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Abstract

Mixtures are convex combinations of laws. Despite this simple definition, a mixture
can be far more subtle than its mixed components. For instance, mixing Gaussian
laws may produce a potential with multiple deep wells. We study in the present work
fine properties of mixtures with respect to concentration of measure and Sobolev type
functional inequalities. We provide sharp Laplace bounds for Lipschitz functions in the
case of generic mixtures, involving a transportation cost diameter of the mixed family.
Additionally, our analysis of Sobolev type inequalities for two-component mixtures
reveals natural relations with some kind of band isoperimetry and support constrained
interpolation via mass transportation. We show that the Poincaré constant of a two-
component mixture may remain bounded as the mixture proportion goes to 0 or 1 while
the logarithmic Sobolev constant may surprisingly blow up. This counter-intuitive
result is not reducible to support disconnections, and appears as a reminiscence of the
variance-entropy comparison on the two-point space. As far as mixtures are concerned,
the logarithmic Sobolev inequality is less stable than the Poincaré inequality and the
sub-Gaussian concentration for Lipschitz functions. We illustrate our results on a
gallery of concrete two-component mixtures. This work leads to many open questions.

Keywords. Mixtures of distributions; finite Gaussian mixtures; concentration of measure; Gaussian
bounds; tails probabilities; deviation inequalities; functional inequalities; Poincaré inequalities; Gross log-
arithmic Sobolev inequalities; band isoperimetry; transportation of measure; mass transportation; trans-
portation cost distances; Mallows or Wasserstein distance.
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1 Introduction

Mixtures of distributions are ubiquitous in Stochastic Analysis, Modelling, Simulation, and
Statistics, see for instance the monographs [16), I8, B0, B9, 50]. Recall that a mixture of
distributions is nothing else but a conver combination of these distributions. For instance,
if p19 and py are two laws on the same space, and if p € [0,1] and ¢ = 1 — p, then the law
pi1 + quo is a “two-component mixture”. More generally, a finite mizture takes the form
pip1 + -+ - + pppn Where pq, ..., uy, are probability measures on a common measurable
space and p101 + - - -+ pndy is a finite discrete probability measure. A widely used example
is given by finite mixtures of Gaussians for which p; = N (m;, 022 ) for every 1 < i < n. In
that case, for certain choices of mq,...,m, and oq,...,0,, the mixture

mN (my, O’%) + -+ ppN (my, ai)

is multi-modal and its log-density is a multiple wells potential. For instance, each compo-
nent u; may correspond typically in Statistics to a sub-population, in Information Theory
to a channel, and in Statistical Physics to an equilibrium. Another very natural example
is given by the invariant measures of finite Markov chains, which are mixtures of the in-
variant measures uniquely associated to each recurrent class of the chain. A more subtle
example is the local field of the Sherrington-Kirkpatrick model of spin glasses which gives
rise to a mixture of two univariate Gaussians with equal variances, see for instance [13].

At this point, it is enlightening to introduce a bit more abstract point of view. Let
v be a probability measure on some measurable space © and (ug)gce be a collection
of probability measures on some common fixed measurable space X, such that the map
0 — E,, f is measurable for any fixed bounded continuous f : X — R. The mixture
M(v, pgeo) is the law on X defined for any bounded measurable f : X — R by

Byt o) f = /@ /X F (@) dpg ) dv(8) = By (8 v By f).

Here v is the mizing law whereas (ug)gco are the mized laws or the mizture components
or even the mized family. With these new notations, and for the finite mixture example
mentioned earlier we have © = {1,...,n} and v = p161 + - - - + ppd,, and

M(v, (po)oco) = M(P101 + -+ pudn, {p1, -, fn}) = P1per + -+ + Pfin.

The mixture M (v, upeo) can be seen as a sort of general convex combination in the convex
set of probability measures on X. It appears for certain class of v as a particular Choquet’s
Integral, see [43] and [I7]. On the other hand, the case where the mixture components
are product measures is also related to exchangeability and De Finetti’s Theorem, see for
instance [7]. In terms of random variables, if (X,Y") is a couple of random variables then
the law £(X) of X is a mixture of the family of conditional laws £(X|Y = y) with the



mixing law £(Y"). By this way, mixing appears as the dual of the so-called disintegration
of measure. Here and in the whole sequel, the term “mixing” refers to the mixture of
distributions as defined above and has a priori nothing to do with weak dependence.

Our first aim is to investigate the fine behavior of concentration of measure for mix-
tures, for instance for a two-component mixture pui + quo as min(p, q) goes to 0. It is well
known that Poincaré and (Gross) logarithmic Sobolev functional inequalities are powerful
tools in order to obtain concentration of measure. Also, our second aim is to investigate
the fine behavior of these functional inequalities for mixtures, and in particular for two-
component mixtures. Our work reveals striking unexpected phenomena. In particular,
our results suggest that the logarithmic Sobolev inequality, which implies sub-Gaussian
concentration, is very sensitive to mixing, in contrast with the sub-Gaussian concentration
itself which is far more stable. Asin [20] and [3], our work is connected to the more general
problem of the behavior of optimal constants for sequences of probability measures.

Let us start with the notion of concentration of measure for Lipschitz functions. We
denote by |||, the Euclidean norm of R%. A function f : R — R is Lipschitz when

f(@) — fly
ary =yl
Let u be a law on R? such that E,|f| < oo for every Lipschitz function f. This holds true
for instance when p has a finite first moment. We always make implicitly this assumption
in the sequel. We define now the log-Laplace transform «, : R — [0, 0o] of p by

a,(A) =log sup Eu<e/\(f_E”f)). (1)
[/ llLip<1

The Cramér-Chernov-Chebychev inequality gives, for every r > 0,

Bu(r) = sup (] — Buf| > 1) < 2exp (—supw—au(x))) @)
I fllLip<t A>0

and the supremum in the right hand side is a Fenchel-Legendre transform of «,. Note
that 3, is a uniform upper bound on the tails probabilities of Lipschitz images of . We
are interested in the control of §, via ¢, in the case where p = M(v, (ug)oco), in terms
of the mixing law v and of the log-Laplace bounds (o, )¢co for the mixed family.

We say that u satisfies a sub-Gaussian concentration of measure for Lipschitz functions
when there exists a constant C' € (0, 00) such that for every real number A,

1
au(A) < 70N (3)
The log-Laplace-Lipschitz quadratic bound (Bl) implies via () that for every r > 0,
r2
Bu(r) < 2exp <_E> (4)

Actually, it was shown (see [I5] and [9]) that up to constants, ([B) and () are equivalent,
and are also equivalent to the existence of a constant ¢ € (0,00) and 2y € R? such that

/ esle—wol? p(dr) < oo. (5)
R4



Linear or quadratic upper bounds for «;, may be deduced from functional inequalities such
as Poincaré and (Gross) logarithmic Sobolev inequalities [23], 24]. We say that p satisfies
a Poincaré inequality of constant C' € (0,00) when for every smooth h : R — R,

Var,(h) < CE([Vh[?) (6)

where Var,(h) = E,(h*) — (E,h)? is the variance of h for . The smallest possible
constant C' is called the optimal Poincaré constant of u and is denoted Cpr(p) with the
convention inf() = co. Similarly, u satisfies a (Gross) logarithmic Sobolev inequality of
constant C' € (0,00) when

Ent, (h?) < CE(Vh[?) ™)

for every smooth function f : R? — R, where Ent,,(h?) = E,(h? log h*)—E,(h?) log E,,(h?)
is the entropy or free energy of h? for u, with the convention 0log(0) = 0. As for the
Poincaré inequality, the smallest possible C' is the optimal logarithmic Sobolev constant of
p and is denoted Cgi(p) with inf ) = co. Standard linearization arguments give that

() < Craly) < 5 Carlp) 0

where p(K,) stands for the spectral radius of the covariance matrix K, of u defined by
(Ku)ij = Eu(ziz;) — Ey(x;)Ey(2;) where x; and x; are the coordinate functions. More
precisely, the first inequality in (8) follows from (@) by taking h = (-, u) where u runs over
the unit sphere while the second inequality in (§) follows by considering the directional
derivative of both sides of () at the constant function 1.

