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1 Introduction

Let  be the upper half plane {(z,y) € R* 2 > 0,y € R}. Define the Laplacian on €2 to be
Ap =02+ (1+ x)@j, together with Dirichlet boundary conditions on 9€2: one may easily
see that 2, with the metric inherited from Ap, is a strictly convex domain. We shall prove
that, in such a domain 2, Strichartz estimates for the wave equation suffer losses when
compared to the usual case 0 = R?, at least for a subset of the usual range of indices. Our
construction is microlocal in nature; in [[]] we prove that the same result holds true for
any regular domain 2 C R? d = 2, 3,4, provided there exists a point in 7*9€) where the
boundary is microlocally strictly convex.

Definition 1.1. Let q,r > 2, (¢, 7, ) # (2,00,1). A pair (g, r) is called a-admissible if

_l_

= e

«
< — 1.1
<2 (1)

=

and sharp a-admissible whenever equality holds in ([[.])). For a given dimension d, a pair
(q,r) will be wave-admissible if d > 2 and (q,r) is %—admissible; it will be Schréodinger-
admissible if d > 1 and (q,r) is sharp g—admissible. Finally, notice that the endpoint
(2, 22) is sharp a-admissible when a > 1.

When o = 1 the endpoint pairs are inadmissible and the endpoint estimates for wave
equation (d = 3) and Schrodinger equation (d = 2) are known to fail: one obtains a
logarithmic loss of derivatives which gives Strichartz estimates with € losses.

Our main result reads as follows:
Theorem 1.2. Let (q,7) be a sharp wave-admissible pair in dimension d = 2 with 4 < r <

oo. There exist 1; € C3°(R) and for every small € > 0 there exist ¢ > 0 and sequences
Vije € C®(Q), j = 0,1 with ¥;(hDy)Vhje = Vije (meaning that Vi, . are localized at
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frequency 1/h), such that the solution Vj . to the wave equation with Dirichlet boundary
conditions

(07 = Ap)Vie =0, Vicdpnxon =0, Vidico=Vioer OVielimo = Vi (1.2)

satisfies
hs,tlfo(HVh’O’E||H2(%7%)7%+%(%7%)726(Q) + ||Vh7l,e||Hz(%—%)—%+%(%f%)f2571(9)) <1 (1.3)
and
ln (Vi el| 0,17, () = 00 (1.4)

Moreover Vi, . has compact support for x in (0, h%] and is well localized at spatial frequency
1/h; hence, the left hand side in ([.J) is equivalent to

_3(l_1y_ 1.1 1y,o.
h2G—r)—e(z—)+2 (||Vh7075||L2(Q) + hIIVh,l,eHLz(Q))-

Remark 1.3. In this paper we are rather interested in negative results: Theorem [. shows
that for » > 4 losses of derivatives are unavoidable for Strichartz estimates, and more
specifically a regularity loss of at least %(i — %) occurs when compared to the free case.

Remark 1.4. The key feature of the domain leading to the counterexample is the strict-
convexity of the boundary, i.e. the presence of gliding rays, or highly-multiply reflected
geodesics. The particular manifold studied in this paper is one for which the eigenmodes
are explicitly in terms of Airy’s functions and the phases for the oscillatory integrals to be
evaluated have precise form. In a forthcoming work [[]] we construct examples for general
manifolds with a gliding ray, but the heart of the matter is well illustrated by this particular
example which generalizes using Melrose’s equivalence of glancing hypersurfaces theorem.

We now recall known results in R?. Let A, denote the Laplace operator in the flat
space RY. Strichartz estimates read as follows (see [[[0]):

Proposition 1.5. Let d > 2, (q,7) be wave-admissible and consider u, solution to the wave
equation

(0?2 — Agu(t,z) =0, (t,z) ERXRY  wulmg = uo, Ott]mo = uy (1.5)
for ug,u; € C=(R?); then there is a constant C' such that

). (1.6)

Proposition 1.6. Let d > 1, (q,7) be Schrodinger-admissible pair and u, solution to the
Schrodinger equation

(10, + Agu(t,z) =0, (t,x) e R xR ul—g = uo, (1.7)

HUHL‘Z(R,LT(Rd)) < C(HUOHHd(%f%)f%(Rd) + [Jua] .

for ug € C°(RY); then there is a constant C' such that

[ull Lo, ey < Clluol|p2ra)- (1.8)
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Strichartz estimates in the context of the wave and Schrodinger equations have a long
history, beginning with Strichartz pioneering work [[7]], where he proved the particular
case ¢ = r for the wave and (classical) Schrodinger equations. This was later generalized
to mixed L{L! norms by Ginibre and Velo [[] for Schrédinger equations, where (g, r) is
sharp admissible and ¢ > 2; the wave estimates were obtained independently by Ginibre-
Velo [ and Lindblad-Sogge [[], following earlier work by Kapitanski [§]. The remaining
endpoints for both equations were finally settled by Keel and Tao [[L0].

For a manifold with smooth, strictly geodesically concave boundary, the Melrose and
Taylor parametrix yields the Strichartz estimates for the wave equation with Dirichlet
boundary condition (not including the endpoints) as shown in the paper of Smith and
Sogge [[5]. If the concavity assumption is removed, however, the presence of multiply
reflecting geodesic and their limits, gliding rays, prevent the construction of a similar
parametrix!

In [f], Koch, Smith and Tataru obtained "log-loss” estimates for the spectral clusters on
compact manifolds without boundary. Recently, Burq, Lebeau and Planchon [P established
Strichartz type inequalities on a manifold with boundary using the L" () estimates for the
spectral projectors obtained by Smith and Sogge [[f]. The range of indices (¢,r) that
can be obtained in this manner, however, is restricted by the allowed range of r in the
squarefunction estimate for the wave equation, which control the norm of w in the space
L"(Q, L*(=T,T)), T > 0 (see [[[f). In dimension 3, for example, this restricts the indices
to ¢, > 5. The work of Blair, Smith and Sogge [l expands the range of indices ¢ and r
obtained in [J]: specifically, they show that if 2 is a compact manifold with boundary and
(q,r, ) is a triple satisfying

1 d d
—+o=2-5
q r© 2
together with the restriction
pdlcdd d<y
Liict Tazy,

then the Strichartz estimates (R.4) hold true for solutions u to the wave equation ([.3)
satisfying Dirichlet or Neumann homogeneous boundary conditions, with a constant C'
depending on € and 7.

Remark 1.7. Notice that Theorem [[.7 states for instance that the scale-invariant Strichartz
estimates fail for % + % > %, whereas the result of Blair, Smith and Sogge states that such
estimates hold if %—i—% < % Of course, the counterexample places a lower bound on the loss
for such indices (¢, 7), and the work [l] would place some upper bounds, but this concise

statement shows one explicit gap in our knowledge that remains to be filled.

A very interesting and natural question would be to determine the sharp range of
exponents for the Strichartz estimates in any dimension d > 2!

A classical way to prove Strichartz inequalities is to use dispersive estimates (see (B.3))).
The fact that weakened dispersive estimates can still imply optimal (and scale invariant)



1 INTRODUCTION 4

Strichartz estimates for the solution of the wave equation was first noticed by Lebeau:
in [ he proved dispersive estimates with losses (which turned out to be optimal) for
the wave equation inside a strictly convex domain from which he deduced Strichartz type
estimates without losses but for indices (g, r) satisfying ([J]) with @ = 1 in dimension 2.
A natural strategy for proving Theorem [[. would be to use the Rayleigh whispering
gallery modes which accumulate their energy near the boundary, contributing to large L”
norms. Applying the semi-classical Schrodinger evolution shows that a loss of %(% — %)
derivatives is necessary for the Strichartz estimates. However, when dealing with the wave
operator this strategy fails as the gallery modes satisfy the Strichartz estimates of the free

space:
Theorem 1.8. Let d > 2 and let Ay_; denote the Laplace operator in R, Let

d—1
Ap =02+ (1+2)Agy, where A=Y 0. (1.9)

J=1

Let ¢ € ORI\ {0}), k > 1 and ug € Ei(Q), where Ex(Q) is to be later defined by
(B.10).

1. Let (q,r) be a Schridinger-admissible pair in dimension d with ¢ > 2 and consider
the semi-classical Schrodinger equation with Dirichlet boundary condition

h 2
- =U, =0, -0 = y . .
(zﬁt —h*Ap)u =0, ulsga =0, uli=0 = (hD,)ug (1.10)

Then u satisfies the following Strichartz estimates with a loss,

_(dy 1yl 1
[l Laqo.o) 2y S BT |ulizol L2(q)- (1.11)

Moreover, the bounds ([[.I1]) are optimal.

2. Let (q,7) be a wave-admissible pair in dimension d with ¢ > 2 and consider the wave
equation with Dirichlet boundary conditions

(0} = Ap)u=0, ulogg =0, ulimo=(hD,)uy, Osul—o = 0. (1.12)
Then the solution u of ([L12) satisfies
lallzaozncry S B4 ulimoll 2. (1.13)
Remark 1.9. We prove Theorem [[.§ for the model case of the half-space
Q={r>0, ycR™}

where the Laplacian Ap was defined by ([[.9). Tt is very likely that, using the parametrix
introduced by Eskin [J], we could obtain the same result for general operators.
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Notice that if the initial data ug belongs to Ej(2) for some k£ > 1 then the solution
u(t, z,y) to (L.IO) localized in frequency at the level 1/h is given by

1 i
ta.) = iy [ it an/han,

therefor '

Aty n/h) = MOy (m)ag(x,n/h),
where A\.(n) = [n|?> + wi|n|*? and do(x,n/h) = Ai(|n|*32/h*3 — w;) is the eigenfunction
of =Ap, = =02+ (1 + x)n* corresponding to the eigenvalue \j.

Theorem shows that the method we used for the Schrédinger equation cannot yield
Theorem [[.4. We will proceed in a different manner, using co-normal waves with multiply
reflected cusps at the boundary (see Figure [I]).

The paper is organized as follows: in Section f we will use gallery modes in order to

prove Theorem [[.§; in Section | we prove Theorem [[.3. Finally, the Appendix collects
several useful results.

Acknowledgements

The author would like to thank Gilles Lebeau who gave the initial idea of this work and
guided her from idea to achievement and Nicolas Burq for helpful conversations. The
author is also indebted to the referees for their remarks. The author was supported by the
A.N.R. grant 07-BLAN-0250.

