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A priori estimations of a global
homotopy residue continuation method.

I. Gruais', N.M.M. Cousin—Rittemard!*, H.A. Dijkstra?

'nstitut de Recherche Mathématique de Rennes,Université de Rennes 1,
Rennes, France.
2Department of Atmospheric Science, Colorado State University, Fort Collins,
CO, 80523-1371, United States of America.

Abstract

This work is concerned with the a priori estimations of a global ho-
motopy residue continuation method starting from a disjoint initial guess.
Explicit conditions ensuring the quadratic convergence of the underlying
Newton-Raphson algorithm are proved.
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1 Introduction

The models of nonlinear physical phenomena depend on parameters says as
1 € RP. The Dynamical Systems Theory studies the features of the transitions
in these nonlinear systems. This theory is basically comprised of the bifurcation
theory and the theory of ergodic systems. One of the important basic issues of
the bifurcation theory is the determination of the fixed points of the system
under investigation, says as

du

— =A =0 1

o = Alu,p) 1)
Here, u € R™ is the vector of the unknowns and A : R™ xRP — R™ is a nonlinear

operator.

The branches of steady states are computed versus a control parameter p €
{u1, p2, ..., ip} using the continuation methods [7]. A vast and rich literature
exists: see [1, 2, 3, 4, 5, 9, 11] for example.

As it is well known, the Newton—Raphson and the pseudo-arclength con-
tinuation methods can be described as below. The Newton—-Raphson method
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consists in computing a branch of fixed points of (1) through infinitesimal in-
crements of a control parameter p € {1, pz, ..., up}, says as

Dy A juf = —A¥ | uk — uk 4 su” (2)

3

where 6 is a small increment, uX = ™t — uk, D, AF is the Jacobian matrix

of A* with respect to u at the k* estimate (u*, y + §u). At regular points, it
holds that
rank (DuAk) =n. (3)

The pseudo—arclength continuation method consists in calculating a parame-
trized branch of fixed points through infinitesimal increments of the curvilinear
abscissa s, says as

D,A" D,A* Suk Ak
D NkT D N 5uk =7 A% ) (4a)
u W
uk ut + suk
4b
(u“> H(u“wu’“) )
with the scalar normalization

N (u(s), pu(s)) = DyN.bu+D,N oy —ds =0 (5)

where D, N and DN are derivatives of the operator N with respect to p
and u respectively and D HAk , D #Nk, D, N* are the derivatives of the operators
at the current estimate (u”, u*).

In this contribution, a priori estimations of a global homotopy continuation
of the residue are presented. Explicit conditions ensuring the quadratic conver-
gence of the Newton-Raphson and the pseudo—arclength continuation methods
are derived.

The residue continuation method is based on the global homotopy concept
which was pioneered in [8]. Let (u*,u*) be an initial guess of a disjoint fixed
point (ug, po) of (1). The idea of the residue continuation method is to solve
the global homotopy :

H(u,pa) = Alu,p)—ar=0 (6a)
K (a,p) kuu+kup =0 (6b)

where r=A(u*, u*) is the residue and « is the residue parameter.
For a given r, and assuming that

K # 0, (7)

it follows from the Implicit Function Theorem that (6) can be written as

H(u(a)) = Afu(e),p(u(a))) —ar=0 (8a)
K(u(a)) = kau(a)+k,pla(@) =0 (8b)

[\)



Let (), be a real sequence such that o, € I = [a,b] C R. For (u,_q, pt,—1)
solution of the homotopy (6), we note

vyt = A,y o). (9)

The Newton-Raphson method is used to solve the system of equations (8), says
as

D Hy duf = —Hy , uf — uk + ou (10)
while for the pseudo-arclength continuation, it becomes
D.HY  D.HE suk HE
uk ul + ouk
< aff ) - ( aff—l—&aff > (11b)

Here, pu, is such that ky.u, + k,pu, = 0 and ’Hl’f = Al’i — a,r,_1. Furthermore,

D,H" and D, HE are the Jacobians with respect to u and the residue parameter

respectively, at the current estimate (u, ak) of the solution (u,, ) of (6).
From (8a) and (9), it follows that

[lro |
[yl

law| = (12)
Hence the residue parameter «, may be seen as the control parameter of the
norm of the residue. The residue thus increases (decreases) as long as |a| > 1
(la] < 1). Tt follows that o = 1 is a critical value corresponding to an extremum
of the norm of the residue.

