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DISCRETE FUNCTIONAL ANALYSIS TOOLS FOR
DISCONTINUOUS GALERKIN METHODS WITH APPLICATION
TO THE INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

DANIELE A. DI PIETRO! AND ALEXANDRE ERN?Z

ABSTRACT. Two discrete functional analysis tools are established for spaces of
piecewise polynomial functions on general meshes: (i) a discrete counterpart
of the continuous Sobolev embeddings, in both Hilbertian and non-Hilbertian
settings; (i) a compactness result for bounded sequences in a suitable Dis-
continuous Galerkin norm, together with a weak convergence property for
some discrete gradients. The proofs rely on techniques inspired by the Finite
Volume literature, which differ from those commonly used in Finite Element
analysis. The discrete functional analysis tools are used to prove the conver-
gence of Discontinuous Galerkin approximations of the steady incompressible
Navier—Stokes equations. Two discrete convective trilinear forms are proposed,
a non-conservative one relying on Temam’s device to control the kinetic en-
ergy balance and a conservative one based on a nonstandard modification of
the pressure.

1. INTRODUCTION

Discontinuous Galerkin (DG) methods were introduced over thirty years ago to
approximate hyperbolic and elliptic PDE’s (see e.g. [2, 16] for a historical perspec-
tive), and they have received extensive attention over the last decade. For linear
PDE’s, the mathematical analysis of such methods is well-understood; see e.g. [2]
for a unified analysis for the Poisson problem, [14] for advection—diffusion equations
with semidefinite diffusion, and [16, 17, 18] for a unified analysis encompassing hy-
perbolic and elliptic PDE’s in the framework of Friedrichs’ systems. The situation
is substantially different when dealing with nonlinear second-order PDE’s. Indeed,
although DG methods have been widely used for such problems, their mathemati-
cal analysis has hinged almost exclusively on strong regularity assumptions on the
exact solution. This is in stark contrast with the recent literature on Finite Volume
(FV) schemes where, following the penetrating works of Eymard, Gallouét, Herbin
and co-authors (see e.g. [20, 21, 22]), new discrete functional analysis tools have
been derived allowing to prove the convergence to minimum regularity solutions, i.e.
solutions belonging to the natural function spaces in which the weak formulation
of the PDE is set. The key ideas can be summarized as follows:

(i) an a priori estimate on the discrete solution and an associated compactness
result are used to infer the strong convergence of a subsequence of discrete
solutions to a function u in some Lebesgue space, say L2(2);

(ii) the construction of a discrete gradient converging to Vu in a suitable Lebesgue
space allows to prove that the limit u actually belongs to some space with
additional regularity, say H}(Q);
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2 englishD. DI PIETRO AND A. ERN

(iii) the convergence of the scheme is finally proved testing against a discrete pro-
jection of a smooth function belonging to some convenient dense subspace,
say C°(Q).

When the exact solution is unique, the convergence of the whole sequence of discrete
approximations is deduced. Moreover, stronger convergence results on the discrete
gradient can be derived using the dissipative structure of the problem at hand when-
ever available. In the present work we show how the analysis tools derived for FV
schemes can be extended to DG methods using the steady incompressible Navier-
Stokes equations as a model problem. Discontinuous Galerkin approximations of
the steady incompressible Navier—Stokes problem have been derived in recent works
using different techniques; see, among others, [3, 9, 25, 26, 30].

The present analysis relies on two discrete functional analysis tools in piecewise
polynomial spaces on general meshes of a bounded Lipschitz domain Q ¢ R¢ (DG
spaces henceforth). Firstly, upon introducing the usual ||-||pg-norm consisting of
the broken gradient plus a jump term (see (5)) as well as non-Hilbertian variants
thereof (see §6), we prove discrete Sobolev embeddings that are the counterpart of
those valid at the continuous level,

[0l La) < SpallVollioye, Yo € WyP(Q),

for suitable indices ¢ and p. Probably the best known discrete embedding of such a
type is the so-called broken Poincaré—Friedrichs inequality obtained with p = ¢ = 2;
see e.g. [1, 5]. The broken Sobolev embeddings we are concerned with have been
derived by Lasis and Siili [28] in the Hilbertian case (p = 2). Those we establish
in a non-Hilbertian setting (p # 2) are, to the best of our knowledge, new. The
proofs are substantially different from the ones used in the finite element literature,
which rely on elliptic regularity and or on nonconforming finite element interpolants.
Indeed, we take inspiration from the techniques used in [21] in the case of piecewise
constant functions. A crucial point is the observation that the BV norm defined in
Lemma 6.2 hereafter is controlled by the ||-|[pg-norm and also by non-Hilbertian
variants thereof. The present technique of proof readily incorporates the use of
general meshes, an important feature when working with DG methods. Observe,
however, that we only establish the embedding results in DG spaces only, and not
in the larger setting of broken Sobolev spaces. The latter are indeed not used in
the convergence proofs below.

The second functional analysis tool, which is, to the best of our knowledge, new
in the framework of DG methods, is a compactness result for bounded sequences in
the ||-||pg-norm and non-Hilbertian versions thereof. Here again, the proof is quite
simple and it is inspired from [21]: it consists of using Kolmogorov’s Compactness
Criterion (see e.g. [7, Theorem IV.25]) based on uniform translates estimates in
L'(R?) together with the above discrete Sobolev embeddings and a discrete gradient
operator that is shown to be weakly convergent in some LP(2) space with p > 1.

This paper is organized as follows. §2 introduces the discrete setting, including
the assumptions on the meshes, the DG spaces, and the discrete gradient opera-
tors, whose weak convergence is proven in Theorem 2.2. §3 is concerned with the
Poisson problem; its purpose is to show how the diffusive term is analyzed. The
main result is Theorem 3.1. §4 deals with the Stokes equations; its purpose is
to show how the velocity—pressure coupling is handled. The main result is Theo-
rem 4.1. §5 is concerned with the steady incompressible Navier—Stokes equations;



englishDISCRETE FUNCTIONAL ANALYSIS TOOLS FOR DG SPACES 3

its main result is Theorem 5.1. Two discrete convective trilinear forms are pro-
posed, a non-conservative one relying on Temam’s device to control the kinetic
energy balance [32] and a conservative one based on a nonstandard modification of
the pressure hinted to in [9]. Finally, §6 contains the discrete functional analysis
tools in DG spaces. The main results are Theorem 6.1 and 6.3 which are presented
in a non-Hilbertian setting since their validity extends beyond the model problems
considered in this work.

2. THE DISCRETE SETTING

2.1. Meshes. Let Q be an open bounded connected subset of R? (d > 1) whose
boundary is a finite union of parts of hyperplanes.

Definition 2.1 (Admissible meshes). Let H be a countable set. The family {Tp }hen
is said to be an admissible mesh family if the following assumptions are satisfied:

(i) for allh € H, Ty, is a finite family of non-empty connex (possibly non-convez)
open disjoint sets T forming a partition of Q) and whose boundaries are a finite
union of parts of hyperplanes;

(ii) there is a parameter Ny, independent of h, such that each T € Ty, has at most
Ny faces. A set F C OT is said to be a face of T is F' is part of a hyperplane,
and if either F is located on the boundary of Q or there is T' € Ty, such that
F=0TnNoT';

(iii) there is a parameter g1 independent of h such that for all T € Ty,

(1) > helFl<alT],
FcoT

where hp denotes the diameter of the face F, |F| its (d — 1)-dimensional
measure and |T| the d-dimensional measure of T;

(iv) for all h € H, each T € T}, is affine-equivalent to an element belonging to a
finite collection of reference elements;

(v) the ratio of the diameter hp of any T € Ty, to the diameter of the largest ball
inscribed in T is bounded from above by a parameter o independent of h;

(vi) there is a parameter o3, independent of h, such that for all T € Tp, and for all
faces F C OT, hp|F| > o3|T).

For each h € H, we define size(7},) def maxreT, hr. The parameters introduced in
the above definition will be referred to as the basic mesh parameters and collectively

denoted by the symbol P.

Remark 2.1. Assumption (vi) is needed only when working with a particular choice
of the stabilization bilinear form penalizing interelement jumps. It can be lifted
by working with other forms; see Remark 3.2 for further discussion. Furthermore,
assumption (v) will not be needed in §6 to prove the discrete Sobolev embeddings
nor the weak convergence of discrete gradients.

