ ”p ”Wg*wP(I) + ”"i ”Wg*wl’([) + ‘p ‘I ’

and ¢ > 0 is a fized positive constant independent of the initial data.

Proof. Throughout the proof, we will omit, without loss of generality, the dependence
on ||B|leo. The ideas of the proof are somehow contained in the proof of the previous
proposition. In fact, we will not only show the exponential bound for the L* norm of
Pzz, but also for the C® norm. The proof is done in two steps.

Step 1. (Estimating p in the c2te 5 norm)

We start by writing down the Holder estimate (2.11) for the second equation of (5.1).
Indeed, since k, € C*%/ 2(I7), and since the compatibility conditions of order 1 are
satisfied, we have that:

Pl < e(T) (Iﬁxlfri) + |,00|§2+°‘)) : (5.23)

We aim to control |/~£w|§i) for an arbitrarily fixed small time. Following the same argu-
ments of Steps 1 and 2 of Proposition 5.1, we get (for a sufficiently small time 7") an

estimate of \|RHW§,1(IT), similar to (5.15), that reads:

_ 0 0
1l gy < o) (14 16Ny z-2rm gy + IR0y a-2rmpy ) + elliallprr, (5:24)

where & is given by (5.7). Using the Sobolev embedding in Holder spaces, namely esti-
mates (2.19) and (2.20), together with the fact that & = 0 on the parabolic boundary
OPIr, we get:

_ _ _ a_q,_ p—3
ellootr < {2 el iz + oallpin) + T5 Wolrn b < T [Rlg0 s (5:29
and )
5257 < c{1lir + Wonlbir + 18l | < ey, (520

where p and « are always given by Remark 4.1. We notice that for the first equation
(5.25), we have used Lemma 2.10 (the ideas are contained in the proof of this lemma,
see Appendix A), while for the second one (5.26), we have applied estimate (2.17) for
the term |||, 7. Combining (5.25) and (5.26), we deduce (for T small enough) that:

‘Ex’g) < C“R“ngl( ¢ > 0 independent of T,

Ir)’
and hence, from (5.24) and the definition (5.7) of &, we obtain:

al 3 < eT) (1416 lyy-orm gy + 18y ) + ellfallpr: (5:27)
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For the term where it interferes the x/, we have used the following:
5 < eI g,y < ) (19 ya-2rmy +1) -
Having in mind that the term ||z 7, satisfies:
Iallp e < TPl 7).
inequality (5.27) can be written:
(1= e el ) < o) (14 122 gy + 16 y2-2m )

and hence for T* small enough, namely

1
T = —
2P’
we get
|K:$|,([22 < €10 (1 + HPOHW;*2/P(I) + ||K’0HW§*2/Z’(I)) , Clo = CIO(T*) > 0. (528)

Plugging (5.28) into (5.23), we deduce that:

(2 (2 *
I < en <1+HP ly2=2r ) + 1500, 2-2/p 1) +16°§ +a), e =cn(T7) = 1.

(5.29)
Here we consider ¢11 > 1 for technical reasons.

Step 2. (The exponential estimate by iteration)

This is similar to Step 4 of Proposition 5.1. We first notice that the arguments presented
in that step can be adapted to get an exponential bound on the function ¢ given by
(5.17). Indeed, we use (5.18) and the estimate of the traces of functions in Sobolev
spaces (see Lemma 2.9, estimate (2.23)), to deduce that, for every t > 0:

g(t) < 12l + g(0)]e2?, (5.30)

with ¢19 > 1 is a fixed positive constant independent of the initial conditions. Also here
c11 > 1 is taken for technical reasons. Let

Fty=1pl%)

Plrx (t,t4+T%)” T is given in Step 1.

From (5.29) and (5.30), we know that

FO) < en (1+90) + 157

< enn +enrernfl + g(0)] + e |p° \

IN

(2+a)

In a similar way, knowing that ¢;1 > 1 and ¢12 > 1, we obtain:

F(I™) < e (14 9(T") + £(0))
< 28 428 ciall 4 g(0)]e2T 4 &30P,
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and hence, by iteration, we get for every n € N:
F(T*) < (n+ 1) + (n+ 1)el  eaa[l + g(0)]en2T 4 it p0) 2,

From this inequality, and the fact that for nT* < ¢ < (n + 1)T™, we have fit) <

f(nT*) 4+ f((n + 1)T*), we easily arrive to the result (see the conclusion of Step 4 of

Proposition 5.1). O
(24a)

Remark 5.5 (Exponential bound for |p|IX(t t+T*))

Proposition 5.4, as it appears in the proof, gives an exponential bound, not only for
but al (2+a)
(s )lloo.r, but also for [ply g

6 An upper bound for the VV22 1 norm of -

This section is devoted to give a suitable upper bound for the VV22 1 horm of Przz- Lhis
result will be a consequence of the control of the VV22 1 norm of k¢ and Kgz.. The goal
is to use this upper bound in the Kozono-Taniuchi inequality (see inequality (2.33) of
Theorem 2.16) in order to control the L norm of p,,.. Let us consider the following
hypothesis.

(H1). The term T is a fixed time that satisfies:
0<T <T, (6.1)

where T} is an arbitrarily small fixed number.

(H2). The function k, satisfies:
Ke(x,t) >~(t) >0, tel0,T], (6.2)

where 7(t) is a positive decreasing function with v(0) < 1.

Let
D = I7, (6.3)

we start with the first lemma.

Lemma 6.1 (VV22 1 bound for k¢ and k)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1, we have:

E
e el oy < 75
where
v =7(T),
and B
E = de?T,

with d > 1 is a positive constant depending on the initial conditions but independent of
T, and will be given at the end of the proof.
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Remark 6.2 (The constant E depending on time)

Let us stress on the fact that, througout the proof, the term E = de?T of Lemma 6.1
might vary from line to line. In other words, the term d in the expression of E might
certainly vary from line to line, but always satisfying the fact of just being dependent on
the initial data of the problem. The different E’s appearing in different estimates can be
made the same by simply taking the maximum between them. Therefore they will all be
denoted by the same letter E.

Proof. Define the functions u and v by:
u(x,t) = pe(z,t) and v(x,t) = Ke(z,t).

We write down the equations satisfied by u and v respectively:

up = (14 &)ugy — 70, on D,
uls, =0, (6.4)
ul= 0=u (1+E)pm— 2, on I,
and with B = g—z:
Pzx Pax
Vg = EVgpg + — Uy + By, — B—Ux — TUg on D,
Rg Ry
vlsy =0, (6.5)
o
V)mg = 00 := erl, + 5‘;{09”9” —7p° on I.

