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Abstract- The paper presents a numerical and experimesttaly of corona discharge for a blade -plate
configuration. Finite element method (FEM) is used determine the electric potential between the
electrodes and charge conservation equation isesbby the method of characteristics (MOC) to debeem
the charge density. The structured mesh is redgfatesach step of the iterative scheme, the notldsso
structured mesh being the intersection points effigld and equipotential lines. The algorithm pphed for
a simplified injection law at the blade. The nuroalisolutions give results which compare very fasbly
with experimental measurements of the characterirves |-V and of the current density distribation

the plate.
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1 Introduction

We consider the problem of injection of space chaarsgnto an insulating gas through the
corona effect. This space charge modifies the idigion of electrical fieldE which, in turn,
controls the distribution of space charge. Corasah@rges occur on electrodes with a small radius
of curvature (wire, needle tip, blade edge), where the eledthiell takes very high values.

In the usual approach to obtain a numerical satytibe bi-ionized zone is neglected because
its size is very limited compared with the elecw#odpacing. But disregarding the intricate
phenomena occurring in the small discharge zoneeteas with the problem of prescribing the
adequate condition for the ionic charge densityreHee use a so-called injection law which has

proved to give a good approximation of the solufib2].



Most previous numerical models are not really gelnend satisfactory because they are limited
to 2-D configurations with a wire as injecting dtede [3,4,5]. The boundary condition then is
derived from the Kaptzov assumption [1,4] statihgttthe field on the discharging wire remains
equal to the harmonic value it takes at the thrgsholtage of corona discharge. In practice, irs thi
case the electrical field at the injector is ginBnPeek law and the charge density on the wire is
modified in the successive approximations appraatii the computed field approximately takes
the Peek value [3-5].

When the ionising electrode is not a wire (for amste, a needle or a blade), the electric field on
the injecting electrode is far from being constand it is necessary to distinguish the ionising and
the non ionising zones. A few works for 3-D configiions [6-8] apply a generalized Kaptzov
approximation by imposing a non zero charge dermityhe injecting electrode only in the region
where the field exceeds the Peek value. Other wdysletermining the charge density by
considering the discharge phenomenon have also dcmesidered [1]. There was also a particular
approach modifying the charge density on the imegctlectrode in order to obtain a computed
current equal to the measured one [9]. For thelpmolzonsidered here, we use the most satisfying
boundary condition concerning the charge densityheninjector, i.e. an injection law giving the
charge density [1,2].

On another hand, the numerical methods used tondieie the charge density are generally
applied working with a structured mesh which remaimnchanged during all the iterative
computation. This introduces a numerical diffuswamch can be most detrimental in the case of a
needle or a blade as injecting electrode [8,9],abse of the strong gradients in the charge
distribution resulting from the peculiarities ofrooa discharges on such injecting electrodes. We
focus here on a much more accurate numerical tqobnio solve the problem; this technique
consists in redefining the mesh at each iteratiep. 3Vhen combined with a simple injection law, it

gives solutions which fairly well correspond to #iagerimental observations.

2 Formulation of the problem

The two coupled equations, Poisson Eg. (1) andgehaonservation Eqg. (2), governing the

electrical potential/ and the charge densipyof the injected ionic species in the drift zone:ar
OV = -ple (1)
0j=0 (2)

whereeg is the gas permittivity. The expression of the entrdensityjis:j=cE + p(u+KE) -

DOp , whereD denotes the ions diffusion constalBt= — [IV the electrical fieldg the medium



conductivity,K the mobility of charge carriers andthe velocity field of the medium. In gases the
medium conductivity is extremely small and we take= 0. The densities of diffusion currggg
and convection currenon are negligible when compared with the drift cutrdansityjqri [10].
Indeed, the orders of magnitude of the diffusionrent density jqixz ~ D p/d and of the drift
current density fait ~ K p Vapp/d , combined with the Einstein relatiod/K = ksT/e lead to :

i kT 0 1
Jain €V, 40V,

appl appl

~10° for T=20°C andV

appl

~ 25kV 3)

Here kg is the Boltzmann constanl, the absolute temperature,the elementary charge afg
the applied voltage. The order of magnitude of t@vection current density iSjeonv~ p Up Where
Up Is the typical gas velocity ; a value af characterizing the gas convection induced by the
Coulomb force acting on the space charge can ksnalot by balancing the expressions of kinetic
and electrostatic energy densities [10] : (WE O (1/2) pgas U’ = Uo ~ (&pgad™? E ; we thus

obtain pgas: gas density) :

b L& g0 (4)

J drift KE K pgas

J conv -

for air at atmospheric pressure. Therefore the nukensity expression simplifies info= K p E.