A basic example is given by Gaussian laws for which equalities are achieved in (). A
wide class of laws satisfy Poincaré and logarithmic Sobolev inequalities. Beyond Gaussian
laws, a criterion due to Bakry & Emery [2, [ (see also [2], |46, 2], and [10, [T]) states
that if u has Lebesque density e=" on R? such that x — V(z) — %MQ is convex for some
fixed real x > 0 then Cpr(p) < k and Cgr(p) < 2k with equality in both cases when p is
Gaussian. This log-concave criterion appears as a comparison with Gaussians. Note that
in general, Cgr(p) < oo implies Cpi(p) < oo but the converse is false. For instance, the law
with density proportional to exp(—|z|®) on R satisfies a Poincaré inequality iff @ > 1 and
a logarithmic Sobolev inequality iff a > 2, see e.g. [Il, Chapter 6]. Note also that if x has
disconnected support, then necessarily Cpr(p) = Car(p) = oco. To see it, consider a non
constant h which is constant on each connected component of the support of y. This is for
instance the case for the two-component mixture pu = puy + quo = M(pd1 + qdo, { o, 11})
with p € (0,1) and ¢ = 1 — p where pp and p; have disjoint supports.

The logarithmic Sobolev inequality () implies a sub-Gaussian concentration of mea-
sure for Lipschitz images of u. Namely, using (@) with h = exp(%)\ f) for a real number
X and a smooth Lipschitz function f : R¢ — R gives via Rademacher’s Theorem and a
standard argument attributed to Herbst [34), Chapter 5] that for any reals A and r > 0

1 r2
a,(\) < =Car(p)A? and B, (r <2exp<— > 9
The same method yields from (@) a sub-exponential upper bound for 3, of the form
c1 exp(—car) for some constants cp,ca > 0, see for instance [22] and [33 Section 2.5].
Both Poincaré and logarithmic Sobolev inequalities are invariant by the action of the
translation group and the orthogonal group. More generally, let us denote by f - p the



image measure of p by the map f. Both (@) and (@) are stable by Lipschitz maps in the
sense that Cpr(f - p) < ||f|[fCrr(p) and Cai(f - 1) < ||f]? »Car(p). On the real line,
Cpr and Cgr can be controlled via “simple” variational bounds such as ([[§)). Both (@) and
[@ are also stable by bounded perturbations on the log-density of u, see [27], [25], and
[B] for further details. In view of sub-exponential or sub-Gaussian concentration bounds,
the main advantage of (@) and (@) over a direct approach based on oy, or 5, lies in the
stability by tensor products of (@) and (@), see e.g. [, Chapters 1 and 3|, [9], and [21].

The case of mixtures. The integral criterion (@) shows that if the components
of a mixture satisfies uniformly a sub-Gaussian concentration of measure for Lipschitz
functions, and if the mixing law has compact support, then the mixture also satisfies a
sub-Gaussian concentration of measure for Lipschitz functions. Such bounds appear for
instance in [6]. However, this observation does not give any fine quantitative estimate on
the dependency over the weights for a finite mixture. Regarding Poincaré and logarithmic
Sobolev inequalities, it is clear that a finite mixture of Gaussians will satisfies such in-
equalities since its log-density is a bounded perturbation of a uniformly concave function.
Here again, this does not give any fine control on the constants.

An upper bound for the Poincaré constant of univariate finite Gaussian mixture was
provided by Johnson [29, Theorem 1.1 and Section 2]. Unfortunately, this upper bound
blows up when the minimum weight of the mixing law goes to 0. A more general upper
bound for finite mixtures of overlapping densities was obtained by Madras and Randall
[35, Theorem 1.2 and Section 5]. Here again, the bound blows up when the minimum
weight of the mixing law goes to 0. Some aspects of Poisson mixtures are considered by
Kontoyannis and Madiman [30), B1] in connection with compound Poisson processes and
discrete modified logarithmic Sobolev inequalities.

Outline of the article. Recall that the aim of the present work is to study fine
properties of mixture of law with respect to concentration of measure and Sobolev type
functional inequalities. The analysis of various elementary examples shows actually that
such a general objective is very ambitious. Also, we decided to focus in the present work
on more tractable situations. Section [ provides Laplace bounds for Lipschitz functions
in the case of generic mixtures. These upper bounds on «,, (and thus §,) for a mixture u
involve the Wj-diameter (see Section [ for a precise definition) of the mixed family. Sec-
tion Blis devoted to upper bounds on ¢, for two-component mixtures p = p, = pp1 + qpo-
Our result is mainly based on a Laplace-Lipschitz counterpart of the optimal logarithmic
Sobolev inequality for asymmetric Bernoulli measures. In particular, we show that if pg
and g satisfy a sub-Gaussian concentration for Lipschitz functions, then it is also the
case for the mixture p,, with a quite satisfactory and intuitive behavior as min(p, ¢) goes
to 0. In Section Hl, we study Poincaré and logarithmic Sobolev inequalities for two com-
ponents mixtures. A decomposition of variance and entropy allows to reduce the problem
to the Poincaré and logarithmic Sobolev inequalities for each component, to discrete in-
equalities for the Bernoulli mixing law pd; + qdp, and to the control of a mean-difference
term. This last term can be controlled in turn by using some support-constrained trans-
portation, leading to very interesting open questions in dimension > 1. The Poincaré
constant of the two-component mixture can remain bounded as min(p, ¢) goes to 0, while
the logarithmic Sobolev constant may surprisingly blow up at speed — log(min(p, ¢)). This
counter-intuitive result shows that as far as mixture of laws are concerned, the logarith-
mic Sobolev inequality does not behave like the sub-Gaussian concentration for Lipschitz



functions. We also illustrate our results on a gallery of concrete two-component mixtures.
In particular, we show that the blow up of the logarithmic Sobolev constant as min(p, q)
goes to 0 is not necessarily related to support problems.

Open problems. The study of Poincaré and logarithmic Sobolev inequalities for
multivariate or non-finite mixtures is an interesting open problem, for which we give some
clues at the end of Section Hlin terms of support-constrained transportation interpolation.
There is maybe a link with the decomposition approach used in [28] for Markov chains.
One can also explore the tensor products of mixtures, which are again mixtures. Another
interesting problem is the development of a direct approach for transportation cost and
measure-capacities inequalities (see [3]) for mixtures, even in the finite univariate case.

2 General Laplace bounds for Lipschitz functions

Intuitively, the concentration of measure of a finite mixture may be controlled by the worst
concentration of the components and some sort of diameter of the mixed family. We shall
confirm, extend, and illustrate this intuition for a non necessarily finite mixture. The
notion of diameter that we shall use is related to coupling and transportation cost. Recall
that for every k > 1, the Wasserstein (or transportation cost) distance of order k between
two laws p1 and us on RY is defined by (see e.g. [51, 52] and [B4, B7))

k71
Welpr) =inf ([ o= dn(an) (10)
T R4 xR4

where 7 runs over the set of laws on R% x R? with marginals z; and . The Wj-convergence
is equivalent to the weak convergence together with the convergence of moments up to
order k. In dimension d = 1, we have, by denoting F} and F5 the cumulative distribution
functions of p1 and po, with generalized inverses F| L and FQ_l7 for every k > 1,

1
Wi (p1, o) :/0 |FH @) = Fy ()] de and Wi, o) Z/R|F1($) — Fy(z)|dz (11)

where the last expression of W follows from the Kantorovich-Rubinstein dual formulation

0% — duy — dus ).
(g1, p2) IIfEEE@ (/Rdf 111 /Rdf M2> (12)

Note that if u; does not give mass to points then uo = (F{1 o F1) - p1. The transportation
cost distances lead to the so called transportation cost inequalities, popularized by Marton
[36, B7], Talagrand 9], and Bobkov & Gotze [§]. See for instance the books [34, K1, H2]
for a review. The link with concentration of measure was recently deeply explored by
Gozlan, see e.g. [21]. We will not use this interesting line of research in the present paper.