Figure 1 presents an example of admissible mesh in two space dimensions. The
mesh faces are collected in the set Fj,. The set Fp, will be partitioned into };U]—'};,
where F} collects the faces located on the boundary of Q and Fj the remaining
ones. For F € f,il, there are T} and T5 in 7}, such that F' = 9T} N 915, and we
define vp as the unit normal vector to F' pointing from 73 to T5. For any function
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FI1GURE 1. An example of admissible mesh

¢ such that a (possibly two-valued) trace is defined on F, let

) % oir —om 16} Slom +om)

For F € _7-',2, vp is defined as the unit outward normal to €2, while the jump and

average are conventionally defined as [¢] def v and {¢}} def ©.

For any integer k > 0 and for all T' € 7j, let Px(T') denote the vector space of
polynomial functions defined on 7" with real coefficients and with total degree less
than or equal to k. Owing to assumptions (iii) and (iv) in Definition 2.1, there is
¢, p such that, for all h € H and for all T € 7p,,

(3) Yoy, EPk(T), Z hF/ |’l}h|2 SC}C”P/ |’Uh|2.
F T

FCoT

Here and in what follows, the symbol ¢ will be used to denote a positive generic con-
stant whose value can change at each occurrence. To keep track of the dependency
of such constants on some parameters, subscripts will be used whenever relevant.

2.2. DG spaces. Let k > 0 and consider the finite dimensional space

(4) V9 {u, € L3(Q); VT € T, vnpr € Pr(T)}

For k > 1, this space is equipped with the norm
def 1
o) ol ™ 30 [ 190+ 3 o [ P
rer, T FeF, TIF

where |-| denotes the Euclidean norm in R?. For further use, it will be convenient
to introduce the seminorm

def +
) ol Y B [ Il
FeF E

where F is a subset of F}, that will usually be taken equal to Fj, or to F;. Moreover,
we define Vj,vp, as the piecewise gradient of vy, € V¥, i.e., Vjup, € [V,f_l]d
that for all ' € Ty, Vvnr = V(vp 1), so that

is such

(7) lonlba = ”VhUhHQL?(Q)d + |Uh|§,.7-'h,—1'
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The above norm and seminorm can be extended to H1 (1) e HE(Q)+VF (actually,

an extension to C2°(Q2) + V}¥ is sufficient for the present purposes).

A straightforward but important result concerns the approximability of smooth
functions in the [|-|[pg-norm. For all [ > 0, let 7} denote the L?(2)-orthogonal
projection from L?(Q2) onto V). Let p € C2°(Q2). Then, owing to assumptions (iii)—
(v) in Definition 2.1, it is clear using classical approximation properties (see e.g.
[6, 15]) that for all I > 1,

(8) ¢ — mhellpe — 0 as size(7Ty,) — 0.

In what follows, we shall make frequent use of the projector 7} which will be simply
denoted by 7. For [ = 0 we shall use the following property:

(9) o — mhpllLee(@) — 0 as size(T5) — 0.

The above projectors will also be applied componentwise to vector-valued functions.
The following stability result holds: For all v € H* (),

(10) ||Vh77;lfv||2m(9)d + Z hptllo = mholl72 ) < ek pllvlFn -
FeFy
For ease of exposition, we restate hereafter the consequences of Theorem 6.1 in

the Hilbertian setting. The proof will be given in §6.
Theorem 2.1 (Discrete Sobolev embeddings). For all ¢ such that

(i) 1<qg< 2 ifd>3;

(i) 1 <g< +o0ifd=2;
there is o4 such that
(11) Vo, € Vi, loallzac) < ogllonllne.
The constant o, additionally depends on k, ||, and P.

2.3. Discrete gradient operators. For all F' € F,, let vl : L2(F) — [V}]4, 1 >0,
be the lifting operator defined as follows: For all ¢ € L?(F),

(12) v, € V]9, /Q (@) mh = /F ) vrd.

Clearly, the support of rb.(¢) consists of the one or two mesh elements of which '
is a face. For v € H1 (), define
def
(13) Ri(v) = Y rp(v).
FeFy,
Let now k > 1. The following discrete gradient operators Gﬁl : th — [thax(k_l’l)]d
will play an important role in the subsequent analysis

(14) Yo eVE,  Ghon) € Vion — By([on]) = Vave — > rh([onl).
FeFy,

For a given k > 1, the most natural value for [ is k or (k — 1), but the values I =0
and | = 2k will also be used.

Proposition 2.1 (Stability of discrete gradients). Let k > 1 and let | > 0. Then,

(15) Yo, € Vi, G, (vn) || 22 )e < crapllvnllpe.
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Proof. Tt is straightforward to verify using assumption (ii) in Definition 2.1 that for
all vy, € Vi,

(16) IR, (D172 ya < No Y e ([oaD) 172 (e
FeFp

Furthermore, owing to the trace inequality (3) and proceeding as in [8], it is inferred
that for all F' € Fy,

1
a7) I (EonD s aye < i [ Ilenll
FJF

As a result,
IR, (TorDIZ2(ye < craplonli 7, -1-
Using the triangle inequality yields (15). |

The main property of the discrete gradient operators defined by (14) is their weak
convergence in L2(Q)¢ when evaluated on bounded sequences in the ||-||pg-norm.

Theorem 2.2 (Compactness and weak convergence of discrete gradients). Let
k>1 andletl > 0. Let {vp}tnhen be a sequence in th. Assume that this sequence
is bounded in the ||-|[pg-norm. Then, there exists a function v € HL(Q) such that
as size(Ty) — 0, up to a subsequence, v, — v strongly in L*(Q) and for all | > 0,
Gl (vp) — Vv weakly in L?(Q)2.

Proof. Owing to Theorem 6.2 applied with p = 2 and extending the functions vy
by zero outside 2, there exists a subsequence still denoted {v, } e and a function
v € L%(RY) such that as size(7;,) — 0, v, — v strongly in L*(R%). Moreover,
since {GY (vn)}hen is bounded in L?(R?)? owing to Proposition 2.1, up to a new
subsequence, there is w € L%(R%)? s.t. GY (vy,) — w weakly in L2(R9)4. To prove
that w = Vo, let ¢ € C°(R%)? and observe that

[ chone=- [ w@o- [ Blube-mo+ 3 [t mebvelnl
Rd R4 R4 Fery, JF
=T +1Tr+T15.
Letting size(7,) — 0, we observe that 71 — — [, v(V-¢) and that T, — 0 since
o — 7ol Lo maya — 0 and {R} ([vn])}her is bounded in L?(R%)%. Furthermore,
the Cauchy—Schwarz inequality, together with assumption (iii) in Definition 2.1,
yields
Ts] < Cll — mhell Lo maya[vnl, 7, -1 < C'llp = mholl oo (maya,
which tends to zero as size(7) — 0 owing to (9). As a result,
/Rdwgp Size(’lzli;fl)ﬁO Rd n(vn)¢ Rd v(V-e)

implying that w = Vv. Hence, v € H'(R?) and since v is zero outside €, v is in
Hy(9). 0

It is useful to introduce for all [ > 0, further discrete gradient operators Q;L :
VE — [yl g g

(18) Yo €VE Gh(vp) € Vyun — > rh([onl)-
FeF}
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The difference with the discrete gradient operator G, defined by (14) is that bound-
ary faces are not included in (18). Clearly, the discrete gradient operators G! also
satisfy the stability property (15). More importantly, these operators also satisfy
the conclusions of Theorem 2.2. This is so because ¢ in the above proof is com-
pactly supported; hence, as size(7;,) — 0, the mesh becomes fine enough so that all
the mesh elements having a boundary face are located outside the support of .

3. THE POISSON PROBLEM

Let f € L™(Q?) with r = dQT‘_iQ ifd>3andr>1ifd=2 Setr & —. Consider

the following model problem

(19) {—Au =f, in €,

u =0, on 0f).

The weak formulation of this problem consists of finding u € HE () s.t. for all
ve Hi(Q),

(20) /QVMVU:/va.

It is well-known that this problem is well-posed. In particular, owing to the Sobolev
embedding [|v| ;7 () < Sz, [[ V0| 2 (0 valid for all v € Hg(Q), and using Hélder’s
inequality, it is inferred that

21)  Vullfzg = /qu < fller@llullr @) < SepllfllLr @I Vullpz)e,
yielding the a priori bound [|[Vul| 12y < So || fllr(0)-

3.1. Symmetric formulation. Let £ > 1. For the sake of simplicity, discrete
gradients are built using the lifting operators 7% (see Remark 3.2 for further dis-
cussion) and to alleviate the notation, the superscript k is omitted. This convention
is kept for the rest of this work. For all (v, wp,) € th X th , consider the following
symmetric DG bilinear form

ef .
(22) an(vn, wp) o / Gh(vn)-Gr(wn) + jn(vn, wh),
Q
with the stabilization bilinear form

23) o) Y g / re([on]) e ([wn]) - / R ([on])- R ([wn]),

FeF,

where 1 € Ry is a penalty parameter. Henceforth, we assume that

(24) 1> Np.