2 Whispering gallery modes

2.1 Strichartz inequalities

Let n > 2,0 < Ty < oo, ¥(§) € C5°(R™\ {0}) and let G : R® — R be a smooth function
G € C near the support of ¥. Let ug € L*(R™) and h € (0, 1] and consider the following
semi-classical problem

ihOyu — G(%D)u =0, uli—o=V(hD)uy. (2.1)

If we denote by e~ %€ the linear flow, the solution of (1) writes

HOYBD)un(a) = s [ RO (€ (e 22)
Let ¢ € (2,00], 7 € [2,00] and set
1 1 1 1 1
6204(5—;)7 f=mn-a)g—-) (2.3)
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n

Remark 2.1. Notice that the pair (g,r) is Schrédinger-admissible in dimension n if o = %

and wave admissible if o« = "T_l

With the notations in (P-3) the Strichartz inequalities for (B7]]) read as follows

it

W \le™w S (hD)uo|| Lago,10), 1 @@y < Cllo(hD)uo]| p2gny- (2.4)

The classical way to prove (B.4) is to use dispersive inequalities which read as follows

_it n t
le™ " S (hD Yol e @ny S (27h) "y n () [ (BD Yol 1 ) (2.5)

for t € [0, Tp], where we set

V() = sup | [ eAEEDy(€)de]. (2.6)

zeR"
In Section f.1] of the Appendix we prove the following;:

Lemma 2.2. Let o > 0 and (q,r) be an a-admissible pair in dimension n with ¢ > 2. Let 3
be given by [E3). If the solution e~ v (p(hD)ug) of () satisfies the dispersive estimates
(BA) for some function v, : R — Ry, then there exists some C' > 0 independent of h
such that the following inequality holds

hfﬁ||€_%G'¢}(hD)u0||Lq((0’TOLLr(Rn)) S C( sup so‘%ﬁ(s))) ||u0||L2(Rn). (27)

s€(0,32)

N
3=

2.2 Gallery modes

Let Q = {(z,y) € R%z > 0,y € R¥'} denote the half-space R% with the Laplacian given
by ([L9) with Dirichlet boundary condition on 0f2. Taking the Fourier transform in the
y-variable gives

— Apy ==+ (1+ )l (2.5)

For n # 0, —Ap,, is a self-adjoint, positive operator on L*(R.) with compact resolvent.
Indeed, the potential V(z,n) = (1 + z)n? is bounded from below, it is continuous and
lim, . V(z,n) = co. Thus one can consider the form associated to —9% + V' (z,n),

Qu) = />0 [0p0*+V (&, m)|v*dz,  D(Q) = Hy(Ry)n{v € LA(R+), (1+2)'*v € LA(Ry))},

which is clearly symmetric, closed and bounded from below. If ¢ > 1 is chosen such that
—Ap, + ¢ is invertible, then (—Ap, + ¢)~! sends L*(R,) in D(Q) and we deduce that
(=Ap, +¢)7! is also a (self-adjoint) compact operator. The last assertion follows from
the compact inclusion

D(Q) = {v|d,w, (1 + 2)Y%v € L*(R,),v(0) = 0} — L*(R,).
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We deduce that there exists a base of eigenfunctions vy of —Ap , associated to a sequence
of eigenvalues \(n) — oo. From —Ap v = A we obtain 9%v = (n? —A+zn*)v, v(0,n) = 0
and after a change of variables we find the eigenfunctions

vz, m) = Ai(ln]iz — wy), (2.9)

where (—wy)r are the zeros of Airy’s function in decreasing order. The corresponding
cigenvalues are A, (1) = |n]% + wi|n|3.

Definition 2.3. For z > 0 let Ex(Q2) be the closure in L*(Q) of

(utea0) = s [ maillie - wéladn o € SEDL (210

where S(R?71) is the Schwartz space of rapidly decreasing functions,
SR = {f € C*R"|[|2*D f|| pooma-1) < 00 Ve, 3 € N*~1},

For k fixed, a function u € E(Q2) is called whispering gallery mode. Moreover, a function
u € Fi(2) satisfies

(0% + 2Ag_1 — wi|Ag_i|F)u = 0. (2.11)
Remark 2.4. We have the decomposition

L*(Q) = P Eu(Q).

Indeed, from the discussion above one can easily see that (Fx(£2))x are closed, orthogonal
and that U () is a total family (i.e. that the vector space spanned by Uy E(2) is dense
in L?(Q)).

In Section [.J of the Appendix we prove the following:

Lemma 2.5. Let 1, 1y, ¢y € C°(R¥™1\ {0}) be such that 1110 = 1y and ¥py = 1) and
let o € C°(REY). Fiz k> 1 and let u € E,(Q) be the function associated to o in Ey(2).
Forr € [1,00] there exist Cy, Cy > 0 such that

2
Cillr(hDy) el e a1y < W75 [ (hDy)ull 1, xra-1) < Collp2(ADy) @l prma-1y.  (2.12)
As a consequence of Lemma P.J we have

Corollary 2.6. Let ¢p € S(R*Y), k> 1 and ug € E(Q) be such that

wla) = e [ il - w)dnin 213

In order to prove Theorem[I.§ we shall reduce the problem to the study of Strichartz type es-
timates for a problem with initial data @o. More precisely, from Lemma 2. we immediately
deduce the following
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1. if w solves ([.I0) with initial data (hDy)ug, where ug is given by (B.13) then in
order to prove that one can’t do better than ([L11)) it is enough to establish that the
solution ¢ to

h 2
;at@ - hz(Ad—l - Wk|Ad—1|§)SO =0, 90‘1‘:0 = ¢(hDy)¢0- (2-14)

satisfies the following Strichartz type estimates

1
el Lago, 1], L7 (ra-1)) < ch™ "G |19 (RDy)woll r2ma-1y (2.15)

2. if u solves (L.I2) with initial data (1 (hD,)uo, 0) then in order to show that the gallery
modes give rise to the same Strichartz estimates as in the free case it is sufficient to
prove that the solution to

020 — (Agy — Wil Aa_1|5)e = 0, @lieo = ¥(hD,) o, Orplimo = 0 (2.16)

satisfies
~2GE D [(hDy) ol 2@i-1y. (2.17)

Remark 2.7. Notice that for ¢ > ¢ > 2 and f € C*([0,T]) we have
1l zago.ry S I zaqo.zy;

thus in order to prove Theorem [.§ it suffices to prove (.17) (respective (R.17)) with ¢
replaced by some ¢ > q.

||<P||Lq([o,To},LT(Rd*1)) < ch”

2.3 Proof of Theorem
Let o € S(RE), k> 1, w=w > 0 and uy € E(Q) be such that

uolz:9) = W / e Ai(|n] 3 — wr)bo(n)dy. (2.18)

1. Schrodinger equation

Let ¢ be given by
1 d—1),1 1
1_@-yl_1, (2.19)

Let G,(n) = |n|* + wh3|n|3. Using Corollary P-g and Remark 7] we are reduced
to prove (BI7), with ¢ replaced by ¢, i.e. in order to prove Theorem [[.§ for the
Schrodinger operator it will be enough to establish

e 6= ((hDy o)l aqour.crma-1yy < ch™ 7 G [(hD,) ol 2e-ry,  (2:20)
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where
WD t.1) = gy [ €I (R
(2mh)d-1 h
Let w = wy, and set
J(z, %) = /ei%(<z’">_GS("))¢(n)dn. (2.21)

Recall that 0 & supp(v), thus the phase function is smooth everywhere on the support
of 1. With the notations in (Z-8) we have to determine v4_1,(3) = sup,cga-—1|J (2, 7)|.
Note that if %‘ is bounded we get immediately that |J(z, +)| is bounded, thus we can
consider the quotient % to be large. Let A = % > 1 and apply the stationary phase
method. There is one critical point

z(n) =

3 \n\

non-degenerate since G (n) = 21d + O(h3) for n away from 0 and h small enough,
and we can also write n = n(z). We obtain

o )d 1 o7 signGl(n(2))

eMENE) (2N, 2.22
A Gin) = 222

J(2,\) =~ (

where

O(z,1) =< 2,1 > =Gs(n),  P(z,1(2)) = (=) + 3 h3|77( )5,

A=Y A Fou(z), oo(2) = ¢(n(2)).

k>0

From the definition (B.6) we deduce that we have 41 5(\) =~ A5 Consequently,
for A = % > 1 there exists some constant C' > 0 such that the following dispersive
estimate holds

i

le™ %4 (hDy ) goll o ra-ry < CR™Y (h)_iHiﬁ(hD )oll Ly ra-) (2.23)

Interpolation between (P-23) and the energy estimate gives

le™ O (hDy ) ol yaary < Ch™ 5 =Dt =50

2
T) ||¢(hDy)S00||L£’(Rd—1). (224)
Let ¢’ be such that % + % =1 and let 7" be the operator

T LA(RTY) — LI([0, Ty, LT (RY)
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which to a given ¢y € L*(R% 1) associates e~ #s1)(hD, ) € L3([0, Ty), Ly (R1)).
Then inequality (Z24) implies that for every g € L7 ([0, Ty], L} (R*"!)) we have

it

T
* — —s) . *
AT — / e T g (sl oy < (225)
0

T
(d-1) 4 2 _(@d=1)_2
< on-Ra-) / £ = 5|72 0=D g (s) |y sl o)

If ¢ > 2 the application |t\_§* - L9 — L9 is bounded by the Hardy-Littlewood-

Sobolev theorem and we deduce that the LI((0,Tp], L (R*")) norm of the operator
(d-1 2
(1-2

TT* is bounded from above by h™ "z

), thus the norm ||T||L2_>Lq((0’TO}’L;(Rd—l)) is

bounded from above by h~ 2 (z77).

e Optimality:
Let 1y € R¥1\ {0} and for y € R set
iyl

1P (y,m0)
) = b~ VAT By (y,m0) =< y, o >+ (2.26)

Soo,h(ya Mo 5

that satisfies
lponllzs = 74D flponlloge = A=D1,

Proposition 2.8. Let Ty > 0 be small enough and let t € [Ty, To]. Then the

(local, holomorphic) solution @p(t,y,n0) of (B14) with initial data pon(y,mno)
has the form

i®(t,y,m0)
(ph(ta Y, 770) = h'_(d_l)/4e - t;j I U(ta Y, Mo, h)>

where the phase function ®(t,y,n) satisfies the eikonal equation (B.27) lo-
cally in time t and for y in a neighborhood of 0, and where o(t,y,no, h) =~
S iso PFox(t,y,mo) is a classical analytic symbol (see [[3, Chps.1,9; Thm.9.1]
for the definition and for a complete proof).

Proof. For t € [-Tp, Tp] small enough we can construct approximatively

't
on(t,y,mo) = eXp<_ZEGs)SOO,h(y7770)

to be the local solution to (£:I4) with initial data g x(y,n0). In order to solve
explicitly (B.14]) we use geometric optic’s arguments: let first ®(¢,y,1n9) be the
(local) solution to the eikonal equation

(2.27)

{ 0P + |V, + w|V,®|*3 =0,
Pli—o = Po(y,m0)-
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The associated complex Lagrangian manifold is given by
Aq;. = {(ta Y, T, 77)|7' = atq)a 77 - qu)}

Let q(t,y, 7, 1) = 7+|n|>+w|n|*? and let H, denote the Hamilton field associated
to ¢. Then Ag is generated by the integral curves of H, which satisfy

(t?y777n) = (1?VT7Q707O)7 (228)
(t, Y, T, 77)|0 = (Oa Yo, _|Vy(1>0|2 - W|Vy(1>0|4/3, qu)O =T + ZyO)

We parametrize them by t and write the solution

(y(t, yo,m0), n(t, Yo, 1m0)) = exp (tHy(yo, m0))-

The intersection
Ag = {exp tHy(yo, mo)|t € R} NT*R\ {0}

is empty unless yo = 0, since it is so at ¢ = 0 and since dexp (tH,) preserves
the positivity of the C-Lagrangian Ag (see Definition of the Appendix and
Lemma [.4). Thus on the bicharacteristic starting from y, = 0 the imaginary
part of the phase ®(¢,y(t,0,19),n0) vanishes. Moreover, the following holds:

Proposition 2.9. The phase ® satisfies, for y in a neighborhood of 0,
(I)(tv Y, TIO) = (I)(tv y(tv Ov 7]0)7 TIO) + (y - y(tv 07 770))77(157 07 TIO)

+(y - y(ta 07 HO))B(t Y, 770)('3/ - y(t7 07 770))7
where the phase ®(t,y(t,0,10),10) and its derivative n(t,0,n0) with respect to the

y variable are real and the imaginary part of B(t,y,n) € My_1(C) is positive
definite.