2 A priori estimations

2.1 Newton—Raphson

For any subdivision (), of I C R, we denote by u, the solution u(«,). Given
an initial guess (u® = u,_;, uY = p,_1) solution of (6) with o = a,,_; and
r =r,_o, the Newton-Raphson’s scheme is written in the equivalent form:

Forv=1,---,N,
For k=0,---,p, — 1,

(13)
DuAF(ubt! —ub) = —AF fa,r, ; , ub — ubt!
with the corresponding value of the control parameter y, such that
ku . (0 —up—1) + Ky (py — po—1) = 0. (14)

Assuming that Dy A is nonsingular for every u € R™, the operator A : R” —
R™ (and hence also H : R” — R") is a homeomorphism. Therefore, for every o



in some compact range I,, C I C R, with extremities a,, and a,,_1, the equation
(6) admits a unique solution denoted by u(«):

l-—ay)a—(1—a,_1)a,

u(e) =A™ (du()ri-1), (@)

r,_1. (15)

Qp_1 — Qy

As A~!is continuously differentiable it follows that o +— u(«) is continuous
and piecewise C! while o — Dy A (u(a))~! is continuous on each I,,. Therefore,
assuming that the sequence (||r,||), is bounded, there exists a constant ¢ > 0
such that

[DuA(u(a) Y <e¢, VYael,cICR (16)
and it follows that
1- v
u'(a) = DyA(u(a))™! <&ru_1) , €l (17)
Qy—1 — Qy

We denote by C the limit curve of the Newton-Raphson process, defined as
C={u(a) eR", aelcCR} (18)

As I is a compact convex set and u is piecewise C! and continuous, there exists
a compact and convex set D C R™ such that C C D.

Proposition 2.1 For some constant ¢’ > 0 we get:
Vue D: [DyA(u) | <¢. (19)

Proof. As Dy,A is continuous, it is also bounded on D and we define the
constant k > 0 as it follows:
|IDuuAl <k, YueD (20)

Because Dy A is continuous on D, it is also uniformly continuous on D, and
hence
Ve >0, In >0, Yu,u’ € D,
(21)
[u—v'|| <n=[DyA(u) - DyA()| <e.

Furthermore, given any u,u’ € D and setting
f(t) = DyA(u+t(u —u))

we get, as f is continuously differentiable:

DuA(u) — DyA(u) = £(1) — £(0) = /0 ' £/(t)dt

_ /01 DuuA (u + t(u’ — w))dt (0 — ).

Then, there holds
Vu,u' € D, |DyA(u)—-DyA(u)| =



1
/ DuwA(u+t(u' —u))dt (0 —u)|| < klju—1d'|
0
so that we may choose n = %
Moreover, for every u® € D, we find
DyA(u’) |
D.A(u) Y < D
DA S 5, &) T DA~ DA

[DuA )~
T 1—¢|DuAu®)

so that we choose

As a consequence, the equation (16) holds with ¢’ = . ¢
—ec

1

€c [0, 2—0]

(22)

Following [6] (see [10]), with each sequence (uk)y, we associate the quantities

By My Yhows til, according to the recurrence introduced as it follows. Let
Bo,vs M0,vs Yo,vs t({l, be defined as:

C

IDuA@) ™ < foy =7 < +oo, (23a)
|1 —a,| 01

o] [(DuA(w)) 1l < 1o, < o0, (23b)
Yoo =now Bow K (23c)

1
= = 1++/1—2v.,). (23d
o,v K ﬂ0¢/( 70,) ( )

: < + <
For each v > 1, we introduce the sequences By ., Nk, Vi, and tlw as

Yew = Brw M ks (24a)
Briiy = 1 f "’7’; (24b)
M1y = %, (24c¢)

ti, = - g}w (1£/1T—27%.,). (24d)

Taking the limit ¥ — oo for the residue Newton-Raphson scheme (13), we
have

) —u(ew)| = (u) —w,| <tg, =t, ., (25)
and, according to the definition of u) =u,_:
e 210,01
08 — (o )l| = 005 = wy ol < 205,01 < 2 (26)

2pv—-1



Kantorovich’s Theorem then reads:

Corollary 2.2 For each index v, the sequence (k) generated by the scheme
(13) converges to the unique solution u, =u(oy,) of the system:

Alw)—ayr,.1=0 , r,_1=A(u,—1)
in the open ball B(ug,tatu) with

1

KPo,v

+
tO,lI -

(1+/1=2v,)

and where &, Bo,, and Yo, are defined as in (20), (23a) and (23c) respectively.

A sufficient condition for the convergence of (13) can now be stated as it
follows.

Proposition 2.3 A sufficient condition for the sequence (uk)y>o to converge
towards u(wy,) is that oy, satisfies

11— a,l 1 (3-v5 ) _
0< Hrl,||<2—cm1n ij,toﬂ, = Ay, (27)

|aw |
where the constant ¢ has been defined in (16).