Then Eq. (2) writed1.(pE) = p0.E + E.[lp = 0 and by usinge =- OV and relation (1) we obtain :
1 1
EDE) = = (5)
p £

The boundary conditions associated with (1) ar®iothlet type on the electrodes. Only one
boundary condition concerning can be associated with (2) : as justified in [1{Pg retained
condition must prescribe the charge density atrtjgetor. An injection law should be derived from
an analysis of the bi-ionized zone. In practicés wvell known that the number of electrons andsion
created by the ionizing electronic avalanches es@e very dramatically with the field valee®nce
E exceeds the threshold fiel, of corona discharge. It is the reason why Kaptimomulated his
assumption stating that, for an applied voltagg, above the threshold valué, of corona
discharge, the electrical field at the injectingattode remains unchanged and equal to its harmonic
value atVy, [1,3,4,7]. The simplest injection law compatibléthwthe Kaptzov assumption and

accounting for the observed phenomena is [2] :

Pnj (M) = ATE(M) - En]  for E(M)>Emn (6)



with A taking high values. This relation holds &egy pointM of the injecting electrode where the
field E(M) is greater than the threshold fiédgl for corona inceptiond, (M) = 0 whenE(M) < Eg).
We consider here the 2-D problem of a blade faaipdpte, with the blade radius of curvature
being small compared with the distarttdetween blade and plate. The numerical study hvill
done in the domain limited by the two electrodés &xis of symmetry and a field line of the
harmonic solution taken as the outer boundary efgbometry (this outer field line is chosen far
enough in order the solution in the charged zonadigerturbed by the approximation restricting

the domain of integration [11,12]). We will work ¢ime non dimensional equations :

O = - p. 7)

E.D(i) =1 (8)
P

The boundary conditions for the potential 3igde = 1, Vpiae = 0 and the Neumann condition
oVlon = 0 on the axis of symmetry and on the outer bounflak,12]. The boundary condition for
p is given by the injection law analogous to (6),endA is now a non dimensional constant and
A>> 1.

3 Numerical methods

The two coupled equations (7) and (8) are solvedjsaial, by successive approximations [2-
12]. For a giveno (distribution ofp at the iteration stek), the new potential/k+; is obtained by
solving Eq. (7). With the new field distributiomlging Eq. (8) gives a charge density distribution
Pk+1. For low enough injection level, we can taig; = pk+1, but for strong injection, in order to
avoid instability during the iteration, it is nesasy to use an under-relaxation procedure with the

parametew such that 0 «v< 1 [2,9-12] :

P = (LW) O+ W O )

A structured mesh was used whose nodes are thsant®n points of selected electrical field
lines and equipotential lines (Fig. 1). The potandiistributionV is determined by solving Poisson
equation (7) with the finite element method (FEMJicst order applied on the triangular structured
mesh [10-12]; the triangles are obtained by digdithe quadrangles which are formed by the
intersecting electrical field and equipotentiaksn(Fig. 1).

Two methods were tested to solve the charge coas@nvequation, the finite volume method
(FVM) and the method of characteristics (MOC). ThéM (applied on the fornil.(pE) = 0 of

the charge conservation equation) always givescal Iminimum of the charge density on the

symmetry axis [10,11]. When working on a fixed mgsk. not changed during the iterative



scheme), the solution is close to the one obtaimgdusing the MOC and exhibits the same
smoothing ofp at the lateral boundaries of the space charge 2doeeover, when redefining the
mesh at each iteration step (as it is explaineovielthe FVM is very sensitive to the mesh changes
and this makes it necessary to take a very smhiewaf the under-relaxation facten.

