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ELLIPTIC EQUATIONS WITH DIFFUSION PARAMETERIZED
BY THE RANGE OF NONLOCAL INTERACTIONS

ARMEL ANDAMI OVONO & ARNAUD ROUGIREL

ABSTRACT. We consider quasilinear elliptic equations where the diffusion at
each point depends on all the values of the solution in a neighborhood of this
point. The size of this neighborhood is parameterized by some non negative
number which represents the range of nonlocal interactions. For fixed values of
the parameter, the issue of the existence and local uniqueness of the solution
is addressed. In a radial symmetric setting, we give pointwise estimates of the
solutions and prove the existence of multiple solutions. Regarding bifurcation
theory, we show that many local branches of solutions may exist while, among
them, only one is global and has no bifurcation point.

1. INTRODUCTION

Let €2 be a non empty open bounded subset of R™ whose diameter is denoted by
L. Let also g : €2 x 2 — R be a measurable function such that

esssup/gz(x,y) dy < o© (1.1)
e Jo
and

feH Q). (1.2)
For any z in 2 and r in [0, 00), we define the nonlocal functional

LO)@) Q) — R, ues b(u)(z) = / S d

where B(z,r) is the closed ball of R™ with radius  and centered at x. We notice
that ¢o = 0 and ¢, = ¢, for all » > L, hence we will often restrict our attention to
the case where r belongs to [0, L]. In this paper we will investigate the properties
of the solutions to the nonlocal problem

—div(a(l,(u))Vu) = f  in H(Q)

P- 1.3
TN we o). 9
where the diffusion coefficient a satisfies
a € C(R,R), i%fa >0, supa < oo. (1.4)
R
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If Lipschitz regularity is needed, we will assume instead

a € Wh(R), infa > 0. (1.5)

If g =1 then 4. (u)(x) = me(x,r)u(y) dy. In case where (P-r) modelizes mi-
gration of population, it means that the diffusion at x depends on the population
surrounding x. In the general case, the kernel g accounts for the fact that the
contribution to the diffusion process of points in the ball B(z,r) may be different.

The following examples modelize various diffusion process.

(i) g(x,y) = g(x—y) where g € L2 _(R"). If, for instance g(z—y) = g(|Jz—y]|) is a
radial decreasing function then the contribution of a point in B(x,r) will decrease
with respect to its distance from z. In that case, (1.1) holds since

/ Pla—y)dy = / P(y)dy < / (y) dy,
Q z—Q B(0,2R)

where R is chosen so that Q C B(0, R).
(i1) g(z,y) = g(y) where g € L*(Q2). In particular, being given some subdomain
Q' of 2, we may choose

g(y) = o (y) ==

0 otherwise.

{1 if ye

This model allows to fix which areas of () contribute specifically to the diffusion.
If » = 0 then (P-0) is a linear local elliptic problem. In the case r = L, (P-L) is a
purely nonlocal problem and ¢, is the continuous linear form given by

(0 (u) = / guly)dy  Vu e L3(Q).

The parameter r measures the range of the nonlocal interactions occurring in the
diffusion process. Here, (1.1) is also satisfied.
(iii) Of course, we may combine these two models by choosing

9(x,y) = g1(z —y)g2(y),

where g; € L2 (R") and go € L*(Q) so that (1.1) holds by the Cauchy-Schwarz
inequality.

Our very first aim is to describe the changes that occur in the structure of the
set of solutions to (P-r) as the parameter r varies from 0 to L. Indeed, in the case
(ii) where the kernel g is independent of x, M. Chipot and B. Lovat have shown
in [CL99] that (P- L) may have, for instance, three solutions. On the other hand,
(1.2), (1.4) implies that (P-0) is uniquely solvable. So natural questions arise from
bifurcation theory:

(i) Do there exist branches' of solutions starting from the solutions to (P- L) ?
(ii) Do there exist bifurcation point for these branches 7

For generic situations (see Corollary 4.2, Theorem 3.2), the answer to (i) is posi-

tive; this is a consequence of the implicit function theorem. However, surprisingly,

Lsee Definition 4.1
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it does not seem to exist bifurcation point, as suggested by numerical simulations.
Let us describe our result related to question (ii) in vague terms (see Theorem 4.1
for a precise statement). If the diffusion coefficient a is flat in some neighborhood
of 0 then there is a unique global branch of solutions and it has no bifurcation
point. Figure 1 depict a (possible) generic bifurcation diagram.

Au,

ﬁUL

Local branch

ur,
Up Global branch

Y-

FIGURE 1

It should be emphasize that these results hold for radial symmetric data (see
Section 4). Since the structure of nonlocal problems is not so rich than the one
of local problems, assumptions have to be strengthened in order to get useful
informations about the solutions. This lack of structure may be illustrated as
follows. Under assumptions (1.2), (1.4), the local problem

—div(a(u)Vu) = f  in H'(Q), wue Hy(Q),

has a unique solution whereas (P-7) may have infinitely many solutions: see
[CMO1]. The reader interested with other nonlocal diffusion problems may consult
for instance [ZP06] or [CCRO6].