Lemma 3.1 (Continuity). For all (v,w) € HL(Q) x H1 (1),

(25) an (v, w) < ek pllvllpg |[wllpe-

Proof. For all (v,w) € H}(Q) x H{ (), the Cauchy—Schwarz inequality yields
an(v,w)* < (1Gh(W)Z2(@ya + Jn (v, V) (IGR (W) Z2 ()0 + Jn(w, w)).

Clearly, for v € H1(Q) such that v = vy + v, with vy € H(Q) and v, € V),
G (W)l z20)e < [[Vavllz2@)e + [[RBr(vn)| L2(0ye since Ry (vi) = 0. Proposition 2.1
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then yields ||[Rp,(va)llr2(0)e < ckplvnls,z,,—1 = crplvly .z, -1 since [vi]s7, -1 =0.
As a result,

IGr(v)lI 22 @) < expllvlipe.

and similarly, j,(v,v) < (No 4 n)cx p|v]3 £, 1, completing the proof. O

Lemma 3.2 (Coercivity). For all v, € V}F,
(26) G (o)1 Z2aya + (0= No) D llre(lonl)lIZz (e < an(on, vn)-
FeFp

Furthermore, there is a > 0, depending on n, k and P such that for all v, € V}f,
(27) allvllba < an(vn, vn)-

Proof. Estimate (26) directly results from (16). To verify (27), observe first that
proceeding as in [8] using assumptions (iv) and (vi) in Definition 2.1 yields for all
FeF,,

(28) i/FI[[vh]]l2 < ¢k plrr([onl)ll72 o)
Using the triangle inequality, it is then inferred that
lvallbe < 21Gn(wn)llz2()e + 21 Bu(lonDlZ20ye + [vnl3 7, -1
< 2||Gh(vn)llf2@ye + 2No + (ckp) ™) Zpes, Irr([vaD) 172 (0)a
< max(2, (2Np + (¢,p) ) (n = Na) ™ an(vn, vn),

the last inequality resulting from (26). |

Remark 3.1. A straightforward calculation shows that

ap(vn, wp) = /thvh‘vhwh_ Z /F(VF'{{thh}}[[wh]]+VF'{{VhIUhMUhﬂ)

FEFy,
+ rr([vn])rr([wh]),
thﬁ/n h h

yielding the IP-type method introduced in [4]. It is also possible to consider the
stabilization bilinear form

AT nen) Y e [ o] = [ Bl Bafun)),

FeFn

yielding the usual Symmetric Interior Penalty method (SIPG) [1]. In this case, the
minimal threshold for the penalty parameter n depends on the constant in the trace
inequality (3). It is also possible to consider the stabilization bilinear form

S ) S e [ b,

FeFy,

yielding the usual Local Discontinuous Galerkin method (LDG) [11]. The advantage
is that the parameter 1 needs only be positive, the disadvantage is however that the
stencil is enlarged to neighbors of neighbors. Moreover, working with any of the two
above stabilization bilinear forms allows to lift assumption (vi) in Definition 2.1.
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For all h € H, Lemma 3.2 implies that there is a unique uj, € V¥ s.t.
(29) an(un,vp) = /vah, Yoy, € V¥
Theorem 3.1 (Convergence for Poisson problem). Let {up}nen be the sequence

of approzimate solutions generated by solving the discrete problems (29) on the
admissible meshes {Tp }ner. Then, as size(7p,) — 0,

(30) up — u, in L*(Q),
(31) Viun — Vu, in L*(Q)?,
(32) lunly. 7,1 — 0,

where u € HY(Q) is the unique solution to (19).

Proof. (i) A priori estimate. Using Lemma 3.2 and Holder’s inequality, it is inferred
that

allunlbe < alun,un) = | fun <[ fllo-@llunllp -
Q

Hence, owing to Theorem 2.1, the sequence {uy } e is bounded in the ||-||pg-norm.
(ii) L2-convergence of a subsequence, regularity of the limit and weak convergence
of discrete gradient. Owing to Theorem 2.2, there exists u € H}(Q) such that, as
size(7,) — 0, up to a subsequence, u, — u strongly in L*(Q) and Gp,(up) — Vu
weakly in L2(Q)%.

(iil) Identification of u and convergence of the whole sequence. Let us first prove
that for all ¢ € C°(),

(33) an(un, Thp) — / Vu-Ve.
Q
Indeed, observe that
ah(uh,ﬂ'hgo) = ah(uh,ﬂ'h(p — (p) + / Gh(uh)~Vg0 =T +T5.
Q

Clearly, T1 — 0 owing to Lemma 3.1 since |lus|pa is bounded and ||¢ — mh¢||pg
converges to zero. Furthermore, 75 — fQ Vu-V owing to the weak convergence of
the discrete gradient. A direct consequence of (33) is that for all p € C'°(),

/f@H/fWhWZGh(UhﬂTh‘P)—’/VU-VQD.
Q Q Q

Thus, u solves the Poisson problem by density of C2°(Q) in H}(Q). Since the
solution to this problem is unique, the whole sequence {up, }rep strongly converges
to u in L2(Q) and {G},(un)}nern weakly converges to Vu in L2(2)4.

(iv) Strong convergence of the discrete gradient and of the jumps. Owing to (26)
and to weak convergence,

lim inf ap, (up, up) > lim inf ||Gh(uh)||%2(ﬂ)d > ||Vu||2L2(Q)d.

Furthermore, still owing to (26),

G () 2 e < an(uun, un) = / Fun,
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yielding

lim sup ||Gh(uh)||2LQ(Q)d < limsup ap, (up, up)

:limsup/ fup = / Ju= |\VUH%2(Q)d-
Q Q

Thus, |G (un)llL2@)e — [[Vul|L2(q)e, classically yielding the strong convergence of
the discrete gradient in L?(2)%. Note that ay,(up,up) — ||Vu||%2(ﬂ)d also. Finally,
owing to (26),

(n="No) > Nre(ual)lFiys < an(un,un) = [Gr(wn)ll 20y
FeFy,

and since 7 > Ny and the right-hand side tends to zero, it is inferred using (28)
that |up|y,z, —1 — 0. Moreover, using (16) to estimate the second term yields

IVaun = Vull2)e < [|Galun) = Vullpz@ye + [[Br(un) 2 )¢ — 0,
as size(7;) — 0, concluding the proof. O

Remark 3.2. To prove the convergence of the method, it is sufficient to work with
the lifting operators r%. However, if the exact solution u turns out to be more reg-
ular, optimal-order convergence rates can be established in the ||-||pg-norm when
working with the lifting operators 7”}_1 or 7%. (The latter choice may be prefer-
able for implementation purposes, especially if non-hierarchical, e.g. nodal-based,
basis functions are used.) For instance, if u belongs to the broken Sobolev space
H**1(T;,), the usual a priori error analysis techniques can be used to infer a bound
of the form ||u —up||pg < cysize(7;)*. A minor difference with the somewhat more
usual formulation which does not employ explicitly the discrete gradient operators,
is that (29) is only weakly consistent, but not strongly consistent. Indeed, it is
easily seen that for all vy, € fo ,

ap(up — u,vp) = Z /Fup{{ﬂ'l,j(Vu) — Vu}ur]

FeFy
< cysize(Th)*||vn|lpe-
3.2. Nonsymmetric formulations. Nonsymmetric DG approximations to the
Poisson problem (and other selfadjoint PDE’s) have received some interest in the

literature. Such formulations use a nonsymmetric bilinear form that can be cast
into the generic form

(34) an(vn, wp) = /Q G (on)- G (won) + 74 (ons wn),

where G r and Gy, are discrete gradient operators and where the stabilization bilinear
form j; can differ from that given by (23). The following design conditions must
be satisfied.