The second technique to solve (8) is the methathafacteristics (MOC) which is well suited
for hyperbolic equations and has been used exteysiv the space charge problem [8;30-12].
In this method, we follow the charge along a file from an initial point on the blade up to the
plate. In order to illustrate the phenomenon of atioal diffusion occurring when discretizing (8)
on a fixed structured mesh, let us consider thepldiied case depicted on Fig. 2 (rectangle with
local Ox andOy axes). The charge carriers leave the plignand drift along the characteristic line
to the pointM; during this movement the space charge densigffected by the fieldE and by
space charge self-repulsion. By discretizing (8jlensegment M (see Fig. 2), we obtain :

1 _ 1 _ Dpy

Pwm Pwm, Ex

(10)

whereDpy is the distance between points P and M Bpds thex-component of the field. The
linear interpolation of the function 4/ between points P and T leads to the followingresgion
(formulation MC1) with an adequate fact@{10] :

Frl e Rl e R (1)
We consider the most difficult problem of a rectalag distribution of injected charge on the blade
: pinj = pmaxZ O for the curvilinear abscissa</ and piyj =0 for s>, 4 characterizing the width
of the ionising zone on the blade. In the case> 0 andor = 0, we obtainay = 0 from (11). This
means that the computed charged zone is restriryed particular field line of the harmonic
solution as sketched by Fig. 3 (this field linelwibt change during the iterative procedure). Tiis
course results in the corona current between kdadeplate not being conserved and in the absence
of spreading of the space charge (a better treatmenld be to determine the separatrix between
charged and charge free zones and, hence, to tékndiscretization scheme). We tried another
way by making an interpolation — the correspondinbgeme is denoted MC2 — on the functmn
instead of 16[10,11] :

1 _ 1 , Deu
v A-a)pp + apr Ex

(12)

With this formula we have nowy # 0 and it is found that the corona current is welhserved

[11]. But the width of the charged zone is lardeairt the real one (see the continuous field line



delineating the real charge zone on Fig. 3) argletsy to see that the distribution of charge ithens
is smoothed and looks similar to the one which wanist with a strong diffusion effect. It is the
reason why we call “numerical diffusion” this effeaf smoothing of strong lateral gradients
induced by the approximations made in the disa&tn scheme.

Most approaches to solve the problem of space ehafgcted by corona discharge are using
discretization schemes which introduce such a nigadediffusion. Only one previously published
method is correct and does not introduce a numetitfasion [8]. This method consists in solving
the Poisson equation by the FEM, always on the ssimetured mesh, but determining the charge
density distribution by drawing a great number dfamcteristic lines and calculating at
numerous nodes on these characteristic lines (§omal mesh) ; the charge density at the nodes of
the FEM mesh is then obtained by interpolation ftbevalues op at the nodes of the provisional
mesh [8] This algorithm eliminates the numerical diffusiontlit requires a great number of
provisional nodes and a long computation time t@aiobthe solution.

We proposed a different approach [10-12] with aaptide mesh. At every iteration step, once
a new potential distributioNy.1 has been determined, a new mesh is defined wimdes are the
intersections of the field lines and equipoteniias relative tovk+;. In this way solving eq. (8) is
elementary because (8) on the field lines reduzes tordinary differential equation. For successive
nodes lying on a same field line, referring to Agwe simply have :

1 _ 1, Deu

wth  E =P "Vm

(13)
Pm  Pp E Dpwm

4  Mesh redefinition

The technique of mesh redefinition was first depebb in the case of a well defined charge
density distributiona,; on the blade. The first key point in the procedisrto determine the field
lines. By using the linear representation of theéeptal in the triangles of the FEM mesh,
difficulties are faced because of the discontinuchsracter of the associated field distribution. To
illustrate these difficulties, let us consider ffitse problem when keeping unchanged the nodes on
the blade which are the starting points of the field lines to be determined. Each starting node
belongs to 3 triangles of the former mesh and wailshmake a choice between the 3 possible
fields. Other difficulties induced by the disconitity of electrical field also arise when the neeldi
line crosses a lateral side between two trianglisgttempts to overcome these difficulties did not
prevent the algorithm from diverging. In order vk a smoother field distribution, we worked on
guadrangles. In practice, a local value of thedfiehs derived from a linear representation of the

