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1 Introduction

We are interested in the probabilistic representation of the solution to a

porous media type equation given by

{ du = L2,(B(w)), t € 0,00

0,z) = up(z), = € R, ()

in the sense of distributions, where ug is an initial probability density. We
look for a solution of ([.2) with time evolution in L'(R).

We will always suppose that G : R — R is monotone. We may always assume
that 3(0) = 0; otherwise we add a constant which will not change ([L.1)). We
also suppose

|B(u)| < const|ul. (1.2)

In particular, § is continuous at zero. Moreover we will assume the existence
of A positive such that (6 + Aid)(R) = R, id(x) = z. Since § is monotone,
(L.3) implies B(u) = ®2(u)u, ® being a non-negative bounded Borel function.
We recall that when B(u) = |ulu™!, m > 1, ([.]]) is nothing else but the

classical porous media equation.

One of our targets was to consider ® as continuous except for a possible

jump at one positive point, say e. > 0. A typical example is
O(u) = H(u—e.), (1.3)

H being the Heaviside function.

The analysis of ([L.1) and its probabilistic representation can be done in the
framework of monotone partial differential equations (PDE) allowing multi-
valued coefficients and will be discussed in detail in the main body of the
paper. In this introduction, for simplicity, we restrict our presentation to

the single-valued case.

Definition 1.1 We will say that equation ([[.]) or ® is non-degenerate
if there is a constant ¢ > 0 such that ® > c.

Of course, ® in ([[.J) is not non-degenerate. In order to have ® non-

degenerate, one needs to add a positive constant to it.



Several contributions were made in this framework starting from [d] for ex-
istence, [[[J] for uniqueness in the case of bounded solutions and [[L{] for
continuous dependence on the coefficients. The authors consider the case
where (3 is continuous, even if their arguments allow some extensions for the

discontinuous case.

As mentioned in the abstract, the first motivation of this paper was to dis-
cuss a continuous time model of self-organized criticality (SOC), which are

described by equations of type ([L.3).

SOC is a property of dynamical systems which have a critical point as an at-
tractor, see [ for a significant monography on the subject. SOC is typically
observed in slowly-driven out-of-equilibrium systems with threshold dynam-
ics relaxing through a hierarchy of avalanches of all sizes. We, in particular,
refer to the interesting physical papers and [[f]. The second makes ref-
erence to a system whose evolution is similar to the evolution of a “snow
layer” under the influence of an “avalanch effect” which starts when the top
of the layer attains a critical value e.. Adding a stochastic noise should
describe other contingent effects. For instance, an additive perturbation by
noise could describe the regular effect of “snow falling”. Taking inspiration
from the discrete models, a possible representation of that phenomenon is

equation ([[.1)) perturbed by a space time noise £(¢, ).

Since the “avalanche effect” happens on a much shorter time scale than the
“snow falling effect” it seems to be reasonnable to analyze the phenomenon
in two separate phases, i.e. avalanche and snow falling. This paper concen-
trates on the avalanche phase and therefore it investigates the (unperturbed)

equation discussing existence, uniqueness and a probabilistic representation.

The singular non-linear diffusion equation ([[.]) models the macroscopic phe-
nomenon for which we try to give a microscopic probabilistic representation,
via a non-linear stochastic differential equation (NLSDE) modeling the evo-

lution of a single point on the layer.

Even if the irregular diffusion equation ([.T]) can be shown to be well-posed,
up to now we can only prove existence (but not yet uniqueness) of solutions to
the corresponding NLSDE. On the other hand if ® > ¢ > 0, then uniqueness

can be proved. For our applications, this will solve the case ®(u) = H(x —



ec) + € for some positive €. The main novelty with respect to the literature

is the fact that ® can be irregular with jumps.

To the best of our knowledge the first author who considered a probabilistic
representation (of the type studied in this paper) for the solutions of a non-
linear deterministic PDE was McKean [@], particularly in relation with the
so called propagation of chaos. In his case, however, the coefficients were
smooth. From then on the literature steadily grew and nowadays there is a
vast amount of contributions to the subject, especially when the non-linearity

is in the first order part, as e.g. in Burgers equation. We refer the reader to
the excellent survey papers B{] and 0.

A probabilistic interpretation of ([L1) when g(u) = |ulu™ !,m > 1, was
provided for instance in [§]. For the same 3, though the method could be
adapted to the case where 3 is Lipschitz, in [R1] the author has studied the
evolution equation ([.1) when the initial condition and the evolution takes
values in the class of probability distribution functions on R. Therefore,
instead of an evolution equation in L!(R), he considers a state space of
functions vanishing at —oo and with value 1 at +o0o. He studies both the

probabilistic representation and propagation of chaos.

Let us now describe the principle of the mentioned probabilistic representa-
tion. The stochastic differential equation (in the weak sense) rendering the
probabilistic representation is given by the following (random) non-linear

diffusion:

{ Y, = Yo+ fy ®(uls,Y))dW, 14)

Law density(Y;) = u(t, ),

where W is a classical Brownian motion. The solution of that equation may
be visualised as a continuous process Y on some filtered probability space
(Q,F, (Ft)t>0, P) equipped with a Brownian motion W. By looking at a
properly chosen version, we can and shall assume that u : [0,7] x  — R
is B([0,T]) ® F-measurable. Of course, we can only have (weak) uniqueness
for ([L.4) fixing the initial distribution, i.e. we have to fix the distribution
(density) wug of Yp.

The connection with ([.)) is then given by the following result.



Theorem 1.2 (i) Let us assume the existence of a solution Y for (1.4).

Then w : [0,T] x R — R provides a solution in the sense of distribu-

tions of (1.1) with ug := u(0,-).

(ii) Let u be a solution of ([[.]) in the sense of distributions and let Y solve
the first equation in ([[.]) with law density v(t,-) and initial law density
ug = u(0,-). Then

Oy = %(9%35((1)2@)2}), (1.5)

in the sense of distributions. In particular, if v is the unique solution

of (.3), with v(0,-) = ug, then v = u.

Proof. Let ¢ € C5°(R), Y be a solution to the first line of ([LF) such that
v(t,-) is the law density Y;, for positive t. We apply It6’s formula to ¢(Y),

to obtain
P) = o) + [ SO0Bu(s V) AW+ 5 [ (s, ) s

Taking expectation we obtain

/Rso(y)v(t,y)dyz/RsD(y)uO(y)dyﬂL%/o dsAw"(y)¢2(U(8,y))v(s,y)dy-

At this point both conclusions (i) and (ii) follow. ]

Remark 1.3 An immediate consequence of the associated solution of
is its positivity at any time if it starts with an initial value uy which is

positive. Also the mass 1 of the initial condition is in this case conserved.

The main purpose of the paper is to show existence and uniqueness in law
of the probabilistic representation equation ([[.4), in the case that ® is non-
degenerate and not necessarily continuous. In addition, we prove existence

for (@), in some particular degenerate cases.

Let us now briefly explain the points that we are able to treat and the

difficulties which naturally appear in the probabilistic representation.

For simplicity we do this for 3 being single-valued (and) continuous. How-
ever, with some technical complications this generalizes to the multi-valued

case, as spelt out in the subsequent sections.