T

The proof could be divided into three steps. As a first step, we will estimate the L (D)
norm of the term v, = ky. In the second step, we will control the W22 ’1(D) norm of

v = K¢. Finally, in the third step, we will show how to deduce a similar control on the
W22’1(D) norm of K.

Step 1. (Estimating ||vz||,p)

Since v, = K¢z, it is worth recalling the equation satisfied by «:

pSCp:L‘:L‘

T

Kt = ERgy + — TPy (6.6)

In Step 3 of Proposition 4.6, we have shown that x € [oiantinnl Therefore, writing the
parabolic Holder estimate (see (2.11)), we obtain:

pxpxw

T

(1+a)
Ite oo < [KIET) < <” + |z “M))’ (6.7)
D

where the term 1 comes from the boundary conditions, and ¢ > 0 is the positive

constant given by (2.12) that can be estimated as ¢’ < E. We use the elementary
identity

14+« 14+« 14+« « o
1£915F) <11 Flloo 211%™ + Iglloo DI AIDT + [l £elloo D191 + llgelloon] £15,
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+a)

( .
to the term |Pefe= with f = 22 and g = py,, we get:

(14+a) (14+a) (@)
pap 3 p p
shua | g p(ta) +Hpmuoop< > +upmuw< >
Rz |p Kz /[ p Kz [/ p
; fmpmum,mummnw,o), (6.8)

where we have used the fact that k, > v and Kk, > |p.|. We plug (6.8) in (6.7), we
obtain:

(3+a) Pz (+e) (3+a) / Pz () 1 (2+a)
litellooi < B { 1+ |ol3 P2y S () S (1S )
K D K

x x/ D Y
(6.9)
where we have used used the fact that the term | p\D ) has an exponential bound (see

Remark 5.5) of the form | p](2+a < E. It is worth noticing that the term E appearing in
(6.9) is the maximum between different E’s that might exist as different bounds. This
will be frequently used for the sake of simplicity.

(14w)
Step 1.1. (Estimating<£—’:>D >

From the definition of the Holder norm (see (2.4) and the notation therein), we see that

+a)

(1
in order to control <’Z_2>D , it suffices to control the three quantities:

(+52) a (%)
(o &) )0 me (2)),

We use the the following identity:

N i I I I
<g L'DS g 00, D g 00,D <g>t7D+ g 00D <f>t,’D7

with f = p, and g = k;, we get

(HTQ) 1 1+a 1+a
Pz = =
(2 7 <2 (ol + ). (6.10)
Ke /D Y
Similarly, we obtain:
() ()
Pz ”p:c:c ”oo D (o) <p:c:c>gc D
e e T A Ny 6.11
< Ka >x,p 7 Vela v (611)

We also use the inequality:

(@)

(F9D <1 flloop (@)D + Iglloe 0 ()%,
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with f = 2= and g = ££, we get:

() (k >(a)
RaxPx X/ 2, D H/{mmHooD (@) ||K/xxHooD (@)
< 2 = —— (kg . 6.12
< K/% >m7D — v + 72 <p >:(:,D + ,72 <’{ >:(:,D ( )
Similarly, we get
(%) o) {pan)D)
<pxw> < prszoo,D <5x>§12)) 4 <10 >t,’D : (613)
Kz [ +p Y ’ Y
and
(5) () 3) . .
Rz Pz T/t D HHJ:J:HOOD (5) ”/fxx”oo’D (5)
< D4 D pyhz)  Mzellood o (5) 6.14
< H% >t,’D ~ ,YQ ( >t,D ,YQ < >t,D ( )

Collecting the above inequalities (6.10), (6.11), (6.12), (6.13), and (6.14) yield:

(14a)
P £ (2+0) ()
<,{m>D = <1+ RIS + aalloo D (0} ) (6.15)

where we have used the fact that 1 < E, v <1 and |p|(2+a < E (see Remark 5.5).
Step 1.2. <Est|mat|ng |p|(3Jr and |k | (2+a) )
We recall the equation satisfied by p:
pt = (14 ¢€)pra — Thy. (6.16)
As for the term x at the beginning of this Step 1, we have the following estimate for p:
P&t < E (1 + [ 2 F) ) . (6.17)

Having a second look at the equation (6.6) of x, we can use again the parabolic Holder
estimate but for a lower order. In fact, we have:
(o)
+ |pm|§§"> .
D

Similar computations to those in Step 1.1 yield:

pxpmm
K

xT

(2+a) E (a)
Il < S (HMD ) (6.18)
and hence from (6.17), we also get a similar estimate for | p](3+a :
(3+a) E (o)
< — . .
oI5 _,Y<1+!mw> (6.19)
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Step 1.3. (The estimate for ||z | oo, D)

By combining (6.9), (6.15), (6.18) , (6.19), and by using the fact that |/{m|gl) has an
exponential estimate (see estimate (5.21) of Remark 5.3), we deduce that:

E
1Kt [loo.p < et (6.20)

where we have frequently used that v < 1, and we have always taken the maximum of
all the exponential bounds of the E = de?! form.

Step 2. (Estimating HvHW22,1(D))

We turn our attention to the equation (6.4) satisfied by u. We will show that we are
in the good framework for applying the L? theory of parabolic equations. In fact, note
first that u = p; € C(D), and hence the compatibility condition of order 0 is satisfied.
Moreover, since v, = iz € C(D) then v, € L?*(D). Finally, the initial data satisfies
u’ € C1(I), hence v’ € W} (I). The above arguments show that the L? theory for
parabolic equations (see Theorem 2.3) can be applied to the function u, therefore we get:

u € W2271(D) = Pt Ptt; Ptz Ptzx € L2(D)7
with the following estimate:
[ullyz1py < B+ [|vell2p)- (6.21)

Here the term FE of the previous inequality hides in it all the constant ¢ of the Sobolev
estimate (see (2.16) and (2.17)), where this constant ¢ behaves like T or VT. Also the
term 1 in (6.21) comes from the initial data. Since v, = k¢,, we plug the estimate (6.20)
obtained in Step 1.3 into (6.21), we get

—F
lallyz21p) < B <1 + \/E$> .