Proof. Indeed, the initial function @, is complex valued with Hessian ImVZCI)O
positive definite. Then it follows from [, Prop.21.5.9] that the complexified
tangent plane of Ag, is a strictly positive Lagrangian plane (see [, Def.21.5.5]).
The tangent plane at (y(t,0,70),n(t,0,70)) is the image of the complexified tan-
gent plane of AE%O at (yo = 0,170) under the complexification of a real symplectic
map, hence strictly positive. More details for these arguments are given in
Section of the Appendix. O

We look now for ¢ (t,y,m0) of the form h=(@=D/4er®Evm) (¢ 4 1o, h) where
o = > h*oy must be an analytic classical symbol. Substitution in (2:14)) yields
the following system of transport equations

( Loy =0, Uo\t:o =1,
Loy + fl(Uo) =0, 01|t:0 =0,

Lak + fk(00> () Uk—l) - 0> Uk|t=0 = Oa
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where L = %4—2?;% ¢ (y, V,@)+s(y, no) with s(y, no) analytic and fi (oo, .., o%—1)
a linear expression with analytic coefficients of derivatives of oy,.., op_1. It is
clear that we can solve this system for y in some complex domain O, inde-
pendently of k; in [[4, Chps. 9,10] it is shown that in this way o becomes an
analytic symbol there. O

Let us define Ok (ta Y, 770) = Ok (ta Y, 770) for (t7 y) € (_TOa TO) X O and Qk(ta Y, 770) =
0 otherwise and let a(t,y,no, h) := Zkzo hkgk(t, Y, Mo). Set also

QOh(t Y, 770) = h (d- 1/4 e, y7n0)g(t7y77707h)7

thus ¢, solves (RI4) for t € [Ty, Tp] and y € R and we can compute the
L"(R41) norm of o, (t,y,m0) globally in y:

Hfh(t’ * 770)||LT(]Rd*1) =
h—(d—l)/4(/ e—%(y—y(t,o,no))ImB(t,ymo)(y—y(t,o,no))‘a(t7 Yoo, h)\rdy)l/r N

h—(d—l)/4+(d—l)/2r(1 —|—O(h_1))
and consequently for 7 small enough we have
10, La(0.10), Lr®a-1)) = =h T (140

and we conclude using Corollary @

2. Wave equation Let (q,r) be a sharp wave-admissible pair in dimension d > 2,
q > 2, and let ¢ be given by (B.I9). Using Corollary P.§ and Remark P.7 and since
q > q, we are reduced to prove (B.17) with ¢ replace by ¢, i.e.

LG _(4-lyi_1
le'5 5 ((ADy) o) | aqo, 1), @1y S b~ 278D [ (D) po| L2 a1y

where G, ( \/|7]|2 + wh3|n|F and

O (p(hD, )0 (1) = J e T N

1
(2mh)d-1
In order to obtain dispersive estimates we need the following
Proposition 2.10. Let \ = % and set as before

JeN) = [y, )= s VL (229
z€RI—1

Then the function v4_1, satisfies

Vi1 h(>\) ~ h_1/3)\_(d_1)/2
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We postpone the proof of Proposition B.1{ for the end of this section and proceed.
End of the proof of Theorem

From (P the dispersive estimates read as follows

_itg, _gr1-1, b _@-n
e th@b(hDy)QPOHL“’(Rd*l)Sh i S(E) 2

(hDy)(p()HLl(Rd—l). (230)

Lemma can be applied at this point of the proof for the % wave-admissible pair
in dimension d — 1, (¢, r), in order to obtain

N\&

)

Oﬁ\»—t
=

_at _1
lle™ "y (hDy)oll 12— rao.m), Lrma-1) < h ™2~ 2 (2.31)

We conclude using again Corollary P.§. It remains to prove Proposition P.I0.

Proof. of Proposition [2.10

As before, the case of most interest in the study of sup, a1 |J(2, A)| will be the one
for which A > 1, since when % remains bounded good estimates are found imme-
diately. We shall thus concentrate on the case A > 1 and we apply the stationary
phase lemma. Notice that on the support of ¢/ the phase function of J is smooth.

On the other hand, since n stays away from a neighborhood of 0, the critical point
of J(z, \) satisfies

2= G,(n) = =+ O(h).
]
In order to estimate |J(z, )| it will be thus enough to localize in a h?/® neighborhood
of [z| = 1. We shall assume without loss of generality that ¢ is radial and set
¥(|ln]) = ¢¥(n) in which case J(.,\) depends also only on |z| and it is enough to

estimate

Hleter, A // AR ) o2 g, (2.32)
S 2

where ¢; = (1,0,..,0) € R¥ and S?2 is the unit sphere in R%"!. The derivative
with respect to p gives |z|6; = —L—— ~ 1 and making integrations by parts

/P2 +wh?/3p4/3

with respect to p one sees that the contribution in the integral in 7 in (P:29) is
O(A~>) if |z] < 1. Consequently, one may assume |z| > ¢ > 0. As a consequence
6, can be taken close to 1, and since on the sphere S%2 one has 6; = +v/1 — 02,
0 = (0,,0") € R we can introduce a cutoff function b(#') supported near 0 such
that the right hand side in (P-39) writes, modulo O((A]z])~>)

Z / /0 €i)\(ip|z|\/l_€/2_\/p2+Wh2/3p4/3)b(el)lz(p)pd_2d¢9/dp.
+ JO '
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The term corresponding to the critical point —1 gives a contribution O(A~*) in the
integral with respect to p by non-stationary phase theorem. Using the stationary
phase theorem for the integral in 6" we find

J(lzlex; A) = / A=V (p)ary (A2l p)dp + O(A™),
0

where o, is a symbol of order —(d — 2)/2. In order to estimate this term we write
its phase function as follows

210 — VP2 + wh2Bpis = (|2] — 1)p — (Vo2 + wh2/3pH3 — p)

and set |z| — 1 = h?3z. Hence J(|z|e;, ) can be estimated by

1/3
00 ip(pr— ——A )
J«L+MB@QJ):/16 N g (1 + h232))dp. (2.33)
0

We distinguish two cases, weather 1 < A =t/h <h™ 23 or 1 < p = Ah?/3 = h=1/3¢,

e In the first case p < 1 and formula (B.33) give us bounds from above for
sup, |J (2, \)| of the form A=(4=2)/2 (recall that for |z| away from a h*®-neighborhood
of 1 the problem was trivial by non-stationary lemma).

o If 1 < pt=h""3t and = # 0 we apply the stationary phase lemma in dimension
one with phase ®(p) = pxr — %,01/ 3 which is smooth since p # 0 and has one
critical, non-degenerate (®”(p) = £p~°/% £ 0) point satisfying

p = (6x/w)™3/2.

For values of z for which (6z/w)~*?2 belongs to the support of ¢ we find
d
2

J((1+B¥32)er, A) = C(x)A™F ™2 + 0N~ =) (2.34)

1

~ C(x)A™"F b8+ O(A2 372,

with C(z) bounded and consequently we can determine v,_1 5 defined by (2.4)
where n=d — 1 and G = G,,. We find

’Yd—1,h(%) ~hs (%) 7 (2.35)

thus the proof is complete.
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3 Conormal waves with cusp in dimension d = 2

In what follows let 0 < € < 1 be small. We shall construct a sequence W, . of approximate
solutions of the wave equation

(07 — Ap)V(t,z,y) =0 for (t,2,y) ERxR*  V|gixa =0, (3.1)

which contradicts the Strichartz estimates of the free space (see Proposition [.J). Using the
approximate solutions W}, . we shall conclude Theorem [[.3 by showing that one can find
(exact) solutions Vj, . of (B]) which provide losses of derivatives for the L7([0,1], L"(Q2))

norms of at least %(i — %) — € for r > 4 when compared to the free space, (¢,7) being a

wave-admissible pair in dimension 2.

3.1 Motivation for the choice of the approximate solution

Let the wave operator be given by [0 = 9? — 9% — (1 + x)@i and let p(t,z,y,7,&§,n) =
& + (1 + x)n* — 72 denote its (homogeneous) symbol. The characteristic set of [ is the
closed conic set {(t,z,y,7,&,n)|p(t,z,y,7,§,m) = 0}, denoted Char(p). We define the
semi-classical wave front set W F},(u) of a distribution u on R3 to be the complement of
the set of points (p = (¢, z,y),( = (7,£, 1)) € R* x (R*\ 0) for which there exists a symbol
a(p, ) € S(R®) such that a(p,() # 0 and for all integers m > 0 the following holds

la(p, AD,Jullz2 < cnh™
Let p = p(0), ¢ = ((0) be a bicharacteristic of p(p, (), i.e. such that (p,() satisfies

dp 00 A 00),¢(0) = 0. (32)

do ~ 9C do op’
Assume that the interior of €2 is given by the inequality v(p) > 0, in this case y(p =
(t,z,y)) = x. Then p = p(o), ¢ = ((0) is tangential to R x 9 if

() =0, ~(p(0)) =0. 33

We say that a point (p, () on the boundary is a gliding point if it is a tangential point and
if in addition

& 0 0 3.4

— < 0. .

& o) (3.4
This is equivalent (see for example [J]) to saying that (p, () € T*(R x 92) \ 0 is a gliding
point if

p(p, Q) =0, {p,7}Heo =0, {Hp.vhpHeo >0, (3.5)

where {.,.} denotes the Poisson braket. We say that a point (p, () is hyperbolic if x = 0
and 72 > n?, so that there are two distinct nonzero real solutions € to £2+(1+xz)n?—72 = 0.
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Consider an approximate solution for (B.]) of the form

2

i T s
/ eﬁ(yn+t7+(x+l—n7)§+3€7)g(t’ 5/77’ T, h)\p(n)/ndgdndf (3.6)

where the symbol ¢ is a smooth function independent of z, y and where ¥ € C§°(R*) is
supported for 7 in a small neighborhood of 1, 0 < W¥(n) < 1, ¥(n) = 1 for n near 1. This
choice is motivated by the following: if v(t, z,y) satisfies (0} — 07 — (1 + )9;)v = 0, then
taking the Fourier transform in time ¢ and space y we get %0 = ((1 + z)n* — 72)0, thus o
can be expressed using Airy’s function (given in Section [.3) and its derivative. After the
change of variables £ = ns, the Lagrangian manifold associated to the phase function ® of

(B-6) will be given by
Ao = {(t,z,y,7 = 0,9,£ = 0,® =ns,n = 9,9)|0,® = 0,0, =0} CT*R*\ 0. (3.7

Let 7 : Ag — R? be the natural projection and let ¥ denote the set of its singular points.
The points where the Jacobian of dr vanishes lie over the caustic set, thus the fold set is
given by ¥ = {s = 0} and the caustic is defined by 7(3) = {z + (1 — ;—;) =0}.