This paper is organized as follows. In Section 2, we give some existence and
uniqueness results. In particular, Corollary 2.1 states, in implicit function theo-
rem’s fashion, the existence of local branches of solutions. Section 3 is devoted to
the case where r = L and g is independent of x. Preliminary results needed to
the study of branches of solutions starting from r = L are given. In particular,
Theorem 3.2 characterizes situations where the implicit function theorem may be
applied and give, in the case r = L, a more powerful result than Corollary 2.1
(which hold in a wider setting). Finally, in section 4, we study radial symmetric
solutions. In a first part, some qualitative properties of radial solutions are given.
In a second part, we propose some answers to questions (i) and (ii) above.
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If O is an open part of R" and 1 < p < oo then the norm of a function u in
LP(O) will be denoted by ||u||,0 or simply by |lu||, if no confusion may occur. The
norm in H~(Q) will be denoted by || - |..

2. EXISTENCE AND UNIQUENESS RESULTS

The main result of this section is Corollary 2.1 which is a kind of implicit function
Theorem: see Remark 2.1. Theorem 2.1 states that (P-r) has at least a solution
for all non negative parameter r. Theorem 2.2 is a local uniqueness result. These
results make use of the following Lemmas. If the reader wish to simplify the
analysis without losing the essential ideas, he/her may choose g = 1.

Lemma 2.1. Under assumption (1.1), for all u,v in H} () and r, s in [0, L], there
holds for a.e. x € (Q,

[ ()(z) = &:(v)(@)] < Crsup|lg(a, Ma(IV (= )2 + Ir = 5|75 | Vo),

where Cy is a constant depending only on Q,n and L; supg, ||g(z, )]s stands for
the square root of left-hand side of (1.1) and n V 3 is the mazimum between the
dimension n of () and 3.

Proof. We have
(w)(z) - £(0)(@)] <
[ e na- ol [ (o)l dy. (21)
QNB(z,r)

QN(B(z,s)\B(z,r))

Let us estimate the latter integral. If n = 1, H}(f2) is continuously embedded in

C(Q2). Then denoting by C' the norm of this embedding, it is smaller than

Cllvfloo /Q l9(2 Y ) Wp. a5 (v) dy < Cllvllec sup flg(, )ll2[25 = 2r|'2,

If n = 2 then we choose p = 6. If n > 3, let p =2n/(n —2). Thus for any n > 2,
by the Holder inequality and Sobolev’s embedding, the latter integral in (2.1) can
be estimated by

/

, 1/p
(/ o) dy) " olle <
QN (B(z,s)\B(z,r))
’ 1/p
([ 1o )P Ustosian ) ) [V

where p’ is the conjugate exponent of p. Moreover, using again Holder’s inequality
with g := 2/p/, there holds

/ /g /
[ tate )P Ut man 0y < ([ Lot Pay) 1B \ Bl .
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Since |B(x,r)|, the measure of B(x,r) is equal to ¢,r", we get
1/2 n
/ ote)ow)dy < C( [ latw)Pay) s = o7 Vo
QN (B(z,s)\B(z,r)) Q
If n=2, p'q’ =3 whereas p'¢’ = n for n > 3. Thus for all n > 1,
_1
/ l9(z,y)v(y)l dy < Crsup [lg(z, -)l2|r — s[=3[[Vol],.
QN(B(z,s)\B(z,r)) Q

In the same way,
/ g9z, y)(u—0)(y)|dy < Csup|lg(z, )||a| Bz, r)| =5 |V (w = v)[|2.  (2:2)
QNB(z,r) Q

Combining these two estimates, going back to (2.1) and using |B(x, )| < |B(0, L)|,
we obtain the desired estimate. O

Lemma 2.2. If (1.1), (1.2), (1.4) hold then for any (u,v) in H(Q) x L*(Q)
satisfying
—div(a((,(v))Vu) = f  in HH(Q),
one has
/1]
inf a(f,(v))(x)

z€Q

Vullz <

Proof. Test the above equation with u and use the continuity of f on H}(Q). O

Theorem 2.1. If (1.1), (1.2), (1.4) hold then for all v in [0, L], the problem (P-r)
defined by (1.3), has at least one solution.

Proof. We introduce the functional
T, : L*(Q2) — L*() (2.3)
v u, the solution in H}(Q) to — div(a((,(v))Vu) = f.
Let M := k(Q)||f||«/ infg @ where k() is the Poincaré constant. Then Lemma 2.2
implies that T, maps the closed ball of L?(Q) with radius M and centered at the

origin into itself. Then we conclude by using the Schauder fix point theorem in a
standard way. dJ

Theorem 2.2. Under the assumptions (1.1), (1.2), (1.5), let ro € [0, L] and u,,
be a solution to (P-ry) satisfying
Crsupg llg(@, )l2ll fllllalloe _
. 2 :
{inf altry (1))
Then there exist €,0 > 0 such that for any non negative r € [rog —e,79 + €|, (P-1)

has an unique solution in B(u,,,d, Hy(Q)), the closed ball of Hy(Q) with radius &
and centered at u,,.

(2.4)

In (2.4), C} is the constant of Lemma 2.1 and ||a/||» stands for esssup, g |a'(x)].
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Proof. We apply the Banach fix point theorem in the ball B(u,,,d, Hi(Q2)) where
the value of the radius ¢ will be fixed below.