Using some elementary identities, we finally obtain:
E
o

Let us remind the reader that the term F is changing from line to line. We now consider
equation (6.5) satisfied by v. In fact, for the same reasons as above with the new fact
that u € VV22 ’1(7)), we can easily deduce that we are in the good framework for the L2
theory applied to v. Indeed, we have:

< (6.22)

HUHW;J(D)

2,1
CAS W27 (D) — I{tvlittalitle{txx S L2(D),

with the following estimate:

ol < E (1 +e ] lallon + 1Bl pluaelzo
Bleon 22| Joallan + uuxHM), (6.23)
Z lloo,D
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hence from (6.20), (6.22), and some repeated computations, we deduce from (6.23) that:

E
H’{tHWQQ’l(D) < F (6.24)

As a byproduct of this last inequality, we can also get, using the Sobolev embedding

Lemma (see Lemma 2.8-(ii)), that:

FE
[[Kt]loo,p < S

Remark that we can even get a better control by simply integrating (6.20) with respect

to x, hence we obtain:

FE
Illen < 25 (6.25)

Step 3. (Estimating HlimHW;,l(D))

The estimate of ||/€m\|W2,1(D) requires a special attention. We will mainly use the equa-
2

tions (6.16) and (6.6) satisfied by p and x respectivly. The four parts ||kzz 2D, ||Kzat]l2,D,
|kzzzll2p and ||Kzzzell2,p of the above norm will be estimated separately.

Step 3.1. (Estimate of ||kgz|2,D)

This can be easily deduced from the equation (6.6) of . Indeed, this equation gives:

Irazlzp < E (Ixellap + VTllpws oo + VT ps e )
E
< 5 (6.26)

where for the last line, we have used estimate (6.25), and the exponential bounds on
|pz|co,p and ||pzz|loo, - Indeed, by the same way, we can even get, from the L*° bound
(6.25) on K¢, that

E
Step 3.2. (Estimate of ||kzqt||2,D)
As an immediate consequence of (6.24), we get
Rratllap < 2
Rext]|2,D >~ —4-

Step 3.3. (Estimate of ||kzzz|2,D)

Using (6.19), we deduce that

E
”p:c:c:c”oo,D < ; (1 + "‘i:c (Da)> )
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therefore, the fact that |/{m|(§ )< E (see Remark 5.3) gives:

E
Hp:vxw”ZD < ;7 (628)

and hence (6.18) implies that:

FE
”Hzx”a%D s -
Y

This will be used in estimating ||kzz¢||2,p. In fact, we derive the equation (6.6) satisfied
by k, with respect to x, we obtain:

2
Prx PxPrxx PxBzxPrx
Kix = €Rgzr + + - 2
Ky Ky K2

— TPra (6.29)
and hence, using (6.28), we get:

[kzzzll2p < (6.30)

«200.| b

Step 3.4. (Estimate of ||kzzzz//2,D)

We first derive (6.16) two times in z, we deduce (using (6.22)) that ||pzzzzll2,p has the
same upper bound as ||Kzzz|2.D, i-€.

E
| praaell2p < ? (6.31)

We derive the equation (6.29) once more with respect to x:

2040 Przx K/xxp?m PxPrxxx _ PxPrxaxFax

Kige = ERggar + - D) + 3
Kz K2 Kz K2
2 2
Prelxx PxPrxRrzx PxRaxPrrx 2K‘mmpxpx:c
2 - 2 - 2 3 — TPxzx>
Kz Kz Kz lavd

and we use (6.31) and our controls obtained in the previous steps, in order to deduce
that:

E
H’fmmmmHZD < F (632)

In fact, the highest power comes from estimating the following term:

2
— 1 1 E
00,D Y Y Y
where we have used the L™ estimate of ||kgz||oo,p. All other estimates are easily deduced.
Let us just state how to estimate the other term were ||kgz||0op interferes. In fact, we

have ) . )
\ =) () ().
00,D Y Y Y
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<
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Step 3.4. (Conclusion)

From the above estimates (6.26), (6.30) and (6.32), we finally deduce that:

£

<= 6.33
A (6.33)

|z ”sz’l(p)

This terminates the proof. O

We move now to the main result of this section.

Lemma 6.3 (I/V221 bound for pi.. )
Under the same hypothesis of Lemma 6.1, we have:

E

< .

prmuwgvl(p)
Proof. From Step 3 of Proposition 4.6, we know that
(p,k) € C®(I x [6,T]), VO<&<T.

Therefore, we do the following computations over D\ (I x {t = 0}). Indeed, we derive
twice the equation of p with respect to x, we get

Pxxt = (1 + E)pxa:xx — TRgzz,

where on Sz, we have:

TRt
1+¢€ =TK, —> = .
( )p:c:c TRy Prat 1+e
Combining the above two equations, we obtain:
T T
Prrrx = O <(1 T 8)2 Kt + T E/fmm> on ST' (6-34)
Set
K= L— + Tk and w=p
(1+E)2 t 1+€ TT TTT
and

wW=w — K.

We write down, after doing some computations, the equation satisfied by w:

3 T

Wy = (1 + a)wm — ml‘itt on D

Wyls. =0 on Sz (6.35)
o e TH2) T R

w|t:0 =W = Prrx (1 4 8)2 Rza (1 —+ 5)2 ,‘12 (1 + 6)2/05(;-

Let us show that the framework of the L? theory for parabolic equations with Neumann
boundary conditions (see Theorem 2.3 and Remark 2.4 that follows) is well satisfied.
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First, from Step 2 of Lemma 6.1, we know that sy € L%(D). Moreover, since we have
supposed (p°, k%) € (C*°(I))?, then we eventually have w" € Wi(I). We note that the
compatibility conditions are not necessary in this case because the singular index in the
Neumann framework is 3 (see Remark 2.4). These arguments permit to use the L? theory
of parabolic equations with Neumann boundary conditions, hence we get:

w e Wy (D),
and
l@]y2(D) < B+ 5ullop). (6.36)
Since w = w — R, we deduce, from (6.36), that:
lpazallyz iy < B (1+ Ikullop + el ) + [hallyzigy ) (637)
and eventually (6.37) with Lemma 6.1 gives immediately the result. O

7 An upper bound for the BMO norm of p,;,

This section is devoted to give a suitable upper bound for the BMO norm of p,;,. This
result will be a consequence of the control of the BMO norm of a suitable extension
of Kzz. As in the previous section, the goal is to use this upper bound in the Kozono-
Taniuchi inequality (see inequality (2.33) of Theorem 2.16) in order to control the L
norm of p.... We first give some useful definitions.

Definition 7.1 (The “symmetric and periodic” ertension of a function)

Let f € C’(E) be a continuous function, we define f*¥"™ as the function constructed
out of f, first by symmetry with respect to the line x = 0 over the interval (—1,0), i.e.
f(—=x,t) = f(x,t), and then by spatial periodicity with f(x + 2,t) = f(x,t).