Theorem 2.1 (General Laplace-Lipschitz bound via diameter). Let = M(v, (119)gce)
be a general mixture. If this mizture satisfies the uniform bounds

a=supay<oo and W = sup Wi(ug,pe) < 0o
9co 0,0'cO

then for every A > 0 we have

1 o
0,(\) E() + £ min (SW)\, WQ)\?).



Proof of Theorem [Z7l. The key point is that if || f||Lip < 1 then for every A > 0,

E,(eM
Bulel) _ e LB () vido) < [ ero Bl By ap). (13)
e S S

As a consequence, we get

a,(A) <a(A) + sup log/eA(E“@fE“f) v(df). (14)
Il fllLip <1 ©

Thanks to the relation ([Z), we obtain

Ef—Euf = /@(Euef_Eue/f) v(de')
< /Wl(/im/ie')V(d@/) <W.
e

This shows that the second term in the right hand side of () is bounded by W\. Alter-
natively, one can use the Hoeffding bound [26] which says that if X is a centered bounded
random variable with oscillation ¢ = sup X — inf X then

E(e,\X> < piAIe?

The desired bound in terms of A2 follows by taking X = E,, f — E,f where Y ~ v
and noticing that ¢ < supy g (Euef - Eﬂelf) =W. 0

Example 2.2 (Finite mixtures). For a finite mizture p = pipi+- - -+pppin = MV, (i) 1<i<n)
where v = p101 + -+ + pndyn, the miring measure v is supported by a finite set. In that
case, Theorem [Zl gives an immediate Laplace bound, involving the worst bound for the
mizture components (1;)1<i<n (this cannot be improved in general). However, in Section
3@, we provide sharper bounds by improving the dependency over v in the case where n = 2.

Example 2.3 (Bounded mixtures of multivariate Gaussians). Here g = N (m(6),T(9))
where m : © — R? and I' : R — SJ are two measurable bounded functions and SJ is the
cone of symmetric nonnegative d X d matrices. Note that T'(0) is allowed to be singular i.e.
not of full rank. The spectrum of I'(0) is real and non-negative. If A\1(0) > --- = X\q(0) are

the eigenvalues of I'(6), we define p = supgeg A1(0) = supgee [[T'(0)||5_5. Now fix some
mizing law v on © and consider the mizture p = M(v, (16)geg). Then for every X >0,

1 -
au(\) < gv + 5 min(8T, W2A2).

One can deduce an upper bound for W from the following lemma.

Lemma 2.4 (W;-distance of two multivariate Gaussian laws). Let ug = N (m(0),T(0))
and py = N'(m(1),T(1)) be two Gaussian laws on RY. For 6 € {0,1}, we denote by

A(0) = - = Ma(0)



the ordered spectrum of I'(0) and by (vi(0)),<;<q an associated orthonormal basis of eigen-
vectors. Assume, without loss of generality, that v;(0)-v;(1) = 0 for every 1 < i < d where
“” stands for the Euclidean scalar product of R:. Then Wi (uo, 1) is bounded above by

d
m(1) - m(0)| + J > { (VAT - VAW’ + 2V ATAD - ) u(0) |
1

1=
The reader may find in 8, Theorem 3.2] a formula in the same spirit for W (ug, f1).
Proof of Lemma[Z4} The triangle inequality for the W; distance gives

Wi(po, pr) < Wi(po, N'(m(1),T(0))) + Wi (N (m(1),T(0)), 1)

<
< m(1) = m(0)] + W1 (N(0,T(0)), N(0,I(1)))-

Now, if (Yi)lgz‘gd are i.i.d. real random variables of law N'(0, 1) then the law of

d
Xo = Yi/Xi(0)vi(0)
=1

is N(0,T'(0)) for 6 € {0,1}. Moreover, from () and Jensen’s inequality, we get
Wi(N(0,1(0)), N (0, (1)) < (E|X1 — Xo|)* < E(|X1 — Xof).
At this step, we note that
d
150 = Xl =3 V2 VA1) — VA0 (0)|
i=1
+2 ZYin (V Ai(Dvi(1) — )‘i(o)vi(o)) : < Ai(Dwi(1) — Ai(o)vi(0)>'

i<j

Since (Y;) are ii.d. N'(0,1) and (vi(0)), ;< is orthonormal for 6 € {0,1}, one has
2

d
E(X1 = Xo) = 3 [v/ADui(1) — v 2(0)wi(0)|
i—1
d
— Z { (\/)\z(l) - A@'(O))Q + 2/ (DA (0) (1 — v(1) - vZ(O))}
i—1

O

Of course the assumptions of Theorem Tl may be relaxed. Instead of trying to deal
with generic abstract results, let us provide some highlighting examples.

Example 2.5 (Gaussian mixture of translated Gaussians). Here © = R and pp =
N(0,0?) for some fized o > 0, and the mizing law is also Gaussian v = N (0, 72) for some
fized T > 0. In this case, @(\) = %02)\2 but W is infinite since

Wi (g, por) = [0 — 0.



In particular, Theorem [Z is useless. Nevertheless, the function
00— g(0) =Eyuf—E.f
is Lipschitz since
19(0) = 9(0)| SE(|f(X +0) = f(X +0)]) <[00
where X ~ N(0,1). As a consequence, we get

T2)\2
sup log/e)‘(E“Gf_E”f) v(df) < —,
Iflup<t— Jo 2

and for any A > 0
2 2
o°+T
O‘u()‘) < 5
The same argument may be used more generally for “position” miztures. For instance if
n is some fized probability measure on R and g = n * 89 for 6 € R% then YA > 0,

A2,

ap(A) < ap(A) + ap(A).
In this particular case, ;= v *n and the bound above follows also by tensorization!

Example 2.6 (Mixture of scaled Gaussians: from exponential to Gaussian tails).
Here we take © = [0,00) and pg = N(0,6?%) with a mizing measure v of density

00— ﬁ exp (—07)1 g 00 (0)

where v = 2 is some fixed real number. Note that v has a non-compact support and that
w does not satisfy the integral criterion (). This means that u cannot have sub-Gaussian
tails. Note also that both @(X) and W are infinite since

2)\2

0 2
ag(X) = —— and Wilug, pe) = \/%!9 — 0|
where we used ([[l) for Wy. Starting from ([I3)), one has by Cauchy-Schwarz’s inequality
2
E, (e
(%ﬁ) < / e 1(dh) / e\ Bug [Buf) 1, (dg). (15)
emr e e

Note that v satisfies condition @) and a,(\) < CA2? for some real constant C' > 0. Here
and in the sequel, the constant C may vary from line to line and may be chosen independent
of v. On the other hand, the centered function g(0) = E,, f — E,f is 1-Lipschitz since

|9(0) — 9(¢)] = [Ef(0X) - Ef(0'X)| < |0 - 0'|E(X])

where X ~ N(0,1). Also, for the second term in the right hand side of ([[H) we have

/GQA(Euef—EHf) V(d0) < o@D < (AN
e



If v = 2 then oy, (N) < 200% — % log(1—\2?) < 2C — i log(1—M\) if A < 1, which gives, after
some computations, the deviation bound, for some other constants C' > 0 and C" > 0,

p(F—E.f>r)< Cle .

2
Assume in contrast that v > 2. Since 0?2\ < y~107 + C’O)\Wij? for some constant Cy > 0
which may depend on v but not on A and 8, we get, for some constants C; > 0 and Cy > 0,

/ exp (92)\2) v(df) < Cyexp <Cg)\%>.
0

2
This gives o, () < Cg)\v_j? + Cy for some constants C3 > 0 and Cyq > 0, which yields a
deviation bound of the form (for some constants C5 > 0 and Cg > 0)

p(f —Euf >r) < Csexp (—Cﬁﬂ_”%)-

Note that v goes to the uniform law on [0,1] as v — oo and the Gaussian tail reappears.