potential on two laterally adjacent quadranglesgisi weighted least square formulation [10] (the



weight of each of the six nodes is a function @& thistance between the node and the field line).
Once the new field lines are determined, the nedesocon them are obtained from prescribed
values of the electric potential [10]. In this w#ye algorithm converges and gives reasonable
approximate solutions provided the level of injecgpace charge is moderate enoyghx(< 10).

In the casemax > 10, after a limited number of iterations (8 @ @pending also ow), the field
lines tend to accumulate near the boundary of tla@ged zone because of the strong divergence of
the field lines in the zone of high space chardg. (# and the algorithm diverges [11].

We therefore turned towards the redefinition of tlmeles on the blade which constitutes the
second key point of the procedure of mesh redeimitThis operation is not eadecause the
stability and convergence of the whole algorithm aery sensitive to the nodes distribution on the
blade. In order to obtain a mesh which is bothicgffitly regular and refined enough in the vicinity
of the blade edge, we imposed the condition trafidid lines arrive very close to the arrival pgsin
of the harmonic field lines (initial mesh) on thiate. A procedure was developed (including an
under-relaxation and severe bounds) to have apmgressive evolution of the set of nodes on the
blade (and hence in the whole domain) [10].

The convergence to the numerical solution is tHew @nd the under-relaxation (9) between
two successive approximations of the charge derdigyribution must be moderated (14). In
practice for strong injection as it is the case mheing the injection law, the following expression
was used for the interpolation factey :

W, = W tan}{ K J (14)
Nrelax

wherek is the iteration numbery, is the maximum value (typicallwp ~ 0.1) andneax is a

constant ranging from 20 to 50. A suitable choi€¢he initial mesh, of the two under-relaxation
factors and other parameters leads to a good cgenee [10] : the mean differenden, between
two successive approximations @f becomes lower than faafter 80 to 100 iterations for a given
(strong) distributiorp,; on the blade and a limited total number of ng@&s. ~ 1200). A criterion

to evaluate the degree of approximation of the migalesolution is the conservation of total current
from one electrode to the other. The relative déifice between the currents calculated on the two
electrodes is lower than 0.02 in the chigg) ~ 1200 and decreases withya).

5 Some numerical results

The algorithm based on FEM, MOC and mesh redefimitas described in the preceding
sections has been applied to determine the sokitidren using the injection law (6). Because of

the stabilizing nature of the interplay betwéeandp , the use of (6) does not basically modify the



conditions of convergence of the iterative numerstdaeme and only an adjustment of the various
parameters is required. Typically, in the case tifim blade {/d ~ 0.015), for A valueg 50, about
120 iterations are sufficient to obtain a good @mgence (mean differendia, < 10™).

Fig. 5-a shows the field lines obtained in the ipatar case/d 00.012, Vapp/Vin = 1.4 and A =
100. In the charged zone close enough to the lddde, the curvature of the field lines is positive
and opposite to the curvature of the harmonic flelds. This is due to the strong space charge
effect in this region (Coulomb repulsion). We cae ®n the strongly magnified picture around the
blade edge (Fig. 5-b) that the redefinition of tiweles on the blade finally leads to field linesyver
close to each other in the injecting zone and mmncite distant on the blade section without
injection. We also see that the injection is restd to a very narrow part on the hemi cylindrical
edge of the blade (Fig. 5-b).

