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Abstract : In numerous applications (Biology, Finance, Internet Traffic, Oceanography,...) data are ob-
served at random times and a graph of an estimation of the spectral density may be relevant for character-
izing phenomena and explaining. By using a wavelet analysis, one derives a nonparametric estimator of the
spectral density of a Gaussian process with stationary increments (also stationary Gaussian process) from
the observation of one path at random discrete times. For every positive frequency, this estimator is proved
to satisfy a central limit theorem with a convergence rate depending on the roughness of the process and
the order moment of duration between times of observation. In the case of stationary Gaussian processes,
one can compare this estimator with estimators based on the empirical periodogram. Both estimators
reach the same optimal rate of convergence, but the estimator based on wavelet analysis converges for a

different class of random times. Simulation examples and application to biological data are also provided.

Keywords: Gaussian processes observed at random times; Nonparametric estimation; Spectral density;
Continuous Wavelet Transform; Fractional Brownian motion; Multiscale fractional Brownian motion,

Heartbeat series.

1 Introduction

Consider first a Gaussian process X = {X(t),t € IR} with zero mean and stationary increments, but results
will be extended in case where a polynomial trend is added to such processes. Therefore X can be written

following an harmonizable representation, see Yaglom (1958) or Cramer and Leadbetter (1967). We adopt
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a more recent notation as in Bonami and Estrade (2003), thus

X(t) = /JR (eitf - 1) FY2E AW (€), forall te R, (1.1)

where

e W(dz) is a complex Brownian measure, with adapted real and imaginary part such that the Wiener
integral is real valued. We refer to Samorodnitsky and Taqqu (1994), pp. 325-327 for detailed
definition and properties. Isometry property [Bl, Formula (7.2.9), p. 327], i.e. E[I(g1) - I(g2)] =
[ g1(x) - ga(z) dx where I(g) = [ 9(x)dW (z) and g € L*(IR,@) is a deterministic function, is given
for function g such that I(g) is real valued. But, after a decomposition of the stochastic integral into
real and imaginary part, that is with g = g1 + ig2 and I(g) = I(¢91) + il(g2) where I(g1) and I(g2)

are real valued, one can extend the isometry property to complex function and we get

E[I(g1) - T(92)] = /IR 01(2) - 92@) da- (1.2)

e f is a Borelian positive even function so-called the spectral density of X and is such that

[ @nleP) s <. (13)

In the sequel, f will be supposed to satisfy also Assumption F(H) defined below but conditions are

weak and the class of processes that can be considered is general.

As a particular case, if X is a stationary processes, one will still denote f the spectral density such that
X(t) = / et 26y dw (¢),  for all t € IR, (1.4)
R
where f is still a Borelian positive even function, but satisfies the stronger condition

/ f(&) d§ < oo. (1.5)
R

Even if their definition are different, since in the sequel we will consider wavelet coefficients of X which have
the same expression with respect to f for both models (1) and ([[4), f will denote as well the spectral
density of a process having stationary increments or a stationary process (see more details in Proposition

P.)). Define also the o-algebra Fx generated by the process X, i.e.

Fx =o{X(t), t € R}. (1.6)
(

A path of such a process X on the interval [0, T,] at discrete times tin) for i =0,1,...,n is observed, i.c.

(X(t(()n)),X(tgn)), L, X(t "))) is known, with 0 = t(()n) < tgn) <<t =T,

n

A unified frame of irregular observed times, grouping deterministic and stochastic ones, will be considered.
First let us assume that there exist a sequence of positive real numbers (0, ),cn and a sequence of random
variables (r.v. in the sequel) (Lg)gepn (which could be deterministic real numbers) such that

vk e {0,1,...,n—1}, ¢ " = 6,L4, and 5, — 0. (1.7)

n—oo
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For Z ar.v. and a € (0,00), denote || Z||o := (]E(|Z|a))l/a if IE(|Z]%) < oco. Now, assume that there exists
s € [1,00) such that

Assumption S(s) (Lg)remn is a sequel of positive r.v. such that: there exist 0 < my < My and Mg < o0
satisfying
my < ELg = ||Lyly < My and  |[Lglls < M, for allk € IN.

Then we can also defined:
Assumption S(c0) (Lg)ren is a sequel of positive r.v. satisfying Assumption S(s) for every s € IN.

For instance, it is clear that if (Lx)remn is a sequence of exponential or bounded r.v., then Assumption

S(o0) is satisfied. Now, T}, = d, (Lo +...+ Ln_l) and under Assumption S(s) for any s > 1,
my x (né,) < E(T,) < My x (ndy). (1.8)

This point will be extensively used in the sequel to replace the asymptotic ]E(T n) — 00 by né, — oc.

Comments on the modelling of observation times
Assumptions S(s) on the observation times may seem slightly unusual. This leads to following comments:

1. Generally, for processes observed at random times (see for instance Lii and Masry, 1994), duration
between observation times 7, = (tx11 —tx) are random variables not depending on the data length. In
a sense, the asymptotic behavior only concerns the length of observation time 7;, (which is necessary
to estimate the spectral density at low frequencies). But the lag between two successive random
observation times have to be sufficiently often very small to allow an estimation of the spectral
density for high frequencies. Hence, observation times have to satisfy a strong condition and are

typically a Poissonian sampling.

2. In our modelling there are two asymptotic behaviors: the length of observation time 7, converges
to infinity and the mesh §,, converges to 0. The first one is standard up to the slight difference that
T, can be random. This assumption is justified by numerous applications; for instance, the duration
of a marathon is clearly random. Thus we have to replace the first asymptotic by IFE (Tn) — 0.
The second one is less standard but corresponds to applications. We have followed and transposed
the idea of round-off introduced, to our best knowledge, by Delattre and Jacod (1997) and currently
used today, see for e.g. Robert and Rosenbaum (2008). In this setting, the time is continuous but
round-off with a precision d,,. Then, duration between observation times (tl,(;_?1 — tlg")) are the mesh
6, multiplied by integer valued random variables L;. Eventually, we do not assume that r.v. L; are

independent nor identically distributed.

3. Our choice which is also relative to numerous application cases (see the example of heart rate vari-

ability below) has been to provide a spectral density estimation under very weak condition on the
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observation times. Typically our results remains valid even for regular sampling (and it is not such

case under Masry’s conditions defined below).

4. In applications, signals are observed at discrete times mostly irregularly spaced and random. This
type of observations can be met in medicine, physics, mechanics, oceanography,... In these cases
observation times depend on the measuring instrument, therefore of a hazard independent from that
of the process X. In this context, the hypothesis of independence of durations (Lg)ren and Fx is
completely realistic. The only case where this assumption seems restrictive concerns financial data.
However it is until this day always made, see for instance, Hayashi and Yoshida (2005) or Ait-Sahalia
and Mykland (2008).

An example: heartbeat time series

Before going further, let us give a detailed example: the heart rate variability. Cardiologists are interested
in the behavior of its spectral density, usually on both frequency bands (w1, we) = (0.04 Hz, 0.15 Hz) and
(w2, w3) = (0.15 Hz, 0.5 Hz) corresponding respectively to the orthosympathetic nervous system and the
parasympathetic one, see [BJ]. The spectral density follows different power laws on the different frequency
bands, i.e. f(£) = 0;|¢|™% when ¢ € (w;,w;11). Finally, according to the type of activity or the period of
the day, one notices a variation of these parameters. We send back to Section B.3, which brings to light
different power laws during the working and sleep hours, i.e. (31o7%, Bwork) £ ( fleep , ;leep ).

Actually, heartbeat is measured at frequency 100Hz. For physiological reasons, the duration between
two observations should be between 250 milliseconds and 2 seconds. In this framework, Assumption S(o0)
would be obviously satisfied. Assumption S(s) with s < oo holds for instance for other physiological signals
like EMG, EEG...and VHF intraday financial data.

In the above example both frequency bands seem fixed. In other examples, the frequency of cut between
the various bands associated with various power laws must be determined and constitutes the parameter
of interest. We refer to our work devoted to biomechanical data [[l]. These examples show the concrete

character and interesting perspectives of a non-parametric estimation of the spectral density.

Estimation of the spectral density, state of the art

To our knowledge, the estimate the spectral density of a Gaussian process with stationary increments on
finite bands of frequencies from observation at discrete times is a new problem. Recall that the spectral
density f(&) = C'|¢]~@H+D corresponds to a fractional Brownian motion (fBm in the sequel) with Hurst
index H. However, most of the statistical studies devoted to the fBm or its generalizations concern the
estimation of the local regularity parameter (linked to the behavior of the spectral density at oo) or the
long memory parameter (linked to the behavior of the spectral density in the neighborhood of 0). The
context of those studies is almost always the observation of a path at deterministic and regularly spaced
discrete times, see for instance Dahlhaus (1989), Gloter and Hoffmann (2007), Moulines et al. (2007) or
the book edited by Doukhan et al. (2003). Begyn (2005) seems to be the only reference concerning the
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estimation of H unde r irregular (but deterministic) observation times.

On the other hand, the estimation of the spectral density of stationary Gaussian processes is a classical
problem corresponding to numerous practical applications, see Shapiro and Silverman (1960) or Parzen
(1983). The used methods are based on the periodogram defined by Ir(¢) = (27T)~ ‘ In T e X ()
However, if (X3,,--- , X}, ) is known, with regularly spaced observation times t; = iA and T =ty = NA,
then limy_,oo EI7(§) = f(§) but imy oo EJIN(E) = Y ez f(€ + 2kmA™) where Jy is the empirical
periodogram, that is Jy (&) := (27TNA)_1‘A Eszl e HFAX (EA) 2: such a phenomena is called aliasing.
To avoid aliasing, random sampling is chosen and then the empirical periodogram becomes asymptotically
unbiased. By using a spectral window an estimator of the spectral density can be deduced and it satisfies
a central limit theorem (CLT) with a rate of convergence T~2/%, see Masry (1978a-b) or Lii and Masry
(1994). These results are obtained for random sampling verifying very specific conditions that we will call

in the sequel:

Masry’s conditions: the process of observation times (tk) . is a stationary, orderly point process in-
dependent of X, with known mean rate § and covariance density c¢(u) and verifies the condition
B + c(u) > 0 a.e., where N(-) is the associate counting process, 8 = IE[N((0,1))] and c(u) its
covariance density function (Masry, 1978, Cor. 1.1, p. 320).

When the trajectory is not sampled but observed at random times not chosen by the experimenter, a first
step before the estimation of the spectral density is to check that the family (¢;) satisfies Masry’s conditions

and it is necessary to estimate the mean rate [ and the covariance density function c(u).

Wavelet based estimators

We have chosen another approach: a wavelet analysis. This approach was introduced for fBm by Flandrin
(1992), and popularized by many authors, see for e.g. Abry et al. (2003), to estimate the parametric
behavior of a power law spectral density when log|{| — oo or log |{| — —oc of a time series (with regularly
spaced observation times). In the sequel, we will show that the wavelet analysis is also an interesting tool to
estimate the spectral density for Gaussian processes having stationary increments (or stationary Gaussian
processes) when a path is observed at random times. Let us underline that the wavelet analysis in Abry et
al. (2003) is based on the sample variance of wavelet coefficients and thus is different from that proposed
by Lehr and Lii (1997) or Goa et al. (2002) who respectively consider the wavelet decomposition of the
estimator derived from the empirical periodogram and the periodogram of the Haar wavelet transform of
th e process. In both these last cases, discrete times observation are supposed to satisfy Masry’s conditions

to avoid aliasing.