Proof. We are seeking for a condition ensuring (21) with n = —, u = uY and

€
K
u’ = u(a,) that is
£
)~ (o) < = (28)

Besides, this must be compatible with (25). In order to achieve (28), we first
notice that:
[y — u(on)]| < [[uy = u(aw—1)| + [luew,—1) — u(ew)].- (29)

Taking into account (26), we may choose p,_1 so that

277071/71 9
2Pv—1 ﬂ
that is,
oPv—1 > 47]011’_1’{,
9

. 0 _ ,.,Pv-1
which fixes p,_; and also u;, = u;” .

Recall that
1- v - (1= v— v
Vael,: Afu()=izezl-av-va (30)

Qpy_1 — Qy

where we set
I, = [min (ap—1, ), max (a1, )] (31)

Then, (17) yields:



/o“_1 Z—Z(a)da

L

11— o ov-1 B
S P IDuA(u(a)) tr, 1 da| < |l — ay[||r,—1]
1 —a,|
=c [[ru]l-
|ov |

Due to (27), we may choose € such that

27]0.1/—1 |1 - au| 9 3— \/g
’ = <—< . 32
ST o B L I el vos (32)
After substitution into (29), this expression can be written as
l-—a 5
Ju? ~ u(a)] < 25 < £, (33)
1%

that is (28).
As for (25), the same argument with ¢, ,, instead of S shows that (27) leads to
: K

1—a,|

[l — ()] < 26

v =

| el < o,
v
which yields (25). Moreover, a sufficient condition for the convergence to hold
is that

1—ec

0 < 770,” < (34)

2kc
Indeed: from [10], a sufficient condition for Newton’s method to converge at the
given step v is that vy, < % Arguing as in (19), we get:

DuA (u(en))"

IDuA(uy) | <
" 1 —[DyA(u)) — DuA(u(aw))[l[[DuA(u(a)) |
< =c =05y, 35
ST = =h (35)
Then, the condition g, < % becomes
1 1—ec
0<ny, <——= , 36
o, 280,05k 2ck (36)

which is the equation (34). Notice that

Lol b, Au) e |

v

To,v Z

|aw |
with

v

I(DuA )~ x| < ¢l -



Then, taking into account the equation (35), a sufficient condition reads

|1—a,,||| | < 1 [1—ec\?
r| < — .
|| 2K c

Comparing with (27), we get:

1— 1 to, 1 /1—ec\?
0<! O‘”'uryn < —min [ £, 202 = <)),
o | 2 ke ¢ K c

and )

€ 1/1—-¢ 3 1

e PP N

KC K c c
This is realised as soon as:

0<e<d VD
2¢

thus finishing the proof. [ ]
2.2 Pseudo-arclength continuation
For any given r and assuming that rank(DyA) = n — 1, we introduce the

operator F : R s R", as

#0606 = (ot s

b))

Following the Implicit Function Theorem, for any given r, the global homotopy
(6) can be written as

F(u(s), a(s);x) =0, (37)
ku-u(s) + kyp(u(s)) =0. (37b)

For some fixed s, > 0, consider Newton’s scheme (11) written in the equiv-
alent form:

Forv=1,--- N,
For k=0,---,p, — 1,

DoA™ —uf) — (f — ol = Al balr gy

DuNJ(ut! — u) + DaNg(ap™! — af) = —AT,
(ug, app) — (gt ap*th).

For any 1 < v < N, the corresponding value of the control parameter p, is such
that
ku - (wy —ay—1) + ku(po — pry—1) =0 (39)



where the initialization point (u%,a%) = (u,_1,a,_1) is taken to be solution of

(6) with s =s,_1 and r =1, _o.
In the sequel, we assume that the matrix

5,9)= ( pN(ud) DN )

is nonsingular for every (u,a) € R™ X R and we assume that there is a constant
¢ > 0 such that
1B~ (u, )| <e, V(u,a)€R"xR.

Since by construction, F(-,-;s,r) is a homeomorphism R" x R — R” x R,
for every s > 0, (37) admits a unique solution denoted by (u(s), a(s)):

As F~1is continuously differentiable, s — F(-,-;s,r)~! is of class C! as well as
s — (u(s), a(s)). In particular, there exists a constant ¢ > 0 such that

||B(u(s),a(s))*1|| <e, VseR, (40)

and there holds

( 28 ) = B(u(s), a(s)) ™" ( —DSN(l?(s),a(s)) ) (41)

Consider the sequence (y¥), = (uf, k), defined for the subdivision of
I CR:
Sop <81 <+ <8N, hy,=s,—8,-1>0,

by the following scheme. For v =1,---, N,

0 —

Yo = Yv-1,

_ AF — afy,
vit = Bl (AT koot @)
y, = yb, r,=A(u).