1. Monotonicity methods allow us to show existence and uniqueness of
solutions to ([L.) in the sense of distributions under the assumption
that (3 is monotone, that there exists A > 0 with (8 + Aid)(R) = R and
that (3 is continuous at zero, see Proposition B.9 below. We emphasize

that for uniqueness no surjectivity for 8 + Aid is required, see Remark

B4 below.

2. Let a: [0, T]xR — R be a strictly positive bounded Borel function. Let
M(R) be the set of all signed measure on R with finite total variation.

We prove uniqueness of solutions of

{ o = 02, (av)

v(0,z2) = wo(x), (1.6)

as an evolution problem in M(R), at least under an additional assump-
tion (A), see Theorem B.§ below.

3. If ® is non-degenerate, we can construct a unique (weak) solution Y
to the non-linear SDE corresponding to ([[.4), for any intial bounded
probability density ug on R, see Theorem [£.3 below. For this construc-

tion, items 1. and 2. above are used in a crucial way.

4. Suppose @ is possibly degenerate. We fix a bounded probability density

ug. We set &, = ® 4+ ¢ and consider the weak solution Y¢ of
t
YS = / O (u(s,Yy))dWs, (1.7)
0

where u®(t,-) is the law of Y7, ¢ > 0 and Y{ is distributed according to
uo(z)dz.

The sequence of laws of the processes (Y¢) are tight. However, the
limiting processes of convergent subsequences may in general not solve
the SDE

Y, = /0 B (u(s, Vo)W, (1)

However, under some additional assumptions, see Properties [l.] and
I below, it will be the case. The analysis of the degenerate case
in greater generality (including case ([.J)) will be the subject of the

forthcoming paper [f.



In this paper, we proceed as follows. Section 2 is devoted to preliminaries
about elliptic PDEs satisfying monotonicity conditions. In Section 3, we
first state a general existence and uniqueness result (Proposition B.9) for

equation (EI) and provide its proof, see item 1. above.

The rest of the section is devoted to the study of the uniqueness of a deter-
ministic, time inhomogeneous singular linear equation with evolution in the
space of probabilities on R. This will be applied for studying the uniqueness
of equation ([[.f]) in item 2. above. This is only possible in the non-degenerate
case, see Theorem PB.0; in the degenerate case we give a counterexample in

Remark B.9.

Section 4 is devoted to the probabilistic representation ([L.4). In particu-
lar, in the non-degenerate (however not smooth) case, Theorem [L.J gives
existence and uniqueness of the non-linear diffusion (|l.4) which represents
probabilistically ([.I). In the degenerate case, Proposition gives an

existence result.

2 Preliminaries

We start with some basic analytical framework.

If f: R — Ris abounded function we will denote || f|lcc = sup,cg |f(2)].
By Cy(R) we denote the space of bounded continuous real functions and
by S (R) the space of rapidly decreasing infinitely differentiable functions
¢ :R— R, by S (R) its dual (the space of tempered distributions).

Let K. be the Green function of ¢ — A, that is the kernel of the operator
(e —A)71: L2(R) — L%(R). So, for all ¢ € L?(R), we have

Be(p) = (e — A) V() = / K. (z — y) o(y)dy. (2.9)

The next lemma provides us with an explicit expression of the kernel function
K..

Lemma 2.1

K. (z) = %e—ﬁw, (2.10)



Proof. From Def. 6.27 in [2], we get

1 ® 1 =P
KE (I’) = W/O t 2e 4t €tdt (211)

If z = 0, the calculation to show K, (0) = 2—\1/5 can be easily performed
setting u = v/t. So let us suppose z # 0.

Using (R.11) we get
1
2 T2 e 1 2/t
Kg(.%') = \/_/ e ﬁ—i_ \/g dt
Vir \ \x! ey o
1 ]m\ /OO _1 _M(l+)
= —y—= u 2e” "2 \u%du,

Viar \ 2vE Jo

where for the last equality we have set u = /ey Consequently, setting
t = +\/u we get

1
’1" 2 o0 _\E‘x‘(i_’_tQ)
K.(x) = 2( e 2 2T dt

8mve ) Jo

@ 22
_ 5 x/ P — (17 ~Vale|
(877 e) (877\/5 ‘
(/Oot_g a1 t>2dt+/ I )dt>
0 0

where, in the last equality, we have set t — % in one integral. Changing

M

variables t — t — % we obtain

Koz) = <87‘Tx\’/g>%e_\/g|$| [ e

_ (BN vl [ 2T 1 e
8my/e Velzl o 2vE '

This concludes the proof of the lemma. [ |

Clearly, if ¢ € C?(R)NS'(R), then (¢ — A)p coincides with the classical
associated PDE operator.

Remark 2.2 An obvious consequence of Lemma (2-1) is that K is a bounded

continuous function.



We need to write carefully some results about elliptic linear problems.

Lemma 2.3 Let ¢ > 0,m € M(R). There is a unique solution v, €
Cy(R)( LP(R) for every p > 1 of

eve — Ave =m (2.12)

in the sense of distributions. Moreover it fulfills

I | var
2 )

sup Velve(z)] < (2.13)

where ||m||var denotes the total variation norm. In addition, the derivative

vl has a bounded cadlag version which is locally of bounded variation.
In the sequel, as announced, that solution will be denoted by B.m.

Proof. Uniqueness follows from an obvious application of Fourier trans-

form. In fact, uniqueness holds in S’'(R).

Existence is easy and well-known. One simply sets

ve(x) = /RKg(x —y)dm(y), z€eR. (2.14)

Then v, clearly satisfies (P.12)) in the sense of distributions. By Lebesgue’s

dominated convergence theorem and Remark P.J 1., it follows that v. €
Cy(R).
By Lemma R.1] we have

1
Sup|v€(x)| S HmHvara (215)
T

N
By Fubini’s theorem and (R.1()), it follows that v. € L'(R). Hence v, €
LP(R),V¥p > 1, because v, is bounded.

Since v” equals ev. —m in the sense of distributions, after integration, we
can show that

xT

th(a) = const & [ olg)dy +m) - o0.a])

—00



for dz-a.e. x € R. In particular, v. has a bounded cadlag version which is

locally of bounded variation and

[vlloe < const + el|vl 2 (r) + [Im]lvar-

We now recall some basic notations about analysis related to monotonicity

methods. More information can also be found for instance in [B7]. See also
B 4.

Let E be a Banach space with dual space E*.

One of the most basic notions of this paper is the one of a multivalued
function (graph). A multivalued function (graph) § on E will be a subset
of E x E. It can be seen, either as a family of couples (e, f),e, f € E and
we will write f € ((e) or as a function 3 : E — P(E).

We start with a definition concerning £ = R.

Definition 2.4 A multivalued function 8 defined on R with values in subsets

of R is said to be monotone if given x1,z2 € R, (x1—x2)(B(x1)—L(z2)) > 0.
We say that § is maximal monotone if is monotone and it there exists
A > 0 such that B+ Aid is surjective, i.e.
R(B+ Xid) := | J (B(z) + Az) = R.
zeR

We recall that one motivation of this paper is the case where 5(u) = H(u —

€c)U.