For simplicity, put K(g) := Cjsupq ||g(z,-)|2. Let m > 0 satisfies the two
conditions:

inf a(y, (1)) = [la'llocm > 0 (2.5)
R < (0] Fi[N [
{inf a(ry () = llalloom }*

The existence of such number 7, is insured by (1.5) and (2.4). Let also € > 0 be
such that

(2.6)

K922 1 4KV < (2.7

where ¢(r) := |r|'/"V3 for all » € R and
L K@l ool Vi |2
= — 5.
{inf a(lry (ury)) = llallom }

Put § := ¢q(g)ca/(1 — ¢1). Then, for any non negative r € [ro —e,79 + €| and v in
B(uy,,d, H3(2)), the function u := T,(v) (see (2.3) for the definition of T}) satisfies

/a(&(v))Vchpdx:/a(fm(um))Vungodx
0 0

for each test function ¢ in H} (). The choice ¢ = u — u,, yields

i a(t (i) [ (90— ) do <
Q Q

/Q |a(€r(v)) = a(lry (ure))[ [Vul [V (u = upy)| d. (2.8)
Let n:= K(g)(0 + q(r — ro)||Vur,||2). By Lemma 2.1,

|6 (0) (2) = Ly (ury ) ()] < 1.
Thus, with (1.5) and the Cauchy-Schwarz inequality

@' ||l oo ][ Vull2 .
igfa(ﬂm (um)) '
Moreover, since 1 < n; due to the properties of ¢,
inf a(€x(v)) = inf a(lr, (ur,)) = [la'lloom- (2.9)

In view of Lemma 2.2 and (2.9), we have

IV (=t ) [|l2 <

" £ lllla’lloo
IV (u = ) [l2 < Tl (i 08 () = Ty’ (2.10)
<10+ q(e)es (since q(r — 1) < q(e))

— 4,
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by definition of . Hence T, maps B(u,,,d, Hj(£2)) into itself. Let us prove that
T, is a contraction in this ball. For this consider vy, vy in B(u,,,d, Hj(2)) and put
u; = T(v;) for i = 1,2. Arguing as in (2.8), using Lemma 2.1 and recalling that
K(g) := Crsupg [lg(z, )2, we get

igfa(ﬁr(vg))/ﬂ\V(ul — uy)|? dw

S/Qla(ﬂr(vl))—a(ﬁr(vz))lIVulllv(ul—W)ldl“

< K(g)[la'lool[V (01 = v2) 2 Ve |2V (w1 = ua) -
Thus, thanks to Lemma 2.2,

o K (g fl<lla' [l
[V (u1 — ug) |2 < inf a(Z,(v1)) inf a(£, (v,))

By (2.9), the above coefficient is uniformly bounded by

OIS
{inf al(bry (1)) — [0/l }°

which is strictly less than 1 by (2.6). Hence T, is a contraction. We conclude by
using the Banach fix point theorem. O

V(o —w)l. (211)

Let us denote by F' the nonlinear operator
F:]0,00) x Hy(Q) — H () (2.12)
(r,u) — —div(a(l(u))Vu) — f.
Clearly, F(r,v) = 0 means that v is solution to (P-r).

Corollary 2.1. Under the assumptions and notation of Theorem 2.2 (in particular
up, denotes a solution to (P-ry) satisfying (2.4)), there exists a Holder continuous
function w : [(ro —€) V 0,70 + €] — Hg () such that

F(r,v) =0 in [(ro—¢) V0,79 + €] X Bluy,,d, Hy(Q))
if and only if v = u(r).

Remark 2.1. This result is a non smooth version of the implicit function theorem.
Indeed, if @’ is continuous and, for a.e. = € ), g(z, -) can be extended outside of €2 by
a function lying in H'(R") then F is of class C! and the implicit function theorem
may be applied to give a differentiable curve of solutions r — u(r). In our setting, F'
is not necessarily differentiable with respect to u (because a’ € L>(R)), however we
obtain a Hélder continuous branch of solutions through u,, (with Holder exponent
1/nV3).

Proof of Corollary 2.1. The existence of the function u follows from Theorem 2.2,
hence there remains to prove its Holder regularity. For this, let €, be as in
the statement of Theorem 2.2 and r,s in [(ro — ) V 0,79 + €]. Let, as above,
K(g) := Cysupg ||lg(z, )|, q(r) = 7*/"V3 and u(r), u(s) be the unique solution to
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(P-7) and (P-s) in B(u.,, 6, H}(2)). Then arguing as in (2.10), ||V (u(r) — u(s))||2
is estimated by

__ K-l
1gf a(l,(u,)) lgf a(ls(us))

By (2.9), (2.6) and Lemma 2.2,

(IV (u(r) = u()l + 4l = ) [Vu(s)]).

K(g)IfIlalloo
{inf a(lry (rg) — ol ocm }”

which shows the Holder continuity of wu(-). O

(1 =)V (u(r) —uls))ll2 < q(r - s)

Corollary 2.2. Under the assumptions (1.1), (1.2) and (1.5), the following propo-
sitions hold true.
(i) If r is small enough then (P-r) has an unique solution.

(ii) If

. /
C supq Hggfﬂ M2l fll<lla’l oo <1 (2.13)
infp a?

then (P-r) has an unique solution for all r in [0, L].