Definition 7.2 (The “antisymmetric and periodic” ertension of a function)
Let f € C(E) be a continuous function, we define the function f*¥™ over R x (0,T),
first by the antisymmetry of f with respect to the line x = 0 over the interval (—1,0),
i.e. f(—z,t) = f(z,t), and then by spatial periodicity with f(x 4 2,t) = f(z,t).

We start with the following lemma that reflects a useful relation between the BM O norm
of f5¥™ and faes¥™,

Lemma 7.3 (A relation between f*Y™ and f*Y™)
Let f € C(Iz), then:

1™ | Bmo®x 1) < ¢ (LF*™ | Bmo®x0.1)) + Marx 1) (1F™]) -

The proof of this lemma will be presented in Appendix B. The next lemma gives a control
of the BMO norm of (Kzy)*Y"™.
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Lemma 7.4 (BMO bound for (kgy;)*¥™)
Under hypothesis (H1), and under the same hypothesis of Proposition 5.1, we have:

1(Faa) ™™ | prro@x 0.7)) < ce (7.1)

where ¢ > 0 is a constant depending on the initial conditions (but independent of T).
The function (Kgyz)*Y™ is given via Definition 7.2.

Proof. Let &(x,t) = r(x,t) — k%(x). We notice that K|s = 0, therefore Y™ satisfies:

—asym __ _—asym (pm)asympgiym asym 0 \yasym oal
Ry = ERgy T W - T(px) + 6(/49090) on R x (07 T) (7 2)
x .

RV (2,0) = 0.

where, from Propositions 5.1 and 5.4, and the fact that
(ps)*
e o <
z 00,Rx(0,T))
we have: asym asym
H (pz) asZif — 7(pg)™¥™ + E(Hgm)asym ’ < ceT, (7.3)
(’{I) 00,Rx(0,T)

¢ > 0 is a constant depending on the initial conditions. From (7.3), we use the BMO
theory for parabolic equations (Theorem 2.13), particularly (2.30), to deduce that:

_ T
1522 | Bro@x 1) < €

and hence the result follows. O

We now present the principal result of this section.

Lemma 7.5 (BMO bound for p;..)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1, we have:

|pzzell BrrO(D) < E, (7.4)
where E is the same as in Remark 6.2.

Proof. The proof is based on the following simple observation on the boundary Sz.

In fact, recall that the holder regularity C’3+°"3+Ta, up to the boundary, for the solution
(p, k) permits using to conclude that:

(1 +€)pgs = Thy on S_T
(1+¢&)kyy = Tpa on S_T

hence a simple computation yields that:

pm=@<7“>. (7.5)

1+¢
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Let

_ TK
k= )
1+¢€
we write down the equation satisfied by &:
( T  PzPzx 2
Kt = ERgg + - on D
¢ T4 e Ky 1+
0
Rli=o := Rk = on [
=0 T+e (7.6)
Ao = TK
T Txels,
Rx|ST = Pzx-
Let
v = pxa

we also write the equation satisfied by v:

vp=(14+¢&)Vpy — TRy on D

Vo =1":=p% on I

(7.7)
,U|ST = pIE
U:(:‘ST = Pzx-
Take
V=0 — K,
the equation satisfied by v reads:
2
_ ET T T
O = (14 €)tae — Txe@ ] +Epi<apm 14l 8 b
xr
_ _ T
Blimo = 7° = p2 — T EKZO on [ (7.8)
vI’ST =

We can assume, without loss of generality, that the initial condition ?° = 0. This is
because being non-zero just adds a constant depending on the initial conditions in the
final estimate that we are looking for. From the fact that @x]ST = 0, we can easily deduce
that the function v°Y"™ satisfies:

g
2 sym sym
—_sym __ — T T (px) (pZBZB) ET
Uy - (1 + €)U§%m + 1+ g(pw)sym - 1+¢ (I{m)sym B 1+ g(ﬁmr)sym
on R x(0,T)

Y™ (2,00 =0 on R,

therefore, using the BM O estimate (2.30) for parabolic equations, to the function v, one
gets:

192%™ | Bro@x0.7) < € 19llpo®x o) + m21x(0,7)(‘g’)] : (7.9)
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From Propositions 5.1, 5.4, we deduce that

91l rro@x oy < B+ 1(Fee)™ ™ [ sarogex o)) (7.10)
and
m21x(0,T)(‘9’) <E+ mzlx(o,T)(‘("f:c:c)Sme (7.11)
Recall the definition of the term F from Remark 6.2. At this stage, we write the following
estimate:
S

(7.12)
which can be deduced using Lemma 7.3. The constant ¢ > 0 appearing in (7.12) is
independent of T'. Finally, we deduce that:

1Rz )™ [ prro@x 0,1y = € | 1Fza)™ ™ | Baro@x 0.7y + Marxom) ((Fee)

13" | sao@somy < € [B+1052)™ ™ | prrome oy + Marxiom 15z D]
s ¢ E + mzfx(o,T)(K’fm)symD]
< c[E+ (1/T)lkasl1,0]
< o[B+T P lraslon].

where we have used (7.9), (7.10), (7.11) and (7.12) for the first line, and Lemma 7.4 for
the second line. For the last line, we have used that p > 3. From (H1) and (5.16), we

know that:

TP rp.

”Hxpr,’D < Tl_

From the above two inequalities, and since Uz = Pror — %, we easily arrive to our

result. O

8 L bound for p,,, and revisited results
In this section, we use the results of Sections 5, 6 and 7, in order to give an L°° bound for
Pzzz Via the Kozono-Taniuchi inequality. The next step is to improve some previously

obtained results.

Proposition 8.1 (L> bound for p,..)
Under hypothesis (H1)-(H2), and under the same hypothesis of Proposition 5.1, we have:

E
1pzzzlloop < E (1 +log” ¥> : (8.1)

Proof. Applying estimate (2.33) to the function p,., over D, we get:
Pezelloc. < clpaeelmrrom) (1+ 108" lweely2i (o) + 108" lpasallmmom) ) (8:2)
where we remind the reader that

Hpmmmum(p) = prwaBMO(D) + HPZB:BZBHLD'
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Using (8.2) together with Lemmas 7.5 and 6.3, lead to the result. The only term left to
control is ||pzzz|/1,0. In fact, we know that:

11
||pmmm||1,D <7 ||pmmm||p,D’ (8.3)

and since, by repeating the same arguments of the proof of Lemma 7.5, and of Lemma
2.7 (see Appendix B), using the LP estimates for parabolic equations instead of the BMO
ones, we can conclude that:

”P:c:c:c”p,D <c(1+ ”Hxpr,’D)y

where from (5.16), we finally get:

| pzzallpp < ce.