Let us consider a monotone function . Then all the discontinuities are of
jump type. At every discontinuity point x of ¢, it is possible to complete ¥
by setting ¢ () = [(x—), P(z+)].

Since 1 is a monotone function, the corresponding multivalued function will

be, of course, also monotone.

Now we come back to the case of our general Banach space E with norm
Il - |l. An operator T': E — E is said to be a contraction if it is Lipschitz

of norm less or equal to 1 and 7'(0) = 0.

10



Definition 2.5 A map A: E — E, or more generally a multivalued map A :
E — P(E) is said to be monotone or accretive if for any f1, f2,91,92 € E
such that g; € Af;,i=1,2, we have

lf1 = foll < lfi = fo + (g1 — 92)lIs

for any X > 0.

This is equivalent to saying the following: for any A > 0, (1 + AA)~!is a
contraction for any A greater than 0 on Rg(I + AA). We remark that a

contraction is necessarily single-valued.

Remark 2.6 Suppose that E is a Hilbert space equipped with the scalar
product (, ). Then A is monotone if and only if (f1 — fo, 91— g2)g > 0 for
any f1, f2,91, 92 € E such that g; € Af;,i = 1,2, see Corollary 1.3 of 7).

Definition 2.7 A monotone map A : E — E (possiblly multivalued) is said
to be maximal monotone or m-accretive if for some A > 0, A+ A\ld is

surjective (as a graph in E X E).

Remark 2.8 A monotone map A : E — E is maximal monotone if and

only if A+ Ald is surjective for any A > 0.

So, A is mazimal monotone, if and only if for all X strictly positive, (I +

AA)~L is a contraction on E.

Now, let us consider the case E = L!'(R), so E* = L®(R). The following is
taken from [[[(], section 1.

Remark 2.9 Let 3 : R — R be a monotone (possibly multi-valued) map
such that the corresponding graph is mazimal monotone. Suppose that 3(0) =
0.

Let f € E = L'(R).

1. There is a unique u € LY (R) for which there is w € Li (R) such that

u—Aw=f in D'R), w(x)epP(u(zr)), forae zecR, (2.16)

see Proposition 2 of [I{)].

11



2. It is then possible to define a (multivalued) operator A := Ag: E — E
where D(A) is the set of u € LY (R) for which there is w € LL (R) such

loc

that w(z) € B(u(z)) for a.e. v €R and Aw € L*(R). For u € D(A),
we set
Au = {—w|w as in definition of D(A)}.
This is a consequence of the remarks following Theorem 1 in [I{].
In particular, if (8 is single-valued, Au = —AB(u). We will adopt this

notation also if B is multi-valued.

3. The operator A defined in 2. above is maximal monotone on E =

LY(R), see Proposition 2 of [Ld].

4. We set Jy = (I + NA)~L, which is a single-valued operator. If f €
L>®R), then |||Ixflloe < ||flloo, see Proposition 2 (iii) of [Id]. In

particular, for every positive integer n, || JY flloo < ||flloo-

Let us summarize some important results of the theory of non-linear semi-
groups, see for instance [I§, i, |, B or the more recent monograph [R7], which
we shall use below. Let A : E — FE be a (possibly multivalued) monotone

operator. We consider the equation
0eu(t)+ A(u(t)), 0<t<T. (2.17)

A function w : [0,7] — E which is absolutely continuous such that for a.e.
t, u(t,-) € D(A) and fulfills (R.17) in the following sense is called strong

solution.

There exists n : [0, 7] — E, Bochner integrable, such that n(t) € A(u(t)) for
a.e. t € [0,7] and

t
u(t) = ug +/ n(s)ds, 0<t<T.
0

A weaker notion for (B-17) is the so-called C°- solution, see chapter IV.8

of [R7]. In order to introduce it, one first defines the notion of e-solution

related to (R.17).

An e-solution is a discretization

D:{O:t0<t1<...<tN:T}

12



and an F-valued step function
: t=t
ut(t) = Ho 0
u; € D(A) ot G]tj_l,tj]
for which ¢; —t;_1 <efor 1 <j < N, and

M—i—Auj,lSjSN.
t; —tj1

0e

We remark that, since A is maximal monotone, u® is determined by D and
ug, see Remark P.9 1.

Definition 2.10 A C°- solution of ([2-17) is an u € C([0,T]; E) such that
for every e > 0, there is an e-solution u® of (2.17) with

lu(t) —u (@) <e, 0<t<T.

Proposition 2.11 Let A be a maximal monotone (multivalued) operator
on a Banach space E. We set again Jy = (I + XA)~1, X > 0. Suppose

ug € D(A). Then:

1. There is a unique C°- solution u : [0,T] — E of ([2.1%)

2. u(t) = limy 00 JPug uniformly in t € [0,T].

n

Proof.

1) is stated in Corollary IV.8.4. of 7] and 2) is contained in Theorem IV
8.2 of P27 |

The complications coming from the definition of C-solution arise because
the dual E* of E = L'(R) is not uniformly convex. Otherwise, the following
properties would hold. According to Theorem IV 7.1 of [R7], for a given
up € D(A), there would exist a (strong) solution u : [0,T] — E to (R.17).

Moreover Theorem 1.2 of [[[7] says the following. Given uy € D(A) and given
a sequence (u(}) in D(A) converging to ug, then, the sequence of the corre-
sponding strong solutions (u, ) would converge to the unique C°-solution of

the same equation.

13



3 A porous media equation with singular coeffi-

cients

In this section, we will provide first an existence and uniqueness result for
solutions to the parabolic deterministic equation ([[.1)) in the sense of distri-
butions for multi-valued maximal monotone 3. The proof is partly based on
the theory of non-linear semigroups, see [[L(J] for the case when £ is continu-

ous.

However, the most important result of this section, is an existence and
uniqueness result for a “non-degenerate” linear equation for measures, see
([:§). This technical result will be crucial for identifying the law of the

process appearing in the probabilistic representation (E)

We suppose that 8 has the same properties as those given in the introduction.
However, 3 is allowed to be multi-valued, hence maximal monotone, as a
graph, in the sense of Definition R.4. Furthermore, generalizing ([[.q) we

assume that for some constant ¢ > 0
w € B(u) = Jw| < clul. (3.1)

In particular, 5(0) = 0 and (3 is continuous at zero.

We use again the representation B(u) = ®?(u)u with ® being a non-negative

bounded multi-valued map ¢ : R — R.

Remark 3.1 As mentioned before, if f : R — R is monotone (possibly

discontinuous), it is possible to complete (3 into a monotone graph.

For instance, if ®(z) = H(z — e.), then

0 o x<e.
B(x) =1 [0,e]] : x=ec
x LT > €.

Since the function § is monotone, the corresponding graph is monotone.

Moreover 3+ id is surjective so that, by definition, § is maximal monotone.

14



Proposition 3.2 Let ug € L'(R)( L>®(R) Then there is a unique solution
in the sense of distributions u € (L' L*>)([0,T] x R) of

{ du € 507,(B(u)),

(ta) =  wle). 32

that is, there exists a unique couple (u,n,) € (L*(L*)([0,T] x R))? such
that

Juttare@ir = [uw@e@dr+ [Cas [n0e @
Vo e S(R) and (3.3)
nu(t,z) € PBu(t,z)) for dt @ de —a.e. (t,z) € [0,t] x R.