Proof. The existence follows from Theorem 2.1. The uniqueness is obtained from
(2.11) with u; = v;. Indeed (2.13) is clearly a sufficient condition. Moreover (see
(2.2)), K(g) may be replaced in (2.11) by C; supq, ||g(z, -)||2| B(0,7)[*/"V3. Hence,
we get the uniqueness for small r. 0

For specific diffusion coefficients a, the local uniqueness result of Theorem 2.2
may be applied for rq := L while multiple solutions to (P- L) exist: see Remark
3.1. The following theorem gives another local uniqueness result. The main differ-
ence with Theorem 2.2 concerns (i) the assumptions on a’: it is assumed that we
control @’ only a some neighborhood of 0 (see (2.15)); (ii) the fact that we obtain a
uniqueness result in some tube of [0, L] x H}(2) with uniform section (in Theorem
2.1, § depends a priori on 7).

Theorem 2.3. Under the assumptions (1.1), (1.2) and (1.5), assume in addition
that

(i) there exists some positive number py such that a(jp;) = ming ) a;
(i) for allr in [0, L], u, is a solution to (P-r) and

0<lo(u)(x) <ps  forae z€fl (2.14)
(iii) for some number ép > 0, there holds
1
Cr50p (e Wl A1 e s s o 55 < 1 2.15)

Then there exists § > 0 (independent of r and w,.) such that for allr € [0, L], (P-r)
has an unique solution in B(u,,d, H}(2)).
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Proof. 1t is similar to the contractivity-part of the proof of Theorem 2.2. Let n; > 0
satisfies the two conditions :

a(pr) = @ llso.m >0 (2.16)
K@) l+l[alloo.r
{a(m) - Ha'Hoo,ﬂh}2
where I stands for [—dpu, 1 + dp]. Let § > 0 satisfies
K(g)6 < min(dp,n). (2.18)

Then for any solution u to (P-r) belonging to B(u,,d, H}(Q2)), one has due to
Lemma 2.1 and (2.14),

—K(9)0 < £r(u) < £r(ur) + K(g)o.

Thus for a.e. z € Q, ¢, (u)(z) belongs to I owing to (2.18) and (2.14). Hence, (see
(2.11)),

1, (2.17)

190 = )l < o = )
Now infg a(l,.(u,)) > a(uy) by ;ssumptions g;z), (i1). Moreover
a(lr(u)) =2 a(ly(ur)) — K(g)lla[l00.16
> a(p) — |’ [[so,rm,
by (2.18). Hence

K9 flllla'loo 1
(= u)ls < ,
{a(p) = lla'lloc,rm }
Thus uniqueness follows from (2.17). O

2 1V (=),

3. THE CASE WHERE r = L AND ¢ IS INDEPENDENT OF x

In this section, we will assume that » = L and g is independent of x, namely

g(z,y) = g(y), g€ L*(Q). (3.1)
In this case, £}, becomes a purely nonlocal functional in the sense that it is inde-
pendent of the spacial variable. We have

tuw) = [ aw)uty)dy
Therefore (1.3) reads here

— Au = in H=1(Q
(P-1) a(ﬁLEu)) u=f in (Q) (3.2)
u € Hy(Q).
The solutions to (P- L) are proportional to the solution ¢ of
~Ap=f in H'Q), ¢eHQ). (3.3)

More precisely, we may state the following result.
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Theorem 3.1. [CL99] Suppose that (1.2), (1.4) and (3.1) hold. If uy, is a solution
to (P-L) then

(3.4)

and C(ur) is solution to

pa(p) =Lr(p), peR. (3.5)

Conversely, if i is solution to (3.5) then u = @/a(u) is solution to (P-L) and
lr(u) = p. As a consequence, (P- L) has as much solutions as Equation (3.5).

Remark 3.1. If uy, is a solution to (P- L) then contrary to (2.13), the condition
(2.4) which reads here
Cillgllall.f[l[la'll oo
a(lr(ur))?
does not imply the uniqueness for (P- L). Indeed, let 1 < ps be positive numbers.
Assuming ¢;,(p) > 0, we consider the Lipschitz continuous function a defined for
all u € R by (see Figure 2)

<1, (3.6)

Lr(9)

if p <
a(p) = it > o
affine  if up < p < po.

Then, according to Theorem 3.1, (P- L) possesses two solutions u},u? such that

l(ut) = py and £(u?) = po. Moreover (3.6) reads for uy = ul,

Cillgll=[[f1(e)
fi1fioa(p )?
and holds true if po is sufficiently large. In what case, Theorem 2.2 yields that
(P-r) has a unique solution in a neighborhood of u} if r is close enough to L.

<1

In order to proceed further, we need to assume that
a € C*(R,R), i%fa >0, supa < oo. (3.7)
R

Let

F:Rx Hy(Q)— HQ), (r,u)— —div(a(l(u))Vu) - f,
where r — /¢, is extended on (—o0,0) by setting ¢, = ¢_, for r < 0. From (3.7),
F' is continuously differentiable with respect to u and its partial derivative with
respect to u is the bounded linear operator defined, for all v € H(2), by

Dy F(r,u)v = —div(a(l(v))Vv) — div(d' (¢, (u))l,(v)Vu). (3.8)

Theorem 3.2. Under assumptions (1.2), (3.1) and (3.7), let u be a solution to
(P-L). Then D,F(r,u) is an isomorphism between H}(Y) and H~*(Q) if and only

if

Cr(w)a (O (u)) # —a(lr(u)). (3.9)
Moreover, if (3.9) does not hold then the kernel of D, F'(r,u) is the one-dimensional
space spanned by u.
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FIGURE 2

Proof. By the Fredholm alternative and the open mapping theorem, D, F'(r, u) is
an isomorphism if and only if its kernel is trivial. A function v in H}(Q) lies in
this kernel if and only if