This inequality together with (8.3) terminates the proof. O

Remark 8.2 (Improving the comparison principle)

The L bound on pg.. given by Proposition 8.1 shows that we can improve our choice
of the function v of Proposition 3.1. Although the function v was essentially used, on
one hand, to ensure the positivity of k. for all time t > 0, and on the other hand, for
the boundedness of the ratio Z—z, it was insufficient for showing the long time existence of
(p, k) given by Propositions 4.2 and 4.6; this lies from the fact that v strongly depends,
and in a dangerous way, on pyL. (see inequality 3.30). The remedy of this inconvenience
s to revisit the comparison principle “Proposition 3.1” with the new information given
by Proposition 8.1, namely estimate (8.1).

Now, we show that we can even improve estimate (8.1) by eliminating the restrictive
hypothesis (H1) and changing somehow the constant E appearing in (8.1). To be more
precise, we write down our next corollary.

Corollary 8.3 (Proposition 8.1, revisited)
Under hypothesis (H2), and under the same hypothesis of Proposition 5.1. Let

T >0,

be any fized time. Then we have:

)
”px:c:c”oo,IT < E <1 + 10g+ F) . (84)

Proof. We know, from Propositions 4.2, 4.6, used for Ty = 0, that there exists some
small d; > 0 only depending on the initial conditions, with:

||pmmmHoo,I(;1 S 13, (85)

where c13 > 0 is a constant only depending on the initial conditions. We now apply
Proposition 8.1 with
T1 = 51,
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we get

E .
| prazllootr < E (1 + log* ?) it T >4, (8.6)

where it is important to indicate that the term E = E(d;) appearing in (8.6) depends
on Ty = & (see for instance the end of the proof of Lemma 7.5). Combining (8.5) and
(8.6), we deduce that VT' > 0:

E
prszoo,IT S C13 + E (1 + 10g+ F) )

and hence the result follows. O

The following proposition reflects how to improve Proposition 3.1.

Proposition 8.4 (The comparison principle, revisited)
Under the same hypothesis of Corollary 8.3, and under the condition (3.2), we have:

ke (T, t) > /72 (t) + p2(z,t), V>0 (8.7)

where ¥ > 0 is a positive decreasing function depending on the initial conditions, and
will be given in the proof.

Proof. In Proposition 3.1, we have that ¢ (recall (3.1)) is a bound on ||pzzz|0, - From
the a priori estimate (8.4) we can choose

¢=E(T) <1 +log™ ’i((?)> , (8.8)

for any 7" > 0. We assume that 7(t) is a continuous decreasing function, and that the
solution (p, k) satisfies:
ke(z,t) 2 () >0, te[0,T].

Therefore, from the proof of Proposition 3.1, we have that
= inf} (cosh(ﬂa:) (/ﬁlx -V + p%)) ;
[AS

satisfies (3.26) on (0,T"). Here (3 satisfies (3.16) with I = (—1,1). Therefore, using (8.8),
we obtain

E(T) (1 +log* E(T)) 2 /
> — O e |m- 2 e (0,7), (89)
VP22 VP VPR
with ¢; = %2 + g—z +¢ef?, and ¢y = 7262#. Since (8.9) is true for any 7' > 0, we deduce
that:

B (1 +log" 1) | o\ - )

my(t) > —
V2() + o2 xo( t) VA2 (t) + p2(wo(t), t)
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)y (¢
- Yty ) . te(0,7), (8.10)
V() + p2(xo(t),t)
(recall the definition of zy by (3.27)). Following the same reasoning of the proof of
Proposition 3.1, in particular Step 5, Case A, we know that, as long as m = 72 is a
solution of (8.10) with v € C', 4" < 0 (which is not the case in general), we have (see
(3.30)):

E(t)
74 (t)

Inequality (8.11) gives inspiration to the choice of 7 as a solution of the following ODE:

’

vy (t) > — <c* + E(t) <1 + log™

)) ~(t), ¢ given by (3.29), t € (0,7). (8.11)

70 =~ (¢4 50) (141087 20 ) )50, te 0.1

(8.12)
7(0) = az,

where as is given by (3.33). It is easy to check that F2 is a subsolution of (8.10), hence
m > 7 >0,

with
m(t) = 91615 <cosh(ﬁac)

7N

lnt) =\ + ) ).

In this case, as long as,

ky(z,t) >7(t) >0, on [0,T7], (8.13)
we deduce that
@t >+ 28 o o) (8.14)
Kg(x,t) > 7 cosh 5 0 1. )

Finally, from (8.13), (8.14) and the short-time existence result, Proposition 4.2, we easily
deduce that x, > 0 for all time and

ka(z,t) 2 \/72(t) + p3 (2, 0),

then the result follows. O

In fact, Proposition 8.4, can be used to improve our L*° exponential bounds found
in Propositions 5.1 and 5.4. This will be the result of the next proposition.

Proposition 8.5 Under the same hypothesis of Proposition 8.4. Let ag given by (3.23)
satisfies:
0<ag <1,

then the solution (p, k) € C’3+O"3+TQ(E), VT > 0, satisfies:

eeb(t+1)

Kz(.t) > e , Vt>0, (8.15)
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eeb(t+1)

PO <e T v, (8.16)

and (3+a) £b(t+1)
k(.. 1)|; <e , Vt>0. (8.17)

Here b > 0 is a positive constant depending on the initial conditions and the fized terms
of the problem, but independent of time.

Proof. The proof of this proposition could be divided into three steps.
Step 1. (Minoration of 7 by )

From the ODE (8.12) satisfied by 7, and after doing some computations using the fact
that E(t) = de® is an increasing function over (0,7, we get V¢ € (0,T):

/

7 (t)

- [c* + E(t) <1 +log™ ’i((?)ﬂ 5(t)

> — |+ B(T)(1+ log d| + B(T) + 4/1og 7(1)|) | 7(t)
> —de? (1+ |1og 7 ()] )7(0),
where
d = max(4a,2d), and a = max (c*, 4d, d|log d|, d2) .
Let

E(t) = de®.
Define v as the solution of the following ODE:

/

(t) = —E(T)(1+|log1(t)])5(t), € (0.7)

Z(O) = Q9.

=2

(8.18)

From (8.18) and the above inequalities, we deduce that
() = (),  Vte(0,T).