Furthermore, ||u(t,-)||coc < |[uollco for every t € [0,T] and there is a unique
version of u such that u € C([0,T]; L*(R)) (C L*([0,T] x R)).

Remark 3.3 1. We remark that, the uniqueness of u determines the

uniqueness of n € B(u) a.e. In fact, for s,t € [0,T], we have

G /: nu(r,-)dr> T ult,) —uls, ), ae. (3.4)

Since 0, € L*([0,T] x R), this implies that the function n, is dt ® dx-
a.e. uniquely determined. Furthermore, since 3(0) = 0 and because (3

is monotone, for dt @ dr a.e. (t,x) € [0,T] x R we have
u(t,z) =0=nu(t,x) =0

and
u(t, z)nu(t, z) > 0.

2. If B is continuous then we can take ny,(s,z) = B(u(s,x)).

3. This result applies in the Heaviside case where ®(x) = H(x —e.) and
in the non-degenerate case ®(v) = H(x — e.) + . In Chapter 4, we
will give a probabilistic representation in the sense of ([4). In the

non-degenerate case the probabilistic representation is even unique.

15



Proof (of Proposition B.9).

We first recall that by our assumptions, we have (5 + Aid)(R) = R for every
A>0.

1. The first step is to prove the existence of a C°-solution of the evolution

problem (R.17) in E = L}(R), with A and D(A) as defined in Remark
P.9 2. Suppose D(A) = L*(R). Then, the existence of a C%solution
u € C([0,T]; L*(R)) is a consequence of Remark P.g 3. and Proposition

1. In particular, u belongs to L!([0,T] x R).

2. We prove now thet D(A) is dense in in E = L'(R).
Let w € E. We have to show the existence of a sequence (uy) in
D(A) converging to u in E. We set uy = (1 + AA)"lu, so that u €
uy — AAB(uy). The result follows if we are able to show that

)l\ir% uy =u, weakly in F, (3.5)

because then D(A) is weakly dense in L'(R), hence by the Hahn-
Banach theorem strongly dense in L!(R).

Being (1 + AA)~! a contraction on E, then u) € E and the sequence
(uy) is bounded in L'(R). Since uy € D(A), by definition, there

exists wy € Li_(R) such that wy(z) € B(up(z)) for dz-ae. z € R,
Awy € LY(R) and u = uy — Mw,. Since 8 has linear growth, wy
also belongs to E for every A > 0 and the sequence w) is bounded
in £. Consequently, Aw) converges to zero in ¥ when A — 0 and it
follows that AAw) converges to zero in the sense of distributions, hence
u) — u again in the sense of distributions. Because (uy) is bounded
in L!(R), it follows that uy — u weakly in £ = L'(R), as A — 0.

3. The third step consists in showing that a C-solution is a solution in
the sense of distributions of (B.9).

Let e > 0 and consider a sequence u® : [0,7] — E being e-solutions.
Note that for u§ := ug and for 1 < j < N, for A as in Remark .9 2.,

we recursively have

us = (1= (t5 —t5_)A) " 'us (3.6)



hence
ué — us

e _ g Jj—1
ij_ ts_ts
7—1

for some w¢ € Ll _(R) such that w$ € B(u3), dr -a.e. Hence, for

J J
t €]ts_4,t5], we have

J=b b
5
ue(t7 )_ u (tj 1> )+ Aw6(87-)d8.

£
t]l

where we(t) = w§, t€Jt5_y, 1.
Consequently, summing up, if ¢ €Jt;_;,#5], then
u’ —u0+/ Aws (s, )ds + (t5 — t) Aw (85, ).

We integrate against a test function o € S(R) and get

AWMM@M::AW@MMMﬁKAw@@M@MM

(3.7)
+ (t—t;)/Rwe(ti,x)a"(x)dx.

Letting € go to zero we use the fact that u* — u uniformly in ¢ in
LY(R). (u®) converges in particular to u € L'([0,T] x R) when ¢ — 0.
The third term in the right-hand side of (B.7) converges to zero since

t— t; is smaller than the mesh ¢ of the subdivision.

Consequently, (B.7) implies

AMWW@MZA%U CMQ%// £(s,2)0” (x)dzds.

(3-8)

According to our assumption on [, there is a constant ¢ > 0 such that
|we| < c|uf|. Therefore the sequence (w®) is uniformly integrable on
[0,7] x R. So, there is a sequence (g,,) such that w®* converges to
some 7, € LY([0,T] x R) in o(L', L>). Taking (B.§) into account, it
remains to see that n,(t,z) € B(u(t,z)) a.e. dt ® dx, in order to prove
that u solves (B.3).
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Let K > 0. Using Remark R.94., by (B.6) we conclude that ||uf(t,-)||ec <
luolloo- Consequently for any K > 0, the dominated convergence the-
orem, implies that the sequence u®" restricted to [0,7] x [-K, K] con-
verges to u restricted to [0,7] x [-K, K] in L?([0,T] x [-K, K]) and
w®" restricted to [0, 7] x [-K, K|, being bounded by c|u®"|, converges
(up to a subsequence) weakly in L2, necessarily to 7, restricted to
[0,7T] x [-K,K]. The map v — B(v) on L*([0,T] x [-K, K]) is an
m~accretive multi-valued map, so it is weakly-strongly closed because

of [ff] p. 37, Proposition 1.1 (i) and (ii). Finally the result follows.

. The fourth step consists in showing that the obtained solution is in
L>([0,T] x R).

Point 2. of Proposition tells us that

u(t,) = lim J%ug

n—+oo n

in LY(R). Hence, for every ¢ €]0,T] and for some subsequence (n;)

depending on t,

u(t, )| = lim [J"Fuo| < [luglleo, dz—ae.,
k—oo  ny

where we used again Remark P.9 4). It follows by Fubini’s theorem
that |u(t, z)| < [Juglleo, for dt® dz-a.e. (t,z) € [0,T] x R.

. Finally, uniqueness of the equation in D’([0,T] x R) follows from The-
orem 1 and Remark 1.20 of [[LF].

Remark 3.4 Theorem 1 and Remark 1.20 of apply if B is continuous,
to give the uniqueness in point 5. above. However, Remark 1.21 of [[3] says

that this holds true even if 5(0) = 0 and [ is only continuous in zero and

possibly multi-valued. This case applies for instance when ®(x) = H(x —

ec), €c> 0.

In order to establish the well-posedness for the related probabilistic repre-

sentation one will need a uniqueness result for the evolution of probability

18



measures. This will be the subject of Theorem B.§ below. But as will turn

out, it will require some global L2-integrability for the solutions.

A first step in this direction was Corollary 3.2 of [[J], that we quote here for

the comfort of the reader.