—A(a(&(u))v + d(ﬁﬂu))&(@)u) =0 in H Q).
That is to say

v=—l(v)—F/—u. (3.10)

Applying /1, on both side, we obtain

a/(ﬁL(u)) 2 —
a(EL(u)) e )) =0

Thus (3.9) implies ¢, (v) = 0. Hence v = 0 by (3.10) and D, F'(r,u) is an isomor-
phism. If (3.9) is not true that is to say if £ (u)a’ (¢, (u)) = —a (¢ (u)) then u # 0
according to (1.4) and the kernel of D, F(r,u) is contained in R.u by (3.10). Since
we prove easily that D, F(r,u)u = 0, these two sets coincide which finish the proof
of the theorem. O

eL(v)(1 +

Corollary 3.1. Under the assumptions (1.2), (3.1) and (3.7), suppose in addition
that g can be extended outside of 0 by a function g belonging to H'(R™). If each
solution to (P- L) satisfies (3.9) then there exists ¢ > 0 with the following property.
Forallr in [L—e, L], (P-r) and (P- L) have the same (finite) number of solutions.

Proof. According to (3.7), the solutions to (3.5) remain in a compact subset of R.
Thus if the number of solutions to (3.5) is infinite, there exist (p,)n>0 and p in R
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such that pu, — p, p, # p and p,, g solve (3.5) for all n > 0. As a consequence

a(pa) —alp)
= (1)

and, using (3.5),
alpn) = alp) _ (@) pn = Lel@)/p - lulp) _  alp)

fon =t fin — [ W
Thus o' (p) = —%, so u:= p/a(u) is, by Theorem 3.1, a solution to (P- L) which
does not satisfies (3.9) since ¢1,(u) = p. We conclude that under the assumptions
of the corollary, (P- L) has a finite number of solutions.
Let r > 0 and u € H}(Q); u is extended by zero outside of 2. Then, for each
x € ),

0
—Erux:/ (o) do.
5@ = [ gulo)

Indeed, if g.u is continuous on R", we have

Gt =5 [ gumay

3r/ /guaz—i—sa "ldsdo
llell=1

—/ gu(z +ro)r"tdo
llol=1

= / g.u(o)do.
QNOB(z,r)

The general case follows by a density argument.
In particular,

0
— =0. A1
oL (w)(2) » 0 (3.11)
Hence using also (3.7), we may prove that F is C'! on (0,00) x H}(Q2) and
D,F(r,u) = —div(a’(ﬂr(u))%ﬁr(u)VU). (3.12)

By Theorem 3.2 and the implicit function theorem, we deduce that for each solu-
tion uy, to (P- L), there exists 6 > 0 such that (P-r) possesses a unique solution
in B(ug,d, H (). Since (P-L) has a finite number of solutions, we may con-
clude with a standard compactness argument that (P-r) and (P- L) have the same
number of solutions if r is sufficiently close to L. O

Remark 3.2. Let uy, be a solution to (P- L) satisfying (3.9) and r +— u(r) be a
branch of solution to (P-r) starting from . By the implicit function theorem,

u' (L) = —D,F(L,u) ' D, F(L,ur).
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From (3.11), there holds u'(L) = 0 thus Taylor’s expansion yields
u(r) =up +o(r—L)  in Hy()

where o(¢)/e — 0in H}(Q2) as e — 0. In the same way, for r close to zero, assuming
g = 1 and denoting by ug = ¢/a(0) the solution to (P-0), we have

_ a’(0) -
u(r) = ug — 61(n) 2(0) rug+o(r)  in Hy(92), (3.13)

where 01(1) =1 and 6;(n) = 0 if n > 1. Indeed, by the implicit function theorem,
' (0) = =D, F(0,uy) ' D, F(0,up) that is to say, using (3.8),
&4, w)(a)
and (3.12), we deduce that w := «/(0) is solution to
—a(0)Aw = 26,(n)d’(0)div(ueVug) = 81 (n)a’(0)A(ud)  in H ().

Hence w = —§;(n) CZ((S)) u2 and (3.13) follows.

=201(n)u(z) a.e xz € (3.14)

r=0

Remark 3.3. Under the assumptions of Theorem 3.2, D, F(L,uy) is invertible if
and only if the tangents to the graph of a(-) and u +— ¢ (p)/p are distinct at the
point p = {1 (ur). Indeed, by Theorem 3.2, D,F(L,uy) is non invertible if and
only if uy satisfies
a(pr)

pr

a'(pL) = —
Since pra(prn) = £L(e), we deduce that
d <£L<90))

a'(pg) = —
(z) AT

H=p,

Hence, the graphs of a(-) and p+— ¢1(¢)/p have the same tangent at pr,.

4. RADIAL SOLUTIONS

This section is devoted to the study of the behaviour of solutions w, to (1.3)
as the parameter r ranges from 0 to L. More precisely, denoting by wug, ur two
solutions of (P-0) and (P- L), we would like to compare w, with wy and uy. For
instance in the case where uy, < ug, we wish to show that for all r in [0, L],

ur < u, < up.

The main tool for this aim is Proposition 4.2 which state the monotonicity of
the solution to elliptic problems with respect to the coefficient of diffusion. This
proposition hold in a radial symmetric setting, what is why this section is concerned
with radial solutions. A second king of results deals with the existence of local or
global branches of solutions and the non existence of bifurcation point: see Theorem
4.1 and Corollary 4.2.