If on the boundary we are localized away from the caustic set m(X), Ag|,_, is the
graph of a pair of canonical transformations, the billiard ball maps 6. Roughly speaking,
the billiard ball maps 6% : T*(R x 9Q) — T*(R x 99), defined on the hyperbolic region,
continuous up to the boundary, smooth in the interior, are defined at a point of T*(R x 092)
by taking the two rays that lie over this point, in the hypersurface Char(p), and following
the null bicharacteristic through these points until you pass over {x = 0} again, projecting
such a point onto 7*(R x 02) (a gliding point being ”a diffractive point viewed from the
other side of the boundary”, there is no bicharacteristic in 7*(R x 9€2) through it, but in
any neighborhood of a gliding point there are hyperbolic points).

In our model case the analysis is simplified by the presence of a large commutative
group of symmetries, the translations in (y,t), and the billiard ball maps have specific
formulas

81 _

2
=y, tn,m) = (y 4 - 1) %
(.t 7) = (y 405 -7 £ 305

7'2 T
DY EFAC - D)) (39

Away from 7(X) these maps have no recurrent points, since under iteration ¢((§%)") — oo
as n — o0o. The composite relation with n factors

Aq>|x:0 0...0 Aq>|x:0

has, always away from 7(X), n + 1 components, obtained namely using the graphs of the
iterates (67)™, (67)" 72, .., (67),

+ s e, 8 T 3/2 s 12T
(55" (9, t.m,7) = (y £ An( = D2 205 = D2 e dn(C5 = )2 r). (3.9)

U 31 U U
All these graphs, of the powers of 5%, are disjoint away from 7(X) and locally finite, in the
sense that only a finite number of components meet any compact subset of {;—z —1>0}.
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Since (6%)" are all immersed canonical relations, it is necessary to find a parametrization of
each to get at least microlocal representations of the associated Fourier integral operators.
We see that

4 72
+tr 4+ —n(—= — 1),
yn +tr 377(7]2 )

are parametrizations of Ag|,_,, thus the iterated Lagrangians (Ag|,_,)°" are parametrized

by

=07

4 72
+tr 4 —nn(— — 1)%2,
yn +tt Bnn(nz )

and the corresponding phase functions associated to (Ag)°" will be given by

4 72 3/9

Let us come back to the wave equation (B.I]) and describe the approximate solution we
want to chose. The domain {2 being strictly convex, at each point on the boundary there
exists a bicharacteristic that intersects the boundary R x 0€) tangentially having exactly
second order contact with the boundary and remaining in the complement of R x Q. Here
we deal with v(p) = z and (B.J) translates into z = £ =0, || = |n| > 0. Let

(Po; o) = (0,0,0,0,1,-1) € T*(R x 99).
We shall place ourself in the region V, near (po, (o),
Vo={(p, QI+ (1 +z)* =7 =0,2=0,7° = (1 + a)’},

where a = h°, 0 < § < 2/3 will be chosen later and 7 belongs to a neighborhood of 1.

Notice that, in some sense, a measures the ”distance” to the gliding point (pg, (o).
Let uy be defined by

L (yn— a r—a ¢
unlt, v, y) = / OO PSS 0y e () ndedy,  (3.10)

where the symbol ¢ is a smooth function independent of z, y and where ¥ € C§°(R*) is
supported for 1 in a small neighborhood of 1, 0 < ¥(n) < 1, ¥(n) = 1 for n near 1. We
consider the sum

N
Un(t,z,y) = > _up(t,z,y),  up(t,z,y) Z/eiq’"g"(t,s,n, h)W(n)dnds,

n=0

where ®,, = &+ %nna?’/ 2 are the phase functions defined above such that Ag, = (Ag)°" and
where the symbols g" will be chosen such that on the boundary the Dirichlet condition to be
satisfied. At x = 0 the phases have two critical, non-degenerate points, thus each u} writes
as a sum of two trace operators, Ty (u}!), localized respectively for y — (1 + a)'/?t + 2na®?
near :t%na?’/ 2 and in order to obtain a contribution Orz(h>) on the boundary we define
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Figure 1: Propagation of the cusp. A caustic is defined as the envelope of the rays which
appear in a given problem: each ray is tangent to the caustic at a given point. If one
assigns a direction on the caustic, it induces a direction on each ray. Each point outside
the caustic lies on a ray which has left the caustic and also lies on a ray approaching the
caustic. Fach curve of constant phase has a cusp where it meets the caustic.

the symbols such that Tr_(g") + Try (¢"™) = Op2(h>). This will be possible by Egorov
theorem, as long as N < a*?/h. This last condition, together with the assumption of finite
time (which implies 0 < N (;—2 —1)1/2 < 00) allows to estimate the number of reflections
N.

The motivation of this construction comes from the fact that near the caustic set
7(2) one notices a singularity of cusp type for which one can estimate the L"({2) norms.
Moreover, if at t = 0 one considers symbols localized in a small neighborhood of the caustic
set, then one can show that the respective ”pieces of cusps” propagate until they reach the
boundary but short after that their contribution becomes Op2(h), since as t increases, s
takes greater values too and thus one quickly quits a neighborhood of the Lagrangian Ag
which contains the semi-classical wave front set W Fj(uy,) of uy. This argument is valid
for all uy, thus the approximate solutions uj will have almost disjoints supports and the
L4([0,1], L™(©2)) norms of the sum U, will be computed as the sum of the norms of each
u} on small intervals of time of size a'/2.
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3.2 Choice of the symbol

Let a = h?, 0 < § < 2/3 to be chosen and let u;, be given by the formula (B:I0). Applying
the wave operator L] to uy gives:

h*Ouy, = /e%<I> (hzﬁfg — 2ihn(1 + a)"?0,g + n*(x — a + 52)g>\lf(n)dsdn
= /ef(y—t(lﬂ)”z“(r“)*f) <h28t2g + ihn(0sg — 2(1 + a)1/20tg)>n\11(n)dsdn. (3.11)

Definition 3.1. Let A > 1. For a given compact K C R we define the space Sk (\),
consisting of functions p(z, A) € C*°(R) which satisfy

L. sup,cg > |050(2, A)| < Cq, where O, are constants independent of A,

2. If ¥(z) € Cf° is a smooth function equal to 1 in a neighborhood of K, 0 < ¢ <1
then (1 — ’QD)Q c OS(R)()\_OO)

An example of function p(z, ) € Sk(A), K C R is the following: let k(z) be the smooth
function on R defined by

[ cexp(—1/(1—|P), if 2] <1,
k(z>‘{0, if 12 > 1,

where ¢ is a constant chosen such that [, k(z)dz = 1. Define a mollifier ky(z) := Ak(\z)
and let o € C3°(K) be a smooth function with compact support included in K. If we set
0(z,A) = (0% kx)(z), then one can easily check that ¢ belongs to Sk ().

Let A = A(h) = h¥/271 Ky = [—cp, co] for some small 0 < ¢y < 1 and let o(.,\) €
Sk, (A\) be a smooth function. We define

t+2(1+a)?s

(3.12)
Notice that ¢ 4+ 2(1 + a)/2s is an integral curve of the vector field 9, — 2(1 + a)'/?9;, thus
inserting (B.12) in (B.I11]) gives

t+2(1+a)?s
2(1+a)'/2a'/?”

Oup, = h™°(4(1 +a)) ™! /e%q’afg( M)W (n)dsdn. (3.13)
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3.3 The boundary condition

We compute u;, on the boundary. We make the change of variables s = a'/?v in the integral

defining u,(t,0,y) and set z = W Then

un(t,0,y) :a1/2/n)\ Py—t1+a)1/?) o

// i\ (% —v(1-0)) dv/ MAE=Co(2 N d2! dC) (n)dn

in a1/2
_ 1 /(77)‘>2/3 2 (y—t(14a) )\II(T])X

n

X / eME=C A (— (A3 (1 = O))o(2, \)dZ'dCdn.  (3.14)
For n € supp(V¥) we introduce

7/6 ' /
ol (e 1= L [ am e ai— a2 = Q) atac, (315)

then

() (I(o(- A)g) (MACA) = (nA)OU () Ai(—(nA)*/3(1 = €))o(nAC, A). (3.16)

The next Lemma shows that the symbol of the operator defined in (B17) is localized for ¢
as close as we want to 0.

Lemma 3.2. For o(.,\) € Sk(X) for some compact K then (1(0),)" (., \) defined by (B13),
(B.1Q) is localized near ¢ = 0, more precisely, if x is a smooth function with support included
in a small neighborhood (—2¢,2c¢) of 0, 0 < ¢ < 1/4, X|j—eq =1, 0 < x < 1, then we have
forn € supp(¥)

7/6 ' /
el Wz 0 = L2 [ emte1e ity — )

x X(Q)e(Z, \)dz'd( + Os) ((nA) ™). (3.17)
Proof. Let o(.,\) € Sk (A). If we set, for n € supp(¥)

7/6 . /
(77;1 / PETCA (=) (1= O)(1 = X(O))e(#, Nd'd¢

'](Q(u )\))77(2, )\) =
we need to prove the following

W(n)J (e A))y(2,A) € ¥(0)Os.) (nA)™) = Osw.) (A,
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which is the same as to show that (J(0));(§,A) € Os(r,)(A™°) or equivalently that

W ()7 (0) (MAC, A) € W(0) Osaey ((MA) ™). (3.18)
In order to prove (B.I§) we first compute (J(0));(nAC, A) explicitly:

() (J(e(-, A)y(MAC, A) =
= ()00 () Ai(—(nA)*P (1 = O) (1 = x(¢))a(nA¢, A) - (3.19)

It remains to show that the right hand side of (B.I9) belongs to W(7)Oswm.)((nA)~>).
Notice that this will conclude the proof of the Lemma B-3. If x(¢) # 1 then ( lies outside
a neighborhood of 0, |(| > ¢ and for 1 € supp(¥) we can perform integrations by parts in
the integral defining o(nA(, \):

U(n)o(nA¢,A) = ‘I’(n)/ ¢TI (! N)d2' =

Z/

_M/ —in\(z" qm / !
= 0" Zle do(Z', N)dz". (3.20)

Writing o(2', \) = ¥(2)o(Z', \)+ (1 —=1(2"))o(2', A) for some smooth cutoff function v equal
to 1 on K and using that |07/ (v0)(., A)||Le®) < C), for some constants C, independent
of A and that, on the other hand 97'((1 — v)o(., A)) € Osm)(A™>°), we deduce the desired

z

result. O

In what follows we use the results in Section .3 of the Appendix in order to write, for
(¢ close to 0