The current-voltage characteristic curves obtawmbdn using the injection law (6) are shown
on Fig. 6 for 3 values of the parameter A. Theseasihave a shape fully similar with the one of
the measured characteristics and the comparis@emed in the next section will show the very
good adequacy of the retained injection law to antdor the experimental results. We also note
from Fig. 6 that the parameter A has a very smdlliénce on the prediction of the total current

The distributions of electric field and charge dgnat the blade are a little more sensitive on
the A value. Close to the symmetry axis, from (6lsiclear that, to a rough approximation, the
differenceE - Ey, is inversely proportional to A (Fig. 7-a); thigdre also shows that for an applied
voltage at least two times greater than the inoepioltage of corona discharge, the fi@ldakes
nearly constant values in the injecting zone. Thituénce of A is most noticeable on the
distributions of injected charge denspy; ; there is a small increase with A of the maximpam
value; Fig. 7-b shows that the,; distribution tends to become more and more flaenviA is
increased with a more and more marked decreass, dhggesting a shape evolution toward a
rectangular profile as A, oo.

Fig. 8 shows the distribution of current densitypn the collecting plate (the corresponding
dimensional variable is in A/m). The parameter A laalimited influence on these calculatéd
distributionsJ slightly increasing when A is increased; but aswldth of the charged zone slightly
decreases, the total current calculated on the plas a very limited increase with A (see Fig. 6).
The strong gradient in the injected charge derdigribution on the blade is well conserved in the
charge and current distributions on the plate. durges of Fig. 8 clearly show that themaximum

value and the width of the charged zone increasnwie applied voltage is increased.



6 Experimental Study

An experimental study has been performed in ordezompare the computed solutions with
measurements. In most of the previous studies,atltbors tested their numerical solutions by
comparing the current-voltage characteristics ofiilyis is not a really valuable test because the
current is a global variable which can hide strdegartures in the distributions of field and charge
density. Here we intend to compare variables rélatgh the charge density distributign The
simplest way to obtain information gnis to examine the current density on the plate.

We used a simple test set-up (Fig. 9) with a blafdengthJ35 cm and thicknessage = 0.3
mm, rounded at the edge in order to have a shaplses as possible to a hemi cylinder (radius of
curvaturer = 0.15 mm). The collecting plate has been cutvn parts between which thin metallic
foils were inserted (Fig. 9). The central smallnglated electrode, insulated from the two halves of
the plate, is parallel to the blade and its effectrea is 12 mm x 0.6 mm (within a few percent).
The current captured by this small electrode enables to oldanery good approximation of the
current density on the plate because the widthhisf thin electrode is small compared with the
distanced (Fig. 9). The measurement of the current densgyribution on the plate was made easy
through the use of a translation table moving tlagld parallel to the plate (at constant distafjce
and in the direction normal to the blade.

For negative polarity of the blade, the corona lisge is inhomogeneous and unstable along
the blade edge (tuft corona). It is the reason thieystudy was carried out with corona discharge of
positive polarity. The characteristic curdeég were measured for different values of the distahc
(Fig. 10). We can determine the corona inceptidiage Vy, from these curvesVy, [120.4 kV ford
= 2.45 cm,Vy, 018.7 kV ford = 1.8 cm andvy, 0 15.5 kV ford = 1.2 cm. Note that the mean
electrical field could take values up to 20 kV/arather high value in air at atmospheric pressure.
As it is well known, several physical parametefffugnce the corona discharge in atmospheric air :
temperature, pressure, humidity. We observed teasiope of the curvady = f(V), proportional to
the ions mobility, as well as the inception voltage varied from one day to another day. By
comparing the results obtained during differentsjaye concluded that the mobiliky of charge
carriers could vary by up to about 10% dependingh@nenvironment parameters. Therefore all
necessary measurements corresponding to a givele wdlthe distance were carried out in the
shortest possible time.

Fig. 11 shows typical variations of the measurederui captured by the small electrode as a
function of the normalized abscissa on the plate. The profiles of Fig. 11 exhibit aodo

symmetry as expected. The charged zone is welrrdated by the current density on the plate



which is zero outside this charged zone. From Flg.it is clear that the width of the space charge
zone on the plate increases with the applied vellag takes limited values €); this indicates that
the width of the injecting zone on the blade edyeery restricted. We also note on the profiles a
steep decrease of the current down to zero attaircelistance (the smoothing is partly due to the
finite width of the measuring electrode). This gtelecrease is the image of the quasi-discontinuity
of the charge injection intensity on the blade.ali by comparing with similar current density
profiles obtained in the needle-plate configuratibappears that in the blade-plate case, theespac

charge does not spread largely and the currenitgeltes not exhibit a Warburg-like distribution.