Lemma 3.5 Let k €]0,T[. Let u be a finite Borel measure on [k, T] X R;
let a,b € LY([k,T] x R; ). We suppose thet

/ (up(t,2) + a2(t, )02, 0t ) + bt 2)Buip(t, x)) p(did) = 0,
[k, T|xR

for all € C§°(]0, +00[xR). Then, there is p € LZ ([r,T] x R) such that

loc

a(t,x)du(t,x) = p(t, z)dtdz.
We denote the subset of positive measures in M(R) by M4 (R).

Theorem 3.6 Let a be a Borel non negative bounded function on [0,T] x R.
Let z; : [0,T] — M4(R), i = 1,2, be continuous with respect to the weak
topology of finite measures on M(R).

Let 20 be an element of My (R). Suppose that both z; and zo solve the
problem 9z = 02,(az) in the sense of distributions with initial condition
2(0) = 20,

More precisely,
t
[ e@vidn) = [ el + [ ds [ @l as)d) (39
R R 0 R
for every t € [0,T] and any ¢ € S(R).
Then (z1 — z2)(t) is identically zero for every t, if Z := z1 — z9, salisfies the

following.

ASSUMPTION (A): Thereis p : [0,T]xR — R belonging to L?([x, T] xR)
for every k > 0 such that p(t,-) is the density of Z(¢) for almost all ¢ €]0, 7.

Remark 3.7 If a > const > 0, then p such that p(t,-) is a density of Z(t)
for almost all t > 0, always exists, via Lemma [3.§. It remains to know if it

is indeed square integrable on every [k, T| x R.
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Remark 3.8 The weak continuity of z(t,-) implies that

Sup [12(8) [ var
is finite. Indeed, if this were not true, we could find t, € [0,T], such that
|z(tn)||var diverges to infinity. We may assume that lim, .o t, = to € [0,T].
Then
fim_ [ f@)st)de) = | f@):to)do)

n—od
for all f € Cy(R), hence by the uniform boundedness principle one gets the
contradiction that

sup || z(tn) |lvar < o0.
n

Remark 3.9 Theorem does not hold without that Assumption (A) even

in the time-homogeneous case.

To explain this, let ® : R — Ry be continuous bounded such that ®(0) = 0
and @ is strictly positive outside zero. We also suppose that % is integrable
in a neighborhood of zero. We define a(y) = ®%(y).

We set 2° = 8y, i.e. the Dirac delta-function at zero. It is then possible to

exhibit two different solutions to the considered problem with initial condition

20,

We justify this in the following lines using probabilistic representation. Let

Yy be identically zero.

According to the Engelbert-Schmidt criterion, see e. g. Theorem 5.4 and
Remark 5.6 of Chapter 5, [23], it is possible to construct two solutions (in
law) to the SDE

¢
Y; = / O(Y5)dWs. (3.10)
0
where W is a Brownian motion on some filtered probability space.

One solution Y will be identically zero. The second one Y? will be a non-
constant martingale starting from zero. We recall the construction of Y?,

since it is of independent interest.

Let B be a classical Brownian motion and we set

t
Tt:/ .
o 2*(Bu)
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Problem 6.30 of [23] says that the increasing process (T}) diverges to infinity
when t goes to infinity. We define pathwise (A;) as the inverse of (T3) and
we set My = Ba,. M 1is a martingale since it is a time change of Brownian

motion. One one hand we have [M]; = A;. But pathwise we have

At t
At:/ <1>2(Bu)dTu:/ ®2(By,)dv,
0 0

through a change of variables uw = A,. Consequently we get
t
Ay = / d(M,)dv.
0

Theorem 4.2 of Ch. 8 of [9] says there is a Brownian motion W on a
suitable filtered probability space and an adapted process (pt) so that My =
fg pdW. We have [M]; = fg pids = fot ®2(My)ds, for all t > 0, hence p? =
®2(My) and so ®(M;)sign(p;) = ps.

We define
t
Wt:/ sign(py ) dW,.
0

Clearly W]y = t. By Lévy’s characterization theorem of Brownian motion,
W is a standard Brownian motion. Moreover, we obtain M; = fot O(Ms)dWs
so that Y? := M solves the stochastic differential equation ([3.10). Now Y,!
and Y2 have not the same marginal laws v;(t,-),i = 1,2. In fact vi(t,-) is

constantly Dirac measure at zero.

Using Ité’s formula it is easy to show that the law v(t,-) of a solution Y
of (3.10) solves the PDE in Theorem [3.4 with initial condition &y. This

constitutes a counterexample to Theorem [3.4 without Assumption (A).

Proof (of Theorem B.0).

In this proof given a locally integrable function (¢, x) — u(t, z), u’ (resp. u”)
stands for the first (resp. second) distributional derivative with respect to

the second variable x.

In the first part of the proof we do not use Assumption (A). We will explicitly

state it from where it is needed.
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Let z', 22 be two solutions to (B.g) and we set z = 2! — 22. We will study
the quantity

ge(t) = /R Bea(t) (2)2(t)(dz),

where B.z(t) € (L' () L*°)(R) is the continuous function v. defined in Lemma
.3, taking m = 2(t). g.(t) is well-defined, since

9:(t) < 112(8) lvar 5D | Bo2(t)(@)], for all ¢ € [0,7].

Assume we can show that
lir%ga(t) =0, for all t € [0,T]. (3.11)
E—

Then we are able to prove that z(t) = 0 for all ¢ € [0,T].

Lemma P.J says that B.z(t)" is bounded, with a version locally of bounded
variation and that B.z(t) € Cp(R) () LP(R) for all p > 1.

Let now ¢, ¢ be positive real constants. Then, since all terms in (R.13) are

signed measures of finite total variation, (R.13) implies that

/~ B.z(t)(x)z(t)(dz) = 8/ ] (B.z(t)(x))*dx
]—¢,c] |—é,c]
(3.12)
— /]~ ]Bgz(t)(m)Bgz(t)”(dx).

If F,G are functions of locally bounded variation, F' continuous, G right-

continuous, classical Lebesgue-Stieltjes calculus implies that

/ FdG = FG(c) — FG(—8) — / GdF. (3.13)
-

}7070}

Setting F' = B.z(t), G(z) = B:z(t), we get

= [ B B2) () = ~Ba@) B0 (€4 B() (- Bes(t) (-9

/ 2
+/}—57c}(BEz(t) (x))*dz.

Since B.z(t) € L*(R), we can choose sequences (c,), (é,) converging to infin-

ity such that B.z(t)(¢,) — 0, B:z(t)(—¢,) — 0 as n — oo. Then, letting
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n — oo and using the fact that B.z(t) and B.z(t)' are bounded, by the

monotone and Lebesgue dominated convergence theorems, we conclude that

- [ Bt Bostt) () = [ (Bt @),
In particular, B.z(t)' € L?(R). Consequently, (8.12) implies that
00) = [ BaO@s(0)dn) == [ (Bostt)@)da
- /(Bgz(t)’(ac))de.

In particular, the left-hand side is positive. Therefore, if for all ¢ € [0,T],
ge(t) — 0, as € — 0, then

VeBez(t) — 0
B.z(t) — 0

in L?(R), as € — 0, and so, for all t € [0,7],
2(t) = eBez(t) — Be2(t)" — 0

in the sense of distributions. Therefore, z = 0. It remains to prove (B.11)).
Let 6 > 0 and ¢5 € C°(R), ¢5 > 0, symmetric, with [ ¢5(x)de = 1 weakly

approximating the Dirac-measure with mass in x = 0. Set
25(t,) = (9 % (1) /«m— H(dy), = eR.teo,T].