3 Concentration bounds for two-component mixtures

In this section, we investigate the special case where the mixing measure v is the Bernoulli
measure B(p) = pd1 + qdy where ¢ = 1 — p. We are interested in the study of the sharp
dependence of the concentration bounds on p, especially when p is close to 0 or 1.

Theorem 3.1 (Two-component mixture). Let py and py be two probability measures
on X and p = ppy + quo with p € [0,1] and ¢ =1 — p. Define x, = max(p,q)/(2¢c,) where

I q—p
P 4(log(q) — log(p))

with the continuity conventions ¢y, = 1/8 and co = c¢1 = 0. Then for any A > 0,

ep N Wi (o, p1)? if A\Wi(po, p1) <
a,(A) < max(ay,, ay, ) (A) + 1
max(p, ) <)‘Wl(,u07 m) = 5%) otherwise.

Note that if min(p,q) — 0, then ¢, ~ —(4log(p))~* — 0 and x, — oo, and we thus
recover an upper bound of the form a, < max(ay,,o,,) as min(p,q) — 0, which is
satisfactory. The two different upper bounds given by Theorem Bl provide two different
upper bounds for the concentration of measure of the mixture p, illustrated by the following
Corollary (the proof of the Corollary is immediate and is left to the reader).

Corollary 3.2 (Two-component mixtures with sub-Gaussian tails). Let py and
w1 be two probability measures on X and p = puy + quo for some p € [0,1] with ¢ =1 —p.
If there exists a real constant C' > 0 such that for any A > 0

1
max (o, apy )(A) < 50)‘2

10



then for every r > 0, with W = W1 (uo, 11),

r? , —

() 77 < max) (357 + 7).
C.

B(r) <2 "

1 — max(p, q)?
exp (——(7" — max(p, q)W)2 — %
p

5C > otherwise.

Proof of Theorem [Zl. We have u = quo + pp1 = M(v, {po, p1}) where v := ¢dg + pdy.
For this finite mixture, we get, as in the general case, for any f € Lip(X,R) and X\ > 0,

E, (V) E, (c)
IOg <W < max(auo, am)()\) + 10g W s
where g(i) :== E,, f. At this step, we use the particular nature of v, which gives

e
% = cosh,(A(g(1) — ¢(0))),

where coshy,(z) := pe?® + ge™P*. Since g(1) — g(0) = E,,, f — E,, f, we get by ([[2)

—Wi(po, 1) < g(1) — g(0) < Wa(po, p1)-

Since coshy(—x) = coshy(z) for any = € R, we get for any A > 0,

E,,(e)‘g)
sup —E | = max (coshp, COShq)()\Wl (MOa Ml))'
IfllLp<t \ €

Putting all together, we obtain, for any A > 0,
a,(A) < max(ay,, ay, )(A) + log max (coshy, coshg) (AW (o, 1)),
Since (coshy — cosh,)’(x) = 2pg(cosh(pz) — cosh(gx)), one has, for every z > 0,
max (coshy,, coshy)(x) = coshyin(p,q)(7)-

Let us assume that p < ¢. Lemma B3] ensures that, for every x > 0,

log max (coshy, cosh,)(z) = log cosh,(z) < c,z?.
On the other hand,
log cosh,(z) = gz + log (p + qe_x) < gz.

Now, for = x,, the slope of z — c,z? is equal to ¢ and the tangent is y = ¢(z —z,,/2). On

the other hand, the convexity of x +— log coshy(z) yields log cosh,(x) < ¢(z—x)) for z > z,,
(drawing a picture may help the reader). The desired conclusion follows immediately. O

The proof of Theorem Bl relies on Lemma B3] below which provides a Gaussian bound
for the Laplace transform of a Lipschitz function with respect to a Bernoulli law. This
lemma is an optimal version of the Hoeffding bound [26] in the case of a Bernoulli law.
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Lemma 3.3 (Two-point lemma). For any 0 < p < 1/2, we have

-2 x —px a—p
supz” “log(pe?™ + qe P*) = ¢, = 16

b oae e == ioge) — log () 1o
with the natural conventions co = 0 and ¢/ = 1/8 as in Theorem [Z1l Moreover, the
supremum in x is achieved for x = 2(log(q) — log(p)).

The constant ¢, is also equal, as it will appear in the proof, to supy. aB(p)()\) /A2
The classical Hoeffding bound for this supremum is ¢;/5 =1 /8 which is the maximum of
¢p over p. Additionally, the quantity 1/(4c,) is the optimal constant of the logarithmic
Sobolev inequality for the asymmetric Bernoulli measure gdy + pd1 (see Lemma ELTI).

Proof of Lemma[Z3. Let us define 7, = log(q/p) and B(x) = 21 (x) where

Y(x) = log(pe?” 4 qe™P7).

The function 1 is “strongly convex” at the origin (¢(0) = ¢'(0) = 0 and %" (0) = pg and
¥ (0) > 0) and linear at infinity (¢'(c0) = ¢). Therefore, the supremum of (3 is achieved
for some z > 0. The derivative of 3 has the sign of v(z) := z¢/(x) — 2¢(z). Furthermore,

V(@) = 2(2) = ¢/ (x) and A"(z) = 20" (@).

As a consequence, 7" has the sign of ¢"" which is positive on (0,7,) and negative on
(Zp, +00). Since v/ (0) = 0 and + achieves its maximum for z = z,, and ' goes to —q at
infinity and there exists an unique y, > 0 (in fact y, > Z,) such that 7'(y,) = 0. As a
conclusion, since y(0) = 0 and 7 is increasing on (0,y,) and y(z) goes to —oo as x goes to
infinity, v(z) is equal to zero exactly two times: for x = 0 and z = 2, > y, > &, In fact,
zp is equal to 2Z,. Indeed, we have
el —e™P”
/
x)=pg——.
Vi) =ra
Now, we compute

(¢/p)* — (p/0)*
p(q/p)% + q(p/q)?

V' (23) = pq == -pP=q-p,

and
20(21,) = 2log(p(a/p)* + a(p/q)*)
= 2log((¢ +p)(a/p)*"")
= 2Z,¢ (2T)).
Thus, 27, is (the unique positive) solution of 2¢)(z) = z¢)'(x). As a conclusion, we get
cp = V(27p)/ (4@2)), which gives the desired formula after some algebra. O

Remark 3.4 (Advantage of direct Laplace bounds). Consider a mizture p = pui +
quo of two Gaussian laws pg and pp on R with same variance o and different means.
Corollary [ ensures that for every r > 0,

2
r
r) < 2ex - ’
ﬁu( ) p( 202+4ch1(M0,M1)2>

12



This bound remains relevant as o — 0 since we recover the bound for the Bernoulli mizing
law v = pdy 4+ qdg. On the other hand, any concentration bound deduced from a logarithmic
Sobolev inequality would blow up as o goes to zero, as we shall see in Section [4}

Remark 3.5 (Inhomogeneous tails). It is satisfactory to recover, when p goes to 0
(resp. 1), the concentration bound of pg (resp. pi) and not only the maximum of the
bounds of the two components. It is possible to exhibit two regimes, corresponding to small
and big values of \. Assume that p; = N(0,60%) for i € {0,1} with 6, > 6y > 0. Theorem
[Z1 gives
62\
Oéu()\) < T + (61 — 60))\

On the other hand, one has

E,(eM
log eg;(L()\f)) < / Ay (N) v(df) + log / I O+290) 1 (4g),

where
H\(0) = oy () — /O‘ﬂe/()‘) v(d0') and ¢(0) =E,,f—E,f.

Then, Lemma ensures that for every e > 0,
log [ MO0 1 (d) < e (HA(1) + Ag(1) = HA(0) = Ag(0)
<o L) — B +elo() - (O )
Choosing € = X leads to

Hi (0)+Ag(8) (67 — 65) o 2)3
log [ e v(df) < ¢p — + (61— 00)7 ) A°.