Step 2. (Explicit minoration of 7)

It is clear that the decreasing function
() = el = (i-logan)e BN (8.19)
is the solution of (8.18), and hence
A(t) 2 e 70l e (0,7),
then we get (by the continuity of ¥ at ¢t = T'):

el—(l—log ag)edt‘ﬁit

v

7(#)
eb(t+1)
e

> e~ , Vt>0, (8.20)
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for some constant b > 0 depending on the initial conditions and some other fixed terms,
but independent of ¢. Inequality (8.15) directly follows from (8.7) and (8.20).

Step 3. (Estimate of \ﬁ]§i+a), ]plg?:ra) and conclusion)

From the proof of Lemma 6.1, we can easily deduce that the estimate of ||kiy||cop (see

(6.20)) is also true replacing | ki |loo,p by |/{|g’+a). Therefore, from (6.19), (6.20) and
(8.20), we deduce the result. O

9 Long time existence and uniqueness

Now we are ready to show the main result of this paper, namely Theorem 1.1.
Proof of Theorem 1.1. Define the set B by:

~J T'>0; 3! solution (p,k) € C’3+°"3+TQ(E) of
(1.1),(1.2) and (1.3), satisfying (1.11) '

The proof could be divided into two steps.
Step 1. (B is a non-empty set)

The inequality (1.8) ensures the existence of 7(0) = ay > 0 given by (3.23), such that

k2 >5(0) on I, (9.2)

which together with (1.6) permits to apply the short-time existence result (Proposition
4.2). Hence there is some 77 > 0 and a unique solution (p, k) € Wg’l(ITl), of (1.1), (1.2)
and (1.3), with

7(0)

Ky > > 0 on Ir. (9.3)

From the boundary conditions of the initial data (1.7), we deduce, using Proposition 4.6,
that this solution from W' (Iz,) is in fact C3+o%5% (T7,) and therefore

’pxxx‘ggl on [_T17 (94)

for some ¢; > 0. From (9.3), (9.4) and (1.8), we can use Proposition 3.1 where it follows

that
Pz
K

The above identities (9.3) and (9.5) show that

<1. (9.5)

T € B,

and hence

B+ 0.



Set
Too = sup B,

our next step is to prove that T,, = oco.
Step 2. (T = )

We will argue by contradiction. Suppose 717 < T, < oco. In this case, let § > 0 be an
arbitrary small positive constant, then there exist some T € B such that

Too — 60 <T < Ty

Since T' € B, we recall from (8.15) that:

D(t+D)
Ky(.t) > e ¢ , YO<t<T,
and we recall from (8.16)-(8.17) that:
(1) D(t+1)
o(, 1)) < e and |k(, )P < 0<t<T (9.6)

We are going to apply Proposition 4.2 with Ty = T, — 0. In fact, as a consequence of
(8.15), we have:

eeb(Too—6+1) H(Too+1)

Fz(Too —0) > €~ >e ° =1y > 0. (9.7)

Moreover, from (9.6), we deduce that

b(Too+1)

|(Dik(.,Too —6),Dyp(., Too — 0))lloo,r < €° = M; for s=1,2. (9.8)
From (9.7) and (9.8), we use Proposition 4.2 to obtain some
T =T*(M1,v1,e,7,p) >0 (9.9)

such that there exists a unique solution (p, k) € Wg’l(l x (To, To + T*)), p = %, of
(1.1), (4.3) and (4.4) with Tp = T, — ¢ and

mx2%>0 on I x [T —6,Te —8+T. (9.10)

Again by (9.7) and (9.8), we can easily check that the quantities 7; and M; are inde-
pendent of 4, and then 7™ given by (9.9) is also independent of 6. However, we have by
Proposition 8.4 that:

F (s Too — 0) > /7 (Too — 0) + p2(., Too — 9),

then
min (m.,TOo —8) — |paley Too — 5)|) > 0. (9.11)

The compatibility conditions (4.41) and (4.42) are valid for Ty = T, — ¢ and this is due
to the fact that the equation is satisfied in a strong sense up to the boundary where p
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and k are constants. This argument together with (9.11) permit, using first, Proposition
4.6 on the regularity C3+Q’S+Ta, and then Proposition 8.4 on the minoration of x;, to
increase the regularity of this solution and then show that

ke >0 and |22l <1 on I x[Th— 6T —d+T". (9.12)

Ry
From (9.12) and the above arguments, we find that
Tw—0+T" € B,
with 7" > 0 independent of §. By choosing
0<o<Tr,

we deduce that
Too —0+T* > T,

which contradicts the definition of T, = sup B. Therefore T, = co. To complete the
proof, we have to indicate that the C*° regularity (1.10) is automatically satisfied (see
Step 3 of Proposition 4.6). O

10 Appendix A: miscellaneous parabolic estimates

Al. Proof of Lemma 2.7 (LP estimate for parabolic equations)

As a first step, we will prove the result in the case where € = 1, and in a second step, we
will move to the case € > 0. It is worth noticing that the term ¢ may take several values
only depending on p.

Step 1. (The estimate: case ¢ = 1)
Suppose € = 1. Recall that u € Wg’l(IT),p > 1 is the unique solution of (2.1) with

f e LP(Ir) and ¢ = ® = 0. Let @ be a special extension of the function u defined over
R x (0,T) by:

(x,t) = u(z,t) if 0<zx<1
u(x,t) = —u(2 — z,t) if 1<x<2 (10.1)
(x4 2,t) = u(x,t) otherwise.

In exactly the same way, we can define f out of the function f. It is easy to verify that
U satisfies:

Uy = Ugw + f on R x (0,T)
a(z,0) =0, on R. (10.2)
a(z,t) =0, x € Z.

Take a test function ¢"(x),n € N defined on R by:

{wmzlﬁxe@%)
¢

10.3
"(z)=0 if 2>2n+1orx < -1 (10.3)
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and set
Jp =2I x (0,7T).