We define h : [0,7] — M(R) by h(t)(dx) = a(t,z)z(t,dz). Note that by
(B9), since ¢s(z — -) € S(R),Vx € R, we have

—/ /¢5 x—y)h(s)(dy)ds = /t(qﬁg*h(s))(az)ds,w € [0, 7],z € R,

" (3.14)

where we used that z5(0) = 0, because z(0) = 0, and that x — 2z5(t,z) is

continuous for all ¢ € [0, T]. In fact, one can easily prove that zs is continuous

and bounded on [0,7] x R. Now, B:z(0) = 0 since z(0) = 0. Therefore, by
(B:9), since K.(z —-) € S(R),Vz € R, we likewise obtain

/ /K” x—y)h(s)(dy)ds —/ K!xh(s)(z)ds, Vte€[0,T],z €R.
" (3.15)
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But, by Lemma R.3 and Fubini’s theorem, for all ¥ € S(R) and s € [0,T] it

follows

/R "(z) /R K(z — y)h(s)(dy)dz = /R V() Beh(s) ()
- / () (eBh(s)(x)dz — h(s)(dx))

hence, by approximation,

/ w(z) / K!(x — y)h(s)(dy)de = / () (e Beh(s)(x)dz — h(s)(dz)),
R R R
Vw € Cyp(R), s € [0,T].

Consequently, by (B.I5) and Fubini’s theorem

/R (x) / / )(eB.h(s)(z)dx — h(s)(dx))ds

(3.16)
vV we Cy(R),t € [0,T].

As a consequence of (B.14) and (B.16) and again using Fubini’s theorem, for
all t € [0, T] we obtain

sesl) = [ as(t0)B(O@)da
/ / (t,z)(eB:h(s)(x)dx — h(s)(dzx))ds

I @(II

/ / s,2)(eBoh(s)(z)dx — h(s)(dz))ds

3]

_l’_

/ // (60 % h(r) (2)dr (2B h(s) (2)dz — h(s)(dz))ds
- / /25 5,2)(eBeh(s)(x)dz — h(s)(dx))ds
/ / / (6% h(r)) () (e B.h(s)(@)dz — h(s)(d))dsdr
/ / 25(s,2)(eBeh(s)(x)da — h(s)(dx))ds

//¢g*h () (@) dadr

24
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The application of Fubini’s theorem above is justified since a is bounded,

supseio.7 12()[[var < 00, and K¢, ¢s € S'(R). But the last term is equal to

///(ﬁ‘S (x —y)Bez(r)(x)dxh(r)(dy)dr

= / //(ﬁg(x —y))(eB:z(r)(z)dz — z(r)(dx))h(r)(dy)dr

— //ng )(ds * h(r dxdr—//zéry dy)dr,

where we could use Lemma .3 in the first step, since ¢s(- —y) € S(R),Vy €
R. Hence, for all t € [0, T,

ge5(t) = /t/z(;(s,x)aBEh(s)(x)dxds
+ / /EB 2 (s * h(s))(z)dxds (3.17)

. /O /R 25(5, 2)h(s)(dz)ds.

For a signed measure v, we denote its absolute value by |v|. By Lemma P.J

we have

sup / (12(5)| * 65) (2)e Belh(s)| () < OV,
R

s€[0,T]
where

1
C:_HaHoo sup || ( )Hvar’
s€[0,T]

and likewise the integrand of the second integral in (B.17) is bounded by the
same constant independent of 4. Hence, as € — 0, the first and second term
in the right-hand side of (B.17) converges to zero uniformly in § and uniformly
in t € [0,T]. Now, we use Assumption (A), namely that z € L?([x,T] x R)
for all £ > 0. Then, since B.z(t) € L*(R),Vt € [k, T}, and ||a|s < oo, (B17)
implies that Vk > 0,t € [, T,

9:(t) = ge(k) = lim(ge5(t) — ge,5(k))
— t 2’2 S, xr)als,r)axras .
< 2JETC 2//R (s,2)a(s, )dzds  (3.18)
< 2y/eTC.
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Now, lim,_,0 g (k) = 0. In fact z(k,-) — 2(0,-) = 0 weakly, according to the
assumption of Theorem B.6. According to Theorem 8.4.10, page 192, of [[L1],
the tensor product z(k,-) ® z(k,-) converges weakly to zero. On the other
hand (x,y) — K.(z — ) is bounded and continuous on R?. By Fubini’s

theorem

9206) = [ 206)de)=(0) () Ko — ) = 0.

So, letting first £ — 0 in (B.1§) and then & — 0, (B.11]) follows since g.(t) > 0
for all t € [0,T]. In fact, we even proved that the convergence in (B.11) is
uniformly in ¢ € [0, 7.

Theorem B.§ has a direct application which will be useful for the probabilistic

representation of the solution of (B.3) when ® is non-degenerate.

4 The probabilistic representation of the deter-
ministic equation

Despite the fact that § is multi-valued, by its monotonicity and because of
(B3), it is still possible to find a multi-valued map ® : R — R, such that

Bu) = ®*(u)u, u € R,

which is bounded, i.e.

supsup @ (u) < oo.
u€R

We start with the case where when ® is non-degenerate, i. e. there exists

some constant ¢ > 0 such that y € ®(u) =y > c.

In the degenerate case, we can prove existence in some cases, see Subsection
4.2 below.

4.1 The non-degenerate case

We suppose in this subsection ® to be non-degenerate.
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First of all we need to show that solutions of the linear PDE (B.9), which

are laws of solutions to an SDE, are space-time square integrable.

Proposition 4.1 Suppose a : [0,7] x R — R to be a bounded measurable
function which is bounded below by a strictly positive constant on any com-

pact set.

We consider a stochastic process Y = (Yi,t € [0,T]) on a stochastic basis
(Q,F,(F), P), being a weak solution of the SDE

t
Yi = Yo+ / V2a(s, Vo) AW,
0

where W is a standard (F;)-Brownian motion. Fort € [0,T], let z(t) be the
law of Yy and set 2° := 2(0).

1. Then z solves equation (B.9) with 2° as initial condition.

2. There is p € L*(]0,T] x R) such that p(t,-) is the density of z(t) for
allt € [0,T7.

3. z is the unique solution of (3.9 with initial condition 20 having the

property described in item 2. above.

Remark 4.2 A necessary and sufficient condition for the existence and
uniquess in law of the equation in Proposition [[.1, is that Y solves the mar-
tingale problem of Stroock-Varadhan, see chap.6 of [29], related to L,f =
a(t,z)f". In our case, existence and uniqueness follow for instance from
Y], exercises 7.3.2-7.3.4, see also [23], Refinements 4.32, chap. 5. We
remark that the coefficients are not continuous but only measurable, so that

space dimension 1 (or possibly 2), is essential.

The reader can also consult B3, RG] for more refined conditions to be able to

construct a weak solution; however those do not apply in our case.
Proof (of the Proposition [L.1)).