(i) Control on discrete gradients: there is ¢ s.t. for all v € H1 (1),
(35) G (V)22 + 1GR (V)] L2()e < ellvllpe;

(ii) Strong consistency of the discrete gradient @h for smooth functions: for all
@ € C(Q), Gulp) = Vi
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(iii) Weak consistency of the discrete gradient Gj: for any sequence {vp}nen
converging in L?(Q2) to a function v € H}(Q2) and such that |G (vp)| 120
is bounded, up to a subsequence, G}, (v,) — Vv weakly in L?(Q)%;

(iv) Stabilization: the bilinear form j; is symmetric and positive, there is ¢ s.t.
for all v € HY(Q), ju(v,v) < ¢|v]] £ _, and there is 7, > 0 such that for all
Up, € th,

(36) an(vn,vn) > 1ulon B
Observe that the continuity property of j, implies that for all ¢ € C2°(2),
Jn(p, ) = 0 and that (36) implies that the discrete problem (34) is well-posed.

Under the above assumptions, the convergence of the sequence of discrete DG ap-
proximations can be proven. The proof, however, proceeds along a slightly different
path with respect to the symmetric formulation.

Theorem 3.2. Let {uy }ney be the sequence of approximate solutions generated by
solving the discrete problems (29) with the bilinear form ap given by (34) on the
admissible meshes {Tp}hew. Assume the above design conditions (i)—(iv). Then,
as size(Tp,) — 0, up, — w in L2() and Gp(up) — Vu in L2(Q)4.

Proof. (i) Proceeding as before, it is inferred from (iv) that the sequence {up }ren
is bounded in the [|-||pg-norm so that there exists u € Hg(Q) such that, up to a
subsequence, up, — u in L*(Q) as size(7;) — 0. Furthermore, since the sequence
{G1(un) }ner is bounded in L2(Q)¢ owing to (i), the weak consistency property (iii)
yields that (up to a new subsequence) Gy, (uy) weakly converges to Vu in L%(Q)%.
(ii) Strong convergence of Gy, (up) € L2(Q)%. Let p € C°(2). Observe that
$IGh(un) = VulZzqya < 1Gh(un) = Gr(mne) |72y + |Gr(mne) = VullFz g
— T 4Ty

Clearly, as size(7,) — 0, Ty, — ||V(<p—u)||%2(ﬂ)d since, using (i) and (i), G (7he) —
Vo =Gy (mhe — ) is bounded in L?(Q)? by ||¢ — The|lpe which converges to zero.
To bound 71, use (i) and (iv) to infer

T1 = ||Gh(un = mh9)I720pe < s=an(un — T, un = Thp)

= 77% (/ f(Uh - 7Th<,0) - ah(ﬂhcp,uh — 7rhS0)>
Q
= - (Tia —Ti).

Clearly, as size(7,) — 0, Ty,1 — [q, f(u — ¢). Moreover, by definition,
Tuz = [ Gulmio) Gulun — 7o) + Ji oy un — o).
Q

Since Gp,(mhy) strongly converges to Vi in L2(Q)? and Gy (up — mpy) weakly
converges to V(u — ) in L2(Q)¢, the first term in the right-hand side converges to
Jo Vo-V(u — ¢). In addition, the second term is equal to j; (mhep — @, up — Thep)
which converges to zero. Collecting the above bounds, it is inferred that

lim sup ||ah(uh) - VUH%Z(Q)d < Cllu— QDH?'P(Q)'

Letting ¢ € C°(Q2) tend to u in HE (), the upper bound can be made as small as
desired. This implies the strong convergence of G}, (up) to Vu in L?(Q)<.
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(iv) Identification of the limit and convergence of the whole sequence. Let ¢ €
C(€). Tt is clear that as size(75) — 0, [, frne — [, fe. Furthermore,

an(un, ) = / G(un) G (mng) + Ji(un, ) = Ts + T,
Q

Clearly, T3 — fQ Vu-Vp because of the strong convergence of éh(uh) to Vu in
L2(2)4 and the weak convergence of G, (m,p) to Vi in L2(2)4. In addition, |Ty| <
clupls,F . —1le — m¢ls,7,,—1 which converges to zero. As a
result,

an(un, Thip) — / Vu-Ve.
Q
The proof can now be completed as in the symmetric case. (I

Classical examples of the situation analyzed by Theorem 3.2 are the so-called
Incomplete Interior Penalty method (ITPG) for which

(37) Gr(vn) = Vion,
and the so-called Nonsymmetric Interior Penalty method (NIPG) for which
(38) Gr(vn) = Vion + Ru([on]),

together with G, (vy,) = Vivp — Rp(Jon]) in both cases.

4. THE STOKES EQUATIONS

LethLr(Q)dWithr—d—+21fd>3andr>11fd—2 Let v > 0. The

components in the Cartesian basis (e, ..., eq) of R? of a function, say v, with values
in R? will be denoted by (vi)i1<i<d. Implicit summation convention of repeated
indices is adopted henceforth. Consider the Stokes equations

—vAu; + 0;ip = fi, inQ, ie{l,...,d},

iU = U, i Qv

(39) Oju; =0 in
u=0, on 0,
Jop=0.

The weak formulation of this system consists of finding (u,p) € H}(Q)? x L3(9)
s.t. for all (v,q) € HE(Q)¢ x L3(Q),

(40) /8%8 vz—/paivﬂr/ qaz-ui=/f¢vi.
Q Q Q

The well-posedness of the above problem is a classical result (see e.g. [15] and
references therein).

To formulate a DG approximation, we consider for each component of the veloc-
ity the symmetric DG bilinear form a, defined by (22) and the stabilization bilinear
form jj, defined by (23). For the sake of simplicity, in particular with an eye to-
wards ease of implementation, we will consider the case of equal-order polynomial
interpolation for the velocity and for the pressure. Letting k > 1, we thus set
(41) U, € vkd, Y vER, X, YU, x P
For R?-valued functions such as velocities, the seminorm | - | J3,7,,—1 and the norm
|- [lpc are defined as the square root of the sum of the squares of the corresponding
seminorm or norm for all the components.
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4.1. Discrete divergence operators. Define on U, x P, the bilinear form
def
(42) bu(vn, qn) = / V- Vagn — Z / ve-fon}lan]-
@ rer; ' F
Integration by parts readily yields the following equivalent expression
(43) bn(Vh, qn) = —/ qn Vo + Z / vr[vn]{an}-
@ Fer, ' F

Here, V- denotes the broken divergence operator acting elementwise. Furthermore,
define on P}, x P, the pressure stabilization bilinear form

(44) sn(an ) S S e / lan]lra].
FeF} F

Here, v € R, is a penalty parameter. For simplicity, it will be taken equal to 1 in
what follows. The basic stability result for the bilinear form by, is the following.

Lemma 4.1. There is § > 0, depending on 2, k and P, such that

bn(vp,
(45) Yan € Ph, Bllgnllz2() < sup bn(vr, 4n)

+ qnly Fi 1-
o Tonllog T4kl

Proof. Let g, € P,. Owing to a result by Necas [31], there is v € H}(Q)? s.t.
Vv =g, and ||v| g1y < callgnllz2()- Then,

JanlB@y = [ an(V-0) == [ Guawo+ 3 [ ndobor

FeF}
—~ [ Cuantor Y [ lalopve
Q FeF} r
= (ko) + Y / o] — wivlvr
FeF} F

=T +T5.

Since ||mfv|pa < ek pllvllme < carpllanllz) because of (10), it is inferred
that

br(mhv, q, b (vn, qn
1y < O dly ko [ sup ORI,
||7Thv||DG 0#£v, €U, ||vhHDG

Similarly, | 13| < cok,planly 7 1llanllr2(), Whence the conclusion follows. O

Recall the discrete gradient operators Glh and gg defined in §2.3. For all [ > 0,
introduce now the discrete divergence operators Dﬁl :Up — thax(k_l’l) defined s.t.

(46) Yy, € Uh, DL(’U}I) déf G%(vh,j)-ej.

For [ > k, the following integration by parts formula holds for all (vp,gn) € Xp:

(47) /QCIhDil(Uh) +/ngl(qh)~vh =0.
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Moreover, it is easily seen that for I > k and for all (vp, qn) € Xp,

(48) br(vh, qn) :/Q’Uh'g]ll(Qh) = _/QQhDﬁl@h)-

As before, superscripts will be dropped if [ = k.

4.2. Stability estimates and discrete well-posedness. For all ((up, pp), (vn,qn)) €
X, x Xy, define the bilinear form

(49) I ((un, pn), (vn, qn)) < van (un ., Un,i) + bn(vn, pr) — bn(un, qn) + su(pn, an)-

The discrete Stokes equations consists of seeking (up, pr) € X, s.t.

(50) In((un, pn), (Vn, qn)) = /wah,u V(vn,qn) € Xp.