As a conclusion oy, can be control by (at least) these two ways:

92)\2
17 + (01 — O) A,

a,(N) <
“( ) 02 62)\2 92_92 2
poT + qbp Te <(1 0)

P

01 — 60p)% | \3.
5 1 —|—(1 0))

The second one provides sharp bounds for X < f(1/c,) whereas the first one is useful for
A= f(1/cy) (where f is an increasing function which is computable).

4 Gross-Poincaré inequalities for two-component mixtures

It is known that functional inequalities such as Poincaré and (Gross) logarithmic Sobolev
inequalities provide, via Laplace exponential bounds, dimension free concentration bounds,
see for instance [34]. It is quite natural to ask for such functional inequalities for mixtures.
Before attacking the problem, some facts have to be emphasized.
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As already mentioned in the introduction, a law u with disconnected support cannot
satisfy a Poincaré or a logarithmic Sobolev inequality. In particular, a mixture of laws with
disjoint supports cannot satisfy such functional inequalities. This observation suggests that
in order to obtain a functional inequality for a mixture, one has probably to control the
considered functional inequality for each component of the mixture and to ensure that the
support of the mixture is connected. It is important to realize that such a connectivity
problem is due to the peculiarities of the functional inequalities, but does not pose a
real problem for the concentration of measure properties, as suggested by Theorem Bl
and Remark B4 for instance. In the sequel, we will focus on the case of two-component
mixtures, and try to get sharp bounds on the Poincaré and logarithmic Sobolev constants.
The two-component case is fundamental. The extension of the results to more general
finite mixtures is possible by following roughly the same scheme, see Remark below.

For the logarithmic Sobolev inequality of two-component mixtures, we will make use
of the following optimal two-point Lemma, obtained years ago independently by Diaconis
& Saloff-Coste and Higushi & Yoshida. An elementary proof due to Bobkov is given by
Saloff-Coste in his Saint-Flour Lecture Notes [45].

Lemma 4.1 (Optimal logarithmic Sobolev inequality for Bernoulli measures).
For everyp € (0,1) and every f : {0,1} — R, and with the convention (log(q)—log(p))/(q—
p)=2if p=q=1/2, we have

Bitys, (/) < 208 (0) - 1)

Moreover, the function of p in front of the right hand side cannot be improved.

Note that the constant in front of the right hand side of the inequality provided by
Lemma BTl is nothing else but pq/(4¢,) where ¢, is as in Theorem Bl and Lemma
At this stage, it is important to understand the deep difference between the Poincaré and
the logarithmic Sobolev inequalities at the level of the two-point space. On the two-point
space, the Poincaré inequality turns out to be a simple equality, and Lemma BTl is in fact
an entropy-variance comparison. Namely, for every p € (0,1) and f: {0,1} — R,

log(q) — log(p)

Entys, 445, (f2) < —p

Varp51+q50 (f) .

This inequality is optimal and (log(q) — log(p))/(¢ — p) tends to +o0o0 as min(p, q) goes to
0. Also, for strongly asymmetric Bernoulli measures, the entropy of the square can take
extremely big values for a fixed prescribed variance. This elementary phenomenon helps to
better understand the surprising difference in the behavior of the Poincaré and logarithmic
Sobolev constants of certain two-component mixtures exhibited in the sequel. Moreover,
this observation suggests to use asymmetric test functions inspired from the two-point
space in order to show that the logarithmic Sobolev constant may blow up when the
mixing law is strongly asymmetric. We shall adopt however another (quantitative) route.
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4.1 Decomposition of the variance and entropy of the mixture

Let po and g1 be two laws on R?, p € [0,1], ¢ =1 —p, v = pd1 + qdo, and pp = pp1 + qo-
Then, one can decompose and bound the variance of f : R — R with respect to [p as

Var,, (f) = E,(0 — Var,,(f)) + Var,(0 — E,, f)
=E,(0 — Varue(f)) +pQ(Euof - Emf)Q
< max(Cpr(po), Cor(p1))Eu(|Vf1%) + pa(Bpo f — Ep, £)%.

For the entropy, by using Lemma BTl for v we can write
Enty, (f*) = E, (0 — Enty, (f?)) + Ent, ((0 — E,, f)*)

pq(log g — log p)
qg—p (E,uof_E,u1f)2

< E,,(H — Ent,, (fQ)) +

< max(Ca (o), Car(n) Eu(IV 12 + pq“"iq_‘pl"gp) (Byf — By f)2.

We thus see that in both cases (Poincaré and logarithmic Sobolev inequalities), the problem
can be reduced to the control of the mean-difference term (E,,f — Emf)2 in terms of
E,(|[Vf[?) for every smooth function f. Note that this task is impossible if yo and p
have disjoint supports.

Remark 4.2 (Finite mixtures). Let (11;)1<i<n be a family of probability measures on RY.
Consider the finite mizture p = M(v, (1t;)1<i<n) with mizing measure v = p161+- - -+ppop.
The decomposition of variance is a general fact valid in particular for u, and writes

Var,(f) =E,(0 — Var,,(f)) + Var, (0 — E,, f) .

Here again, the first term in the right hand side may be controlled with the Poincaré
inequality for each of the components (u;)i<i<n- For the second term of the right hand
side, it remains to notice that for every g : © ={1,...,n} — R,

1
Var,(g) = 5 > _pivj(9(i) = 9())* = Y_piv;(9(i) — 9())?
ij i<j
which gives for g = E,, (f) the identity
Var, (E, f) = Zpipj (Euzf —Ey f)2
1<j

As for the two-component case, this further reduces the Poincaré inequality for p to the
control of the mean-differences (Euif — EMJ.f)2 in terms of E,(|[Vf|?). An analogous
approach for the entropy and the logarithmic Sobolev inequality can be obtained by using
[14, Theorem A1 p. 49] for instance.

4.2 Control of the mean-difference in dimension one

The following lemma provides the control of the mean-difference term (E,, f — E,, f)° in
the case where po and p; are probability measures on R (i.e. d =1).
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Lemma 4.3 (Control of the mean-difference term in dimension one). Let up and
w1 be two probability distributions on R absolutely continuous with respect to the Lebesgue
measure. Let us denote by Fy (respectively Fy ) the cumulative distribution function and fo
(respectively f1) the probability density function of py (respectively pq). If co(S) denotes
the convex envelope of the set S = supp(uo) U supp(u1), then, for any p € (0,1), with
tp = pp1 + quo and ¢ =1 — p, we have

(Fi() = Fo@)®

(Buof —Eu /) <I(p)Ey, () where I(p) = / s) PHi(@) + ¢fo()

and the constant 1(p) cannot be improved. Moreover, the function p — I(p) is convex,

and
s’ (2) <10 < TG () 1

Furthermore, if S is not connected then I is constant and equal to co, while the convexity
of I ensure that supe o1y I(p) = max(1(0"), I(17)) where

I(0T) = lim I(p) and I(17)= lim I(p),

p—0+ p—1—
and 1(p) < oo for every p in (0,1) if and only if max(I(0T), [(17)) < oco.

Proof of Lemma .3 For any smooth and compactly supported function f, an integration
by parts gives for every 6 € {0,1},

E,,f = /f fole /f \Fy(a

Since F1 — Fy = 0 outside co(S) we have
Buuf ~Bpf = [ (i)~ B@)f @) de

It remains to use the Cauchy-Schwarz inequality, which gives

2
B 2 _ Fo(z) — Fi(x
(Epof —Epu f) </co(s NAT +qf0( (2)V/pfi(z) + afo(z)d )
< I(p) (S)f'(w)Q(pfl(x) +qfo(z))dz = I(p)Ey, (7).