Define u by
u=up", (10.4)

this function satisfies:

Ut = Ugy + f, R x (0,7
B=Usetf  on 0.7) (10.5)
u(x,0) =0, on R,
with L
f=[fo" —ugy, — 2u.dy. (10.6)

The parabolic Calderon-Zygmund estimates (see [28, Proposition 7.11, page 168]) ensures
the existence of a constant ¢ = ¢(p) > 0 such that

aellp.rx 0,1) + lltaallprx 0,1 < €|l Fllprx(0,1)5 (10.7)
where from (10.3), (10.4), (10.6) and (10.7), we deduce that
n(@ellp,sr + laallpar) +O1) < enll flip,a (10.8)

with O(1) remains bounded as n — oo. Dividing (10.8) by n and taking the limit as
n — oo, we deduce that

it|lp,r + [[tae|lp,sr < C”JFHP,JTv
hence by (10.1), we obtain
l[wtllp, i + l[tzallp,rr < || fllp,izs €= e(p) > 0. (10.9)
Since u € W2 (Ir) with ul— = 0, we use [27, Lemma 4.5, page 305] to get
[ullp.rr < T([[wtllprr + [tz llp.rr) (10.10)

and

Combining (10.9), (10.10) and (10.11), we deduce that

uzllprr < VT ([utllp, iz + uzellprm)- (10.11)

1 1
7 [llp,rr + ﬁllux\lp,h + luallp,rr + llutllp.z < cll fllp.zr- (10.12)

Step 2. (The estimate: general case € > 0)

To get the general inequality, we consider the following rescaling of the function w:
u(x,t) = u(x,t/e), (x,t) € L, (10.13)

which allows to get the desired result. O
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A2. Proof of Lemma 2.10 (L*> control of the spatial derivative)

Since u € Wi'(Ir) for p > 3, we know from Lemma 2.8 that u, € C**/2(Iy) for
a=1- %. In this case, we use the estimate (2.19) with § = v/T, we obtain

lualloo,rr < (AT 2 (lutllp.zr + luazllp,rr) + T2~ lullp,rr }- (10.14)

Remark that the fact that « = 0 on the parabolic boundary 0PI, and that it satisfies
the simple equation:

= Uzz + [, = — Ugg
{ut e £ F, f=uw—u (10.15)

u=0 on "I,

permits to apply estimate (2.17) to the function u. Hence (10.14) becomes (with a
different nature of ¢(p)):

ualloorr < cHUT? fur — waallpry + T3 Ty — vgallprr }
< T a2y,
p=3
< c(p)T ||uHW§’1(IT)7
and the result follows. O

11 Appendix B: parabolic BMO theory

BO0. Proof of Lemma 7.3. We divide the proof into two steps.
Step 1. (treatment of small parabolic cubes)

Let us consider parabolic cubes Q = Q,(zo,t9) C R x (0,7) with 0 < r < % Assume,
without loss of generality, that 1 < zp < 2 (the other cases can be treated similarly).
Define the left and the right neighbor cubes of Q. (xq,ty) by:

Q_ = Q;(l - tO)v

and
QT =Q (1+rty),

respectively. Since 2r < 1, then
Q™ C(0,1)x (0,7) and Q1 C(1,2) x (0,T).

Using the fact that for any function g € L'():

/\g—mﬂ(g)\§2/!g—c!, Ve e R,
Q Q
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We compute:

2
o Ll = matr < [ 15 mae (e

2 sym ‘ asym
< o Qf!f +mg+ (f*U™)]
2 sym n asym
+ —!Qﬂ/@‘f + mg+(f ). (11.1)

We know that from the properties of f%¥" and f®¥™ that:
mq+(f*™) = —mq-(f*"),

and
fsym — _fasym on Q+7 and fsym — fasym on Q_-

Using the above two inequalities in (11.1), we get:

sYm _ sym i sym _( fSYM
,Q‘/\fy o™ < ‘Q_‘/Q\fy ma- (£

2

CE /Q 7o = mau ()]

2

Q™1 Jo-
2

_|_ m /é{» |fasym _ mQ+ (fasym)|

< A Baro@x 0,1))-

<

‘fasym _ in (fasym)‘

Step 2. (treatment of big parabolic cubes)

Consider parabolic cubes Q = @, C R x (0,7T) such that r > % In this case, we compute:

SYm _m sym l sym
oL f)§|Q|/Q|f|

<
|Q| 2I%(0,T)

A

with
Q| ~ N x |21 x (0,T)],
therefore
B, = malF < o (1)
Steps 1 and 2 directly implies the result. O

B1. Proof of Theorem 2.13 (BMO estimate for parabolic equations)
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Let f be a bounded function defined on R x (0,7 satisfying f(x + 2,t) = f(z,t). We
extend the function f to R x R, first by symmetry with respect to the line {t = T'} and
after that by time periodicity of period 27T'; call this function f. Set @ as the solution of
the following equation:

{ﬂtzeﬂm—l-f on R xR, (11.2)

u(x,0) = 0.

We apply the standard result of BM O theory for parabolic equations. Since f € L™ (R x
(0,7)), then f € BMO(R x R;), and hence we obtain that

Ut, Uzy € BMO(R x R4),
with the following estimate:
|l pro®xry) + ezl Brro@xr ) <l fll BMO®XER. ) (11.3)
and hence (from the definition of the BMO space),
luell Brro@x 0,1y + tazll Brro@x o,1)) < C”f”BMO(Rx[Eh)- (11.4)

The BMO theory for parabolic equations, particularly estimate (11.3) is rather classical.
This is due to the fact that the solution of (11.2) can be expressed in terms of the heat
kernel I" defined by:

22
T(z,t) — (dmet) ™12 da for t>0
0 for t<0,

in the following way:
aet)= [ T-gt-9)f€s)dds
RxR+

As a matter of fact, it is shown in [19] that 'y, is a paraboic Calderon-Zygmund kernel
(here we are working in nonhomogeneous metric spaces in which the variable ¢ accounts
for twice the variable x). Therefore I'y, : BMO — BMO is a bounded linear operator.
This result is quite technical and can be adapted from its elliptic version (see [4, Theorem
3.4]). It is less difficult to show that 'y, : L™ — BMO, a bounded linear operator (see
for instance [24, Lemma 3.3]).

Having (11.4) in hands, it remains to show that

I fllBaro@xe.) < ¢ (1 £l Bro®x o1y + marxo.r) (| f])) (11.5)
with ¢ > 0 independent of T. This can be divided into three steps:

Step 1. (treatment of small parabolic cubes)
We consider parabolic cubes @, (o, o), (xo,t0) € R x R4, with

T‘S\/T.
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Let us estimate the term )

Iaul |f - mQrf|'
|Qr| Qr
Assume, without loss of generality, that
T <ty < 2T.

In fact, any other case can be done in a similar way because of the time symmetry of the
function f. Define Q% and Qf,; the above and the below parabolic cubes, as follows:

Q' = Qr (20, T+ 7% and Q° = Q,(x0,T).

Clearly
Qr C (Q? U Ql;) and ’Qr’ = ’Q?‘ = ‘Q?"