Define the following norm

def
(51) 1(on, @) 13 = onllba + lanl3 2 1+ llanllZ2q)-

A direct consequence of (27) applied componentwise is the following result:

Lemma 4.2. Let o > 0 as in Lemma 3.2. Then, the following holds:

(52)  Y(vn,qn) € Xn,  valunlbe + lanl3 5 1 < ((on, an)s (n, an))-
Combining Lemmata 4.1 and 4.2 yields the following stability result.

Lemma 4.3. There is ¢; > 0 depending on v, k, P, Q and n s.t.

l Uh,, s \(Wh, T
(53)  Y(on,qn) € Xn, allvn, an)lls < sup n((Vn, qn), (Why 1))
0A(wn,mn)€Xn ||(wh,’l”h)||s

[[(wr,rn)lls

Proof. Let (vp,qn) € Xj, and set S def SUDO£ (w7 )€ Xn . Owing to

Lemma 4.2,
valnllbe + lanl3 5 1 < Sli(vn, an)lls.

and it only remains to control ||qhH%2(Q). Using Lemmata 4.1 and 3.1 yields

bn(wn, qn
Bllanllz@) < sup ¥ + \thJ’f;,l
ow,et, |lwnllpe L
vap(Vp.i, Wh In((v wp, 0
< sup M+ sup h(( hth)v( hs )) +‘qh|J7]-‘}i1,1
ozwnev,  l[wnlpa oweu,  |l(wn, 0)]ls
< veyppllvnlpe + S+ lanls 7 1-
The conclusion is straightforward. (I

A direct consequence of Lemma 4.3 is that for all h € H, the discrete problem (50)
admits a unique solution (up,pp) € Xp.
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4.3. Convergence analysis. In this section, we are now interested in the con-
vergence of the sequence {(up,pn)}tnen of solutions to the discrete Stokes equa-
tions (50) towards the unique solution (u, p) of the continuous Stokes equations (40).

Theorem 4.1 (Convergence for Stokes equations). Let {(un,prn)}nen be the se-
quence of approximate solutions generated by solving the discrete problems (50) on
the admissible meshes {Tp}nhen. Then, as size(Ty) — 0,

(54) Up — U, in L?(Q)4,
(55) Viun — Vu, in L*(Q)%9,
(56) lunls F,,—1 — 0,

(57) pn—p, in L*(Q),
(58) lprlsFi 0 — 0,

where (u,p) € HE(Q) x L2(Q) is the unique solution to (40).

Proof. (i) A priori estimates. Owing to the inf-sup condition (53), the assumption
on f and the discrete Sobolev embedding, the sequence {(up,pn)}new is bounded
in the ||-||s-norm. Hence, up to a subsequence, there is (u,p) € H}(Q) x LE(Q) s.t.
up, — w strongly in L?(Q)?, Gp,(up,i) — Vu; weakly in L2(Q)? for alli € {1,...,d},
and py, — p weakly in L?(Q).

(ii) Identification of the limit and convergence of the whole sequence. Let ¢ €
C(Q)4. Testing with (74¢,0) yields

vap(Un,i, Thi) + ba(The, pr) = / fimnpi.
Q

Clearly, as size(7,) — 0, the right-hand side tends to fQ fivw;. Furthermore, pro-
ceeding as for the Poisson problem yields that the first term in the left-hand side
converges to v fQ 0;ju;0jp;. Consider now the second term and observe that

br(mhe, pr) = */phvh'ﬂmer Z /VF'[[WW’]]{{ph}:ﬂJrTQ-
Q FeF, /¥

Owing to the weak convergence of {py, }ren to p in L?(Q) and the strong convergence
of {Vi-mhptnen to Vg in L*(Q), Ty tends to — [, p(V-¢). Moreover, using the
trace inequality (3) to estimate |[{pn }||z2(r) yields

T2| < ek plle — mnellpalpallzz @) < Clle — mhellbe-

Hence, T5 tends to zero. As a result,

z//ﬁjuiaj%—/pajcpj:/ficpi.
Q Q Q

Let now ¢ € C°(Q2)/R. Testing with (0, wp1)) yields

—by (un, Th) + s (ph, TRY) = 0.

Using (48) yields —bp, (un, mhtp) = [o Tt Dy (up). Since {Dy(up)}rher weakly con-
verges to V-u in L?(Q) and {m1}nen strongly converges to ¢ in L?(2), the first
term in the left-hand side tends to [, ¥/(V-u). Furthermore, the second term tends
to zero since

sn(Pr, T )| < crplpaly Fidlmntdls 70 < Clmntls 714,
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and this upper bound tends to zero. Hence,

/ 1/18juj =0.
Q

By density of C2°(Q)4 x C°(Q)/R in H ()4 x L2(€2), this shows that (u,p) solves
the Stokes equations (40). Since the solution to this problem is unique, the whole

sequence {(up, pp) then converges.
(iil) Strong convergence of the velocity gradient and convergence of velocity and
pressure jumps. Observe that

/ Jittn,i = I ((wn, pn), (Un, pr)) > vap(Uni, un,i) + sn(Pr, pn)
Q

d

> vap(Un,i, Un,i) > ZVHGh(Uh,i)”%Z(Q)d-
i=1

Thus,

d
limsupzV||Gh(uh7i)||%2(md < limsup/Q fiun, = /inui = V||Vu|\%2(9)d,d.
i=1
Since lim inf E?Zl |\Gh(uh7i)|\%2(md > HVuH%Q(Q)d,d owing to weak convergence,
this classically implies the strong convergence in L?(Q)? of Gh(up,;) to Vu, for all
i € {1,...,d}. The above inequalities also imply that ay, (up ;, up,;) — ||Vu||2LQ(Q)d’d,
and proceeding as for the Poisson problem, it is deduced that |up|y 7, —1 — 0.
Finally, since

[P ﬁ,f,",l = b (un,pn) = / fini — van(uni, uni),
‘ Q

it is inferred that |ps|y 7 ; — 0.

(iv) Strong convergence of the pressure. Using again the result by Necas [31], let
v(pn) € Hg(2)* be s.t. V-o(pn) = pn with [[o(pa)||gr@ye < callpallzo) and set
v, = mrv(pn). Then, proceeding as in the proof of Lemma 4.1 yields

0720y < carplprly Fi1llpnllLe @) — bn(vn, ph)

h?
< can,plpnlyFiallpnllcze) + van(ung, vn,i) — / fivny =T1 +To — Ts.
: Q

Since |pn|;7i 1 tends to zero and [|pnllr2(o) is bounded, T converges to zero.
Furthermore, since the sequence {vj, }nes is bounded in the ||-|pg-norm because
lvnllpe < crpllvEn)llm @)y < carpllpnlliz), there is v € H(Q)* such that, up
to a subsequence, v, — v strongly in L2(Q)% and G}, (vp, ;) — Vv; weakly in L2(Q)?
foralli € {1,...,d}. Owing to the uniqueness of the limit in the distribution sense,
it is inferred that V-v = p. Consider now the terms T and T3. It is clear that
T3 — [, f-v. Furthermore,

Ty = vap(un,i,vhi) =V | Gr(uni)-Gr(vni) + Vin(un,i, vne) = T + Too.
Q

Owing to the strong convergence of {Gp(uni)}hen in L2(Q)? and to the weak
convergence of {G(vni)ner in L2(Q)9, it is inferred that Th; — l/fQ 0;u;0;v;.
Moreover,

To2| < cupplunlsF, —1lvnlyF,,—1 < Clunls,z,, -1,
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which converges to zero. Collecting the above estimates leads to

lim sup [|pp |72 () < V/Qajuiajw—/gfivi = /Qpajvj = [Ipll72(0):

classically yielding the strong convergence of the pressure in L?(£2). 0

Remark 4.1. If the exact solution (u, p) turns out to be more regular and belongs to
the broken Sobolev space H*+1(T;,)% x H*(7},), one optimal a priori error estimates
of the form ||(u—wupn, p—pn)|ls < cupsize(75)* can be established; see e.g. [10, 13, 18].

5. THE STEADY INCOMPRESSIBLE NAVIER-STOKES EQUATIONS

In this section the space dimension is either 2 or 3. Let f € L"(Q)¢ with r = g
ifd=3andr > 1ifd = 2. Let v > 0. Consider the steady incompressible
Navier—Stokes equations in conservative form

fVAul+8j(uluj)+8lp:fz, in Q, i€ {1,...,d},

ai i — 07 i Q»
(59) U in

u =0, on 0f,

Jop=0.