1. The first point follows from a direct application of It6 formula to ¢(Y;),
¢ € S(R), cf. the proof of Theorem [.3.
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2. We first suppose that Yy = zo where zg € R. In this case its law 2°
equals §(dx — zp). In Exercise 7.3.3 of [Rg], the following Krylov type

estimate is provided:

T
1E ( /O f(t. mu) \ < const fllz2 0118,

for every smooth function f : [0,7] x R — R with compact support .
Lemma B.§ implies the existence of a density y — p;(z¢,y) for the law
of Yy for ¢t > 0. This yields

< const|| fl| 20,71 x®)

‘ / J(t,y)pe(wo, y)dtdy
[0,TTxR

and the constant const does not depend on z(, but only on lower and

upper bounds of a. This obviously implies that

sup / P (o, y)dtdy < oo.
roER [O,T]XR

This implies assertion 2. when Yj is deterministic.

If the initial condition Yj is any law 2°(dz), then clearly the density of
Y; is z(dy) = p(t,y)dy where p(t,y) = [ uo(dz)p:(x,y).

Consequently, by Jensen’s inequality and Fubini’s Theorem,
/ p°(t,y)dtdy < / UO(dfﬂ)/ pi(t,x,y)dtdy < oo.
[0,T]xR R [0,T]xR

3. The final assertion follows by 2. from Theorem B.6.

Now we come back to the probabilistic representation of equation ([.1)).

Let us consider the solution u € (L' () L*>)([0,T] x R) from Proposition B.,
that is, u solves equation (B.3), in the sense of (B.J), assuming the initial
condition ug is an a.e. bounded probability density. Define

Mu(t, )

Xu(t,z) := m (4.1)
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and note that, because ® is non-degenerate and % € ®2(u(t,z)) for(t, z),
dt ® dz-a.e., we have yx, > ¢ > 0, dt ® dz-a.e. Since Y, is only defined
dt ® dz-a.e, let us fix a Borel version. According to Remark [L.9, it is possible

to construct a (unique in law) process Y which is the weak solution of

t
Yi =Y+ / Xu(sa Yts)dWs (4'2)
0

where W is a classical Brownian motion on some filtered probability space
and Yj is a random variable distributed, so that ug is its density.

Consider now the law v(¢, ) of the process Y;. We set a(t,z) = @ Since

a > ¢ > 0, Proposition [I.] implies that v € L?([0,T] x R) and it solves the

equation

{ v = 02, (av) (4.3)

0,2) = uo(z).

On the other hand u itself, which is a solution to (B.Z) (in the sense of (B.3)),
is another solution of equation ([.J). So, being in (L' (N L>)([0,T] x R), u
is also square integrable. Setting 27 = v, 2o = u, Theorem B.¢ implies that

v =u, dt ®dr-a.e.

Since u € C([0,T], L}(R) and Y has continuous sample paths, it follows that
u(t, ) =v(t,-), dr-a.e. for all t € [0,T].

The considerations above allow us to state the following representation the-

orem, at least in the non-degenerate case.

Theorem 4.3 Let ug € L' (VL™ such that up > 0 and [ uo(z)dz = 1.
Suppose the multi-valued map ® is non-degenerate and bounded. Then there
is a process Y , unique in law, such that there exists x € (L' () L>)([0,T] xR)
with

Y, = Yo+ Jo x(s,Ys)dW, (weakly)
x(t, x) € ®(u(t,x)), for dt ® de—a.e. (t,z) € [0,T] x R
Law density of Y, = u(t,-)
u(0,-) = uo,

(4.4)
with u € C([0,T]; LY(R)) N L*°([0,T) x R).
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Remark 4.4 If O is single-valued then x, = ®(u).

Proof. Existence has been established above. Concerning uniqueness,
given two solutions Y i = 1,2 of (f4) i.e. ([L4). We denote by w;(t,-),i =
1,2 the law densities of respectively Y, i = 1,2 with corresponding x; and
X2-

The multi-valued version of Theorem [[.9 says that u; and ugy solve equation
(L) in the sense of distributions. so that by Proposition B.2 (uniqueness

for (B-3)) we have u; = ug, and also x1 = x2 a.e.

We note that, since Y} has a law density for all ¢ > 0, the stochastic integrals
in ([£4) are independent of the chosen Borel version of x. Remark [.q now
implies that the laws of Y'! and Y2 (on path space) coincide. ]

Corollary 4.5 Let vg € L' ()L™ be such that vy > 0. Suppose ® is Borel,
non-degenerate and bounded. The unique solution v to equation with
initial condition vg is mon negative for any t > 0. Moreover, the mass

Jz v(t,x)dz does not depend on t.

Proof. Setting pug = fR vo(y)dy that we can suppose to be greater than 0.

Then the function u(t,x) = v(t,z)

solves equation (B.9)

Ko
Ou = %&%x(ﬁ(ﬁgu)), (4.5)
u(0,-) = Z_?)'
Hence, the result follows from Theorem [I.d. ]

Remark 4.6 We note that if ® is merely bounded below by a strictly posi-
tive constant on every compact set and if the solutions u are continuous on
[0,T] x R, then Theorem [[.3 and Corollary [{.8 still hold.

4.2 The degenerate case

The non-degenerate case is much more difficult and will be analyzed in detail
in the forthcoming paper [d]. In this subsection we only take the first two
steps in the special case where our 3 of Section 1 is of the form 8(u) = ®2(u)u

and the following properties hold:
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Property 4.7 ® : R — R is single-valued, continuous on R—{0} and lower

semi-continuous in zero.

We furthermore assume that the initial condition ug and ® are such that we
have for the corresponding solution u to ([.1)) (in the sense of Proposition
B.9) the following:

Property 4.8 ®?(u(t,-)) : R — R is Lebesque almost everywhere continu-
ous for dt a.e t € [0,T].

Remark 4.9 As will be shown in [§] condition ({/.8) is fulfilled in many
interesting cases, for a large class of intial conditions. In fact, we expect to

be able to show that u(t,-) is even locally of bounded variation if so is ug.

Proposition 4.10 Suppose that Property [} holds. Letu® > 0 be a bounded
integrable real function such that fR up(x)dz =1 and the corresponding so-

lution u to ([I.1) satisfies Property [[.§. Then, there is at least one process
Y such that

Y, = Yo+ [y D(u(s,Ys))dW; in law
Law density(Y;) = u(t, ), (4.6)
U(O, ) = )

Corollary 4.11 Suppose that Property [} holds. Let ug € L' (L> be such
that ug > 0 and that the corresponding solution u to (I.1) satisfies Property
[[.§ The unique solution u to equation ([3.2) is non-negative for any t > 0.

Moreover, the mass [, u(t, z)dx is constant.

Proof (of Proposition [f.10). We denote the solution to equation (B.3), by
u = u(t,x).
Let € €]0,1] and set B.(u) = (®(u)+¢e)%u, P.(u) = ®(u)+¢&,u € R. Propo-

sition B.2 provides the solution u = u° to the deterministic PDE equation

((E))

{ O = 305,(B:(w)),
u(0,2) = up(x).