We consider a non-parametric estimator of the spectral density based on a sample variance of wavelet
coefficients. There are two main differences with the approach of Flandrin (1992) or Abry et al. (2003).
Firstly, the definition of “empirical” wavelet coefficients, see (R.J), is adapted for non regular observations

times. Then a general CLT for sample variance of such “empirical” wavelet coefficients is established (see
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Theorem P.I) and a CLT for a semiparametric estimator of the spectral density can be deduced for a large
class of fractional processes. Secondly, one considers a sequel of mother wavelets 1) in a way that enables
the convergence, as A — oo of ]1%[2 to a Dirac mass concentrated at the frequency & = 1. Then a CLT
for a nonparametric estimator of the spectral density is derived (see Proposition P.9). For observation
times satisfying Assumption S(s) with s > 2, the supremum of the convergence rate of this last CLT is
T, 2/ This is the same convergence rate than the periodogram based estimator one (see for instance Lii
and Masry, 1994), but for a class of observation times clearly more general than the Masry’s one (see for
e.g. Lii and Masry, 1994). Indeed, our assumptions on observation times allow non-stationary or regu-
larly spaced times, for Gaussian stationary processes and also for Gaussian processes having stationary
increments (as fBm). However, a relation between 7T}, and &, is required (see condition P.§ below). This
condition depends on the regularity of the trajectory and the variability s of observation times. Therefore,

in terms of the number n of observations, the convergence rate of our estimator ]?,(1’\”) (€) is slower than n =2/

Finally, let us add two comments on the choice and the advantage of wavelet based estimators. Firstly, our
method plainly uses the time-frequency localization of the wavelet: in frequency, to build a nonparametric
estimator of the spectral density from continuous time observations, and in time, to bound the error of
approximation of the wavelet coefficient with discrete time observation. Conditions required on wavelet
mothers are mild and satisfied by a large set of wavelets (Daubechies wavelet D,, for p > 6, Lemarié-Meyer,
Morlet, Gabor, biorthogornal wavelets, ...) and only exclude Haar basis and Daubechies wavelet for p < 4.
Actually, we do not need that the family of functions generated by dilations and translations forms a basis
of L?(IR). Secondly, our wavelet based estimator can be applied to stationary processes as well as processes
having stationary increments. Moreover it is robust to eventual polynomial trends. Such properties are
induced by the number of vanished moments of the mother wavelet. A periodogram estimator does not

satisfy such condition and therefore can not be efficiently applied in so many cases.

The remainder of the paper is organized as follow: Section [ is devoted to the wavelet analysis of X
and the CLT satisfied by the estimator of f. This estimator is applied to generated data and real data in

Section [ Section [l contains the proofs.

2 Main results

This section contains three main results. In the first subsection, we specify conditions on the mother
wavelet, and give a representation formula for the wavelet coefficients of the process. In the second sub-
section, we establish a CLT satisfied by a sample variance wavelet coefficients. This result provides the
rate of convergence of a spectral density estimator in parametric or semi-parametric cases (for instance for
a fBm). Eventually, the third subsection is devoted to a nonparametric estimation of the spectral density

through a localization procedure.
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2.1 Definition and harmonizable representation of wavelet coefficients

~

Let ¢ : IR — @ be a function so-called the "mother” wavelet, and denote f(£) = / e %% f(x)dx the
R
Fourier transform of f € L'(IR) N L*(IR). Let (m,q,r) € IN* x IR and the family of assumptions on %

Assumption W(m,q,7) ¢ : IR+— @ is a differentiable function satisfying:

e Number of vanishing moments: for allm < m +1, / [t"(t)| dt < 0o, and
R

/ t"Pp(t)dt =0 foralln < m.
R
o Time localization: there exists a constant Cy, > 0 such that for all t € IR,
(L+t)" - )] < Cy.
o Frequency localization: there exists a constant C{p > 0 such that for all £ € IR,
(1D (Je©] +['©)]) < Oy

The first condition of W(m, ¢, r) implies that J(é ) = O(£™) when £ — 0 and is (m + 1) times continuously
differentiable. In the sequel, we assume at most W(1,3,1/2). These conditions are mild and are satisfied
by many famous wavelets (Daubechies wavelet D,, for p > 6, Lemarié-Meyer, Morlet, Gabor, biorthogornal
wavelets, ...). It is also not mandatory to choose ¥ to be a “mother” wavelet associated to a multiresolu-

tion analysis of IL2(IR) and the whole theory can be developed without resorting to this assumption.

Let (a,b) € IR} x IR, and define dx(a,b) the wavelet coefficient of the process X for the scale a and

the shift b, such that
t—b

dx (a,b) :z\%/ﬂzﬁ( - >X(t)dt

This family of wavelet coefficients satisfies the following property:

Proposition 2.1 (Harmonizable representation) Let ¢ satisfy Assumption W(1,1,0) and X be a

Gaussian process defined by ([L.1) or ) with a spectral density f satisfying respectively ({1.3) or (1.3).
Then,

dx(a,b) = va / € (ag) fU2(E) AW (€) for all (a,b) € R% x IR, (2.1)
R
and, for a >0, (dx(a,b))per is a stationary centered Gaussian process with variance given by
E <‘dx(a, b)‘2> =7i(a) := a/ ¢ (aw)[? f(u) du for all b € IR. (2.2)
R

The proof of this proposition is grouped with all the other proofs in Section .
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2.2 An estimator of the variance of wavelet coefficients and its application to the

semi-parametric estimation of the spectral density

Let us begin with an example. If X is a fBm with Hurst parameter H € (0,1), its spectral density
is f(€) = Cle|~FH+D for all € € IR* (with C > 0). Then for a scale a > 0 a straightforward com-
putation of the variance of wavelet coefficients Z;(a) defined in (B.3) shows that Z;(a) = K a?#*! with

K-cf [ () ?

' u2HT1

du). Therefore a consistent estimator of Z;(a) furnishes a consistent estimator of H

obtained by a log-log regression of (Il (ai))1 <i<m, ONtO (log a;)i<i<m. The same method works also for
multiscale fBm (see Bardet and Bertrand, 2007b).

Thus our first aim is the estimation of Zj(a). When (X (t(()n)), X (t&”))) is only known, an explicit

formula Z;(a) is not available for both the following reasons:

1. on the one hand, dx(a,b) is defined with a Lebesgue integral and cannot be directly computed from
data. As in Gloter and Hoffmann (2007), an approximation formula will be considered for computing

wavelet coefficients. Thus, for (a,b) € IR x IR we define an empirical wavelet coefficient by

([ o5 ) 00, -

2. on the other hand, a sample mean of |dx(a, b)‘2 instead on E‘dx(a, b)‘2 is only computable. Thus,
define the sample estimator of Z;(a) by

1 n
Jp(a) = e ];) lex (a, ck)‘2, (2.4)

where (c) is a family of increasing real numbers (so-called shifts). In this paper, we will consider a

uniform repartition of shifts, i.e. for k =0,...,n,
T, —2TF
ey =TF +k "T" with p € (3/4,1). (2.5)
In this example (¢ )1<k<p are random variables depending on random times (tg"), ceey tﬁl”)) but cx41—ck does

not depend on k. We will see that it is not easy to consider a simpler expression of (¢ ); for instance ¢ =
kT, /n could not be used because there would be some edge effects for estimating the wavelet coefficients
in ¢g or ¢,. Therefore a sufficient “distance” from the boundaries 0 and 7T, is necessary. However, other
choices of (cg)x are possible (for instance ¢, = t) but we have not been able to find an optimal choice
and simulations do not show significative differences between these choices. Now additional conditions on

f have to be considered:

Assumption F(H): f is an even function, differentiable on [0,00) except for a finite number K of real

numbers wg =0 < wy < -+ < wg, but f admits left and right limits in wy, with a derivative f' (defined on
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all open intervals (wg,wk+1) with wg+1 = 0o by convention) such that
| anier)- 1o <o (2.6

Moreover, there exist Cy, C), > 0 and H > 0, such that for all |z| > wi
fz) < Cole[~®Dand  f(z) < Cp Jaf B2, (27)

Here there are several examples of processes having a spectral density f satisfying Assumption F(H):

Ezamples : 1. A smooth Gaussian process having stationary increments satisfies F(H) with H > 1
satisfies F(H) with H > 1.

2. A fractional Brownian motion with Hurst parameter H € (0, 1) satisfies F(H). Indeed, its spectral
density is given by f(§) = C|¢ \_(2H +1) and corresponds to a power law of the frequency.

3. However, a fBm is a limited model. For instance, in some biological applications, statistical studies
suggest that the logarithm of the spectral density is a piecewise affine function of the log-frequency, see
for instance Collins and De Luca (1993) or Billat et al. (2009). Furthermore in certain frequency bands
the slope corresponds to a Hurst parameter H larger than 1. For these reasons, in Bardet and Bertrand
(2007a), we have introduced the multiscale fBm such that there exists a family of frequencies w; < -+ < wg
satisfying f(£) = C; |¢|7CH+D) for €] € (wi,wit1) and i = 0,..., K, with the convention that wy = 0 and
wi+1 = 00, Hy < 1,0 < Hg and (C;, H;) € R%, x R for i =1,...,K —1. Then Condition (L.J) and
Assumption F(H) are checked with H = Hy.

4. A stationary process with a bounded spectral density such as a Ornstein-Uhlenbeck process (for which
f(&) =a(r(a® + 52))_1 with a > 0).

The sample variance of wavelet coefficients J,, (a) computed from the observed trajectory (X (t(()n)), X (t%n)
and defined by (R.4) satisfies the following CLT:

Theorem 2.1 Let X be a Gaussian process defined by ([[.1) or ([[.4) with a spectral density f satisfy-
ing (I.3) and Assumption F(H), ¢ satisfying Assumption W(1,3,1) and (cx)i defining by (2.3). Under

1
Assumption S(s) with s > 2 + SH [1- 3H]+ and if

(8_1)( (2HA1) )/\(1+(H/\1))

E(Tn) % 6n 1+(2HAL) s+(HAL) _ 0 (28)
Then for all a > 0,
ET, (Ju(a) — Z1(a)) 2, N 0, 47 a? / ‘1/1 az) | (= dz) (2.9)

Remark 2.1 1. The convergence rate of the CLT (2-9) is \/IE(T,,) when Condition (B-§) is satisfied. A
natural question is what happens elsewhere? This leads to the following comments: roughly speaking,
from Theorem and Lemma [[.G, one can deduce

Tula) = Ti(a)+ [B(T,)] "’ TU+¢, (2.10)
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where U ~ N(0,1), T? = 4 a? / ‘{b\(az)“lﬂ(z) dz corresponds to the variance in CLT (2.3) and
R

Cn corresponds to the discretization error. As soon as Condition (B.§) is fulfilled, the discretization
term (,, is negligible with respect to the CLT term and the rate of convergence is \/IE(T,). If the
condition (2.§) is not satisfied, then the upper bound of the mean square error does no more decrease
when IE(T,) — oo.