The weak formulation of this system consists of finding (u,p) € H}(Q)¢ x L3(9)
s.t. for all (v,q) € HH(Q)4 x L3(%),

(60) /aula v; + /8 UUf )V — /p@ivi—i—/q@iui:/fivi.
Q Q Q

The existence of a weak solution in the above sense, in two and three space dimen-
sions, is a classical result; see, e.g., [32, 24]. The uniqueness of the solution holds
only under small data assumptions; see Remark 5.1 below.

5.1. Design of the convective trilinear form. We choose the same discrete
spaces for the velocity and for the pressure as for the Stokes equations. To allow
for some generality in the treatment of the convective term, we introduce two
parameters aj,as € {0,1} and rewrite the momentum equation in the Navier—
Stokes equations as

(61) —vAu; + 8j (u7;Uj) — alé(ajuj)ui + agé(i)i(ujuj) +0;p = fi,
with the modified pressure

_ def
(62) D=p— ag%(ujuj).

The choice (a1, @2) = (1,0) corresponds to Temam’s device (see e.g. [32]) to achieve
stability. The choice (a7, @z) = (0, 1) has been hinted to in [9]; the modified pressure
p differs from the Bernoulli pressure but the advantage is that the left-hand side
of (61) is in divergence form, thereby lending itself to a conservative discretization.
Define on [H}(2)4]3 the trilinear form

(63) t(w,um) déf/8j<wiuj)vi—al%/(aj’wj)ui’ui—l—agé/ 8¢(wjuj)vi.
Q Q Q

The discrete counterpart of the trilinear form ¢ is a trilinear form ¢, defined on
[Up)? and for which the following design conditions are relevant.

(T1) For all vy, € Uy,
th(’ljh,’l)m’l}h) =0.
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(T2) There is ¢;, depending on k and P, such that for all (wp,, un,vs) € [Up]3,

th(wn, un, vp) < ciflwnllpllunllpellvnllpe.

(T3) Let {up}ren be a sequence in Uy, bounded in the |||pg-norm and such that
there is u € Hg(Q)? s.t. u, — u strongly in L2(Q)? and, for all i € {1,...,d},
Gp(un,i) = Vu; weakly in L2(Q)9. Then, for all p € C°(Q)9, as size(7;) —
O,

th(uha U, tho) - t(uv u, 90)-

(T4) Assume furthermore that, for all i € {1,...,d}, Gy(up,;) — Vu; strongly in
L*(Q)? and that |up|y7, —1 — 0. Let {v}nen be another sequence in Uy,
bounded in the ||-|pg-norm and such that there is v €€ H&(Q)? s.t. v, — v
strongly in L2(Q)9. Then, as size(7;) — 0,

th(up, up, vp) — t(u, u,v).

5.2. Discrete well-posedness and basic stability estimates. The discrete
problem consists of seeking (up,pp) € Xy, s.t.

(64) In((uny pn), (Vhy qn)) + th(un, un, vn) = / fiVn,is Y(vn, qn) € X,
Q

where the bilinear form [}, associated with the Stokes equations is defined by (49).
In this section, the discrete trilinear form ¢, is assumed to satisfy (T1)—(T2) only.

Lemma 5.1 (A priori estimates). Let (up,pn) € Xpn and assume that (up,pp)
solves (64). Then, the following a priori estimates hold:

(65)  (va)?|lunllpa + 20vIpnl5 £ 1 < OXIFIIT 0y

(66) all(un, pr)lls < o | fll @y + ce(va) (ol fll Lriaya) .
Proof. To prove (65), simply test (64) with (up, pp), observe that ¢ (up, up, up) =0
owing to (T1) and use Lemma 4.2 for the linear part yielding

vallunlbe + IonfS 7y < [ Fruns < ol flaellun o,

whence (65) is easily deduced. To prove (66), use the inf-sup condition in Lemma 4.3
and assumption (T2) to infer

all(un, pu)lls < ol fllL-ya + cillunllde

and conclude using (65). O

To prove the existence of a discrete solution, we use a topological degree argu-
ment; see, e.g., [19, 23] for the use of this argument in the convergence analysis of
FV schemes and [12] for a general presentation.

Lemma 5.2. Let V be a finite dimensional functional space equipped with a norm
[Illv, let p >0, and let U : V x [0,1] = V satisfying the following assumptions:
(i) W is continuous;
(ii) W(-,0) is an affine function and the equation ¥(v,0) = 0 has a solution v € V
such that ||v|lv < u;
(iii) For any (v,p) € V x [0,1], ¥(v,p) = 0 implies ||v||v # .
Then, there exists v € V such that U(v,1) =0 and |jv||v < .
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Proposition 5.1. For all h € H, the discrete problem (64) admits at least one
solution (up,pn) € Xp.

Proof. To apply Lemma 5.2, let V' = X}, and define the mapping ¥ : X x [0,1] — X,

such that for (up,pn) given in Xp, and p given in [0,1], (&, Cr) def Y ((up,pn),p) €
X}, is defined such that for all (v, qn) € Xp,

(€nsvn)L2)a = n((un, pr), (vr, 0)) + pta(un, un, vn) — / Jivnis
Q

(Chraqn)r2() = In((un, pn), (0, qn)).

Observing that [, is continuous on X} x X}, for the ||-||s-norm, using (T2) and the
equivalence of norms in finite dimension, it is inferred that W is continuous. Further-
more, point (ii) in Lemma 5.2 results from the a priori estimate for the Stokes equa-
tions. In addition, because of (T1), if (up,pn) € X}, is such that U((up,ppn), p) =0
for some p € [0,1], then (up,pp) is bounded independently of p. This concludes the
proof. (I

5.3. Convergence analysis. In this section, we are now interested in the conver-
gence of a sequence {(up, pn)}hen of solutions to the discrete problem (64) towards
a solution (u,p) of the Navier-Stokes equations (60). The same convergence result
can be established as for the Stokes equations. The only difference is that, because
we do not make a smallness assumption on the data, there is no uniqueness result
available at the continuous level, and thus only the convergence of subsequences
(and not of the whole sequence) is obtained.

Theorem 5.1 (Convergence for Navier—Stokes equations). Let {(un,pr)}rer be a
sequence of approximate solutions generated by solving the discrete problems (64)
on the admissible meshes {Tp}her. Assume (T1)—~(T3). Then, as size(Ty) — 0, up
to a subsequence,

67) up —u, in L2(Q)7,
) Viun — Vau, in L*(Q)%9,
) lunls,7,,—1 — 0,
70) pn— D,  weakly in L*(Q),
) [prlyFi 0 — 0,
where (u,p+ az3(uju;)) € Hg () x L(Q) is a solution to (60). Moreover, if (T4)
also holds, then pn, — P in L*(Q).

Proof. (i) Proceeding as for the Stokes equations, it is clear that there is (u,p) €
H(Q) x L3(9) s.t., up to a subsequence, uj, — u strongly in L?(Q)%, Gp,(up;) —
Vu; weakly in L2(Q)4 for all i € {1,...,d} and p;, — P weakly in L?((2).

(ii) Identification of the limit. Using (T3) and proceeding as for the Stokes equations
to treat the linear part, it is inferred that for all ¢ € C2°(2)?,

V/5juiaj<ﬂi+f(u,u7s0)—/ﬁajwj=/fz-soz-.
Q Q Q
and that for all ¢ € C°(Q)/R

/ I/Jajuj' =0.
Q
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Hence, (u,p + OZQ%(U]‘U]')) solves the incompressible Navier—Stokes equations.

(iii) Strong convergence of the velocity and of the jumps. Proceeding as for the
Stokes equations, (T1) yields the strong convergence of the piecewise velocity gra-
dient in L2(2)¢ and the convergence to zero of the jump seminorms |up |y 7, —1 and

‘ph‘J,}'}L,l-
(iv) Strong convergence of the pressure. Proceeding as for the Stokes equations
yields

1pnl|72 0y < corplonlyzi

=T+ T+ Ty — Ty

IPn L2 ) + van(un,i; vni) + th(un, un, vs) — / fivn,i
Q

The convergence of T, T and T} is treated as for the Stokes equations. Further-
more, the convergence of T5 results from assumption (T4). As a result,

lim sup ||ph||%2(m < V/ 0;u;05v; + t(u, u,v) —/ fivi
Q Q
= / p(9iv;) + az%/ 0 (ujuj)v;
Q Q
— [ 50w = Il
Q
concluding the proof. O

Remark 5.1. Under a smallness condition of the form

carpv 2l <1,

uniqueness of the weak solution of (60) classically holds, so that the conclusions (67)—
(71) of Theorem 5.1 apply to the whole sequence {(up,pn)}nen. Moreover, the
convergence of the fixed-point iterative scheme

D ((uf ™ pE ), (ony qn)) + th (uf, uf ™ op) = / fiVh,is V(vn,qn) € X,
Q

can be proven using standard arguments.
5.4. Examples. Define for (wy,,un,vs) € [Un]?,
thlwnsunsn) = [ (@nnun)on— 3 [ gundvelu]-fon)
Q F

FeF}

—|—/Q%(Vh-wh)(uh-vh)— Z /F[[wh]]wF%{{uhmh}}.