The equality case of the Cauchy-Schwarz inequality provides the optimality of I(p). The

bound (@) follows from 2min(p,q)(fo + f1)/2 < pf1 + afo < 2max(p, q)(fo + f1)/2. The
other claims of the lemma are immediate. O

4.3 Control of the Poincaré and logarithmic Sobolev constants

By combining the decomposition of the variance and of the entropy given at the beginning
of the current section with Lemma and Lemma ETl, we obtain the following Theorem.
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Theorem 4.4 (Poincaré and logarithmic Sobolev inequalities for two-component
mixtures). Let pg and py be two probability distributions on R absolutely continuous with
respect to the Lebesque measure, and consider the two-component mixture pu, = p1 + qpio
with 0 <p<1andq=1—p. If I(p) is as in Lemma [.] then for every p € (0,1),

Cpi1(pp) < max(Cpi(po), Cri(p)) + pal (p)

and

pal(p).

logg —1lo
Cci(pp) < max(Car(po), Car(p)) + M

In particular, since sup,e 1) I(p) = max(I(0%),I(17)) where 1(07) and I(17) are as in
Lemma [{.3, we get the following uniform bounds:

sup. Cir(1y) < max(Cor (o), Cr(pn)) + § max(1(0%), 1(17))
p€e(0,1)

and

sup Cailiy) < max(Can(pn), Carlm) + 5 max(1(07), I(17)).
p€e(0,1)

Moreover, if I(07) < oo (respectively if I(17) < 0o) then

lim sup Cpi(pp) < max(Cpr(po), Cp1(p1))

p—0t respectively 1~

and
limsup  Cailpp) < max(Car(uo), Carlp)).
p—0trespectively 1~

The upper bounds given by Theorem EE4 must be understood in [0, o] since the right
hand side can be infinite (in such a case the bound is of course useless). Additionally, by
Lemma B3] the function p — I(p) is convex, and it is possible that I(1/2) < oo while
max(/(0"),I(17)) = oo. The following corollary provides a uniform bound on the Poincaré
constant of a two-component mixture in terms of 7(1/2) without using max(Z7(0"), I(17)).
This corollary has no immediate logarithmic Sobolev counterpart, as explained in the
remark below following the proof of the corollary.

Corollary 4.5 (Uniform Poincaré inequality for two-component mixtures). Let
wo and p1 be two probability distributions on R absolutely continuous with respect to the
Lebesgue measure and consider the mizture p, = pui + quo for every p € [0,1]. We have
then

1. /1
nax, Cpi(pp) < max(Cpr(uo), Cpr(u1)) + §I<§>

where 1(1/2) is as in Lemma [f.3

Proof of Corollary [{-3 We observe that thanks to (), one has

pql(p) = max(p,q) min(p, q)I(p) < %]<%>

and Theorem B4 provides the desired result. O
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Remark 4.6 (Blow-up of the logarithmic Sobolev constant). With the notations
of Corollary [{-3, we have, by using the same argument, that for every p € (0,1),

1log(q) — log(p)IG).

Carlpp) < max(Car(po), Car(m)) + 5 p— 5

Since (log(q) — log(p))/(q — p) goes to +00 at speed —log(min(p, g)) as min(p,q) goes to
0, we cannot derive a uniform logarithmic Sobolev inequality for two-component miztures

under the sole assumption that 1(1/2) < oo. Surprisingly, we shall see in the sequel that
this behavior is sharp and cannot be improved in general for two-component miztures.

4.4 The fundamental example of two Gaussians with identical variance

It was already observed by Johnson in [29, Theorem 1.1 page 536] that for the finite
univariate Gaussian mixture g = ptN(m,72) + - + ppN (my, 72), we have

o2 o2
CPI(,M) < T<1 + ———exp <—>>
T MIN G <n Pi T N G<n Pi

where 02 = (pym2+- - -+p,m2)—(p1mi+- - -+ppmy)? is the variance of p16y, +- - -+pndm, -
This upper bound on the Poincaré constant blows up as minjg;<, p; goes to 0. Madras
and Randall have also obtained [35, Theorem 1.2 and Section 5] upper bounds for the
Poincaré constant of non-Gaussian finite mixtures under an overlapping condition on the
supports of the components. As for the result of Johnson mentioned earlier, their upper
bound blows up when the minimum weight of the mixing law min;¢;<, p; goes to 0. In the
sequel, we show that the Poincaré constant can remain actually bounded as min;<;<n pi
goes to 0. To fix ideas, we will consider the special case of a two-component mixture of two
Gaussian distributions N'(—a,1) and N (4a,1). As usual, we denote by ® (respectively
¢) the cumulative distribution function (respectively probability density function) of the
standard Gaussian measure N(0,1).

Corollary 4.7 (Mixture of two Gaussians with identical variance). For any a > 0
and 0 < p < 1, let pgp = N(—a,1) and puy = N(+a,1), and define the two-component
mizture i, = pp1 + quo. Then

2a 2 1
C < 1+ pgda’® <<I> 2a)ete” + e —)
PI(MP) bq ( ) \/ﬂ 2

and
log(q) — log(p) 2< 10 | 20 92 1>
C <24+ —~——pgda’| P(2a)e™* + —e** + = |.
GI (lup) q—p Y4 ( ) \/ﬂ 92
Additionally, a sharper upper bound for p = 1/2 is given by

20(a) — 1 20(a) — 1
2¢(a) pla)

Note that as a function of p, the obtained upper bounds on the constants are continuous
on the whole interval [0,1]. The bound () expressed in the univariate situation implies
that Cpr is always greater than or equal to the variance of the probability measure. Here,
the variance of p, is equal to 1 4 4apg. Then the upper bound on the Poincaré constant
given above is sharp for any p € (0,1) as a goes to 0.

Cpi(pr2) < 1+a and Cai(piy2) <2+a
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Proof of Corollary [f.7]. Lemmal3 ensures that p — I(p) is a convex function: let us have
a look at I(0") and I(17) which are here equal by symmetry. Since

ta oz +a) ifx<—a,
<I>(x+a)—<1>(x—a):/ o(z +u)du < 2a < ¢(0) if —a<z<a,

—a

olx—a) ifa<uwz,

one has
I(17) /R(‘I)(xtzzx—?gz— a))’ d ) N
<4a2</oo %dw%—gp(O)Q/a ﬁdm%—[w go(x—a)dx)

< 4a? <e4a2 /_a e_(gﬁ;'a)2 ! dx + . /2‘1 eé dx + /+OO<P(9U) dm)
h o V2T V2w Jo 0

2a 2 1
< 4a?( ®(2a ela® 4 2 —>.
(@Capes + T4

Then, the first statement follows from Theorem EE4l For the second one, by Lemma
given at the end of the section, we have

1y O(x+a)— P(x—a) ) Dl ) da
I<2> Q/RQD(x%—a)ﬂo(:c—a)(q)( +a) — &( ))d

< 27, /R(q)(x +a)—P(x—a))dx

= 4art,.
This gives as expected 1(1/2) < 2a(2®(a) — 1)/p(a). O

The following lemma shows that I(1/2) is related to some kind of “band isoperimetry”.
Note that Lemma provides a more general approach beyond the Gaussian case.

Lemma 4.8 (Band bound). For any z € R and any a > 0,

O(x+a)— P(x—a) < ®(+a) — P(—a)
Pz +a)+o(@—a) = @(+a) +o(-a)

_TG/

Moreover, this constant cannot be improved. As an example, one has 7 =~ 1.410686134.

Proof of Lemma .8 Assume that a = 1. Let 7 > 0 and define for any z € R
a(z)=P(x+1)—P(z—1) —7(p(x + 1) + p(x — 1)).
One has o/(z) = 0 iff 7(1 + 2 + (z — 1)e?*) = ** — 1. Thus, either x = 0, or
771 = B(z) = —1 + z coth(z).