2. It also possible to specify Condition ([2-8) by using a relation between 6, and n; for this, let
on=Csn™ with0<d<1.

The following Table 1 summarizes the possible of choices of s and d and the supremum of the con-

vergence rate of the CLT (2.9)) following several cases.

H known H unknown H unknown H unknown

H>0 H>0 H>1/3 H>1

Condition on s s>2+%[1—3H]+ § =00 s> 2 s> 2
e T+(2HAD s+(HAL 1 2 2s+1 2 s+1

Condition on d d> (1+s(2HA1)) v (s(2+(H/\1))—1) d=3 d>(75)V (555) | d> (555) vV (55)
1—d
Supremum of the rate of n—z fors>2+4 % [1 — 3H]+ n~i n=i for s =4 n=1 for s = 3
14+ (HAL) 3
convergence of CLT (R.9) n~ITAD for s = 00 n=1 for s = oo n=3 for s = 0o
Supremum of the rate of n2s" for s > 2+ % [1 - 3HLr n=s n=s for s =4 n=s for s = 3
_ 2 1+(HAL) 6 4

convergence of CLT (£.14) n~ 5 2F@EAD for s = 00 n~2 for s = 0o n~ 15 for s = 00

Table 1: Conditions on s, d and supremum of the convergence rate of the semiparametric estimator of the
spectral density f (CLT (B-9)) and the nonparametric estimator of f (CLT (B-14) with X\, ~ CTY/PHF ~
Cnt/50=d+6 yith k> 0 arbitrary small) following the a priori on H.

Note that CLT (2.9) can be applied to an estimation of each H; of a multiscale fractional Brownian
motion when a trajectory is observed at random times. Indeed, in such a case and if 4 is chosen such as
1;(5) # 0 only for £ € [, —a] U [a, ] then (see details in Bardet and Bertrand (2007b)):

Il (a) = a2Hi+1Cf,1ZJ for all 6 € [a/wi7 ﬁ/wi-i-l]?

with Cty > 0 not depending on a. Therefore a log-log-regression of J,(a) onto a for several values of
a € [a/w;, B/wit1] provides an estimator of H; and C; which follows a CLT with the same convergence
rate than (2.9). Such a result may be of course also applied to a fBm without specifications on the scales

a. This is more precisely stated in the following

Corollary 2.1 (parametric case) Let X be a fBm with parameters H € (0,1), C > 0, assume that
(Xt(n), e ,Xt(n)) is observed, that Assumption S(cc) is fulfilled, that 1 satisfies Assumption W (1,3,1) and
1 1

that 6, IET,, — 0, then there exists a constant C > 0 such as for n large enough,

(2~ (B < a5

(2.11)
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where ]?In and én are the estimators obtained by log-log-regression of J,(a) onto a. If moreover, the
Hurst index H is known in advance to lie in the interval (1/3,1), then Condition S(co) can be replaced by
Condition S(2+¢) for any € > 0.

To our knowledge, only Begyn (2005) provides an asymptotic result on the estimation of H under irregular

observation times but only in the case of fBm and with a stronger condition than Assumption S(co).

2.3 A nonparametric estimator of the spectral density

The third result of this paper deals with the pointwise estimation of f through a localization procedure in
Theorem B.1. Let us define the "rescaled” functions:

1 ..
Pa(z) = e v(3) (2.12)

in a way that enables the convergence, as A — oo of |1Z>\|2 to a Dirac mass concentrated at the frequency
¢ = 1. Then a rescaled version of the estimator (2.3, B.4)) is introduced:

ey _ - (" " _
7€) = |y¢|yﬁ2n+1 Z(ZXt /(n) U (E(t — cx) dt‘ (2.13)

1=0

JFrom (R.19), it is obvious that
DO =VXI(ME-1) VEER,

and after that
= [ 18P wfa) du— f1/0) [0l when A= oo

under weak hypothesis. Then a CLT is established for the nonparametric estimator (R.13) with a sequence
(An)n satisfying A, — oo and assumptions of Theorem R.1. Note the first condition ¥y € W(1,3,1) is
fulfilled as soon as A, > A when J is compactly supported in [-A, A]. Now, by using an appropriated

choice of a sequence (¢, ), one obtains:

Proposition 2.2 Assume that assumptions of Theorem [.] hold. Moreover, if the spectral density f is a

twice continuously differentiable function on IR*, if J is compactly supported, and if the sequence (Ay)n s
2 5

such that )\— — 0 and —*+ An — 00, then for all £ > 0,

-~ 4
S [P du ) (2.14)

T, D 47
2 (FME) = £(6) = N[0, = f2(¢ ~
Vi TP @ - 1) 2 (o, O S P

The rate of convergence of the parametric (or semiparametric) estimator is T, Y 2, see CLT (£.9). In the
case of nonparametric estimator, with the optimal choice of A, i.e. A, = C(nd,)Y/>t" = O(Tr{/E’Jm) with
k > 0 arbitrary small, the supremum of the convergence rate of this nonparametric estimator is T}, 2% This

is the same rate of convergence than for the periodogram of a stationary process in continuous time (Parzen,
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1983) or observed during random times satisfying Masry’s conditions (Lii and Masry, 1994). However, in
this last case, T, ~ C'n p.s. when n — oco. Our result, CLT (R.14), is clearly more general (processes

having stationary increments and weak condition on the random observation times), but the prize to pay for
1+ (2H A1) s+ (HA1)

1+s(2H/\1)) (3(2—1- (HA1)) — 1)
i.e. for instance T, ~ Cns for s =3 and H > 1, or for s = co and H > 0; more details are provided in
Table 1).

How to explain that this convergence rate depends on s and H? On the one hand, the smaller H the

obtaining the convergence rate Tn_2/5 is that T}, ~ Cn'~? with d > (

more irregular the trajectory of X when X is a process having stationary increments (the Holder parameter
of a trajectory of X is then HT for all H" < H). Therefore empirical wavelet coefficients, defined almost
as a Riemann sum, approximate better a smooth paths than irregular paths and this explains that the
smaller H the smaller the convergence rate of CLT (R.14)). In the case of stationary processes, then H > 1
and the convergence rate does not depends on H. On the other hand, the smaller s the more variable
the observed times. Then for each frequency there are not enough successive data with appropriated lag
allowing to correctly estimate the spectral density around this frequency. Then the smaller s the smaller

the convergence rate of CLT (R.14).

Moreover, under W(m, 3, 1), / t"(t)dt = 0 for all n < m and any wavelet coefficients of any polynomial

function with degree less or equal to m are vanished. Therefore, the estimator ﬁ(L)‘") is robust since

Corollary 2.2 Under Assumption W(m,3,1) with m € IN*, Proposition [2.4 holds when a polynomial

trend with degree less or equal to m is added to X.

3 Numerical experiments

For the numerical applications, one has chosen:

1. 1) is chosen such as 12(5) =exp (— (|&]- (5= 1€])) ™) 1j¢j<5(&) which satisfies Assumption W(m,r) for
any (m,r) (and $:(€) = 0 for [¢] > 5).

2. 0, = n"6 for insuring the convergence of ﬂA”)(ﬁ) for any H > 0 and s > 3.

3. Ay = n? with 1/6 < d’ < 1/2. However, admissibility condition on wavelets (1, ) requires that
n? > A = 5. Moreover, for removing the bias term, d’ has to be chosen large enough following n.

Thus, after numerous simulations, we have chosen d’ = log(15)/log(n).

3.1 Estimation of the spectral density of a fractional Brownian motion observed at

random times

For a standard (IEX%(1) = 1) fBm with Hurst parameter H, f(¢) = C(H)|¢|72~1d¢ with C(H) =
(HT'(2H)sin(wH))/m. Three different kind of independent and identically distributed random times are

considered:



J-M. Bardet and P.R. Bertrand 13

(T1): non-random uniform sampling, such that Ly = 1 for all k € IN*;
(T2): exponential random times, such that IEL; = 1 for all k € IN*;

(T3): random times such that for for all k£ € IN*, the cumulative distribution function of Ly is Fr, (z) =

(1—27)1;51 = ELY < oo for all p < 4 and IEL{ = co. In this case Assumption S(s) is satisfied
if and only if s < 4.

(T4): random times such that for for all k£ € IN*, the cumulative distribution function of Ly is Fp, (z) =
(1—272)1;5>1 = ELY < oo for all p < 2 and IEL{ = co. In this case Assumption S(s) is satisfied
if and only if s < 2. As a consequence, this case does not satisfied the hypothesis of Theorem P.1].

An example of such estimation of the spectral density for H = 0.2, N = 50000 and random times T2 is

presented in Figure 1. The results of simulations are also provided in the Table 2.

\ — Estimation of the spectral density — Logarithm of the estimator of the spectral density
| — Spectral density — Logarithm of the spectral density
of | — Confidence intervals 2r —— Logarithm of the confidence intervals

|

051

Estimation of f
Logarithm of the estimator of the spectral density
|
o

L I I I i T ) _ L L L ! )
0 05 1 15 2 25 3 35 4 4.5 5 -15 -1 -05 0 0.5 1 15 2
Chosen frequencies (Hz) Logarithm of the frequencies

Fig. 1 An example of the estimation of the spectral density (left) and its logarithm (right) of a FBM
observed at exponential random times (T2) with confidence intervals (H = 0.2, N = 50000).

Comments on simulation results: 1. the larger N the more accurate the estimator of f except for case of
random times T4 (which is a case not included in conditions of Proposition P.9) ; 2. The results are similar

for T1 and T2, a little less accurate for T3; 3. the smaller H the more accurate the estimator of f.

3.2 Estimation of the spectral density of the stationary Ornstein-Uhlenbeck process

Here, instead of FBM which is a process having stationary increments, we consider the stationary Ornstein-
Uhlenbeck process which is a Gaussian stationary process with covariance r(t) := exp(—«/t|) and therefore
with spectral density f(§) := ()4(71'(042 + {2))_1. In such case, since this spectral density is an analytic
function, there exists more accurate nonparametric estimator (see for instance, Ibragimov, 2004). However,
to our knowledge, the case of paths observed at random times is not considered is this literature. The

results of simulations are provided in the Table 3.

Comments on simulation results: 1. the larger N the more accurate the estimator of f for all choice of
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random time; 2. The results are similar for T1, T2, T3 and a less accurate for T4; 3. surprisingly, the case

a =1 is not clearly better than o = 0.1 despite the fact that the larger « the less correlated the process.

3.3 Estimation of the spectral density of heartbeat time series

Heartbeats of several working people have been recorded during 24h (see an example in Figure B.3).
These data have been kindly furnished by professor Alain Chamoux and Gil Boudet (Faculty of Medicine,

Occupational safety and health, University of Auvergne, Clermont-Ferrand).