Ai(=(mA)*P (1= Q) = AT (=P (1 =€) + A™(=(nV)**(1 = ()
where A% have the following asymptotic expansions

AF(=(A)*A(1 = Q) =~ (pA) V(1 = )" x

| Y (=1)73/2(1 = ¢)=3i/2
Xeq:%n)\(l—()?’ﬂj:%—%(z ax;(—1)" (1_ Q) ). (3.21)
= ()7

We obtain two contributions in /(o(., A)),(., A) which we denoted

(nA)7/©

T /C’Z/ ein)\(z—z')CA:l:(_(n)\)WS(l B <))X(C)Q(2,> )\)dZ,dC (3'22)

We can summarize the preceding results as follows:

Proposition 3.3. On the boundary uy|,—o writes (modulo Ogwy(A™>)) as a sum of two
trace operators,
un(t,0,y) = Tro(un)(t, y; h) + Tr_(up)(t,y; h), (3.23)
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_ t
where, for z = a2

Tre(ur)(t,y; h) = 2w\/§ / e RS W () L (), (2, N, (3.24)

Lalele Wy(e,0) = 82 [ om0
Gz
X X(Qax(C Vel Nd'de, - (3.25)

and where ay are the symbols of the Airy functions AT

(3.26)

ay (—1)79/2(1 — ¢)~%/?
R I T

where ay j are given in (B.I11)).
We also need the next Lemma:

Lemma 3.4. Let p € Z and for some 0 < ¢y < 1 set K, = [—co + p,co + p|. Then for n
belonging to the support of ¥ we have I, : Sk,(\) — Sk ., ()).

Proof. The phase functions in I (o(., A)),(z, ) are given by

2
M62(2,2,¢) = (e = ) F (1 - O = 1)),
with critical points satisfying
a{¢i(za 2,7 C) =z = Z, + (1 - C)l/z - 07 az’¢i(z> 2,7 C) - _C = 0.

Outside small neighborhoods of ¢ = 0 and 2’ = z + (1 — ¢)"/? we make integrations by
parts in order to obtain a small contribution W (7)Os)((nA)~>°). Indeed, if we write

W(n) Lo, A)y(2,A) = (3.27)

. . >\ . / K
= iy () / M EDESOO" Day (¢ AN (Q) ez, N d='dC,
s ¢,

where a. are given in (B.2¢), we have to check that the conditions of Definition are
satisfied for I.(o(., A))y(2,A) and Sk, (A):

e First we prove that for n € supp(¥)

sup 021:(0)y (2, M)| < Gy (3.28)

zeRA>1
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For n € supp(V) we have

@(n)a?]i(g)n(z’ )\) _ €ii7r/2_i7r/4\11(7])727—)\/ ein)\((z_z’)@Fg((1_@3/2_1))X
m ¢,

x (inA¢)"ax(C, A)x(C)e(#, \)d='d(, (3.29)

and we shall split the integral in ¢ in two parts, according to A\( < 2 or A( > 2
for n on the support of U: in the first case there is nothing to do, the change of
variables ¢ = nA(¢ allowing to obtain bounds of type (B:2§). In case A\ > 2 we
make integrations by parts in the integral defining 6(nA¢, A) like in (B.20) in order to
conclude.

e Secondly, let 14 be smooth cutoff functions equal to 1 in small neighborhoods of
K+ and such that 0 <. < 1. We prove that

(1 =¥ (2)¥(n)1x(0)y(2, A) = ¥(7)Osm)((nA) ™).

Since ¢4 equal to 1 on some neighborhoods of K,-; there exist ¢’ > 0 small enough
such that 14 |[_corpr1-5¢.cotpritse] = 1. Since ([(o)y)" is localized as close as we
want to ¢ = 0 then from the proof of Lemma B.4 we can find some (other) smooth
function y with support included in (—2¢/,2¢), equal to 1 on [—¢/, ] so that

Y (n)(I(2)n)"(nAC, A) = W(n)(L(e)n)" (nAC, MX(C) + ¥ (0)Osy ((nA) ).

Let ¢ € C§° with support included in (—co+p—¢, co+p+c’). We split o = o+ (1—
) and since (1—1)o(., ) belongs to Og(r)(A™>°) it is enough to prove the preceding
assertion with o replaced by ¥ p. On the support of 19 we have |z —p| < ¢p+ ¢ and
on the support of 1 — ¢, we have |z — p £ 1| > ¢y + 5¢. On the other hand, if ¢ is
chosen small enough then on the support of ¢ we have 1 — 3¢ < (1 — ()2 <14 3¢,
thus we can make integrations by parts in the integral in ( since in the region we
consider we have [0;¢p1| > pFl+c+c —p—cy— £1—3¢ > . From the
discussion above and

(1= va(2))Le0)n(z, A) = ™21 — g (2))

)\ . s 2 _~\3/2_ ~
X U (n) o /< N0 g (¢ AR )e(, Nd='dG - (3.30)

we conclude by performing integrations by parts in (. In fact, we could have noticed
from the beginning that, inserting under the integral (B-30) a cut-off localized close
to ( = 0, 2/ = z and performing integrations by parts, one makes appear a factor
bounded by (1 + A|n||¢])~ for all N > 0.

O
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3.3.1 Construction of the approximate solution

Let p € Z and K, = [—¢o 4 p, o + p|. For ) € supp(¥), some A > 1 and o(.,\) € Sk, ()
write

3 i /2—im A in\(z¢—+ (2 /N /
Lol M)y 3) = =722 [t O (Qas (¢ o, AddC, (331)

where we set N
Vi (2, 0)=72C+ g((l — )2 —1). (3.32)

We want to apply the Egorov theorem in order to invert the operators I ,. The symbols
X(€)ax(C,nA) are elliptic at ¢ = 0, consequently (eventually shrinking the support of x)
there exists symbols b..(¢,7A) which are asymptotic expansions in (n)\)~" for n belonging to
the support of W, such that, if one denotes by J.(.), the operators defined for ¢ € Sk+1(A)
by

Tala Ry (2 0) = e [ GO (¢ ge M, (339

then one has

G N) = Lo (4 (80 )y M)y A) + Osirf(A) + Oy (A7),

0(, A) = T (L (0(-; A))n (s A))n (5 A) + Osry(A™™) + Osmy (A7),

and also
B, A) = T (J_(8(s A)n(s M)y, A) + Osmy(A™) + Oy (A™),

0 8) = (10l 1))y e M)l A) + Osiay(A ) + Oy (A7),

Remark 3.5. A direct computation shows that, for instance

:27'('

Je(Ie(0( X))y N2, A) e / e () as (AL (¢ nA) o2, N)d2'd¢

and consequently (since the coefficients do not depend on 2’ and because of the expression

of the phase functions 14 (z,()) one can take by ((,n\) = aﬁg/\).

Proposition 3.6. Let N >~ A\h¢ for some small ¢ > 0 and 1 < n < N. Let T}, be the
translation operator which to a given o(z) associates o(z + k). Then for n € supp(¥)

(TyoJu()pol_()yoTi)" : Sky(A) = Sk, (A/n) uniformly in  n. (3.34)
Notice that since A\/n > h™¢ > 1, then one has

Os@)(A™™) = Osw)((A/n)">) = Os(r)(h™). (3.35)
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Remark 3.7. Notice that at this point we have a restriction on the number of reflections
N which should be much smaller when compared to A = a*?/h. In fact, in the proof of
Proposition B.§ we apply the stationary phase with parameter A/n which should be large
enough, more precisely it should be larger than some (positive) power of h~1. Using (8.39),
this would imply that away from the critical points the contributions of the oscillatory
integrals are O(h>).

Proof. We start by determining the explicit form of the operator in (B.34).
For ¢ on the support of x, || < 2¢ < 1 for ¢ small enough, set

4

FQ =2 30— -0 = S +0(). (3.36)

Let o(., A) € Sk, (). Then for  on the support of ¥ we have

nA / GG O (¢ pA) o, N)dZ'dC
2',¢

Ty (J4(I-(Ta(e(s A)D)a)(2) = o
= (Fpaxo(, A)(2), (3.37)

where we set, for 7 on the support of ¥

Fp(s)= 2 / ENECHIO (¢ pA)dC, (3.38)
c(¢,mA) = X(Qar(¢mNb-(CnA) = X3 Y (1 =) (N7, =1,  (3.39)
>0

thus for each n we can write

(Tyo Jy()poI-()yoT1)" (0., N)(2) = (F)™ * 0(., A)(2). (3.40)
We can explicitly compute (£)))*"
nA

2

7])\

™

(Fp)™() = /C M EN (nAC)C = /C“M*"f SGaNdC. (3.41)

Set ¢ = n¢ and \ = % The choice we made for N allows to write the right hand side of

(B.A1) as

(F)"(2) = 2 [ @M@ mnpic (3.42)

therefor we obtain

(Tyo Sy (Jyo (. )y o) (e( A)(2) =

US\ in\((z—2")C+n? < n
S e

3 v

,np\)o(2', \)dCdz'. (3.43)



3 CONORMAL WAVES WITH CUSP IN DIMENSION D = 2 26

The phase function in (B:43) is given by

Wn(,2,0) = (= = ) +n2f(S)),

and its critical points satisfy

¢

Optpn =2 — 2 + nf’(ﬁ) =0, Oudy,=—-C=0. (3.44)

e In order to show that for all a > 0 there exists constants C? independent of n, \,
such that

sup  |02(T1 0 S () 0 () 0 Ta)" (o, M)(2)] < Cg

zERA=A/n>1

we write
2 (Tho Jy()yoI-()y 0 T1)"(o(., M) (=) = (F)™ * 0 0(., M) (2).

For ¢ outside a small neighborhood of 0, |§ | > ¢, we perform integrations by parts
in 2 in the integral (B.49) defining (F,)*"(z) and obtain a contribution arbitrarily
small. For |C~ | < 2¢ small, let 1) be a smooth function with support included in
a c-neighborhood of Ky and such that (1 —¢)o(.,A) = Ogm)(A™>°). For z away
from a 5e-neighborhood of Ky we saw in the proof of Lemma B4 that we have
|0:pn (2, 2/, ¢)| > ¢ and we conclude again by integrations by parts in (. Near the
critical points f =0and z =2 —nf’ (%) we can apply the stationary method lemma
in both variables 2, ¢, uniformly in n: it is crucial here that f(0) = f/(0) = 0,
£"(0) = 1 which gives, setting g,(C) = n2f (%),

190 ()] < dolCP, g (Ol < dilCl, 19 ()] < di, VE > 2,

with constants dj independent of n (we deal with Fourier multipliers), |g,| > d5 > 0
and that, on the other hand, from (B:39) we have |82”X2"(%)\ < e, for all m > 0 with
constants e,, independent of n and

(1— %)—(3J+2)/2

|0z¢"( |.