The function [ is even, convex, and achieves its global minimum 0 at = 0. Therefore, the
equation () = 0 has three solutions {—x,0,+xz,}, where z, > 0 satisfies 74(z,) = 1.
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Since limg— 4o a(z) = 0, one has @ < 0 on R if and only if «(0) < 0 and o”(0) < 0. The
condition «(0) < 0 is fulfilled as soon as

O(+1) — (-1)

p(+1) +(=1)

T2

whereas the condition o’(0) > 0 holds for any 7. The case where a # 1 is similar. O

Remark 4.9 (Relation with isoperimetry). If A, = [z—a,x+a] then 0A; = {x—a,z+
a}. If y = N(0,1) then v(A;) = ®(x+a) — ®(x — a) while vs(0A;) = p(z+a)+ p(z —a)
where 75 is the surface measure associated to vy, see e.g. [32]. Lemmalf.8 expresses that for
any A € C, = {Ay;x € R}, we have y(A) < 7475(0A) and equality is achieved for A = Ay.
Recall that the Gaussian isoperimetric inequality states that (9o ® 1) (y(A)) < ~v5(0A) for
any regular A C R with equality when A is a half line, see e.g. [39] and references therein.

4.5 Gallery of examples of one-dimensional two-component mixtures

Recall that if p is a probability measure on R with density f > 0 and median m then

max(b_,b;) < Car(p) < 16 max(b_, by ) (18)
where
1 1
bo = sup s o (14 gt ) [
and

1 L |
b— = sup (=00, ] log (1 * 2u<<—oo,x]>> . T ™

These bounds appear in [5, Remark 7 page 9] as a refinement of a famous criterion by
Bobkov and Gétze based on previous works of Hardy and Muckenhoupt, see also [41]. More
generally, the notion of measure capacities constitutes a powerful tool for the control of
Cpr and Cg, see [38] and [, B]. In the present article, we only use a weak version of such
criteria, stated in the following lemma, and which can be found for instance in [Il, Chapter
6 page 107]. We will typically use it in order to show that Cgr(pip + quo) blows up as p
goes to 0 or 1 for certain choices of ug and p;.

Lemma 4.10 (Crude lower bound). Let p be some distribution on R with density
f >0 then for every median m of p and every x < m, by denoting V(u) = —ulog(u),
mo
150 Car(p) 2 ¥(u(—o00,z]) [ ———dy.
« )
In this whole section, pg and g are absolutely continuous probability measures on
R with cumulative distribution functions Fy and F; and probability density functions fy
and fi. For every 0 < p < 1, we consider the two-component mixture p, = ppi + quo.
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The sharp analysis of the logarithmic Sobolev constant for finite mixtures is a difficult
problem. Also, we decided to focus on some enlightening examples, by providing a gallery
of special cases of ug and p; for which we are able to control the dependence over p of the
Poincaré and logarithmic Sobolev constant of 1,. Some of them are quite surprising and
reveal hidden subtleties of the logarithmic Sobolev inequality as min(p, ¢) goes to 0. .. The
key tools used here are Theorem EE4l and Lemma

4.5.1 One Gaussian and a sub-Gaussian

Setting. Here 3 = N(0,1) while yg is such that fy < kf1 for some finite constant x > 1.
Claim. For every 0 < p < 1 we have Cpr(pp) < max(1, Cp1(po)) + Dg. This upper bound
goes to max(1,Cpr(ug)) as p — 1 and is additionally uniformly bounded when p runs
over (0,1). Similarly, Car(pp) < a — Blog(p) for some constants «, 8 > 0 which do not
depend on p. This upper bound blows up at speed —log(p) as p — 0. This is actually
the real behavior of Cqi(p,) in some situations as shown in Section EERA! In contrast,
Section states that limsup,,_,o Cai(pp) < oo when pg and 11 are two Gaussians with
identical mean and different variances.

Proof. Since u; = N(0,1), we have Cpr(u1) = 1 and Cgr(p1) = 2. By hypothesis, we
have Fy < kFy and 1 — Fy < k(1 — Fy). Thus, for some D > 0 and every 0 < p < 1,

2<1+n2>< P @) /+°°<1—F1<m>)2 dw) _D
0

I(p) < = — < oo.
IV A e Al b
Now Theorem Bl shows that Cpr(p,) < max(1, Cpi(po)) + Dg. The desired upper bound
for Car(pyp) follows by the same way and we leave the details to the reader.

4.5.2 Two Gaussians with identical mean

We have already considered the mixture of two Gaussians with identical variances and
different means in Section 24l Here we consider a mixture of two Gaussians with identical
means and different variances. It turns out that this Gaussian mixture is a simple Gaussian
sub-case of Section EERT], for which we are able to provide a more precise bound for Cq.
Setting. 1 = N(0,0?) with ¢ > 1 and gy = N(0,1).

Claim. For every p € (0,1), we have Cgi(pyp) < co. Moreover, p — Cgi(pp) is bounded
on (0,1) and limsup, o+ Car(pp) < max(Car(po), Car(pm)) = 20°.

Proof. We have fy < kf1 for some k > 1, and we recover the setting of Section LTl Let
us provide now an upper bound for I(p) when p is close to 0. We have pfi(z) > ¢fo(z) if

and only if |z| > T, where
_ 202 ) qo
Tp =] ———log | — |.
P 21 %8 P

We have, for some constant C' > 0,

-1 F1(9U)2 0 F1($)2
w2 | @t [ e

—1 i fl(CU)Q
2 /_oo z? pfi(z) + qfo(x) G
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since 2¢ > 1 and Fi(z) < fi(z)/|z|. If p is sufficiently small then Z, > 1 and

-1 fi(z)? 11 fi(x)? 1 _
/oo P oh@) + @) S 2/ 2 o) T )

By the definition of T, for some C' > 0,

2

og“=2

_ Py
lF1(—fp) < geﬂf’/(z‘#) < C<1> g
p p p
If 02 < 2, then this function of p is bounded. On the other hand, for some C > 0,

-1 2 -1 2

1 1 2=

/ — hi@) der <C —e R dx.
—z, ¥* fo(z) 7, T

If 02 < 2, then this function of p is bounded. If o® > 2, then, for some C > 0,

1 02—2
- 0'2721,2 027252 1 o2-1
€22 " dr < Ce2??LC| - .

Zp

As a conclusion, if 62 < 2, then SUPLe(0,1) I(p) < oo, whereas if 02 > 2, then for some
constant C' > 0 and any p < 1/2,

and thus —plog(p)I(p) — 0 as p — 0T. The desired result follows from Theorem B4l

4.5.3 Two uniforms with overlapping supports

Setting. Here 1o = U([0,1]) and p1 = U([a, a + 1]) for some a € [0, 1].
Claim. For every p € (0,1), we have

2
Cri(y) <772 + S (3pa(1l — a) + )

and
o o —lo a?
Canlpy) < 2> 1+ DD Ty ) 10,
q-—p 3
Proof. It is known (see e.g. [I9]) that Cp1(U([0,1]) = 72 while Cq1(U([0,1]) = 27~2. By
translation invariance, we also have Cpy(U([1,1+a]) = 72 and Cq1(U([1,1+a]) = 272
The desired result follows from Theorem E4] since for p € (0, 1),

ax2 1 a2 a+1 (1+a_1,)2 a2
Ip:/ —dw—i—/ dw—i—/ ——dr=—3pq(l —a)+a).
®) 0o 4 a P+4q 1 D 3pq( ( ) +a)
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4.5.4 One Gaussian and a uniform

Setting. Here 1 = N(0,1) and po = U([—1, +1]).
Claim. There exists a real constant C' > 0 such that Cgi(p,) > —C'log(p) for every

€ (0,1). Also, Cgi(up) blows up at speed —log(p) as p — 07. Moreover, pu, satisfies
a sub-Gaussian concentration of measure for Lipschitz functions, uniformly in p € (0,1).
This similarity with the Bernoulli law B(p) suggests that the blow up phenomenon of
Cai(pp) is due to the asymptotic support reduction from R to [—1,41] when p goes to
07. Actually, Section shows that this intuition is false.
Proof. We have fy < kf; for some constant x > 1. Also, for every p € (0, 1), the result
of Section ELR.T] gives that Car(py) < a — Blog(p) for some constants a > 0 and 8 > 0
independent of p. Now, by Lemma ET0,

0 1

150 Cqr(p) = ¥ (pFy(-2) +qFO(—2))/_2pfl(u)+qfo(u) du
0 1

= A ))/2pf1 ) + qfo(u )du

( /fl du>log()