1600

1400 -

1200 -

n
o}
o}
¢}

Heart interbeat in ms

800
\"
600

a00

Time in seconds 107

Cardiologists are interested in the study of this signal in two frequency bands: the orthosympathetic and
parasympathetic bands, i.e., the frequency bands (0.04 Hz, 0.15 Hz) and (0.15 Hz, 0.5 Hz) respectively.
The definition of these bands is the outcome of research works, see e.g., Task force of the European Society
of Cardiology and the North American Society of Pacing and Electrophysiology (1996), and is based on
the fact that the behavior of the energy contained inside these bands would be a relevant indicator on the
level of the stress of an individual.

Indeed, for the heart rate, the parasympathetic system is often compared to the brake while the or-
thosympathetic system would be a nice accelerator; see e.g. Goldberger (2001). At rest there is a permanent
braking effect on the heart rate. Any solicitation of the cardiovascular system, any activity initially pro-
duces a reduction of parasympathetic brake followed by a gradual involvement of the sympathetic system.
These mechanisms are very interesting to watch in many diseases including heart failure, but also rhythm
disorders that may fall under one or other of these two effects, monitoring the therapeutic effect of several
Medicines including some psychotropic. In the field of physiology such data are crucial for measuring the
level of stress induced by physical activity or level of perceived stress, which can be considered as a criterion
of overtraining in sport.

We decompose these data in 3 temporal zones following the activity:
e Quiet activities (¢ € [1,28000] in seconds);
e Intensive activities (¢ € [28000,51400] in seconds);

e Sleep (¢ € [60000, 83400] in seconds).
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Applying the spectral density estimator on those 3 sub-data and plotting its log-log representation for

frequencies in [0.02, 1] Hz, we observe that:

e in zone “Sleep” (see Figure 3), only one regression line could be computed for frequencies in [0.04, 0.5]

Hz which is the usual spectral interval considered by specialists; in this zone H ~ 0.99;

e in zone “Quiet activities” (respectively “Intensive activities”), (see Figure 3), two regression lines
could be drawn for frequencies in [0.04,0.5] Hz, distinguishing the orthosympathetic and the parasym-
pathetic spectral domains. Using an algorithm computing the “best” two regression lines (see for
instance Bardet and Bertrand, 2007b), one obtains that H ~ 1.34 (respectively H ~ 1.44) in the
orthosympathetic domain which is [0.04,0.09] Hz (respectively [0.04,0.11] Hz) and H ~ 0.89 (re-

spectively H ~ 0.79) in the parasympathetic domain which is [0.09,0.5] Hz (respectively [0.11,0.5]
Hz).

Logarithm of the estimation of f

—— Logarithm of the confidence interval ‘

Logarithm of the estimation of f
—— Logarithm of the confidence interval

IN
T

Logarithm of the estimator of f
w
T

~log(0.09) 10g(0.5)

. . . . . )
-4 —3.5 -3 —-2.5 -2 -1.5 -1 —-0.5 (o]
Logarithm of the chosen frequencies (Hz)



J-M. Bardet and P.R. Bertrand 16

Logarithm of the estimation of f
—— Logarithm of the confidence interval

Logarithm of the estimator of f
w

10g(0.04) ~log(0.11)

S

. . .
-4 —3.5 -3 —2.5 -2 -1.5 -1 —0.5 (o]
Logarithm of the chosen frequencies (Hz)

109(0.5)

Fig. 3.3 Log-log representation of the spectral density estimator during “Sleep” zone (up), “Quiet” activ-

ities (middle) and “Intensive activities” zone (down)
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4 Proofs

4.1 Proofs of useful lemmas and Proposition

In the sequel, the following lemma will be useful:



J-M. Bardet and P.R. Bertrand 19

Lemma 4.1 Let X be a Gaussian process defined by (I.1) with a spectral density function f satisfying
(Z-3) or by ([-4) with a spectral density satisfying (1.3). Then there exists a constant Cy > 0 such that

B (X(t)X(t2)] < Co(L+[t])(1+[ta]) for all (t1,t2) € R*. (4.1)

Proof. Firstly, let us consider X defined by ([L.1). For all ¢ € IR, by using (L.3), we have

1 o)
BLe0] = [ |ec-] rod <2 [ pelrede s [ o

R

< (2t2478) x/ooo (LAEP7) f(&)dé.

This implies I£(X (t)*) < Co (1 + [t|*) where Cy = 4 S (LAE]?) F(€) dé. Then, by using Cauchy-Schwartz
inequality, one deduces ([.1). Secondly, consider X defined by ([L.4), then ([.2) and ([.5) imply that

B (X (1) ‘/ =02 £ g) df‘ /f )t < oo

Therefore ([L.1]) is satisfied with Cp = / f(€) d¢. This finishes the proof of Lemma [.1. [ |
R

Proof. [of Proposition P.1] We just give the proof for Gaussian processes defined by ([.1) with a spectral
density function f satisfying ([.3). The key property, which explains that the same representation formula
holds for for Gaussian processes defined by (1)) or ([.4), is Formula (f£.J). Moreover, since Condition ([[.§)
implies Condition ([[.J), all the convergence results remain valid under Condition ([L.5).

Let X be defined by ([[.]). Firstly, one can show that for all @ > 0 and b € R, IF UdX (a, b)ﬂ < o0.

This induces that dx(a,b) is well defined. Indeed, since X is a real valued process, one has

E[|dx(@b)|’] = // ( > <t2ab>]E(X(t1)X(t2))dt1dt2
//‘ (tl )Hw< > (L4 [t (1 + [t2)dtrdy

oo [ ot @ o+ \au\)du)2 <0,

IN

IN

where we have used successively the bound ([.1), the change of variable u = (t — b)/a and the second
condition of Assumption W(1,1,0). Next, one turns to the proof of the representation formula (R.1)).
Firstly, recall that the stochastic of a complex valued function g = g; + igo against a complex Gaussian

measure W with real part W7 and imaginary part W5 is defined by

/B o) dW (z) = /B g1 () W (z) — /IR ga() AW ()

and that Wy and Wy are Wiener measures, see [B1], (7.2.8) p.326]. Now, consider any interval [a, A] C]0, oo,
t—b
the function f is bounded on [a, A] and / '¢ (T)‘ dt = a/ |t(u)] du < co. Therefore, one can
R R
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apply the Fubini-type Theorem for stochastic integral (see [R0, Lemma 4.1, p. 116]) to the two integrals

corresponding to the real and the imaginary part, then by summing up, we get

[ sy o (S0 a) regave = [ (S0 [ (1) e avo)] a

Since / (u) du = 0, for all couple (a,b) €]0, co[x IR, we have
R

(oS - oo (S amniion

Thus, for all couple (a,b) €]0, co[x IR we have

a LAeib€$<a5>f1/2<s>dW<s> -/ w(t;b) [ /: (e“f—l)-f”?(s)dvv(s)] it (43)

00 2
From the one hand, the firs condition of W(1, 1, 0) and ([L.J) imply that / ‘w(af)‘ f(&)d¢ < 0.
0

Therefore, one can deduce that for any sequence of couples («,, A,) converging to (0,00), the sequence

An . =
/ 'S o (ag) F112(€) AW (€) converges in L2(€2). From the other hand,

/Rw <t;b> MA (eitﬁ_l) .f1/2(§)dw(f)} "

converges also in L?(€2), because

‘/ < > [ (eitg_ 1> R dW(i)] dt

Indeed, firstly, by using Cauchy-Schwarz inequality, we get that

/000 (eitls _ 1) . (e—z‘tzi _ 1) Fe)de| < </0°° Jine 1‘2 £0 dg) 1/2 ) </Ooo
< (/01\t1§\2 f(€) d§+4/100 f(§)d§>1/2 » </01 ,t2§y2f(§)d£+4/loof(g) dg)

1/2 1/2
< <<4+t%> /IR (1A|£|2)-f<s>d5> < <<4+t%> /B (1A|£|2)-f<£>d5)
<@+ t) X (24 1) X /JR (LA JE2) - £(€) d.

Next, by using the isometry property ([[.9), we get the following upper bound

T ey oo o
- // ( ) <t2;b></m(“ 1) - (e - )f(é)d§>dt1dt2
</ (1A lE1%) dg) // < > <t2a_b>(2+t1)x(2+t2)dt1dt2
= </IR(1M§!)'f(i)d§>><</]R(2+t) ‘¢<Tb>‘dt>2

< 00,

2
< Q.

. 2 1/2
e pee) ae)

1/2

FE

IA
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where the last bound follows from Condition ([[.3) and Condition W(1, 1, 0)). Eventually, one can pass to
the limit in (l.3) which provides

o [T e awe) = [ w(t‘b) [ I (eftﬁ—l)-fl/%@dvv(s)} dt.

a

But similar calculations would lead to the same result between the bounds —oo and 0. By adding the two

integrals between 0 and oo and between —oo and 0, one can obtain

o [ b rrgave = [ ()| [ (€ -1) @ ave]

a

= /Rq/;(?) X(t)dt

which implies (R.1]). Afterwards, formula (R.I)) implies that for all @ > 0, b € IR, dx(a,b) is a Gaussian

centered random variable with variance Z;(a). Moreover, for all @ > 0 and (b1, by) € IR?, we have

- , . 2
B (dx(eb)Tx(@t) = o [ o i) r(e)as
R
Thus for a given a > 0, IE (dx (a,b1) dx (a, bs)) is only depending on (b; —b2) which induces that (dx (a,b))scr
is a stationary process. This finishes the proof of Proposition P.1]. |
;From formula (1)), it is clear that for all (a1, az) € (0,00)? and for all (by,be) € IR?,

IE(dx(a1,b) - dx(az,b2)) = +/aiag -y(ba — b1, a1,a2)

where

(0, a1,2) = /IR ¢ (0r€) D(ask) (€) d. (4.4)

When (aq, ag) are positive numbers, the function v and its first derivative with respect to 6 can be bounded:

Lemma 4.2 Under Assumption W(1,0,1/2) and if f satisfies ({I.3) and Assumption F(H) with H > 0:

1. for all (a1, az) € (0,00)?, there exists C > 0 not depending on 6 such that, |y(0,a1,a2)| < C (LA |9|_1)
for all 0 € IR.

2. the function v is derivable with respect to 6 and for all (a1,az) € (0,00)?, there exists C > 0 not

%(ﬁ,al,az)‘ <C'"(LA|6]7Y) for all 6 € R.