7 Comparison with computed solutions

Quialitatively, the numerical results are very sanilo the measurements as concerns the |-V
curves (see Figs. 6 and 10) and the current depifites on the plate (see Figs. 8 and 11). Ireord
to have quantitative comparisons, numerical sohstizvere determined for this configuration of a
blade with cylindrical edge (radius of curvature 0.15 mm) facing the plate (at distard)eby
using the technique of mesh redefinition as desdrilm 84. Several parameters involved in the
mesh redefinition had to be adequately adjuste¢dk® into account the effect of the blade thinness.

For the first measured distande=1.2 cm, the variations of the measured rafiG,, as a
function of Vapp give a nearly perfect straight line (Fig. 12) lre timited range of applied voltage
[Vin, 1.6 V). The computed current values also exhibit a \iergar variation (Fig. 12). The very
good agreement between the measured and compstéts iteas been obtained here by retaining for
the mobility of positive charge carriers the valie 2.1 16" m¥V.s which is quite similar to the
published values of mobility of positive ions geasterd by corona discharge in air. For the second
measured distancel £1.8 cm) we obtained again a very good agreemetwden computed and
measured values tfV with a slightly different mobility valu& = 2.03 10" m%V.s. This agreement
gives a first test for the validity of the injeatitaw used in the numerical modelling.

The second test concerns the current density orpldte which is a much more sensitive
variable. Figs. 13 and 14 show that the measurddesaof the current density (made non
dimensional by using in particular the above deteations ofK), agree reasonably well with the
computed ones. The shapes are similar and exhgigep decrease at the boundary of the charged
zone. The difference in the zones of steep decraases partly from the widtByone Of the small
probe electrode which would convert a real discanty of current density into a linear decrease
over a narrow interval of widtkyone The width of space charge zone appears to bly fagll
predicted by numerical calculations. The level af the central zone is also very well predicted by
the computation in the case of applied volt¥gg moderately abov¥;, (Figs. 13 and 14).



There are nevertheless some differences in theesbfagalculated and measured current density
curves. The characteristic width of the zone of strong dase of the measurddbetween10.05
and 0.1) is clearly larger than the electrode wietlne and, very likely, this arises from the
equivalent distribution on the blade induced by tbeona discharge. Otherwise, @5, values
significantly higher thavy,, the shape of measured current density is more dlcan the computed
one. This might partly arise from the shape of fede edge which probably differs from the
perfect hemi cylinder retained in the numerical elo@ut there is another possible reason for the
obtained shape : with positive corona dischargeetigea marked tendency to induce intermittent
streamers of limited length; the bi-ionised zonealisicharge should then induce a deformation of
the time averaged field and a kind of extensionhef electrode, thus resulting in the rather acute

current density profiles as visible on Fig. 11 ¥Qp, above about 23 kV.

8 Conclusions

The numerical code using the techniques MOC and Rt redefinition of the structured
mesh defines an algorithm which converges well gimds the solution of the problem of the field
modified by an injected space charge. The meshfirgien is very interesting because the
solutions can exhibit strong lateral gradients pace charge; moreover this technique gives
immediately the equipotential and field lines.

We have proposed a simplified injection law whishqualitatively well justified for corona
discharge on electrodes other than wires and wieiatis to solutions looking very similar to the
observations. In the particular configuration oftran blade facing a plate, with the retained
injection law, the algorithm gives solutions whiclry satisfactorily predict the variations of the
total current and the profiles of current density the plate as measured for a positive corona
discharge on the blade.

The particular technique of mesh redefinition sdoloé extended without major difficulty to
axisymmetrical configurations like the so-calledrppgplane electrodes system. The generalization
of the algorithm to real three-dimensional electrambnfigurations would be very interesting for
several applications, but this generalization rsfifam being straightforward and requires detailed

investigations.
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Fig. 6— Normalized characteristic |-V, for a thin blaa&d(= 0.01), calculated for several values
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Fig. 9 Schematic view of the blade-plate experimentafigaration.
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