31



We consider the unique solution Y = Y*¢ in law of

Y, = Yo+ [y ®o(uls, Ys))dWy
Law density(Y;) = us(t,-) (4.7)
u®(0,-) = u.

Since ® + ¢ is non-degenerate, this is possible through Theorem [.3.

Since ® is bounded, using Burkholder-Davies-Gundy inequality one obtains

E{Y? — YZ}* < const(t — s)%,Ve > 0. (4.8)

where const does not depend on ¢. Using the Garsia-Rodemich-Rumsey
lemma (see for instance [ff], (3.b), p. 203), we obtain that

YE —YE 4
supFE [ sup Y= ¥p < o0.
e>0 5,t€[0,T ]

Consequently, using Chebyshev’s inequality

lim sup P({ sup P —Y7| > A}) =0, VA>0.
0—0 >0 5,t€[0,T),|t—s| <6

This implies condition (4.7) of theorem 4.10 in Section 2.4 of [23]. Condition

(4.6) of the same theorem requires

lim sup P{|Y5| > A} =0.
A—=+00 £30

This is here trivially satisfied since the law of Yjj is the same for all . Thus

the same theorem implies that the family of laws of Y¢,& > 0, is tight.

Consequently, there is a subsequence Y" := Y*®» converging in law (as
C[0,T)-valued random elements) to some process Y. We set &, := &,

and u" := u®" where we recall that u"(t,-) is the law of Y;".
We also set X' =Y/ — Y'. Since

X", = /0 B2 (u" (s, Y"))ds,

and E([X"]r) is finite, ® being bounded, the continuous local martingales

X™ are indeed martingales.
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By Skorokhod’s theorem there is a new probability space (Q, F, P) and pro-
cesses Y, with the same distribution as Y™ so that Y converge P-a.e. to
some process Y, of course distributed as Y, as C([0,T])- random elements.
In particular, the processes X" := Y™ — 370” remain martingales with respect
to the filtrations generated by them Y. We denote the sequence Y™ (resp.

Y), again by Y (resp. Y).

Remark 4.12 We observe that, for each t € [0,T], u(t,-) is the law density
of Yy. Indeed, for any t € [0,T], Y;" converges in probability to Y;; on the
other hand u"(t,-), which is the law of Y;", converges to u(t,-) in L'(R)
uniformly in t, cf. [IQ).

Remark 4.13 Let Y" (resp. ) be the canonical filtration associated with
Y™ (resp. Y ).

We set
1

¢
W”:/ ———dY}".
o Calun(s,Y) T
Those processes W™ are standard (Yj') - Wiener processes since [W™|; =t
and because of Lévy’s characterization theorem of Brownian motion. Then

one has .
Ve =Y [ e Y)Wy
0

We aim to prove first that

Y=o+ [ eluts V. (4.9)
0

Once the previous equation is established for the given u, the statement of
Proposition would be completely proven because of Remark .13 In
fact, that Remark shows in particular the third line of ({.6).

We consider the stochastic process X (vanishing at zero) defined by X; =
Y; — Yy. We also set again X' =Y, — Y.

Taking into account Theorem 4.2 of Ch. 3 of [RJ], as in Remark B.9, to
establish ([1.9) it will be enough to prove that X is a }- martingale with
quadratic variation [X]; = fg 2 (u(s,Yy))ds.
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Let s,t € [0,7] with ¢ > s and © a bounded continuous function from

([0, s]) to R.
In order to prove the martingale property for X, we need to show that
E((X:— X5)0(Y,,r <s))=0.

But this follows because Y — Y a.s. (so X" — X a.s.) as C([0, T])-valued
process; so for each t > 0, X' — X, in L}(Q) since (X*,n € N) is bounded
in L%(Q) and

E((Xy = X)OY,",r <s)) =0.

It remains to show that X7 — f(f ®2(u(s,Ys))ds,t € [0,T], defines a Y-

martingale, that is, we need to verify

E ((Xf - X2 - /t ®2(u(r,Y;))dr)O(Y,,r < s)> =0.

s

The left-hand side decomposes into 2(I'(n) + I%(n) + I3(n)) where
I'(n) = E ((Xf - X2 /t % (u(r,Y;))dr)O (Y, r < 5)>
= p((erp - cnp- [ o) et <),

S

Py = B ((ae-ape- [ 2200, vir) Oz <)),

S

P(n) = £ ( [ @2y - @y drer < s>> |

We start by showing the convergence of I*(n). Now O(Y,*,r < s) is dom-
inated by a constant. Therefore, since ®,,,® are uniformly bounded and
a? — b = (a — b)(a + b), by the Cauchy-Schwarz inequality, it suffices to

consider the expectation of

| @ula 677 — Bl ¥ dr (4.10)

which is equal to
/ B(@,((r,Y) — ®(ul(r,Y])dr
N /dr/(q)n(un(ﬁy))—q)(u(ﬁy)))z“"(r’y)dy-
s R
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This equals Ji(n) + Ja(n) — 2J3(n) where
nw = [Car [
nw = [ ar [ @t e
) = [ [ e )@t )

7= [ [ @t utra = [ [ s

To show that I3(n) — 0 as n — oo, it suffices to show that

Define

lim Ji(n) = lim Jo(n)=J (4.11)
and
liminf J3(n) > J. (4.12)

Now repeating exactly the same arguments as in Point 3. of Proposition
B.9, it follows that ®2(uy)u, — ®%(u)u in (L', L>®) as n — oo which
immediately implies ({.11)).

Furthermore, by Fatou’s lemma and since ®,, > @,

lim inf J3(n / /hmlnf@ r,y))®(u(r,y))u(r, y)dydr
R

n—oo n—0o0

which by the lower semicontinuity of ®, implies ({.13).

Now we go on with the analysis of I%(n) and I'(n). I%(n) equals zero
because X" is a martingale with quadratic variation given by [X"]; =

Jo @2 (u™(r, ;1)) dr.

We treat finally I'(n). We recall that X™ — X a. s. as a random ele-
ment in C([0,7]) and that the sequence E ((X;")?) is bounded, so (X;")? are

uniformly integrable. Therefore, we have
E((XP)? = (X6, r < 5)) = B ((X} - X))O(Y,,r < 5)) — 0,
when n — oo. It remains to prove that

/t E(®*(u(r,Y;)) — @ (u(r, Y;")O(Y,",r < s)dr) — 0. (4.13)
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Now, for fixed dr-a.e. r € [0,T], ®(u(r,-)) has a Lebesgue zero set of dis-
continuities. Moreover, the law of Y, has a density. So, let N(r) be the null
event of all w € Q such that Y, (w) is a point of discontinuity of ®(u(r,-)).
For w ¢ N(r) we have

lim 2 (u(r, Y,"(w))) = @*(u(r, Y; ()))-

n—oo
Hence Lebesgue dominated convergence theorem implies ([L.13).
So equation ([L.9) is shown. The last point concerns the question whether
u(t,-) is the law of Y;. We recall that for any ¢, Y;” converges (even in

probability) to Y; and u"(¢,-), which is the law density of Y} goes to u(t, )
in L'(R). By obvious identification u(t-) is the law density of Y;. ]
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