Proof. [of Lemma Firstly, from Assumption W(1,0,0) (induced by Assumption W(1,0,1/2)), there

exists a constant ¢ > 0 such that

depending on 0 such that, |¥'(0,a1,az)| = '

9] <c(1Al¢P) forall €€ R. (4.5)
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Indeed, from one hand, W(f ‘ < H’l/}”Ll y < oo. From the other hand, ¢ € W(1,0, 0) implies that 1/1 is
twice continuously differentiable and 1[)( ) 1[) (0) = 0. From Taylor-Lagrange Formula, for all £ € IR*,
there exists & € IR with |&| < |€] such that (€) = 552 x ¢ (&). This induces |¢(¢)| < 5 €)% x

(/ 2 [(t)] dt) providing the second bound of (i.3).
R

Secondly, we show the first item. Inequality (f.J) implies that
= 2 9 4
| el rede < ([ jaitreass [ e )
R le|<1 l&1>1

< 62(1\/a4)/ (LAEY) f(€)de < C,
R

with C > 0 not depending on 6. From Cauchy-Schwarz Inequality,

A0 < A1vad) (1vad) [ (1AE)5(©)ds
Combined with ([[.3), this means that (6, a1,a2) is bounded by a constant. Moreover, with f(w;") and
f(w; ) denoting the right and left limits of f at wg, for all 1 <k < K — 1, § € IR* and (a1, a2) € (0,00)?,

[ @) Blaag) s6) de
= o5 (e o D)z ) — €% f( D aren)Flazen))

W1 295 — R — R — N
- [ [ O @eH@e) + 1O (0P @8)9(ax6) + adl@ )P (@:6))] de

Wi

The same result remains in force for k = 0 and k = K. Indeed, by using ({.J) combined with Assumption
F(H), one deduces that for all § € IR and (ay,as) € (0,00)2,

lim %€ F(€) Plar€) Blaz) =0 and  Jim ¢ F(E) d(ar8) d(a6) = 0.
Moreover, since f is an even function,

/__ " G (ar€) Dlant) £(6) da

= % ( —zewkf(wk )Z\( alwk)izl\(—azwk) _ eiﬁwkHf(wk__l_l)g(alwk){ﬁ\(azwk))
Wk ez€§ — N — R _ R
- /_ - [f’(f)w(ali)w(aza +£(6) (alw’(alf)w(agf) n a2¢(alg)¢/(a25))] d.

Thus, by summing up and using Assumption F(H), for all § € IR and (ay,as) € (0,0)?,

v(0,a1,a2) = Z/ 6 (a1€) P (azt) f dx—l—Z/ e (ar) Plask) £(€) d

k=0 " ¥k Wh41

= —.— (ew“’ki(alwk)@(aw;ﬁ) - e_wwkz\(_alwk)qz;(_a2wk)> (f(wi) = flwy))
k

6
=1
= 5 | O @) Blan) + £(6) (i (@16 Da26) + ab(@r ) (a26)) de
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since the integral of the r.h.s. of the previous equality is well defined. Then,

Y(B.01,02)] < ,9‘(%2!% — fwp)|

/ Uf ;A (a1€)8(az€) |+ 1£(8) (|a1||¢' a1€)(az€) | + [az| W a1 €)Y a2£)|)}d£>.

It remains to show the convergence of the previous integral. Using the same trick as in Formula ({.J),
under Assumption W(1,0,0), |1Z’(§)| < (1A[¢]) with ¢ not depending on £. So, for all (a1, a2) € (0,00)?

/ [‘f ;A (a1€)P(azf) |+ 1£(€) (|a1|‘¢' a1€)1(az€) | + |as]| W) a1 €)Y 025)‘)} dg§
< Cyajaj / IF1(©)1E* + 2| £()E’ dE + Co / |F(O) + (Jaa| + laz])] £(£)] g
1€1<1

l§1>1

=¢ /B (LA 1F©1+ (LA KR - 1£(€)]] de

where C' > 0 depends on ¢, ¢, a; and as. But since (1A [£[*) < (LA °) and (1 A[€) < (1A €[?), then
from Assumption F(H), [ (LA E[*) - [f'(€)] < oo and [ (LA [E?) - [f(€)] < oo and this completes the

proof of the first item. Eventually, one proves the second item. The differentiability is obvious and
FOana) = i [ ) Hlang) ) de

Assumption W(1,0,1/2) implies that for all a > 0, |a&|"/?|¢(a&)| < Cy for all £ € IR. Combined with
(EH), this induces that for all @ > 0 and 0 € IR,

(0, a1,a)| < /IR €] 1B (ar)] [Dazt)| £(€) de

IN

2 2 5 Ci
(a1 az) /5 IR IO =y RICEE

< G,

with C' > 0 not depending on . Using the same arguments as above, for all § € IR* and (a1, az) € (0,00)?,

%IH
Mx

v (0,a1,a2) = ( “’“’kww arwi)ib(aswy) +

k=1

+e~ szkwkw(_alwk)QZ(—azwk)) (f(w]:_) - f(wlz))
| e [Fede)itase) + £ €D e iase) +
+E£(©) (& (@€)(a28) + azth(@r ) (a6) ) | e

Sl

and therefore |’y'(9, ai, ag)‘ with C' > 0 not depending on #. This finishes the proof. |

|9|
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4.2 Asymptotic behavior of sample variances of wavelet coefficients for continuous
time processes
Since 7y (a) is obviously defined from |dx (a, b)|2, we begin with the study of

n

1

2 *
I(a) = e ];)|dx(a,ck)| , fora>0andnelN" (4.6)
For n € IN* and a > 0, define also:
9 2 n o n 2
S2(a) = % / el( (r=co))€ ‘1/1 a&) ! IACS . (4.7)
(n+1)* == R

Note that S,, depends on IE(c; — ¢¢) and therefore its formula is valid when (c;) are r.v. However, we
begin by proving the following proposition in the case of deterministic (¢;) and of course IF(c; — ¢¢) can
be replaced by ¢ — ¢ in ([7).

Proposition 4.1 Let X be a Gaussian process defined by (1.1) or ([.4) with a spectral density f satisfying
(Z-3), ¢ satisfying Assumption W(1,1,1/2). Then if (c)x is a family of real numbers such that ¢; < ca <

. < Cp, mmaxi<g<p{cr+1 —cx} — oo and there exists a constant C" > 0 such that for all n € IN*
n—oo

max {cpr1 — ¢k} < C” min {cp11 —cp} < 0

1<k<n 1<k<n
then Ya > 0,
1 D
Sn(a) (In(a) _Il(a)) njo’o N(O’ 1)- (4.8)

Moreover, there exist 0 < Cp, < Cpr not depending on n such that ¥Yn € N*,

1/2
< — <
Cm < Sn(a) (n 1211?2(71{%“ a}) T < Cur. (4.9)

The proof of Proposition [.1] relies on Lemma [£.9 and the following Lemma which is a Lindeberg CLT (see
a proof in Istas and Lang, 1997):

Lemma 4.3 Let (Yn;)i<i<N,New+= be a triangular array of zero-mean Gaussian r.v. Define 512\/ =

N
var (V) with Vy = Zf\il Y]\%’i and By := max Z|cov (YN, Ynj) | If hm g—N =0, then Sy (VN —

1<< N—oo ON

IE(Vy)) converges weakly to a standard Gaussian mndom variable.

Proof. [of Proposition [.1]]
Consider Y, ; = (n + D" dx(a,¢) for i =0,...,n and

{ Bp=(n+1)"1 maxi<i<n { Z?ZO |cov (dX(a, ci),dx(a,cj))]},
Sp=(n+1)72 3o g cov (di (a, ¢), d% (a, ¢;))
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But, by using Formula (f4), V(a, a1, a2) € (0,00[3, (b1,b2) € IR?
cov (dX(a, b1),dx(a, bg)) = a’y(bl — bg,a,a)
cov (dx(a1,b1), di(az,b2)) = 2 (araz)¥*(by — b, a1,a2),

since variables dx (a,b) are zero-mean Gaussian r.v. Therefore,

By =a(n+1)~! maxo<i<y { Z;L:O |’y(ci —-¢j,a, a)‘}
Sh=2a*(n+1)72 X1 307 (ci — ¢jra,a)

Let p and ¢ be such that 1/p + 1/q = 1 with (p,q) € (1,00)?. Then the Holder Inequality implies that

B, < Can71!x max {(Z "y —cj,a,a ‘ >1/p}.

0<i<n

Lemma [L.9 1) implies that for every 1 <1i < n, for n large enough,

Z"y cj,aa‘p < C(#{Ogjgn,|ci—cj|§1}+2|ci—cj‘_p

J=0

1 Ci—Cj‘>l>

(#{0<] <mn, ]z—j\o<1kn<1n ‘Ck_l,_l—Ck‘ < 1}

. -p
+Z[h_]’0<1131<m |chy1 — k\] 1‘i_j‘maX0§k§M|Ck+1_%‘>l> (4.10)

<2C (0<2n<1n kg1 — )™ (1 + (0<121<1n |kt — Ck!) Z |€|_p>. (4.11)
£>(maxo<k<n—1 |cp+1—cpl) 7t
o0
Since p > 1, Z || P < oo is finite and thus
(=1
1 c”
2l s gy (e o e S 5 (e = el

£>(maxo<k<n—1 ‘Ck+1—ck‘)*1
since by definition maxj<p<p{ck+1 — ek} < C” minj<g<p{crt1 — cx} < oo. Therefore,
—1/p

< C i — 4.12
B, < a{nxogggg_l\%ﬂ Ck!} : (4.12)

with C' > 0 not depending on n. Now, a lower bound for S2 is required. For all @ > 0, § € IR +— (0, a,a)

is a continuous map and v(0,a,a) = | R W af) ‘ f(&)d¢ > 0. Therefore, for all a > 0, there exists 6, > 0
1

such that v(0,a,a) > 57(0,&, a) when |6]| < 6,. Then,

S2(a) > C)a*n"242(0,a,q) )#{0<i,j <n, | — ;| <Oq}

> Cla’n 72 (0,0,0) #{0 <. <, fi— | max e — ex] <0 f

> Cla?n7(0.0,0) 5 (B0 maxfews = i) A (- D),
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(] A(n—1)
since for p > 0, #{0 <i,j<mn,li—j < u} =2 Z n—k>2(uAn-1)) g Thus, since from
k=0
assumptions n 0<Il£1<ax ‘ckﬂ — ck| — 00, there exists Cpy > 0 such that for n large enough:
n—oo
SZ(a) > Cur (n 02X k41— ck])” (4.13)

Now, from ([.19) and ([.13),

&<Cn1/2_1/p( max ‘Ck+1_CkD ( mln ‘Ck_l,_l_CkD

1/p
Sn — 0<k<n 0<k<n

Therefore f,/S, < C (n 0<1}£1ax |ck+1 — CkD V271P Gith € > 0. Next for any p € (1,2),

1/2 1/
S, (o Jpasc fewrs = el

filled.

=0 and thus, lim ,/S, = 0 and assumptions of Lemma [I.J are ful-

Finally, from (E13), S%(a) > Cu (n 0<111€[1<ax lcks1 — CkD with Cys > 0 for n large enough. Moreover,

using the bound (.17)) for p = 2 and the lines after ({.11]),

27 —-¢j,a, a) < C’(O<I]§1<1n |ck+1—ck‘)

2 /2 —2
= S;(a) < C'a"n 227 —-¢j,a, a) < Cpn (n 0<1§r€1<ax ‘Ck+1—0k‘
=0 j=0
Therefore, inequalities (l.9) are proved. [ |

Proposition 4.2 Let X be a Gaussian process defined by (I.4) or ([-4) with a spectral density f satisfying
(Z:3), ¥ satisfying Assumption W(1,1,r) with r > 1/2. Then if (cx)r is a family of r.v. independent to
Fx such that ¢, = co + %(Cn — ), with

Elc, —
na-—1 FE(c, —cy) — 0, Elen = <o) — oo and var(c, —cp) — 0.
n—oo logn n—oo n—o00

Then ([f.§) holds with

n—oo

lim (FE(c, — ) S2(a) = 471 a® /IR W(az)|4f2(z) dz. (4.14)

Remark 4.1 For (ci) satisfying (B-3), under Assumption S(2), Proposition [[.3 holds whenn'/? 5, — 0

n—oo

because E|T,, — IET,|* < nd2 maxi<r<, L.