Setting. Here fi(x) = Zl_le_”2 and fo(x) = Zy e 1*I" for some fixed real number a > 2,
with Z; = 7~ Y2 and Z, = 2T'(a~1)a~t. Note that ug has lighter tails than pp With p > 0.
Claim. There exists a real constant C' > 0 which may depend on a such that

Cai(py) = C(—log(p) =2

4.5.5 Surprising blow up

for small enough p. In particular, Cii(u,) blows up as p — 0F.
Comments. As mentioned in the introduction, we have max(Cqar(po), Car(p)) < oo.
We have seen in Section that Cai(u,) does not blow up as p — 07 if a = 2. Here
a > 2, and po has strictly lighter tails than p, for every p € (0,1), and moreover, this
difference is at the level of the log-power of the tails, not only at the level of the constants
in front of the log-power. The potential (-log-density) of 11, has multiple wells, see Figure
M This example shows also that the blow up speed of Car(u,) as p — 01 cannot be
improved by considering a mixture of fully supported laws. Note that py — U([—1,+1])
as a — oo, and the result is thus compatible with Section EE54l
Proof. Since fy < kf; for some constant £ > 1, Section LRIl gives Cqi(p,) < oo for every
€ (0,1). Moreover, p — Cgi(pp) is uniformly bounded on (po, 1) for every pyp > 0. Let us
study the behavior of this function as p — 0. In the sequel we assume that p < pg where
po satisfies poZy = qoZ1. The immediate tails comparison gives ¢fo(x) < pfi(x) for large
enough z. Let us find some explicit bound on z. The inequality qfo(z) < pfi(x) writes
2| — 2% > log(qZ1) — log(pZp). Now, |z|* — 2% > L|z|* for |z[*~2 > 2. The non-negative
solution of 1|z|? = log(¢Z1) — log(pZo) is

1/a
m=(20s(37))
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If p is small enough, then [Z,[*"? > 2 and therefore, qfo(z) < pfi(x) for any |z| > T).
Now, by Lemma EET0, for small enough p,

0 1
150 Cai(pp) 2 W (pF1(=2p) + qFo(=2T,)) /2— PFi () + afolw)

For small enough p, we have max(Fy, F1)(—2%,) < e~ ! and thus, for some constant C' > 0,

—4z2
U(pFy(—27,) + qFo(—27,)) > U(pF1(—2T,)) > —pF1(—27,) log(p) > CGT U(p).

On the other hand, since ¢ fy(z) < pfi(z) for |z| > Z), we get for some constant C' > 0,

/0 1 du > /_EP du S Cel%h
u = = E_—
—oz, f1(u) + qfo(u) _oz, 2pf1(u) T pTp

Consequently, for some real constant C' > 0,

lo
150 Car (1p) > —C 222
1'p

Now, by using the explicit expression of T, we finally obtain for some real constant C' > 0,

Car(p) > C (—log(p)) 2"

A
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Figure 1: Density and second derivative of —log-density of p, for Example with
p =1/100 and a = 4. The second plot reveals a deep multiple wells potential.
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4.6 Multivariate mean-difference bound

It is quite natural to ask for a multidimensional counterpart of the mean-difference Lemma
Let us give some informal ideas to attack this problem. Let pg and pgp be two
probability measures on R% and consider as usual the mixture tp = pp1 + quo with

€ (0,1) and ¢ = 1 — p. It is well known (see for instance [51]) that if ug and py are
regular enough, then there exists a map 7 : R — R? such that the image measure T - g
of po by T is p1 and

2(po, p11)° /!T ) — xf* po(de).

If p(s) denotes the image of g by x +— sT'(z) + (1 — s)x for every 0 < s < 1, then

(Buf — By f)’ </ /R ) - Vf(sT(x )-i—(l—s)x)duo(x)ds)z.

By Cauchy-Schwarz’s inequality, we get

s B < ([ 1@ =l duo(a)) ([ [ 19500 duy (o) a5

and therefore

By f — Bpo )2 < Waljar, o) / / IV £(@)[? dpugy) () ds

This shows that in order to control the mean-difference term (E,, f — E, f )% by E,., (Vf?),
it is enough to find a real constant C, > 0 such that @ < Cpu, where

1
A(A) = [ ) ds

Unfortunately, this is not feasible if for some s € (0, 1), the support of j(,) is not included
in the support of y, (union of the supports of yo and py if p € (0,1)). This problem is
due to the linear interpolation used to define ji(5) via T'. The linear interpolation will fail
if the support of 1, is a non-convex connected set. Let us adopt an alternative pathwise
interpolation scheme. For each z € Sy = supp(po), let us pick a continuous and piecewise
smooth interpolating path 7, : [0,1] — R% such that ~,(0) = x and v,(1) = T(x). Then
for every smooth f : R — R,

@)= @) = [ 5 () Vs \/ / i ()2 ds \/ / 9 F2 (s

As a consequence, we have

(Bpof — By )? (/S/ e o) ds o) (/S/ 9.P02(6)) s () ).

Now, let p () be the image measure of pg by the map x +— 7,(s), where here again 7 is

the measure defined by n(A) = fol,u (s)(A) ds. With this notation, we have

©af Bt < ([ [ aoPasata)) ([ jwst@nan).
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Note that

</so/ol'%(5)'2d5 polds) ) > Walpo,

with equality when =, is the linear interpolation map between x and T'(z) for every = € Sy.
The mean-difference control that we seek for follows then immediately if there exists a real
constant Cp, > 0 such that 77 < Cppp. The problem is thus reduced to the choice of an
interpolation scheme v such that the support of i is included in the support of y, (which
is the union of the supports of 1o and u; as soon as 0 < p < 1). Let us give now two
enlightening examples.

Example 4.11 (When the linear interpolation map is optimal). Consider the two-
dimensional example where py = U([0,2] x [0,2]) and puy = U([1,3] x [0,2]). If v is the
natural linear interpolation map given by v.(s) = = + se1 then p) = U([s, s + 2] x [0,2])
is supported inside supp(uo) Usupp(p1). This is due to the convezity of this union. Also,
the linear interpolation map is here optimal. Moreover, elementary computations reveal

that 1
LW 2
— ., < a ﬂ — 1.

Therefore, for every 0 < p < 1 and any smooth f :R? — R,

1

—_ 2 _—
(EMOf Eﬂlf) < min(p, q)

E,, (Vf).
Example 4.12 (When the linear interpolation map fails). In contrast, for the
example where po = U([0,2] x [0,2]) and p1 = U([1,3] x [1,3]) and if v is the natural
linear interpolation map given by v.(s) = = + s(e1 + e2) then ps is not supported in
supp(uo) U supp(u1) and this union is not conver. If A = [0,1] x [2,3] then p)(A) >0
for every 0 < s < 1 while py(A) = 0 for every 0 < p < 1 and hence there is no finite
constant Cp, > 0 such that 1 < Cppp,. This shows that the linear interpolation map fails
here. Let us give an alternative interpolation map which leads to the desired result. We
set for every x € supp(uo) and every 0 < s < 1, with 1 = (eq,e1),

( (I1—s)z+2s1 f0<s<3

S) =

T sr+1 otherwise.

This corresponds to a two-steps linear interpolation between the squares [0,2]% and [1, 3]?
with intermediate square [1,2]2. For every 0 < s <1,

~Ju([2s,2%) if0<s< 3
He) = U([1,1 4+ 2s]?)  otherwise.

Note that we constructed v in such a way that py is always supported in supp(po) U
supp(uy). Elementary computations reveal that for every 0 < p < 1,

1
) 8 B
/ / Fz(s) 2 ds po(dz) = = and T < -
SoJ0 3 )

min(p, g
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Finally, putting all together, we obtain for every 0 < p < 1 and smooth f : R? — R,

(Euof - E;ﬂf)z < 52

s 2
< S B (1)

As a conclusion, one can retain that the natural interpolation problem associated to the
control of the mean-difference involves a kind of support-constrained interpolation for mass
transportation.
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