3 |

. ¢ - 3j
;)| < er]c" (=, A+ el Y i+ =

e To check that for a smooth function 1) equal to 1 in a neighborhood of K, we have
=)

we use the same arguments as in the second part of the proof of Lemma B.4.

(L =) (T o Je( )y o L-()yoT1)"(e(-, ) = Osey(A
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0
Definition 3.8. Let o(., \) € Sk,(A\) and n € supp(¥). For 1 <n < N, N ~ A\h¢ set
020, X) = (—1)" W () (T3 0 T4 () o I ()T (0l V) (2),
O"(z,m,A) = 0(2, ) ¥(n).
From Proposition B.q it follows that ¢"(z,1,\) € Sk,(A/n). Let
. 21+ a) s
1/2 s 4 3/2
Tt 2y, 5,m) = 0(y — tL +a) 7"+ (z —a)s + = + gna’), (3.46)
and set
N .
Un =Y uis ahtag) = [ bt h)dsdn (3.47)
n=0
Proposition 3.9. With this choice of the symbols g™ we have for all0 <n < N —1
Tr—(up)(t, y h) + Tre(up ™)ty h) = Or2(A™). (3.48)

Proof. The proof follows from Propositions .3, B-§ and the definition of the symbols ¢,
since we have

eI (Ty(" (1 A))y + € 3 Lo (To1 (0" (1, \))y = Osy (A,

where Ty are the translation operators which to a given o(z) associate o(z £ 1) and since
the operators I, , are of convolution type so they commute with translations. O

4 Strichartz estimates for the approximate solution

Let Uy, be given by (B.47) and let (¢, ) a sharp wave-admissible pair in dimension 2, i.e.
1

such that % = 1(3 — 1). The "cusp” is reflected with period a'/?, a = h? and in order to

compute the norm of U, on a finite interval of time we will take 6 = % in order to obtain

1~ Na'/? ~ \heh/2. (4.1)
We prove the following

Proposition 4.1. Let r > 4, f(r) =3(3 — 1)+ 5(3 — 2) and let 8 < B(r) — € for e > 0

small enough like before. Then the approxzimate solution of the wave equation () satisfies

RN\ Un | aqo, 17,27y > 1Unl=oll £2(5- (4.2)

In particular, the restriction on 3 shows that the Strichartz inequalities of the free case are

not valid, there is a loss of at least 3(; — 1) derivatives.
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Proof. In the construction of U, we considered an initial ”cusp” u) of the form (BI7), with
symbol g given by (BI2), with 0° € S|_¢, ¢ (a*?/h) depending only on the integral curves
of the vector field Z and 7, supported for n in a small neighborhood of 1. We introduce
the Lagrangian manifold associated to uj, with phase function ®,, = ¢ + %nna‘g/ 2

Ao, :={(t,z,y,7 = —(1+0a)"*n, & = sn, ),

4 2
a—x=s%y—t(l+a)/*+ gnag/2 = gs?’} C T*R3. (4.3)

Lemma 4.2. Let u}! be given by (B.A7), then W Fy(u}) C Asg, .

Proof. 1f |0;®,| > ¢ > 0 we use the operator L; = 0, in order to gain a power of

2\52-1—(1 x|
hl=% at each integration by parts with respect to s, thus the contribution we get in this
case is Op2(h™). Let now |0,®,| > ¢ > 0 for some positive constant ¢: before making

hdy @,
Ton |20 we need to

estimate the derivatives with respect to 7 for each g" defined in (B.45). We have

(repeated) integrations by parts using this time the operator Ly =

. m [ iwn pemy b+ 200+ a)' s
up(t,z,y) = (—1) /emanQ (0 (2(1+a)1/2 7 +2n,n, \))dnds

— (_1)m+“hm/elq’n |(§§ |)2 (z%am "W (n )0§(F,M)*”)*

t+2(1+a)?s
*Q(a)‘)( 1/2,1/2
2(1+a)'2a

+ 2n)dnds, (4.4)

where * denotes the convolution product. The derivatives of (F,,)*™ with respect to n
are easily computed using the explicit form of (F,,)*" that we recall (see the proof of
Proposition B.4):

2 A

with (¢, w) = X*(¢) 22,50 ¢ (1—=¢)"¥/%w™7 and where we have made the change of variable
¢ =n¢ and set A = \ /m > h~¢> 1. Hence one n-derivative yields

(Fp)™(z) = 12 / L ICN (S pnR)de,

(F)"() = L)) + /4 D 4 () Ayl
+ % 66177)\(2(+n2f % na C(C nn)\) (C,T]nj\)dg (45)

The symbol of the third term in the right hand side of () is nd,c(¢, n\)c" (¢, nA\) and

we have _ '
Ope(C.mA) = =0 2A7 Y ey (1= )92 (nA) U,

j>1
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and since n < A, the contribution from this term is easily handled with.
The symbol in the second term in the right hand side of (E5) equals the symbol of

(F,)™ multiplied by the factor iA(zC + )\nf(%)) Recall that on the support of ¢((,n\) we
have ¢ = C/n € supp(x) is as close to zero as we want and there f(¢) = ¢2/2+0(¢?), hence

n2f($) = ¢2/2+0({*/n). On the other hand, when we take the convolution product of the
second term in ([L.) with ¢°(., \) we obtain in the same way as in the proof of Proposition
B.g that the critical points of the phase in the oscillatory integral obtained in this way,

¢

n

¢

Z D ), NG,

/ emX((z—z')Gan(%))i;\((Z — N+ nPf(
27 Ji

are given by C~ = 0 and z = 2/. The phase function which will be denoted again by
bn(z, 2, C) as before satisfies ¢, (2, 2,0) = 0, O.¢dn(z,2,0) = 0 and Oz bn(2,2,0) = 0. Ap-
plying the stationary phase theorem in C~ and 2/, the first term in the asymptotic expansion
obtained in this way vanishes, and the next ones are multiplied by strictly negative, integer
powers of A, hence the contribution from this term will is also bounded.

Notice that when we take higher order derivatives in 7 of 9", we obtain symbols which
are products of M (¢, ) o (¢"(¢/n,nnX)) and can be dealt with in the same way, taking
into account this time that the first j terms in the asymptotic expansion obtained after
applying the stationary phase vanish. As a consequence, after each integration by parts

in 1 using the operator L, we gain a factor h, meaning that the contribution of u} is
OL2(hOO). D

We also need the next results:

Lemma 4.3. If o(., \) € S[—¢y,co)(A) with 0 < ¢o < 1 sufficiently small, then uy, have almost
disjoint supports in the time variable t.

Proof. Let € (0,1) and [t — 4n(1 + a)Y2a'/?| > 2(1 + a)"2a"?(1 + p). Then on the
t+2(14+a)t/2s
2(1+a)1/2a1/2
the Lagrangian Ag, defined in (f.J) we have |a — x| = s* < a. Consequently, if 11 > ¢y + €
for some €y > 0 as small as we want, we are not anymore on the Lagrangian Ag . Since
outside any neighborhood of Ag, the contribution in the integral defining u is Op2(h>°),

we conclude that u} ”lives” essentially on a time interval

essential support of ¢"( —2n,n, \) we must have |s| > a'/?(1 4 i — ¢o) while on

[4n(1 4 a)?a? = 2(1 4+ )2 (1 4 ¢o), 4n(1 + a)*?a'? + 2(1 + a)2a'*(1 + ¢)].
]

Since a = h® < 1 and therefor (1 + a)'/2 ~ 1 we claim that u} is in fact essentially
supported for ¢ in the time interval

[4na/? — 2aM2(1 + ¢o), 4na’? + 2a*?(1 4 )]
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Lemma 4.4. Let 0 < ¢y < 1/3 and let I}, be small neighborhoods of 4a'/?k of size a'/?,

I, = [4ka'? — a'?¢y, 4ka"? + acq).

Ift € I, then in the sum Uy(t,.) there is only one cusp that appears, uf(t,.), the contribution

from all the others uj(t,.) with n # k being Op2(h>).
Proof. On the essential support of ¢"(.,7, ) one has
It 4+ 2(1 + a)"2s — 4n(1 + a)Y2a'?| < 2(1 4 a)V%a?c.
Suppose n # k: we have to show that the contribution from u} is Op2(h*). Write
2(1 4 a)?a' %o > 4ln — k(1 + a)?a? — |t — 4k(1 + a)"?a"/?| — 2(1 + a)'/?|s|

> 4(1 4+ a)%a? — (14 a)?a" ey — 2(1 + )",

which yields |s| > 3a'/2/2 since ¢y < 1/3 and as in the proof of Lemma [.J we see that we
are localized away from a neighborhood of Ag, (on which |s| < a'/?), thus the contribution
is Or2(h*). Consequently, the only nontrivial part comes from n = k in which case we
find |s| < 3coa'/?/2 < a'/?/2, thus the k-th "piece of cusp” does not reach the boundary
{x = 0} (since on the Lagrangian Ag, we have a — r = s* and outside any neighborhood
of Ag, the contribution is Op2(h>)). O

We turn to the proof of Proposition [L.J We use Lemma [[.4 and Proposition [p.q from
the Appendix to estimate from below the L?([0, 1], L"(€2)) norm of Up:

1 1 N
[ C——— / U ot = / 1S gl it (4.6)
n=0
N
> 3 [ e+ ) (@7)
k<N/57 €l n=0
3 L 0 + OB (4.8)
k<N/5
= Hu?LHqT(Q) +O(h%). (4.9)

Indeed, we have shown in Lemma [[.4 that for ¢ belonging to sufficiently small intervals
of time I, there is only u} to be considered in the sum since the supports of u}! will be
disjoints. On the other hand, for ¢ € I, uf(t,.) admits a cusp singularity at x = a which
guarantees that the piece of cusp does not ”live” enough to reach the boundary. Moreover,
we see from Proposition f.6 that for ¢ € I, the L"(2) norms of uf(t,.) are equivalent to the
L"(Q2) norms of uY). Using Corollary .1 we deduce that there are constants C' independent
of h such that for r = 2

)

||Uh|t:0||L2(Q) = ||Uh\t=o||L2(Q) ~ h'*a, (4.10)
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while for r > 4 .
Ul La(o,17,-)) = Ch3 75" (4.11)

and since § = 15 () holds for 8 < [((r) — € since we have

hﬁHUhHLq([O,l],LT(Q)) > CORB—epsta: — O -Te/8pl+(1-6)/8
> W5 o |Unlicoll 20y (412)
Remark 4.5. Notice that for 2 <r < 4
|UnllLago,11,L7)) = Ch%%”(%_i), (4.13)

therefor in this case the previous construction doesn’t provide a contradiction to the
Strichartz inequalities when compared to the free case.

0

Proposition 4.6. The approzimate solution U, defined in (B.47) satisfies the Dirichlet
boundary condition
Unljoaxa0 = O(h™). (4.14)

Proof. Using Propositions B.J and B.9, the contribution of U, on the boundary writes

Un(t,0,y) ZZT& up)(t,y; h) = Tro(up)(t,ys h) + Tr_(u )(ty; h). (4.15)
n=0 =+

The first term in the right hand side of (fI9) is easy to handle since Tr, (ul)(t,y; h) is
essentially supported for

te[—2(1+ co)a?, —2(1 — ¢)a*?).