Proof. [of Proposition The sequence of r.v. (cx)o<k<n is independent to Fx. Therefore,
(dx(a,ck))o<k<n as the same distribution than (dx(a,cx — co))o<k<n. Indeed for a sequence of deter-

ministic real numbers (cx)o<k<n, (dx(a,ck))o<k<n is a stationary sequence and after (dx(a,cx))o<k<n
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has the same distribution than (dx(a,cr — bo))o<k<n. Next, conditionally to the o-algebra o((ck)o<k<n),
(dx (a,ck))o<k<n as the same distribution than (dx(a,c; — co))o<k<n. Finally, since o((ck)o<k<n) and Fx
are independent, (dx(a, c;))o<k<n as the same distribution than (dx (a,cx — ¢o))o<k<n-

Now, we can only consider the case: ¢, = k7,,/n with 7,, :== ¢, — ¢g. Define

Il(a) = %Zd%((a,]Eck).

k=0

It is clear that ([E'cg)1<k<p is a deterministic sequence. Thus

I@-Ti(a) o
ST N(0,1). (4.15)

Nowadays, one has to check that the error I (a) — I,,(a) is negligible with respect to S,,(a) in norm L?(Q).

But

Snla) 2 Car- (n gnac 12 (cri = ) )7z 0 ()

Therefore, it suffices to prove that lim BT, x E|[(I},(a) — In(a))2] = 0. Since the r.v. ¢; are independent

n—oo
on Fx, one gets

E[(I;(a)—fn(a))ﬂ — JE[JE[(I’ (a) = In(@)* | #x]|

_ n+12 Z E|B[(d (o, Ber) - d (o, cx)) (¢ (0, Bew) — di (a, )| Fx] |

= n+12 Z [ ]Eck—]Eck/ aa) 2(1Eck—ck/,a,a)

—*(ck — Bey,a,a) + (e, — o, a,0) .
Next, from Taylor expansions,
v (Ecy — cprya,a) = v (Ecy — Ecy,a,a) +2(Fey —cp) x -+
/ (B — Fep + ) (e — o), a, ) (ep — Few + X (Eey — ), a, a)dA
v (e — IEck/,a(,]a) = (e —cw,a,a) +2(cyy — Feyy) x

1
/ ’y(ck — ¢+ A (Ecy — ck/),a,a) ’y’(ck —cpr + AN(Ecy — cxr),a, a) d.
0

JFrom Lemma [L.3, 3C > 0 such that ‘7(9, a,a)y'(0,a, a)‘ <Cx (1A 0~?) for all § € IR. One can deduce
that

‘72 (]Eck — Ecy, a, a) —~2 (Eck —cy, a, a) —~? (ck — Ecpr,a, a) + ~2 (ck — Cpry @, a)‘

< |Ck/ — IEcy

1
X / (me;,i,k,(A))+(1A92j,§,k,(A))dA
0
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with el,k,k’()\) = E(Ck — Ckf) + )\(Eck/ — Ck/) and 92,k,k’()\) =cCp — Ck! + )\(Eck/ — Ck/).
Then,

E[(I}(a) — In(a))?] < 2a* x (€r1 + €ra), (4.16)

where, for i = 1,2, €; = / n+1 — Z |Ck/ IFEcy (1 A\ 9;,?’]6,(/\))} d\. Thus 91,]@7]6/()\) =

k,k'=0
— FET, . ,
“ and z, = T Then, using §;,, — 0, for n large enough,
n n—oo

G, = /Ole[(nfl)Q Z [(K8) 20l (1A [0, (0 = K) = M'20)] 7 )] @

k,k'=

< /;E[ﬁ /OIETn /()]Eg;:dy‘yzn| X (1 A [(x —y) — )\yzn]_2)] d.

But, for all A € (0, 1), one has

6, ((k — k') — \k'2,) with 6], :

1 ET, ET, )
— X (IA[(x —y)— Ayz,| 7 )dxd
Uontl AR RN CE B VRN RS
1l
= ETn/ / |v| x (1 A (ETn)_2 [(u—v)— v zn]_2 )dudv
o Jo
2 [e'e]
< 2]E'7'n/ / (1A (ETn)_28_2) dsdt < 4.
0o Jo

Therefore €vy < 4JF|z,|. Now, using the same method for Erq, one obtains,

Et, x E[(I}(a) — Iy(a))®)] <  CIE7,x [E|z)|
< C (var (¢ — co))1/2

N 0
n— oo

from assumptions. This induces that CLT ([£.§) holds.

Now the asymptotic expansion (§.14) can be proved. Consider first the deterministic case and since

Zn: ei(k—k,)a _ ‘1 — ei(n—‘i_l)a ‘2 _ sin2(.(n2+ 1)0[/2)
Ko l1—e sin”(«/2)

then,

— ? - < - 1 nlen—¢cg /
SHo) = o [ PRI Pz 3o )
I k,k'=0

_ 9 sin” (2590 0 (€~ €))
— o [ e B e S

o+ 2 Z) 10+ )

n

déde’

2

f(&)
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n+1 .
Let us define h,(x) := M and h(z) := T For all (2,2') € IR?,
nsin (£) x

‘i(a(z'—kcrlz_zcg))‘zf(z'—i- 22 > — W(az')ﬁf(z') and h2(z) — h%(2).

Cn — Cp n—oo n—oo
However Lebesgue Theorem cannot be applied. Denote v(z) := [1(ax)|?f(z) for z > 0. ;From Assumptions
F and W(1,r) with » > 1/2, v is a differentiable function in (0,00) and 3C > 0, V2',z > 0, [/(z' + z)| <
C |V (2')|. Then,

2z
Cn — Cp

2z
Cp —Co

‘I/(Z, + ) —v(2) CIV ()|

<

Moreover, |h,(2")| <1 for all 2’ € IR, and

" 1 " . "z
h2 d - 2i(k—k )Z d
/_n “(2)dz = Z e z

[
RN
=
!
T
3
N
S

I
|
—N—
(]
—
3
+
—_
|
=
SN—
&.
B
TS
=
——
[\]
—
3
+
—_
SN—

k=1 "
Therefore,
n >\ sin (2k
lim [ A2(z)dz=2 snCh L, (4.17)
n—oo [_, P k
since 2 3 | (%) < 4len 0 and from Dirichlet Theorem, z — 7 = -2 SInmD) for all
l<k‘<n — n ’ n>1 n

n—~o0

€ (0,27). Now, for 2/ > 0 and n large enough,

‘/Jm v( +-

PRLC )dz—v(z)/nhZ( )|

2 2
< C|UC |/ 2h2 (2 dz+/ v(z' + z Yh2(2)dz
— ¢

C

2C 4 & 2
< —-7 2C ()] / sin’ dz—l—/ v(z' + z )dz
n — Co Cnhp — O

/
8C’|U( Bl "1 P , 2z 2
< 2217\ z
T, — O (/0 Zdz+/1 Zdz)—i—C'f(z)/n ‘w(a(z—l-cn_co))‘dz
<M</lzdz+/nldz>
T ocp— O 0 1 2
under Assumption W(1,1,7). But when r > 1/2,

JE e T e
n (14 (¢ Cn2_zco))2T 2 9 ey T T 2(2r=1)  p2rot 7

n/(en—co)

IN
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and therefore there exists C' > 0 such that for all 2’ > 0 and for n large enough,

‘/J}{+U(z/+ 2z )hi(z)dz—v(zl)/nhi(z)dz‘

Cp —Co 0
1+ log(n) , [ Cn — Co\ 2"
< it =A
<o( 22+ I (M) )
— 0

under assumptions of Proposition [l.3. Finally, with (.17) in mind, one deduces that for all 2’ > 0,

lim v(z' + 2 ) h2(2)dz = lim v(z') /On h2(2)dz = = v(2').

n—oo Ry Ccp — Cp n—oo
Therefore, using the same method in IR_ as in IR, one obtains
-2

o / ~( 2z 2.0, 2z sin®(z) ,
/IRW(az)ff(z)/lR \w(a(z + ))‘ f(z + - ) o dzdz

Cn — Co n — Co nzsin()

RIKY

— 77/ ‘{p\(az')ﬁfz(z')dz',
R

n—oo

providing the asymptotic behavior of S2. The proof is similar in the stochastic case with ¢, — co replaced
by E(c, — cp). ]

4.3 Proof of Theorem 2.1]

The proof of Theorem P.1 uses the following lemmas:

Lemma 4.4 Let X be a Gaussian process defined by with a spectral density f satisfying ([[.3) and
Assumption F(H ). Let us define,

R(tu,t', ) = B(X(t+u) - X(1) - (X(¢ + o) = X(t) | Fx],

for (t,t) € IR?, (u,u') € ]Ri. Then 3C¢ > 0 depending only on the spectral density f such that for all
(u, o/, t, ') € IRY x IR?, with 3= (t' —t+u' —u),

|R(t, 2u, t, 2u/)| < Cy (uu' + (uu/)(H+1)/2|ﬁ|H_110<H<1)>.
Proof. To begin with, remark that for all (¢,¢') € IR?, (u,v') € R2,
R, 2u, 1, 2u)) = /lR(e—i(t-i-2u)£ e (U HOE Gt £(e) e
_ /JR(e—mg Lo (g€ _ €Y i€ HEW ) £(g) g

= 8/00 sin(ug) - sin(w'€) - cos (£(t' — t +u' —w)) f(€) d€
0
= 8([1 —I—IQ)
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with 1 := [% ... d¢ and I = [°

-+ d¢. From the one hand, with [sina| < |a| and |cosal <1,

L < ud /OWK@f(é)dE < Cut/,

where the last inequality follows from ([.3). Now, if H > 1, then the same bound can be extended to I
since |€2f(¢)| < C¢'72H and f;‘; 120 g¢ < 00, Therefore if H > 1,

|R(t,2u,t',2u")| < Cruu/

with Cy only depending on f.
If 0 < H < 1, firstly one obtains with a change of variable, |cosa| <1 and |sina| < (1 A |a|)
1

uu

B < [ st sintug Vi) €V
< (uuf)H/0 | sin(ué/Vauu) sin(ué/Vud)| €21 de

(uu/)H</01£—2H+1d£+/100£—2H—1d£>
< Cp (uu)¥, (4.18)

IN

with Cg > 0 depending only on H. Secondly, with G = (t’ —t+u — u) and an integration by parts,