FeFy

(72)

This choice corresponds to (o, az) = (1,0). The resulting DG method is not con-
servative, but contains a source term proportional to the divergence of the discrete
velocity (still converging to zero as the mesh is refined).

Proposition 5.2. Let t), be defined by (72). Then, assumptions (T1)—(T4) hold.

Proof. The verification of (T1) is straightforward. Assumption (T2) results from
the Sobolev embedding with ¢ = 4 and trace inequalities. To prove (T3) and (T4),
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observe first that for all v, € Uy,

1
th(un, up,vp) = /Quh‘g}%k(uh,i)'vh,i‘FZ Z /[[Uh,i]]VF'[[uh]][[Uh,i]]
F

FeF}
+ / Dik(uh)%uh,ivh,i =T+ 1T+ T;.
Q

To prove (T3), take v, = The with ¢ € C(Q)?. Owing to the discrete Sobolev
embedding with ¢ = 4, the sequences {up}rer and {mpo}rex are bounded in
L*(Q)?. Hence, Lebesgue’s Dominated convergence Theorem implies that, up to
a subsequence, upmTpp; converges to up; in L?(Q)%. In addition, {G*(un.:)}hen
weakly converges to Vu; in L?(Q)9. As a result, T; converges to fQ i (0ui) ;-
Similarly, T3 converges to fﬂ %(Gjuj)uigoi. Furthermore, T — 0 since |up|y 7, ,—1

is bounded and ||[7,;] || £ (Fy converges to zero. Therefore, as size(7;,) — 0,

th(uh,uh,ﬂhgp) —>/Qu](ajul)apl—i-/ﬂé(ajuj)uzgoz:/Q[aj(uzuj)—%(ajuj)ul}gol

Assumption (T4) is proven similarly for the terms T and T3. To prove that T
converges to zero, observe that [up,|;, 7, —1 converges to zero and that ||[vn]|| e () <
ck’ph;ﬂl owing to a trace inequality. This concludes the proof. O

Define now for (wp,, un,vp) € [Un)?,
th(wh, up,vp) = _/(wh,iuh'vhvh,i+ Z /VF'{{Uh}}{{wh,i}}[[vh,i]]
Q F

FeF}

+/ 50V (uniwni) — Z /VF'{{Uh}}%[[uh,iwh,i]]-
Q F

FeF}

(73)

This choice corresponds to (ag,az) = (0,1). The salient feature of the resulting
DG method is that it is locally conservative.

Proposition 5.3. Let t), be defined by (73). Then, assumptions (T1)—(T4) hold.

Proof. Assumptions (T1)—(T2) can be readily verified. To prove (T3) and (T4),
observe that for all v, € Uy,

1
th(un, up, Thep) = */Quh,iuh'gzk(vh,i)*z Z /VF'[[UhMuh,i]][[”h,iﬂ
F

FeF}

— / %Uh,iuh,ipik(vh),
Q

where D2 (vy,) def G2¥(vp ;)-€i. Then, proceed as in the previous proof to infer that
for all p € C°(Q)%, as size(7;,) — 0,

th(Un, Un, Thep) —>/[3j(uz‘uj)+%3i(ujuj)]%
Q

along with a similar result for (T4). O
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TABLE 1. Convergence results for the trilinear form defined by
(72). We have set ep, = (e, us€hp) def (u—up,p—pp)-

mesh h lenullz2()e order |lenpllr2(@) order llerlls order
1 ]5.00e—1] 8.87¢—01 - 1.62e + 00 - 119e+01
2.50e —1 | 2.39¢ —01 1.89 6.11le—01 1.41 7.26e+00 0.71
1.25e =1 | 594e—-02 201 2.0le—01 1.60 3.68¢+00 0.98
6.25¢ —2 | 1.59e — 02 1.90 7.40e—-02 144 1.85e+00 0.99
3.12e —2 | 4.17e —03 1.93 3.14e—02 1.23 9.25e—01 1.00

T W N

1

(a) Velocity module (b) Stream lines
F1GURE 2. Plot of Kovasznay’s solution for £k = 1 and mesh 5.

Remark 5.2. Upwinding can be introduced in the discrete trilinear forms t; defined
by (72) or (73) by adding a term of the form

S be [ Hundvellul o,

FeF}

and replacing the design assumption (T1) by the requirement that ¢;, be nonneg-
ative, which is sufficient to derive all the necessary a priori estimates and the
convergence result of Theorem 5.1. Here, the parameter 0 € [0, 1] depends on the
local Péclet number.

5.5. Numerical experiment. To verify the asymptotic convergence properties of
the method defined by (72), we have considered the analytical solution proposed in

[27] on the square domain §2 def (=0.5,1.5) x (0,2),
1 1 _
up =1—e ™2 cos(2mxs), us = *567”‘,1 sin(2mxs), p= 756”1 cos(2mxs) — P,

where ﬁdéf m o —1e™1 cos(2maz) ~ —0.920735694 ensures zero-mean for the

pressure, v = % and f = 0. The example was run on a family of uniformly refined
triangular meshes with mesh sizes ranging from 0.5 down to 0.03125, labeled with
progressive numbers from 1 to 5 in Table 1. The nonlinear problem was solved
by the exact Newton algorithm with tolerance set to 10~°; the linear systems were

solved using the direct solver available in PETSc. According to Table 1, the method
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converges with optimal order in the energy norm defined by (51). The method
defined by (73) was also tested, and the corresponding asymptotic convergence
rates were observed to be suboptimal by half an order. Further tests are out of the
scope of the present paper and will receive extensive attention in a future work.

6. DISCRETE FUNCTIONAL ANALYSIS IN DG SPACES

Let 1 < p < 400 and let £ > 1 be an integer. Equip the DG finite element space
V¥ defined by (4) with the norm

(74) lonlhe, S [ ol 3 o [l

TeT, VT FEF, We = Jr
where |-|¢» denotes the /P-norm in R? so that [V, [}, = 25:1 |O;vp|P. Recall that €
is a open bounded connected subset of R? (d > 1) whose boundary is a finite union
of parts of hyperplanes. In this section, the mesh family {7}, }5ecx used to build the
DG spaces is assumed to satisfy only assumptions (i)—(iv) in Definition 2.1.

The material contained in this section, which is closely inspired from that de-
rived in [21] for discrete spaces of piecewise constant functions, deals with the
extension to DG spaces of two key results of functional analysis, namely Sobolev
embeddings and compactness criteria in LP(2). These results are presented here
in a non-Hilbertian setting which is more general than that needed to analyze the
Navier—Stokes equations. We have made this choice because the results below are of
independent interest to analyze other nonlinear problems. We also observe that we
deal here with functional analysis in DG spaces and not in broken Sobolev spaces.

Lemma 6.1. For all 1 < s <t < 400, the following holds for all v, € V}¥,
(75) [vrllpg.s < €010t lvnllDa,c-

Proof. Observing that for all z € R?, |z|s» < d*~*|z|¢ and using Hélder’s inequal-
ity with 7 = £ > 1 and 7’ = 75 yields

S S 1 S
fenllbee = 3 [ 9wl + 3 =i [ 1ol
T F F

TeT, FeF

1 s Lo la- s
3 /T aFVorls+ 3 /F BE hEY0 | [on]

TeTh FeFy

(suf) (5 fros)

TeTy, TeT,

(5 ) (5 ke

FeF,
1
< ((d+ ) 2) = [lvnllba o

using (1), whence the conclusion follows. O

IN

IN

3=

Lemma 6.2. For v € L'(R?), define
d

[vlByv = Zsup{fRd udip; p € Cgo(Rd)a ||<P||Loe(Rd) <1},

i=1
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and set BV = {v € L*(R?); ||v||py < +oc}. Then, extending discrete functions in
V,f by zero outside €2, there holds V,f C BV and for all 1 < p < +o0,
(76) Vo, € Vi, lonllsy < carjarpllvnlive,p-

Proof. Clearly, owing to Lemma 6.1, it suffices to prove (76) for p = 1. Integrating
by parts, it is clear that for all v, € V¥ and for all ¢ € C°(R?) with ||| o (ra) < 1,

/ vh&«p:—/ (eirVavn)p+ /ewF[[vh}]wS [vnllpG,1-
R4 R4 F

FeFy

Hence, ||vp|lBv < d||vn|lpa,1, completing the proof. O
Remark 6.1. In this section we could have allowed the case k& = 0, although the
derived results are not as interesting as for £ > 1 because ||-||pg,p is not the natural
norm with which to equip the space V2 when working with FV approximations to
nonlinear second-order PDE’s. Indeed, on V}?, the first term on the right-hand side
of (74) (the broken gradient) drops out, and this entails that a length scale different
from hp must be used for the jump term, thereby also requiring an additional (mild)
assumption on the mesh family; see [21] for the analysis in this case.