Since we consider only the restriction to [0, 1] x 952, the contribution from this term will
be Op2(h*). To deal with the second term in the right hand side of ([L17) we first study
the essential support of Tr_(u)(¢,y; h) for t € [0,1]. We distinguish two situations:
o If (4h=0/%)=1 — [(4h=%/2)71] < 1/2, where we denoted by [z] the integer part of z we
take
N = [(4h™?)71]
and we deduce that Tr_(ul)(t,y;h) is essentially supported for ¢ in an interval
strictly contained in [0, 1] Whlle Try(ul)(t,y; h) has a nontrivial contribution only

on
[ANa'? = 2(1 + ¢p)a/?, ANa'/? — 2(1 — ¢p)a'/?).

A direct computation shows that for this choice of N
1
ANa? —2(1 + ¢o)a'/? ~ 4h=°[(4h=°) "] + —(4h‘5)‘1 > 1.

Therefor, on [0, 1] the contribution of T (u)(t,y; k) is canceled by Tr_(ul 1) (¢, y; h),
while the contribution of Tr_(ul)) equals Oz2(h™) since it is essentially supported
outside [0, 1].
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o If (4h=0/2)~1 — [(4h™%/2)71] > 1/2, we set

N = [(4h~*)" 1 +1

and we conclude using the same arguments as in the preceding case.

5 End of the proof of Theorem

32

Let Uy, be the approximate solution to the wave equation (B.I) defined by (B.47). In (E.10)
we obtained ||Up|i—ol|r2() =~ h'*%/%. We now consider the L?-normalized approximate

solution W), = —————U,,. We also let V}, = W), + wy,, where V}, solves

||Uh|t:0||L2(Q)
OV, =0, Vilpxee = 0,

with initial data
Vili=o = Whli=o,  OiVihlt=o = OWh|i=o.

Proposition 5.1. Under the preceding assumptions wy, satisfies
18w |l 2¢ep,,2(0)) = O(h %), wplan = Or2(h™),
wh|t:0 =0, aﬂ»Uh|t:0 =0.

Proof. 1f we set a(h) := ||Upi=o||r2() = h'*%/*, then one has

N
||th||%2(te[0,1],L2(Q)) = a(h)‘2|| Z DUZH%Q(tE[O,I])L?(Q)

n=0

N
Sam) Y / 1S O 2yt + O(h)

k<N/4¥ 7k n=0

S8a(h) Y [ 07z + O,

k<N/4Y Tk

where
Ji := [4a'k — 2a*?, 40"k + 2017,

(5.1)

(5.2)

and where we used the fact that for each n there are at most three cusps to consider for
t € Ji as shown in Lemma [[4. Let us estimate ||Ouf(t,.)||12(q) for ¢ € Ji. The proof of

Proposition B.6 of the Appendix applied to Ouf (computed in (B.1J)) yields

0wk (t, 2@ S R0,
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since the assumption ¢ € S[_¢yq(A) implies that sup, [02p] < C for some constant C
independent of A and one can bound from above the L?(Q2) norm of Ouf (notice that the
only difference between the estimates concerning uf is that instead of " we now have 92"
which we handle in the same way). Consequently we obtain

HthHiz(te[QlL[ﬁ(Q)) S a(h)_2 Z |Jk|h—25+2+5/2 < h_%,
k<N/4

since |Jy,| are of size a'/?, k < N/4 and Na'/? ~ 1. O
Corollary 5.2. If (q,r) is a sharp wave-admissible pair in dimension two then wy, satisfies
_s_o(l_1
[ wn | Lao, Loy < Ch072277), (5.8)
where C' 1s some constant independent of h.

Proof. Write the Duhamel formula for wy,,

wh(t,x,y)z/o sin(t\—/% \D/—AD

Using the Minkowsky inequality and Proposition p.]] we find

sm T)V—-A
l[wh]| oo 0.1, 11 (0)) = || 2 (Own (7, ))d7 || oo, (@)
,/_AD

(Owy (7, .))dr. (5.9)

Dw
/ || h HHI dT ~ HthHLl([OJLLQ(Q)) < Ch_é. (510)

Remark 5.3. Notice that since we are dealing with the Dirichlet Laplace operator Ap inside
a bounded domain there is no problem in estimating ||(v=Ap) ™ fl|m1 ) by [|f]l12(0)- In-
deed, let (e,,);>0 be the eigenbasis of L*(£2) consisting in eigenfunctions of —Ap associated
2 considered in non-decreasing order and decompose f = > >0 ficv; s

to the eigenvalues v;
_ 1
(V=2p) =y —fe,
j J

fi =< f,e,; >. Then
and since v; > ¢ > 0 for some fixed constant ¢ > 0 we can estimate

1 v?
VB0 ey = 3 9 £

7>0 j

Take now C' = sup;(1 4+ 1/v7) <1+ 1/c? then

I(V/=20) " fllae) < VI £llr2). (5.11)
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If, instead, we were considering the Neumann Laplacian Ay inside the domain 2, in order
to obtain bounds like in (B.11) we had to introduce a cut-off function ¥ € C§°(R) equal to
1 close to 0 and decompose a function f

f=Y(-An)f+ (1= VY(-Ay))f

and treat separately the contribution W(—Ay)f obtained for small frequencies of f.

In order to obtain estimates for the L>([0, 1], L"(£2)) norms of w, we also need to
establish bounds from above for its L>°([0,1], L*(2)) norms. We need the next result:

Proposition 5.4. Let f(z,y) : Q@ — R be localized at frequency 1/h in the y € RI™?
variable, i.e. such that there exists € C§°(R¥=1\0) with (hD,)f = f. Then there exists
a constant C' > 0 independent of h such that one has

HfHH*l(Q) < CthHL?(Q)-
Proof. Since x(hD,)f = f we have

[ fllz-1) = sup 1/¢f§ < fllz2@) x sup  [[(hDy)gllL2 @)

1l 710 < 190710 <1
< AI Iz 19(ADy) Vgl 2 < Chllfllz2@),
where we set (1) = 1|~ (n). O
Using again Duhamel’s formula written above, we have
lwnllzoeqio,,e20)) S IEwa 220,110 (5.12)
and from Proposition .4 applied to f = Dw;, we deduce
| e o.11,22(00) S PlIBwA Lao17,22) S Ch'°. (5.13)
Interpolation between (B.10) and (B.13) with weights o and 1 — o yields
lwn| oo ey < CRI77 (5.14)

We take o = 2( % — %) and use the Sobolev inequality in order to obtain

_§_o(L_1
1wl La(o,1,r @) < Ch'=072G=), (5.15)
U

End of the proof of Theorem
From Corollary .2 we see that the norm ||ws||La((o,27(2)) is much smaller then the
norm of ||Wi||za((o15,27)): in fact we have to check that the following inequality holds for
r>4
W25 it (5.16)
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which is obviously true. Let 3 < (r) = 2(5 — ) + £(3 — ). We have

2 r 6
W \Vall oqo.u,r )y = B (Wl Laqo,,.2r@) — llwnllzagoa.r@)) (5.17)
1
Z §hﬁ”Wh||Lq([0,1]7LT(Q)) > 1 (518)

On the other hand ||V} |2y ~ 1, A||0:Vili=ollr2() =~ 1, thus for 3 < f(r) the (exact)
solution V}, satisfies
R VallLaqo,.2-@) > |Valizoll 22(0)- (5.19)

The proof of Theorem [[.] is complete.

6 Appendix

6.1 Proof of Lemma 272 ( 77" argument)

Proof. Let 0 < Ty < oo and denote by T the operator which to a glven up € L*(R")
associates U(t)y)(hD)ug € L9([0,Tp], L™ (R™)), where by U(t) = e 2% we denoted the
linear flow. Its adjoint 7% : L9 ([0, Tp], L' (R™)) — L*(R") is given by

To

(T"g)(x) = [ ¢"U(=t)g(t, x)dt (6.1)

0

thus we can write

TTg)ta) = [ VO Uats,a)is = [ U= serglsads (62

since 1 has constant coefficients. Suppose that the dispersive estimate

le™ (D)o | e ny S (27h) ", h( PY(AD)uol i ey (6.3)

holds for a function 7, : R — R,. Interpolation between (f-3) and the energy estimates
gives

_2 t o 2
le™ 7 S4p (hD)ug|| pr(ny < ChT"07 Py, h(h) *[Juol| £ gy (6.4)

and from (f.9) and (f.4) we deduce
ITT*|| o010, Ly < CRT"07) ||/ %h h 5y g(s ) o @nydsl|Lap, ). (6.5)

The application |t|_5>|< . LY — L% is bounded for ¢ > 2 by Hardy-Littlewood-Sobolev
theorem, thus we obtain (B.7),

1—-2

(12 2 by 2 _ o -
T2z pagom],r@ny < P =) sup tw(ﬁ)l r<Ch 25( sup s 7(5))) . (6.6)
te(0,To] 56(0,%]

0
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6.2 Propagation of positivity

On C?*™ = C™ x C¢* one considers the symplectic 2-form o = dz A d(¢ =: og + ioy.
Definition 6.1. Let A be a smooth manifold of C*™. It is called

1. R (resp. I, C)-Lagrangian if its dimension on R is 2m and og|y = 0 (resp. oy|s =0,
ocla = 0);

2. R (resp. I)-symplectic if og|rp (resp. oy|ra) is nondegenerate;

3. positive at some point p € A if the (real-valued) quadratic form @ : u — %a(u, w) is
positive definite on the tangent space T,A of A at p.

Lemma 6.2. Assume that the projection A 5 (z,{) — z € C™ is a local diffeomorphism.
Then A is a C-Lagrangian if and only if it is locally described by an equation of the type
(= aa—‘f, where ® is a holomorphic function of z and we write (locally) A = Ag.
Lemma 6.3. A C-Lagrangian A is positive at some point p if and only if near p it is
of the form Ag, where ® is a holomorphic function such that the real symmetric matriz
(Im%)j7k:17—m is positive definite.

Let ¢ = q(z,¢) be a holomorphic function on an open subset U C C*™. Then as in the
real domain one defines the Hamilton field of ¢ by the identity o(u, Hy(z,()) = dq(z, {)u.

One also defines the Hamilton flow exp sH,(z, () for s real, by

0

- exp sH, (2,C) = Hylexp sH, (2,) (67)
and one can easily prove that for any open subset U’ cC U and for any s € R such
that Uy ejoq exps'Hy(U') C U, the application U" 3 (z,() — expsHy(z,() is a complex
canonical transformation.

Lemma 6.4. Let A be a C-Lagrangian submanifold of C*™ and assume that there exists p €
ANR?™ such that A is positive at p. Moreover assume that there exists a complex canonical
transformation k defined on a complex domain containing R®™ such that k(R?*™) C R?™
and k(p) € A. Then A is positive at r(p).