In the sequel, we will assume that €2 is the open ball of R" with radius L/2
and centered at zero so that L remains the diameter of (2. For each function u in
L?(Q), the subspace of L*(2) consisting of radial functions, we will denote by @
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the function of L?(0, L/2) associated with u, namely @(||z||) = u(x) for a.e. z in
Q). In this section we will make use of the following assumptions.

fe Ly (4.1)
g(z.y) =9(y), g€ LI(Q) (42)
a € C(R,R), i%fa > 0, s%pa < 00 (4.3)
f>0 ae in Q (4.4)
g>0 ae in Q. (4.5)
4.1. A linear problem. For
Ac W (Q) radial, ing > 0, (4.6)

consider the linear problem
—div(A(z)Vu) = f  in L*(Q), we H*(Q)NH(Q). (4.7)

Proposition 4.1. If (4.1), (4.6) hold then (4.7) has a unique solution w. Moreover
it is radial and for a.e. t in [0, L/2],

n—1

— (A — A = f(t) (4.8)

- 1 b S =
u'(t) = —%/0 (;) f(s)ds. (4.9)
Proof. 1t is well known that (4.7) has a unique radial solution satisfying (4.8). In
order to prove (4.9), put U := A@'. Then by (4.8),
n—1
ot
Hence (Ut"') = —t"' f and (4.9) follows by integration. O

U

U=f.

Proposition 4.2. Under the assumptions (4.1), (4.4), let A, B € C(Q) be positive
radial functions such that A < B in ). Denote respectively by u and v the solution
to

— div(A(z)Vu) = f in H-HQ), wue H} Q)
and
—div(B(z)Vv) = f  in H'(Q), wve H)Q).
Then v > v a.e. in ).
Proof. First assume that A and B are smooth functions. By (4.9) and A < B, for
each ¢ in [0, L/2], one has @/(t) < ¥'(t). Thus, since u(L/2) = 0(L/2) = 0,

ﬂ(t):/Lt a’(s)dsz/: (s)ds = o(t).

/2 /2
Hence u > v.
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In the general case, let € be any positive number such that infq A — e > 0. Put
A, := A — ¢ and denote by u. the solution to

—div(A.(z)Vu.) = f  in H'(Q), u.€ Hy(Q).
Since A, + ¢ < B, there exists A,, B, in C'(Q) satisfying
A,— A, B,— B in C(Q)
0<c<A,(x) < B,(x) Vo € Q, Vn >0,

where c is a constant independent of n and x. Let u, and v, be the solutions to
the linear problem corresponding to the diffusions A, and B,. The first part of
this proof yields that u, > v,. By a compactness argument, we deduce that, up
to a subsequence,

Uy — Uey, Uy —— U a.e. in €.
n—oo n—oo

Thus u. > v. Also by the same compactness argument, up to a subsequence,
u: — u as € — 0. Finally, u > v. O

4.2. Back to the nonlocal problem. Let us first investigate the quantitative
properties of the set of solutions to (P-r). For this purpose, wider assumptions on
the kernel g may replace (4.2), (4.5), namely, we will assume (1.1) and that g is
radial in the following sense: for all rotation R of R"™,

g(Rx, Ry) = g(xz,y)  for a.e. (x,y) € Q x Q. (4.10)

In the sequel, we will apply Proposition 4.2 with A(z) = a({,(u)(x)). So we need
the continuity of z — a(¢,(u)(x)) on Q. This will be insured by the following
assumptions on g.

g(-,y) € C(Q) a.e. y € (4.11)
lg(z,y)| < h(y) ae (r,y) € QUxQ, heL*Q). (4.12)

In order to control the sign of u,., we will assume
g>0 ae inQxQ (4.13)

We are now in position to state an existence result for radial solutions.

Proposition 4.3. If (1.1), (4.1), (4.3), (4.10) hold true then (P-r) has at least a
radial solution.

Proof. For all v in L*(2), a({,(v)) is radial since it is easily proved that for all
rotation R of R", £,.(v)(Rz) = ¢,(v)(x) for a.e. z € Q. Thus, we can show easily
that T, defined by (2.3) maps L?(f2) into itself. The assertion follows by a fix point
argument (see the proof of Theorem 2.1). O

We will show in Proposition 4.2 that (P-7) has multiple solutions for suitable
diffusion coefficients. If ¢ is the solution to (3.3) then, for all r in [0, L], we denote
by I, the interval

I = [igfﬂr(go),sgp ()]
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We will make use of the following result which is, in some sense, a generalization
of Theorem 3.1 to the case r € [0, L].

Lemma 4.1. Under the assumptions (4.1), (4.3), (4.4), (4.10)-(4.13), let r € [0, L]
and suppose that the function a has the following properties. There exist 0 < m <
M such that

a(m) = max a a(M) = min a 4.14
(m) = (a0 = g (414
ma(m) < min [, max [, < Ma(M). (4.15)

Then (P-r) admits a radial solution u and
m</l.(u) <M a.e. in €.
Proof. The set
E={uel}) : m<lu) <M ae in Q}

is closed, convex and non empty. Indeed, ¢/a(m) belongs this set due to (4.14)
and (4.15).