We compute:

1 . . 2 . . .
a1 F-madl < o [ 17 -2mef +ngfr
4 - .
< f=—mgfl+ == f—mqef
|Qr| QT| @ | |Qr| QT| i |
4 . .
<
2 -
We remark (from the symmetry-in-time of the function f ) that:
mqaf = mqy [,
and
[ Vi-d= [ 15-d veer
Therefore the above inequalities give that:
0 |/ If —mq, f| < 16| f | Brmro®xr, - (11.6)

Step 2. (treatment of big parabolic cubes)

Consider now parabolic cubes @, CR X Ry, 7> V'T. Because of the symmetry-in-time
of the function f, and its spatial periodicity, we compute:

1 . . 2 .
— <
N
< 2 7,

1Qr| Jarxo,1)
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Where
|Qr| ~ N x |2I x (0,T)|.

Therefore, the above inequalities give:

1 - -
o L V= ma fI < emanam (11D, (1.7)
Step 3. (conclusion)
Combining (11.6) and (11.7), we obtain our result. 0

B2. Sketch of the proof of Theorem 2.16 (a Kozono-Taniuchi parabolic type
inequality)

The proof of the Kozono-Taniuchi parabolic type inequality will be a consequence of the
following theorem where we give an analogue estimate over R, x R;. More precisely, we
have:

Theorem 11.1 (A Kozono-Taniuchi space-time parabolic type inequality)
Let u € C$°(R?), supp u € Qr. Then we have

lulloc 2 < cllull o) (1+108" lullgrroes, +1og" lulyzrge) ., (118)

where
lullz3ro = llullBrmo + [lullLt,

and ¢ = c¢(R) > 0 is a positive constant.

Sketch of the Proof of Theorem 11.1. First, we need to define some notations and
spaces. Let X = (z,t) € R%, we define the parabolic distance of X from the origin by:

X, = (2t + )2 ~ 22 4 |t]. (11.9)
We write the parabolic version of the Littlewood-Paley dyadic decomposition. Let ¢;(X)
be the inverse Fourier transform of the j-th component of the parabolic dyadic decom-

position ¢ = {(ﬁj(f)}‘;‘;o C S(R?), S(R?) is the Schwartz space, with

supp ¢o C {& [€], < 2},

] _ . (11.10)
supp ¢; C {& 271 < |¢l, <271} if jEN, j>1.

Here & = (£,,&) € R%) and we have:
Y46 =1.
0

The Lizorkin-Triebel space F,
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Let y>0. Let 1 <p< oo, 1 <p<oo (orp=o00,1<p<o0). We define the parabolic

Lizorkin-Triebel space by

F,={ue S (R?); |lulg < oo}, (11.11)
where
o 1/p
luall o = [ D2 27771ty il (11.12)
j=0
pR?
The ideas of the proof could be separated into several steps.
Step 1. Let v > 0. We compute:
lulleo < Jullpo |
< D g rul| D] 277207 ¢; x ul
0<j<N s >N o
1/2 1/2
< ||NV/? Z | * ul? + cﬁ,2_“’N Z (2j7|¢j * u|)2
0<j<N Jj>N
o0 o0
1/2 —yN
< NYullpg , + 627N ullgy . (11.13)
where ¢, ~ % Now we optimize (11.13) in N. For each u, we set
lull g
N ~ lOgQW C’YH’% s
s,
we finally obtain
1/2
1. . HUHF;Z /
ulloo < flullpo < cllullpo | 14| —logT mr== - (11.14)
2 % 7% Tullge
Step 2. Using the fact that u € C§°(R?), we get:
g0 * ul < cllul|
and
’(b] * U’ S CHUHBMO7 vj 2 17
and then we obtain: , ,
1/2 1/2
lulzs,, < lularglull (11.15)

Using (11.14) with (11.15), we deduce that:
fullzo

<c(1+4log" ullpr  +log™ ||ullgrs + log™
lull gm0 2
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hence
lulloo < llullpo | < clluliparg (1+ 108" llullp , +1og" lullgrs) - (11.16)
Step 3. (||uHF;O2 < c||uHW§,1, with 0 < v < )

Recall that
1/2

; 2
lull gy, = {| | 3 (277165 # ul)
Jj=0
o

We calculate

<

29 (p; *u)(0) = mj/g&;-{b

. ot
_ 9 I 5 (2

where ¢ is the complex conjugate of ¢;, and u(x) = u(—z). Therefore, from Cauchy-
Schwartz inequality and the fact that

0 =0 if (& +&)"? <27,

| | 2o\ 1/2
2V|pjxul < 207 (/ﬁﬁ) (/ !ﬁlz(éﬁﬂ&\)z)

we obtain:

< ——lul
— 9iz) U|W22’1'
Finally, we get
1/2
1
HU”F;QSCHUHWZZJ Zm ) (11.17)

J=0

where the above series converges since v < %
Step 4. (Conclusion)
Combining (11.16) form Step 2, and (11.17) from Step 3, we get the required result. O

Back to the sketch of the proof of Theorem 2.16. Let v defined on I x (0,7).
Take v as the special extension of the function v defined as follows:

O(z,t) = =3v(—x,t) + dv(—2x/2,t) V—-1<z<0.

The continuation to R x (0,7") is made by spatial periodicity. The extension in time will
be done, first by symmetry with respect to {t = 0}, and after that by time periodicity
of period 2T. Define the two zones Z; and Z5 as follows:

Z1={(x,t); —1/3<x<4/3, =T/3 <t <4T/3},
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and
Zy = {(z,t); —2/3 <2 <5/3, —2T/3 <t < 5T/3}.

Take 1) a cut-off function such that
=1 on 2, and ¥ =0 on R?\ Z,.
Let
U = VY,

we apply Theorem 11.1 to the function u, we get

[0lloo,1r < |0l Br75(R2) (1 +log™ 0¥l 5rro(ge) + log™ |’?~J¢HW22’1(R2)) - (1L18)
The special extension of the function v permits to write:

HZN”/)HW;J(RZ) < CHUHI/VEJ([T)' (11.19)

Moreover, repeating similar arguments as in the proof of Theorem 2.13, Steps 1 and 2,
we can treat relatively small cubes Q° or relatively big cubes Q° for the BMO norm of
HfWHW(RZ)' As a final consequence, we get

1
7 [ 15 = mau )] < Iellgurogy. i € (5.0}

The only new case that we need to take care about is when the cube intersects the zone
25\ Z1 where 1 # 0,1. In this case we use the fact that

[0l Bmo < cllvllBymo + 1091,
which return us to one of the above two cases considered above. Therefore, we obtain
Hf)¢||BMo(R2) < CHUHBMO(]T)- (11.20)

From (11.18), (11.19) and (11.20), the result follows. O
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