I, = /:O sin (u{) sin (u'f) coS (ﬂ{)f(g)df

K

- ﬁ_lqsin (uﬁ) sin (u/ﬁ) sin (ﬁf)f(g)]oo - /w(:sin (ﬁﬁ)%(sin (u&) sin (z/f)f(ﬁ))dgj)’

WK

where Assumption F(H) insures the convergence of bracket term at oo. Using again Assumption F(H) for

1, changes of variables, [cosa| <1 and |sina| < (1 A |al),

I, < C'fuu/—i—C'Oﬁ—l w‘Sin(ﬁ"E)‘(u‘Sin(u/éﬂ)‘—I—u/|sin(ux)‘)x—2H—1dx
WK

+C4 71

sin (ﬁ x) sin (u x) sin (u' x) ‘x_2H_2dx

< Crud + Co B uu)H /OOO | sin(ﬂx/x/ﬁﬂ(u |sin (u/ 2/vVuu)| + | sin (ux/m)\) —2H=1 g,
+Ch B (w2 /OOO | sin (ﬂm/\/W) sin (u’x/m) sin (ux/x/ﬁ) D s2H=2 4,

1 o
< Cfu“/+C0(2(UU/)H/ x_2H+1dx+ﬂ_1(u+u')(uu’)H/ )
0 1

1 00
+Co((u u')H / 2 g 4 57 (u u')H+1/2/ m_2H_2da:)
0 1
< Cplur + wu) + 87 u+ o) (wd ) + B~ u u’)H+1/2),
where Cy > 0 only depends on f. Therefore with ([.1§), for 0 < H < 1,

|I2| < C(uu/)H A (ﬁ_l(u+u/)(uu/)H —|—ﬁ_1(uu/)HH/2).
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11—«

which is valid for all z,y > 0 and 0 < « < 1. Applied to previous
(H+1)/2 gH-1,

But the inequality (z A y) < x%y
inequality with appropriated choices of a, one obtains |I3| < C (uu') This completes the

proof of Lemma [[.4. [ |

The error £(a, b) contains three different terms. The first one corresponds to the replacement of the integral
onto the interval [0, T},] by its Riemann sum. The second and the third ones correspond to the replacement

of the integral onto IR by the integral onto the interval [0,T]. More precisely, one has
en(a,b) :=¢e14(a,b) + e2n(a,b) +e3,(a,b) == dx(a,b) — ex(a,b), (4.19)

with
n—1 t( n)

ety = ot { o) xom - Eoxtl = [T

i=0
ganla,b) = a~1/2 /TOO¢<t _ b) X(t)dt,

a

con(ab) = a2 /_;w(t_b>X(t)dt.

a
The following lemma give bounds on ]E‘z—:m(a, k‘)‘2 fori=1,2,3.

Lemma 4.5 Let X be a Gaussian process defined by with a spectral density f satisfying ([[.3) and
Assumption F(H). Assume also Assumptions W(1,3,0) and let (p1,p2) € [1,00)% and (q1,q2) be defined
by p%- + qij =1 fori=1,2. Then, there exist positive constants C1, Co and C3 depending only on f, Gmin,
Amaz, Cy and p1, pa, such that for any r.v. b independent on Fx and satisfying T) < b < T,, — T} with
p > 1/2, we have

n—1 9
E(ewn@d) | 7)< G { ol (X 1) ™" s2vaim (420)
i=0
n—1 9
+Lo<cr<1 - |¥llce (]l ce + [¢]oo) (ZLg+p2(1+H)/2) /P25}L+H+2/p2
i=0
]E(‘si,n(a, b)‘2 | .7-"X) < Cyd®T? Y forn large enough and i = 2,3. (4.21)

Remark 4.2 When H = 1, the term SLHHF2/p2 _ 5242/p2 g nid be replaced by Ind, x 52+2/p2
o (53“3*2/”2) for all e > 0. Thus, if H = 1, it suffices to replace H by 1~ and formula ([{.2Q) remains

valid. This convention will be adopted in the following, in order to lighten the notations.
Proof. (1) Bound of E(|e1,(a, b)‘2 | Fx). To begin with,

E(|e1n( a,b)‘ | Fx)
() )

LS (D (o - x () xte) - xmrar

a
4,7=0 4

_1 i1 t—b Tt — by (n) n) , ‘ )
_a /(”) /J < a )R(ti t=1 7tj7t_t])dtdt.
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Lemma [, with 2u = t—t{"), 2u/ = ' —t; and § = £/ — 1" 4 Lt/ ")~ Lttty = Lt/ 440 1),

implies

E(|e1n(a, b)|2 | Fx) < Cra '(S1+ S2locn<1)

with
tgi)l J+1 t—>b t'—b ,
51 = / [ () ()
5 - z/if?l/fi“ o () o ) s
j=0 t;
Set
g\t - tz('n)‘l[tz(_”)7tl(_i)l](t)' (4.22)
We have S1 = (fo " ‘¢< ) ‘ dt) then from Holder Inequality, for (p, q) € [1,00]? with 1/p+1/q = 1,
we have

51 < [l e (0) 12

Obviously H?/)( ) Hm = al/qupHﬁ JFrom the other hand, for p < oo

HXHHLP = (/]RXHP 1/p / Zl[tw t(") t—t !H”dt> v
- (S ety
; tin

= (1+ Hp)—l/p <1§L;+Hp> 1/p 57{{“/1)-
i=0

With the convention 1/00 = 0, this result remains in force for p = oo. It follows for all 1 < p; < o0,

a*=?/m HT,Z)HU“ - 141\ 2Pt oo
I R Ve E /P
s (p1 +1)%/m ( prd L; ) on (4.23)

Next, in order to bound S5 for 0 < H < 1, write

i+1 +1
S < ¢ Y /(n) /J

0<i<j<n-—-1

, f—
(50 |ty 02 0=t

a
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where u = %( ) u’ (t’ - tg»n)) and 3 = v/ — u. But since 3 = %((t’ +1t;) — (t+1t;)) for i < j and
t et £ ),tﬁﬂ] [t§ ),tgrjr)l] then |3 > 3|t/ — t|. Therefore,,
t£7l) t(n) r
S, < ¢ +1 / J+1 b T,Z)<t b) ‘(uu/)(1+H)/2|t _ t/|H_1dt dt’
0<i < <1/t “
T, /
n —b t'—b
< JHH)/2, (¢ (1H) /2 t—0 N H=1 gy g
—/'/ IR (=)o () e = o1 e
—-b t'—b
< (4+H) /2.y (1+H)/2 t _ g H-1
< Hx(t) x(t) ‘U(W) «b( - )«b( - )It ¢ (UURZ)

for any (p, q) € [1,00]? with 1/p+ 1/q = 1. But for all p > 2

_ ~2/p (" Lp(14H)/2) 2/P
<1+p(1+H)/2) (Z%L )

<1+H>/2X(t/)<1+H>/2(

HX(t) Lr(IR?)

Next, with u = (¢t — ¢)/a and v = (' — ¢;) /a, one gets
t—by (t'— NH-1 2+q(1—H) [ (w)(v)]?
Hw(T)w( >‘t £l ‘ La(R?) = ¢ /JR dudv

2 ‘u—v"Z(l_H)
<arrat-m( [ w(u)(o)rdudo + [ JEI 1 40)
R2 Ju—v|>1 R

2 Ju—v|<1 [t — v]70
1
— 2 — —
<@ 10 (ol + e [, [ 570 as).

The last integral is equal to (1 —q(1— H))_1 when p > 1/H. Thus, for all po > 1/H,

g Il /a2 n-1
Sy < 16l 2oz (111 Z + =grmmy) (Z L;+p2<1+H)/2>2/p2 SIHH+2/p2 (4.24)
T gH-3+2/p2 (1 + pa(1+ H)/Q) o/ i=0 Z '

Finally by summing up ([£23) and ([£.24), one gets the bounds of JE(|€1,n(a, b)|2 | Fx).
(2) Bound of E(|e(a, b)‘2 | Fx). Since T), is independent on Fyx,
t - b t’ -b
E(|ean(a,b)|” | Fx) = / / - )JE(X(t)X(t’))dtdt’
a ‘¢ — ' (1+ |t|)dt) .

from Lemma [£1. But, according to Assumption W(1,3), (1 + [¢[*)|¢(¢)| is a bounded function and

EB(e3,(ab) | Fx) < CfC{ia—l(/Tw (1+t)(1+(t—b)/a)‘3dt>2.

n

IN

If T,, > 1, then 1 + (t — b)/a <1+ (t — T, + T,f)/a for all ¢ > T, and with the change of variable
v=(t— T, +TF)/Tn,

/00 (1+1¢) g < TCLS/OO (1+an+Tn—T£)dv
W (L (E=b)/a)® T e (et 0T’

IN

o
_ (v+2) _ _
ot [ b = o e 1
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If T, <1, by using b < T,

00 (1+1) © (1+v+Tp) < 1@2
/n (1+(t—b)/a)3dt§/o (1+v/a)’ dosatga

Eventually, one deduces the bound of E(!eg,n(a, b)‘2 | Fx).

(3) Bound of FE(|esn(a, b)|2 | Fx). Find a bound for E(|es,(a, b)|2 | Fx) follows the same steps
than for bounding IF(|e2,,(a, b)‘2 | Fx). |

1
Lemma 4.6 Under assumptions of Lemma [[.] and if s > 2 + V70 [1 — 3H]+ and if

1+ (2H A1) s+ (HAN1)
1+s(2H/\1)) (3(2—1—(H/\1))—1

=0~ with ( )<d<1,

then for all a > 0,

(n 5n)lE'(|6n(a,ck)‘2) — 0 forall0<k<n. (4.25)

n—oo

Proof. With (z 4y + 2)? <3 (2% 4+ y? + 2?) for all real numbers z, y, 2,
E(|ena,c)]?) < 3E[E(le1u(a,b)|* | Fx)] + 6 EB[E(|e2,n(a,b)|* | Fx)].