Defining the set
C={(u(s),a(s)) eR" xR, s € [so,sn]},

then there exists a compact convex set D C R™ x R such that C C D. As DyB
is continuous, it is also bounded on D and we have

IDyB(y)ll < #, Vy=(a,a)€D,



for some constant k > 0. As B is continuous on D, it is also uniformly continuous
on D that is:

Ve>0, >0, Yy, ¥y €D, |y—yll<n=|By)-By)l<e (43)

Furthermore,

so that we may choose n = € . Notice that
K
1B(y*) "
yO)~HIIB(y) = BHO)

1By e
< = 44
ST B T ST © (44)

1B(y) = BY')|l =

1
/ DyB(y +t(y' —y))dt (y' — Y)H <kly-y'll, Vy.y'eD
0

-1
1) ™1 < 177

so that we choose € € [0, 2—]
c

With each sequence (ylj)k, we may associate the quantities Sk ., Mk, Vi,v
and by, as:

IDyB(y)|l < s, VyeD, (45a)
IByp) 'l <¢ = fou < +ox, (45b)
1—af r
B0 (S n0) | < mo <o (450)
1
Yoo = 7]0,1/60#5 < 57 (45(1)

th, = ! (1£ /1T =2v.),(45¢)

ﬁﬂkﬂ/
Yev = ﬂk,unk,uﬁa (45f)
ﬁk v
v = —’ 5 4
Prstw = 7 ey (45g)
Ye,vNk,v
y = 45h
T 5 ) o

where we took into account that
N2 =DuA)ul + DA%l
=DuA(w) —u)’y) + DaAj(a) —apy') =0

and where

yo = yo = Blyy) ' F(yiiseston)- (46)
Now, the same arguments as in the previous section with Dy A, u, «a replaced
by B, y, s respectively, yield:

10



Corollary 2.4 For each index v, the sequence (y*);. generated by the scheme
(42) converges to the unique solution'y, =y(s,) = (u(s,),a(s,)) of the system:

Aw)—-—apr,_y = 0, K(u,)=0, N(yu;s,)=0, r,_1=A(u,_1)

in the open ball B(y?, ta"u) with

tr =

Y

and where k, Bo,, and vo, are defined as in (45a), (45b) and (45d) respectively.

Proposition 2.5 A sufficient condition for the sequence (ylﬁ)kgo to converge
towards y(s,) is that

1 1
h, < ———min | —,t; 47
0< < S [DN] min (2,% 0,u> (47a)
|1 —aY 1
0< “llr, || < —= = A,, 47b
I < 5o (a7b)

where the constant ¢ has been defined in (40).

Proof. Using the same arguments as used in the proof of the proposition 2.3,
€

the inequality (43) must hold with n = —, y = y%, ¥’ = y(a,,), that is:
K

€
Iy? — (o)l < <.
First, notice that:

lyo = y(s)ll < vy =y (su-0)ll + Iy (s-1) = ¥ (50l (48)
The analogue of (26) holds true, namely:

Pv—1

210,01
||y?, —y(s-1)ll = ly, 7' —yo-all £ 20,01 < -

vt (49)

Therefore, we may choose p,_1 so that

210,01 < £

2Pv -1 2K
that is,

20t > LO’;*W,

which fixes p,_; and also y¥ = y"*7'. Moreover, (41) yields:

/Su
S

gf"%MW*Mmeéﬂme. (50)

v—

ly(s—1) —y(s)ll =

y'(s)ds

/Su B(y(s) ™" (0, ~DN(y(s)))" ds

11



Then, (47a) implies that we may choose ¢ so that

210,0—1

3
Py —1 o <

1
2k 4dkc’

= c|DsN|h, <

in accordance with (22).
After substitution in (48) and taking into account of (49) and (50) it comes:

3
lyy = y(su)]l < 2| DN |y, < = (51)

which is (43).
The analogue of (25) reads

lyo =yl = ly) —yoll < to, =t,, 1 (52)

. — . € .
Then, the same argument with ¢, instead of — yields
’ K

1 €
0<hy < tmin (.67,
< < 2CHD5N” min o low

Moreover, arguing as in the previous section we find that the requirement (34)

remains true, that is

1—cc

0<mo < (53)

26c

) (Ln0)

so that 7o, may be chosen as:

) (L 0)

v

Recall that

To,v Z

< ¢ |1_ag|HI‘ H —
ST\ agr )

1
<
oy = 8kc(l —ec)

while (22) yields 1 —ec > % and thus

This implies due to (47b):

To,v 1 1

1—cec = 8kre(l —ec)?  Zne

which is (53). n
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