By (4.14), for all v in E, a(m) > a(f.(v)) > a(M). Moreover, a(¢,(v)) is radial
and belongs to C'(Q) due to (4.11), (4.12) and Lebesgue’s Theorem. Proposition
4.2 then yields

¥ ¥
< T.(v) < .
atm) == o)
Since ¢ is non negative,
le(¥) te ()
< (.(T, < .
) = (T:(v)) o(0)
Thus 7, (v) (defined by (2.3)) belongs to £ according to (4.15). We conclude with
the Schauder fix point theorem. O

Proposition 4.4. Under the assumptions (4.1), (4.3), (4.4), (4.10)-(4.13), let r €
[0, L] and suppose that the function a has the following properties. There exist
0 < My < mg < My such that

a(0) = max a a(M;) = min a max I, < Mia(M 4.16
O)=pexa alMi) = pin <1< Ma(My)  (416)
a(my) = max a a(My) = min a
[ma,Ma] [ma, M>]
mea(ms) < min [, max [, < Mya(My).

Then (P-r) has at least two solutions.

Proof. We apply Lemma 4.1 with m = 0 and M = M; to get a solution u such
that ¢,.(u) < Mj a.e. in €. Using again this lemma with m = my and M = M,, we
obtain a solution v to (P-r) with my < ¢,(v). Since M; < mq, u and v are distinct
solutions. O
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Remark 4.1. There exists functions a satisfying the conditions of Proposition 4.4.
Indeed, let r € (0, L], a(0) > 0 and M; := 2maxI,./a(0). We put

a(My) := @
and suppose that a is decreasing on [0, M;]. Thus (4.16) holds. Besides, suppose
that f, g satisfy the assumptions of Lemma 4.1 together with f £ 0 and g > 0
a.e. in Q x Q. Then minI, > 0 by the strong maximum principle. Let my >
M; and define a(ms) := min I,./ms. Finally, let My > my be such that M, =
2max I,./a(msy) and define a(Ms) := a(my)/2. We have

a(ms)
2
We suppose that a is decreasing on [mq, Ms]. Hence my, M, fit also the assumptions
of the proposition.
Clearly, this procedure may be repeated to construct diffusion coefficient a lead-
ing to the existence of any finite number of solutions for (P-r).

moa(ms) = min I, < max I, = M,

= Msa(M,).

Let us investigate the qualitative properties of radial solutions.

Proposition 4.5. Under the assumptions (4.1), (4.3), (4.4), (4.10)-(4.13), let ¢
be the solution to (3.3). Then, for any r in [0, L] and any radial solution u, to

(P-1), one has

L4 <u <L a.e in S

SUP[) 00) @ "~ infjg ) a
Proof. Since f, g, u, are non negative, the following trivial estimates hold
inf a < a(l,.(u,)) < sup a.
[0,00) [0,00)

Proposition 4.2 yields the result. U

Until the end of this paper, we will focus on the case where g is independent
of x. By Theorem 3.1, the solutions to (P-0) and (P-L) are ordered. More
precisely, up = ¢/a(0) is solution to (P-0) and any solution u;, to (P- L) satisfies
ur, = @/a(pr) for some solution py, to (3.5). Taking into account the monotonicity
of u +— £,(u), we obtain different type of results according to whether a(0) < a(ur)
or not. We will first assume that a(0) < a(uz) so that uy, < ug.

Corollary 4.1. Under assumptions (4.1)-(4.5), assume in addition that the func-
tion a has the following property. There exits a solution puy to (3.5) such that
a(pir) = supjg oy @ and a(0) = infjo oy a. Then ur = ¢/a(ug) is solution to (P-L)
and any radial solution u, to (P-r) satisfies

urp < up < Ug.

Proof. We have vy = ¢/ infjg ) a. Moreover, according to Theorem 3.1, uy, is
solution to (P- L) thus the assertion follows from Proposition 4.5. u

Proposition 4.6. Under the assumptions (4.1)-(4.5), consider any parameter r
in [0, L] and assume the following.
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(i) There exits a solution py, to (3.5) such that a(pr) = maxjy,,a and
sug L(p)(x) < a(0)ur. (4.17)
S

(ii) a(0) = ming ;) a.
Then there exists a solution u, to (P-r) with up < u, < wy a.e. in Q (up =
p/alpL)).
Proof. Define @ : R — R by
a(p) i 0<p<pp
a(p) = < a(0) if £<0 (4.18)
a(pr) i pp <p
and, in view of Proposition 4.3, consider a solution u, of
—div(a(l,(u))Vu) = f  in L*(Q), wue€ H*(Q)NH)Q)NLI(Q).
By Corollary 4.1 and the definition of @, u; < w, < ug. Since ur,g > 0,

0 S €r<ﬂ7’) S 67’(“0) = ECZEBO)) S KL,

according to (4.17). Therefore a(¢,(u,)) = a(¢-(u,)) and 7, is a solution to (P-r)
satisfying the desired estimates. U

Proposition 4.7. If (4.1)-(4.5) hold and a is non decreasing on [0, ¢ (ug)] then
for any r in [0, L] and uy solution to (P-L), there exists a solution u, to (P-r)

such that
(I(EL(UL))
G(EL(UQ))
Proof. If v € L%(Q) satisfies

then, since g, ug > 0, and a is non decreasing on [0, £,(ug)], we deduce

a(0) < a(l(v)) < a(l(uo)) < a(lr(uo)).
Proposition 4.2 yields

'
ug > T, (v) > ——.
0 ( ) G(EL(UQ))
Recall that 7T, is defined by (2.3) and notice that ¢ = a(ﬁ L(u L))uL for all solution
ur. We conclude with the Schauder fix point theorem. O

In the sequel, we will assume that a(0) > a(ug) so that ug < uy. We obtain
finer results because this assumption agree well with the monotonicity of ¢,. For
any u,v in L?(Q), denote by [u, v] the set

{fweL*Q) : u<w< v}
Then we have the
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Proposition 4.8. Under the assumptions (4.1)-(4.5), assume in addition that
(i) there exits a solution iy, to (3.5) with a(py) = ming ,,|a;
(ii) a(0) = maxp,, ) a.