Proof. Observe that if u € Ty,A, then v = dk(p)v with v € T,A and @ = dk(p)v =
drk(p)v = drpv. Take now k = exp sH,. For the proofs see [[3], [4]. O

6.3 Airy functions

We give below some of the basic properties of the function Ai(z) which are used in this
work. For z € R, Ai(z) is defined by

1 [ .8 1 [ 3
Ai(z) = %/ e st dy = 5 cos(% + zu)du. (6.8)

—0o0
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This integral is not absolutely convergent, but is well defined as the Fourier transform of
a temperate distribution. For pozitive z > 0, z — oo we have

Ai(z) = O(27), (6.9)
1 2
Ai(=2) = AT (=2) + A~ (—2)(~ ﬁz_% cos(gz?’/2 — g)), (6.10)
where
_ 20 8/2, in_in N _i/2 —3; 1
AE(—2) o AT T (ZO ag(—1)79/27%/%) gy = iR (6.11)
‘7:
Proposition 6.5. All the zeroes of Ai(z) are real and negative, say
Ai(—w;) =0, 0>—-wp>—w; > ... = —00. (6.12)
6.3.1 Proof of Lemma 2.5
Proof. Let k > 0 be fixed. For z > 0 write
1 : o o
(hDy e, y) = o / e Ai(ah ™ | — wi ) (n)(3 ) dn. (6.13)

The change of variables = h?/3( reduces the proof to the verification of the following
inequality

11 (D)ol a1y S 10Dy )u(h*¢, )| ey xrary S [1W2(ADy) @l rmary. (6.14)

Since 1) is (compactly) supported away from 0, let supp(¢) C {0 < |no] < |n| < |m|}. For
j €{0,1}, let ¢; > 0 be fixed and set (o = (wg —wo + €0)|10] "3, (1 = (Wi + 1+ €)m|~2/3.

e For ¢ € [y, (1] we have, by Proposition .7,
—wy < —wo + €0 = Golnol*® —wi <z =P —we < QM —wr=1+e.

For these values of the argument z € [—wy+€p, 14€;], Ai(2) is positive, bounded from
above and below which immediately yields, together with the assumption ¢; = 1),

|91(hDy )Y (RDy)pl| prmi-1y < Cil|v(RDy)u(h3 ¢, )| e co.ci)xri-1)5 (6.15)
C, — Supn Wl(n)‘
1 — = . )
inf.e—woteo, 141 [Ai(2)]
consequently
1 (hDy) |l a1y < Call(AD,)u(A3C, )l 1 ((0.00)xre-1)- (6.16)
e On the other hand, since Ai(z) is bounded for z € R, we obtain, since 1) = 1)y
(D )u(h3C, Y r(0,00yxri-1y < Calltoa(ADy) ]l pr gy, (6.17)
where

Cy = sup [¢(n)| sup [Ai(z)].
n z
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6.4 L" norms of the phase integrals associated to a cusp type
Lagrangian

Proposition 6.6. Fort € [4na'/? — 2a?(1 + ¢y), 4nal/? + 2a'/%(1 + )], the L™(Q) norm
of a cusp uj(t,.) of the form (B.10) are estimated (uniformly in t) by

" hitzar—i, 2<r <4,
[uh (t, )L @) = { R (6.18)

From Proposition [.q we deduce the following

Corollary 6.7. For t € [4na'/? — 2a'/2(1 + ¢y), 4na'/? + 2a"/%(1 + )], the L"(Q) norms
of a cusp uj(t,.) satisfy

o for2<r<4

et (¢, ey 2 B F2 G, (6.19)

)
[up (0, )|l 2@y =~ B3 (6.20)

o forr >4 o
[y (£, )|y = hsTor. (6.21)

Proof. Let 0 < n < N =~ \h be fixed and let
t € [4na'’? — 2aY2(1 + cp), 4na*’? + 2a*2(1 + )]

We compute the L"(€2) norms of

i 1/2 _ 3/9_4,.3/2
it ) = [ OO s
R2

t+2(1+a)?s
\I] n
X (U)Q ( 2(1 +a>1/2a1/2

—2n,m, N)dsdn, (6.22)

where the symbol 0"(.,7,A) € S|_¢y,c0](A/(n + 1)) defined in (B.§) is essentially supported
for the first variable in [—cg, ¢o] and where 7 close to 1 on the support of W. Notice that
due to the translation y — (y —t(1+a)"/?+ 3na*?) and the change of variable z — (a —x)
we are reduced to estimate the norm of

7 33
oz, y) = / RO ot )W),
2

for z = 3 —2n € [—(14 ), 1 + ¢]. We distinguish several regions:

t
(1+a)7241/2

e For |z| < Mh*? where M is a constant, we make the changes of variables z = ¢h?/3
and s = h'/3u which gives

in (s>
I(z,z,m,h) := /efn T M2+ h%s,m, N)ds (6.23)



6 APPENDIX 39
3
— h1/3/6m(3—u§)gn(z + h1/3_5/2u,n, A)du
Let Q(¢,u) = “; — Cu and for 6 : R — [0, 1], set
Fo(w.G,2.) = [ (o) fulG,m. 2, ), (6.21)

fo(C,m, 2, h) = / e () 0" (2 + W37, m, N)du. (6.25)

We make integrations by parts in order to compute

WP Ey(w, ¢, 2, ) = i / ¢ (U (n) fo(C, = 1))y,

k
Ok fo(C,m, 2, h) = / eMRCG(u) Yy CLIQ) T o™ (2 + WP Pu, , N du.,
j=0

Let 0(u) = 1)< q5a7- Since we integrate for 7 in a neighborhood of 1, for all £ > 0
we estimate

[w* Fy(w, ¢, 2, h)|| e < (6.26)
k
C{  sup IQ(C,U)Ik‘j/If?%@"(Z+h1/3‘5/2u,77, Adn < Crr,
j=0  |lulsV1i+M

where Cj, )/ are constants and where we used the fact that ¢" writes as a convolution
product 0"(z,m,\) = (Fyn)™ = 0°(., \)(z) and the derivatives in 7 of (F,)*" were
computed in Lemma [,

rv14+ M <|ul < h3=5 we integrate by parts using the operator L =
satlsﬁes L(e"Q) = e?. If we denote, for fixed k, j € {0, .., k}

07 1= (1= 0(w)Q*7D50" (= + WP u, 1, ),

and for [ > 0, ijl =0, ( ) then we can write

Lgm —0(u k’ju:(_—l)l MR ORIy
[ 0= bw) Q= [ gt (6.27)

where

Zc "z, A))ufBD)BmpmG=5)
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where cfgl depends on the derivatives 82"”8%@"@ + .,m,A). The principal term is

obtained for j = 0 and m = 0 and it equals |u[**73!. It’s enough to take [ = 2k to
obtain similar bounds for ||w*F_s(w, (, 2, h)|| 1 as in (B:2d). We find

M
Hﬁ@JMWMW%W:hw(//Iﬁ@ﬁwcwwwww
y J0
= WP Fy(w, ¢, 2, h) | <y = B30 (6.28)

e For z € (Mh?/?, A] with M >> 1 big enough we apply the stationary phase theorem:

Proposition 6.8. ([, Thm.7.7.5]) Let K C R be a compact set, f € C5°(K),
¢ € C°(K) such that $(0) = ¢'(0) =0, ¢"(0) £ 0, ¢ # 0 in K\ {0}. Let w > 1,
then for every k > 1 we have

, )3 piwd(0) ,
| /e“"‘z’(“)f(u)du _ W% Zw_]Ljﬂ < CwF Z sup |0 f]. (6.29)
(wg”(0))2 j<k la| <2k

Here C is bounded when ¢ stays in a bounded set in C*°(K), |u|/|¢/(u)| has a uniform

bound and ]2_
1
Lif= 2. 2~

v—p=j 2v>3u
where k(u) = ¢(u) — ¢(0) — d)T(O)u vanishes of third order at 0.

(0)7" 0™ (k" £)(0). (6.30)

We make the change of variable s = \/x(+1 + u) to compute the integral in s in
the expression of vy,. Using Proposition (.8 with ¢ (u) = “; + u?, w = nt— 2> 1,
ke(u) = u/3 we write I(z,z,m,h) as a sum [(z,2,m,h) ~ Zi,gzo Ii(z,:c,n, h),
where

Iz, 2,0, h) = (iw)1/2h1/2+j77_1/2_je¢gi"x3/2/hx_l/4_3j/2><
x Li(0"(z + B 2/T(£1 + u), 17, A))uco.  (6.31)
We compute each L" norm of [ ein"\If(n)[i(z,x, n, h)dn:

I /e W ()14 (z, 2, h)dn|| - we(anzrs,a)) =

14— 23/2 /o n _
el 3”2/“ WF 50 ()2 Ly (0" (22 h =222, 0, Nl 1w ana/5, A1)
(6.32)

Using again the fact that ¢"(z,1m,\) = (Fyn)™ * 0°(., \)(z) we introduce the map
Fmi(z,n) == ¥ (n)n~Y/273(F,\)*(2) which is compactly supported in n; if F"i(z,.)
denotes its Fourier transform with respect to 7, (-33) reads

3/2)

I YEY e T ki G T P S IS Y
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Setting y = hw, x = h*3( and translating w — wF 2¢3/? we can estimate from above
and from below each one of the above norms. For j > 0, L; is a differential operator
of order 2j and each derivative on o gives a factor \/z/h%? < 1. We estimate the L

norm of [ eilf/_Ln\If(n)I(z, x,n, h)dn from above and from below by the sum over j of

An=Y/3
O fyr(1/2+5+5/3r=1/6-j) / C"“(l/4+3j/2)d§“
M

where C' > 0 are constants, and since the operators L, are of order 27, for each j there
will be 27 terms in the sum: summing up over j > 0 (taking M > 2 for example)
and using the assumption ¢" € S, ¢,)(A/(n + 1)) which assures uniform bounds for
the derivatives &’ ¢"(.,n, \) for each n,j > 0, we obtain for r > 4

m VL-r(1/4435/2)
’ h)d ) ~ Jyr/3H5/3 J
||/e (21, )l e aaners 4y ) Z (r(1/4+3j/2) = 1)’

and taking M > 2 sufficiently big we can sum over j and we deduce (f.2§) for r > 4.
For r € [2,4) and j = 0 we have /4 —1 < 0 and
AR—2/3 _ _r
hr(1/2+5/3r—1/6) / C—r/4dc ~ (Ah’ 2/3)1 /4
M 1-— T/4
For r € [2,4) and j > 1 we have r(1/4 +35/2) —1 > 0 and

Ah—2/3 1—r(1/4+3;/2)
. . . M J
hr(1/2+g+5/3r—1/6—g) / C—r(1/4+3y/2)dc ~

M o or(1/4+35/2) -1

If M > 2 is sufficiently large the sum of the L" norms over j > 0 is small compared
to the norm for j = 0, hence (6.2§) follows for r € [2,4) too.

e In the last case x > a the L"(Q2) norms are as small as we want since the contri-
bution of u} in this case is O2(h*), because this region is localized away from a
neighborhood of the Lagrangian Ag, and we use Lemma [.3.

O
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