Remark 6.2. The observation that the ||-||pg,2-norm controls the BV norm can also
be found in [29] in the framework of linear elasticity.

6.1. Discrete Sobolev embeddings.

Theorem 6.1 (Discrete Sobolev embeddings). For all q such that
W) 1<qg<p ® 2L if1<p<d;
(ii) 1 <g< 400 ifd <p < 4o0;

there is o4, such that

(77) Yo € Vi, llonllzae) < opgllvnline -

The constant o4, additionally depends on k, ||, and P. In particular, for the
choice ¢ = p which is always possible,

(78) Yoy, € ViF, lonllLe ) < opp

|vnlIDG.p-

Proof. We follow L. Nirenberg’s proof of Sobolev embeddings.
(i) The case p = 1. Set 1* def —4-. Then, owing to a classical result (see, e.g. [21]

for a proof), for all v € BV,

1
[Vl ey < 55 llvlBy-

Extending discrete functions in V,{“ by zero outside 2, Lemma 6.2 yields

1
(79) lvnllL @) < S llonllpe.t,

ie., (77) for p=1 and ¢ = 1* with 0y 1~ = %, and hence for all 1 < ¢ < 1* since €
is bounded.

(ii) The case 1 < p < d. Set a = pzdf_pl) and observe that a > 1. Considering the
function |vp|® (extended by zero outside €2) and using (79) yields

d

s 2 [ ) > [l + [ i1 =1+

TeT), FeFy
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Observe that a.e. in each T' € T,, |0:|vn|®| = a|vn|*1|0;vn]| for all i € {1,...,d} so
that |V|vp|¥ e = alvn|* " Vup|e. Using Holder’s inequality with p and ¢ = -2~

p—17
the first term in (80) is bounded as
b
E / Vvh|§1>
T

é
|T1|ga<z / |vh|q<a1>> (
T7e7, T TET,
1 5
<aa? ([ 1ar)’ (z / mz) .
Q TeT, T

Furthermore, observing that |[|v,|*]| < 2a{|vn|* = }|[vs]| and using again Holder’s
inequality, it is inferred that the second term in (80) is bounded as

1 _1
Ti<aS 30 Ah;|vh\T\a—thqwuvhﬂ|

TeT, FCOT
1 1
. q 1 r
co( 5 5 [rmmet) (£ 5 oo fore)
TeT, Fcor’ F TeT, FcoT ''F VF

1
L1 N a
<a2vT) |vp [P
Q

where for s € Ry, 7, is the constant in the trace inequality
Werm, Y he [l <na [ ir
FeoT F T
valid uniformly for all h € H and for all T € 7,. This leads to

1 p%
(Z }L%l/FmUh]H) )

FeF,

* d 1 1 w0\ ¢
2(/ Ivh|p> < afd+ 27T Ty k)0 </ |Uh|p> lvnllpa.p
Q Q

1
1 1L ) 7
< o(di +2577 ) (/ Ivhl”) [vrllpa p-
Q

Observing that % - % = p% yields (77).
(iii) The case d < p < 4+o00. Fix any ¢; such that p < ¢1 < +00 and set p; = d(fél
so that p; < d and p} = ¢1. Then, owing to point (ii) in this proof, it is inferred

that for all v, € V}F,

HUh”L‘H(Q) < 0p1,q|[VnlIDG 1 5
and the conclusion follows from Lemma 6.1 since p; < p. O

6.2. Compactness. In this section we are interested in sequences {vj, }ren in V¥
which are bounded in the ||-||pg-norm.

Theorem 6.2 (Compactness). Let {vj,}rhen be a sequence in V¥ and assume that
this sequence is bounded in the ||-||pg p-norm. Then, the family {vy }ren is relatively
compact in LP(Q) (and also in LP(RY) taking v, = 0 outside Q).

Proof. Extending the functions v, by zero outside €2 and observing that (see, e.g.
[21]) for all £ € RY,

lvn (- + &) — vnllL1@ey < [Elerl[vnllBy < Clélm,
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because of the boundedness of the sequence {vj}nen in the |-||pgp-norm (and
hence in the BV-norm owing to Lemma 6.2), Kolmogorov’s Compactness Criterion
yields that the family {vj,}nes is relatively compact in L'(RY). Owing to the
Sobolev embedding (78), this sequence is also bounded in LP(R?); hence, it is also
relatively compact in LP(R9). Finally, the relative compactness also holds in L?(£2)
since the functions v;, have been extended by zero outside €. (|

Theorem 6.3 (Regularity of the limit). Let 1 < p < +oo. Let {vp}nen be a
sequence in VF and assume that this sequence is bounded in the |-||pg,,-norm.
Assume that size(T,) — 0. Then, there exists v € Wol’p(Q) such that, up to a
subsequence, v, — v in LP ().

Proof. Owing to Theorem 6.2, there is v € LP()) such that, up to a subsequence,
{vn}nen converges to v in LP(€). It remains to prove that v € Wy (Q). To this
purpose, we again extend the functions vy, by zero outside 2 and we construct a
discrete gradient converging, at least in the distribution sense over R?, to V.

(1) Consider the lifting operators r% and RY defined in §2.3 and recall that the
support of 7% consists of the one or two mesh elements of which F is a face. Hence,

P
IR D oy = Y [ |3 b (lenl)
71, ' T |Fcor s
S [ NS Dl = VY I e
= FcoT FEFy
Furthermore, setting for all i € {1,...,d}, yni = |7, ([va])|P~>r%,;([vn]), observ-

ing that vy, € [Vho]d and using Holder’s inequality with p and ¢ = pp

L5 yields

I ErD I e = [ (o) = [ Bl

% 1
1 1 '
<274 Z hF/ |yh\T vpl? <hp—1/ [[Uhmp)
T F

T,FCOT

1

<2t 3 hde/ % (Lvn]) b <hpl1/Fl[[vh]]|p>
F

T;FCOT

1

P 1 P

< Cd,p,k,P||T%(ﬂvh]])”zp(g)d (hpl/ |[[Uh]]|p>
F F

Collecting the above bounds yields

IR, ([onDll Lo@ye < cap, < — [ Ilv ]]I”)
n VR Q) d,p,k,P F; n / Un

Then, upon defining the approximate gradient GY(vy) = Vpvn — RY([on]) €
[VF] and extending it by zero outside €2, it is inferred that |G (vp)| s gaye <
Cdpkpllnlpe,py. Hence, the sequence {G9(vy)}hen is bounded in LP(R?)4, and
thus since p > 1, up to a subsequence, GY (vy) — w weakly in LP(R?)<.
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(ii) Let ¢ € C°(R%)? and observe that

[ Ghe=— [ (V)= [ R to—le)+ py) [ o= hedvelun]
=T+ T+ Ty

Letting size(7,) — 0, we observe that Ty — — [p. v(V-¢) and that T, — 0 since
o=l oo (rya — 0 and ||R) ([vn])] e (raya is bounded. Furthermore, proceeding
as usual with ¢ = 1% yields

1
1 1 !
Ts < cpllp — mhell poeaye |27 | Y F/Fl[[vh]]lp < Cll = mhpll Loo (Raya
FeF, F

whence it is inferred that T3 — 0. As a result,

/Rd W= G ()¢ = —/ v(V-).

size(7;,)—0 JRd R4
Hence, w = Vv so that v € W'(£2), and since v is zero outside Q, v € WP (Q). O

Remark 6.3. For p = 2, lifting operators using a higher polynomial degree [ > 1
can also be considered as in the proof of Theorem 2.2. The difficulty for p # 2 is
that the vector y, in the above proof is not necessarily polynomial-valued.

Acknowledgment. The authors are thankful to R. Eymard (University Paris-Est)
for fruitful discussions.
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