Then there ezists a radial solution to (P-1) in [ug, ur] where ur = @/a(ur).

Proof. We use a fix point argument in [ug, ur] N L2(€). If v lies in this non empty
closed and convex set then, by (4.5),

0</l.(v) <l (up) <lp(up)=pr in Q.
Thus (3), (4i) yield a(0) > a(¢,(v)) > a(pr). From Proposition 4.2, we infer
uy < Ty (v) < uy.
We conclude with the Schauder fix point theorem. O

Definition 4.1. Being givenu : [0, L] — Hg (), the graph of u is called a (global)
branch of solutions if

(i) u € C([0, L], Hy(2)),

(11) u(r) is solution to (P-r) for all r in [0, L].
If w is defined only on a subinterval of [0, L] with positive measure then we will
speak about a local branch of solutions.

Definition 4.2 ([AP93]). Let {(r,u(r)) : r € [0, L]} be a branch of solutions and
ro € [0, L]. Then (ro,u(ro)) is called a bifurcation point for this branch if there
exists a sequence (rp,uy,) n [0, L] x HY(Q) such that for all n, u, is a solution to

(P-1,), u, # u(r,) and
(T, Up) — (1o, u(ro)) in R x Hol(Q).

n—oo

Theorem 4.1. Under the assumptions and notation of Proposition 4.8, assume in
addition that a € WH2(R) and, for some positive number Sy, it holds that

1
Cullgllall 1l oo, t-sp s 400 ——5 < 1, (4.19)

a(pr)?
where C is the constant of Lemma 2.1. Then
(1) for allr in [0, L], (P-r) possesses a unique radial solution u, in |[ug,ur);
(11) {(r,u,) : € [0,L]} is a branch of solutions without bifurcation point;
(111) it is the only global branch of solutions;
(iv) if, in addition, a is non increasing on [0, pr] then r — wu, is non decreasing.

Proof. In view of Proposition 4.8, let u, be any radial solution to (P-r) lying in
[ug, ur] and @ define by (4.18). Then w, is solution to
—div(a(l,(u))Vu) = f  in H'(Q), wue H)Q). (4.20)

According to (4.19) and @ > a(ur), a satisfies (2.13) so that, by Corollary 2.2, the
above problem is uniquely solvable. Thus we have proved the first assertion (i) of
the theorem.
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The solution to (4.20) satisfies (2.4) with a = @. Moreover, the positivity of g
and ug yields
0</l(ur) <l(up) < Llp(ug) = pr.
Thus, by Corollary 2.1, {(r,u,) : r € [0, L]} is a branch of solutions for the original
problems. Besides, Theorem 2.3 prevents the existence of bifurcation point. In
order to prove (i), let {(r,v,) : r € [0, L]} be a branch of solutions. The set

{7’ €0,L] :u = vr}

is closed since wu, — v, is continuous. Moreover, u, satisfies (2.14) for u; = p, hence
this set is also open according to Theorem 2.3. By connexity, it is empty or equal
to [0, L]. Since ug = vy, it must be equal to [0, L]. This proves the uniqueness of
global branch.

There remains to prove that (u,) is non decreasing. For this let r,s € [0, L],
r < sand vin [u,uy) N L2(). Then

O (uy) < ls(v) < lp(ug)

and since a is non increasing, we deduce a((,(u,)) > a(€s(v)) > a(ly(uy)). By
Proposition 4.2, it follows that u, < T,.(v) < wuy. Thus the Schauder fix point the-
orem provides a solution to (P-s) belonging to [u,,uz]N L%(§)). By the uniqueness
result in [ug, ur], this solution is ug. Thus u, < us. a

Corollary 4.2. Suppose that f, g satisfy (4.1), (4.2), (4.4), (4.5) and g can be
extended outside of Q by a function belonging to H*(R™). Then there exist functions
a(+) satisfying (3.7) and u% solution to (P-L) with the following property. There
exist at least a local branch of solutions starting from u% but there is no global
branch starting from u? .

Proof. 1t is clear that we can construct functions a satisfying (3.7) and the following
conditions (see Fig. 3).

(i) There exits a solution gy to (3.5) with a(u;) = ming ) a.

(ii) a(0) = maxj ) a.
(i) Cullgll2llfll+lla’lloc.jo,m) agyz < 1
(iv) There exists pg > pq solution to (3.5) with pea’(12) # a(us).
By Theorem 3.1, for i = 1,2, u; := ¢/a(y;) is solution to (P- L) and u; = (1 (u;).
By (iv), Theorem 3.2 and the implicit function theorem, there is a local branch of
solutions starting from wus.

Theorem 4.1 yields the existence of a unique global branch of solutions and this
branch passes through w;. Since pus > p1, we deduce that u; # uy. Hence there is
no global branch starting from ws. O
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