Then using Lemma [L.5, with p; > 1 and p, > 1/H, an optimal choice of p1, ps depends on s. Hence, since
E(|Z]*) < (IE|Z])" for any r.v. Z and « € [0,1] from Jensen Inequality,

1. if3<s, with 1+p =s,

2 2

n—1 2
2 242 2
B(Y )5 < MET ()
=0

1
2. if max (2+ H,3 + 557) <'s, with 1+§p2(1—|—H):s,

n—1 2 2 1+H
14po(14+H)/2\ pg 1+H+= - 1+H
JE(§ g il )”m < M (ndS) T
=0

However, these inequalities may be extended to smaller values of s by using the sharper inequality
B
E(Z\le)a < ]E(Z\%]ﬁ)a < na(ogr%agc_llE(\xi\ﬁ))a when (o, 3) € (0,1)% and therefore for r > 1,
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E(Z Lf)aﬁ < na(0<m<ax IE(]LATB))Q; it is then possible to choose 73 = s. Thus,

1. if2<s<3, with af = p% and s =0+ %, the best possible choice is « =1 and 8 = s — 2,
n—1 142\ af
E(ZLz aﬁ) 5t < M - ndy;
i=0
2. ifH>1/2,and 1+ H<s<2+4+ H, with af = p% and s =0 + %, the best possible choice is
a=1land f=s—(H+1),
n—1
1+2H N\ ap
E(ZLz aﬁ) Syl < M3 - sy
i=0
27 if 0 < H <1/2 and %4— % <s< % + %, with af = p% and s =3+ %, the best possible choice is

_ _ H+1
a=2H and 8 = s — 55,

[

n-l 1+H | of
JE(ZL” ) ol < M2 (ngy) M.
=0

We finally obtain for n large enough and using né,, — oo and nd;, — 0,
n—oo n—oo

1+(HA1)

o if H>1/2, E[[E(|e1,n(a, b)|2 | Fx)] < C (n6; Locs<ormany + (n65) 1 Lot (many<s);

e f0< H<L 1/2, E[]E(‘slm(a,b)|2 | fx)] < C’(ndfl 12\/(%+ﬁ)<s§%+ﬁ —I—(néi) s—1 1%+i§s);

2H

Both these inequalities may be reduced to only one for all s > 2V (% + ﬁ) and H > 0:

2HA1

C (né? if 2V (3 + 5L 2L HAL V(31 L
E[E(‘€1,n(a,b)‘2 | Fx)] < (n n)w i (5 +57)<s<(2+ )V (E+ o)
C(nés) = HQR+HA)VE+L)<s

Hence, with §,, = C5n~¢,

Ty <4< 1 2V (34 ) <5< 2+ (HAD)V (§+ )
o o <d<1 it 2+ (HAD)V (3 +5h) <5< oo

then

(n6,) E[E(|e1n(a,0)]* | Fx)] — 0.

n—oo

To finish the proof of Lemma [I.§ it remains to show (nd,)E[E(|e2n(a, b)‘2 | Fx)] — o.

;From Lemma [LF it follows that IE[IE (|2, (a, b)‘2 | Fx)] < C / g(x) fn(z)dx where f, is the proba-
0
bility distribution function of T, and g(x) = 1«1y + 1(z>1) 227 Since p > 3/4, g(z) < 1 for all z > 0
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and ¢ is a non increasing map,

00 Lmsnd 00
s n 1
| @ h@de < [T @ e g(gmand) [ e
0 0 %msnén
< P(Tn < %msnén) +g(%m3n5n)
< ( T,]| > E[T, ]—%msnén)+(%msn5n)2_4p,
M, nén 1 9_4
< A +(§ms o)

from Bienaymé-Chebyshev Inequality since s > 2 and var (T;,) < M, sné,% from the independence of (L;);cv.
Therefore (n 6,) IE[IE(|e2,n(a, b)!2 | Fx)] — o. |
1+(HA1L) _
Proof. [Theorem P.1]] Denote vy (a) = (n5fl)2HM +(néy) T +(n 5n)2
method that in Bardet and Bertrand (2007b), pp. 33-35, one obtains

b Then, following the same

E|I(a) — Jy(a)] < Cop(a)/?, (4.26)
and from this, Lemmas [L.§ and Slutsky Lemma, the proof is achieved. |
4.4 Proof of Proposition

Proof. It is obvious that

/!w )2 1€ /a)de = A/ DM — 1) P F(e/a)de

:/’}%|¢v|f E—Fa)dv

Then, from a usual Taylor expansion, and since 1? is supposed to be an even function supported in [—A, A],

D} ).

30 0 00| < 3 (e

—A/X<h a

1+h

For A > 2A, then sup { f”(i)‘} < sup {‘ f”(x)|} < o0. Therefore, since v satisfies Assumption
—A/A<Zh a z>1/2a

W(1,5), there exists C' > 0 such that,

T (@) = 8] o ey F(1/0)] < € p (4.27)

Let us denote Iy({\)(a) (respectively Zy(a), @(LA) and Sy(f‘)(a)) instead on I,,(a) (resp. Zy(a),

n

and S, (a))
when v is replaced by ). Firstly,

—<47Ta2/]R|1/b;(az)‘4f2(z)dz) = 4#&/11%‘J(u)|4f2<%+%)du

— 7TCL2 a Au4u
— dra /) [ i),
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from Lebesgue Theorem. Hence, if ()\,,) is a sequence such that A\, — oo,
n—oo

IE)(S") (S,(f‘”)(a)) e 4 a f3(1/a) /W ‘ du. (4.28)

Secondly, from the proof of Proposition and inequalities ([.19) and (f.13), there exists C' > 0 not

depending on n and A,

N /g « o1 _ 1/2-1/q
gV /S < CZy M a) (n 1211?<Xn ekt — ) for all ¢ € (1,2).

Thus, since Z)(a) is bounded, ﬁ()‘” / S — 0 and Proposition [.1] becomes:

n—oo

19 (a) — Ty, (a) D

— N(0,1).
O
Finally, using (f.27) and ([£2§), on deduces that for all a > 0,
FET,
" (I’\ - H¢HL2 1/a)) D, N<0 draf?(1/a) / ‘1[) | du)
when (Ay,), is such that ET” &= — 0, i.e. when A\ 5né, — 0. Since also \;'né, — oo (to
obtain a consistent estimator), then with &, = n~% and A\, = nd
1—
Td <d <1-d. (4.29)

Moreover, Proposition [.9 has also to be checked. In its proof, IET, has to be replaced by IET, /), and since
the bounds C (1A [#]~1) in Lemma .3 have to be replaced by C/A2 (1 A|0]~1), then condition nd2 — 0

n—oo

(E29) is satisfied.

has to be replaced by né? o/ )\5 — 0, that is d’ >

n—oo

It remains to control €2(a,c) with Lemma [L.5 and . For all 1 < ¢ < oo, with 1/o0 = 0 by con-

vention,
[9all o = AE020 0], amd ([ 20 = X220,

Then, Lemma [£.§ becomes (with )\, — oo):

o O [[9][%1 A LAY if 5 = oo;

2.1/ 2/p2
2 q 14+p2(1+H)/2 1+H+2/p

+”¢Hitl1 )‘51 (nz:Lle)yplé?prl}, if s < o0.
=0
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The case s < 0o can be more detailed following the values of p; and py considered in Lemma [L.6}:

a/if H>1/2 and
©2<s<2+4+(HA1), then 2/p; =s—2and 1/py = (s — (H A1) —1)/2 and therefore
E(|ern(a,b)|* | Fx) < O35 + A2HHAD=) (5 53
—  E(e1n(a,b))* | Fx) < C' Ay (n685);

2+ (HA1)<s,thenpy=s—1or2/pp=s—2and 1/po=(1+(H A1))/(2(s+ 1)) and therefore
s—(2+(HA1)) 1+(H/\1))

B(fern(ab)? | Fx) < OO (m3) + 0 (03) T 4 A0 7 (nag)

1+(HAL)

= E(e1n(a,0)” | Fx) < C'Ay (n83) 1
b/ if 0 < H <1/2 and
o2V (% + %) <s<

l\DIO-’!

+ 577, then 2/py = s — 2 or 2/p; = 21 and 1/p2 = H(s — (5 + 5p)) and therefo
E(lein(a,b)|* | Fx) < CO3*(nd}) AL 1(n58)s T ARGy ”(ms;)?H)
— E(\alnab)| | Fx) < C' Ma(n6)*"
o 345 <5 then 2/p =s—2o0r 2/p; = <27 and 1/ps = (1 + H)/(2(s + 1)) and therefore
E(|ein(ab)|? | Fx) < COB(nd8) + s (n6) T7 4 AL 2 G2 () gsy20)
— E(ein(@b) | Fx) < C A (nd3) =T

m|“

Note that the bound is not always optimal but it simplifies a lot of different subcases. Condition (f.29) is

)
now non ]E(|517n(a, b)|2 | F X) — 0. Therefore in any case this condition does not depend on \,, and it
n—oo

An

can be summarize with &, = n~% with (the case s = 0o is obtained by replacing with the limit):

) 1+ (2H A1)
L, 1) <« 34 1 L Sl VA
o if2V(5437)<s<(2+HAL)V(3+57), [T s@ENL) (4.30)
; 3, 1)« s+ (H A1)
o (24 (HAL))V (534 57) <s<oo, d>s(2+(HA1))—1' (4.31)
Finally, for b < T;, — T}, with 1 satisfying Assumption W(1,3,1):
A2 _1 t'—b / !
E(e5,(a,b) | Fx) = % %( - )]E(X(t)X(t ))dtdt
2
< Crla) ‘1/) ‘ (1+|t|)dt>
o0 2
< o @) ( / |¢<u>|udu)
TE Jarn
1 s 1
< 2 3,3 -3 4 9
< 5 CrCy (@) ([u ]Tﬁ/a)\,) 5 CrCpa’ X,
Therefore the CLT holds when A2 (nd,)!7% — 0, i.e. "0 — 00 since p > 3/4. [ |

n—o0 An n—o0
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\ \ | H=02|H=05|H=08 |

T1 | VMSE of fn(1) 0.47 0.65 0.77
MISE on [0.3,5] | 2.53 13.50 80.89
T2 | VMSE of fn(1) 0.65 0.67 0.75
N =10 MISE on [0.3,5] | 3.64 10.65 | 39.85
T3 | VMSE of fn(1) 0.42 0.72 1.20
MISE on [0.3,5] | 2.48 7.83 55.20
T4 | VMSE of fy(1) 1.03 3.34 2.44
MISE on [0.3,5] | 6.07 84.05 | 144.40

\ \ | H=02|H=05| H=08 |

T1 | VMSE of fy(1) | 0.35 0.37 0.79

MISE on [0.3,5] | 0.95 3.90 57.19

T2 | VMSE of fn(1) 0.45 0.47 0.29

N = 10* MISE on [0.3,5] | 1.04 3.17 16.26
T3 | VMSE of fn(1) 0.47 0.46 0.95

MISE on [0.3,5] | 1.20 4.91 26.6

T4 | VMSE of fx(1) | 0.61 0.61 1.74

MISE on [0.3,5] | 2.74 9.55 49.55

\ \ | H=02 | H=05| H=0.8 |

T1 | VMSE of fy(1) | 0.36 0.30 0.40

MISE on [0.3,5] | 0.81 2.60 10.77

T2 | VMSE of fx(1) | 0.21 0.22 0.31

N =5-10 MISE on [0.3,5] | 1.07 2.07 7.65
T3 | VMSE of fx(1) | 0.34 0.26 0.48

MISE on [0.3,5] | 0.74 3.17 13.3

T4 | VMSE of fx(1) | 0.40 0.56 2.59

MISE on [0.3,5] | 1.02 5.69 41.41

Table 2: Consistency of the estimator fN in the case of paths of FBM observed at random times (50

independent replications are generated in each case).
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| | |a:0.1|a:1|a:10|
T1 | VMSE of fx(0.3) | 051 | 0.22 | 0.020
MISE on [0.3,5] | 0.022 | 0.014 | 0.00067
T2 | VMSE of fx(0.3) | 030 | 030 | 0.021
N = 10 MISE on [0.3,5] | 0.010 | 0.024 | 0.0010
T3 | VMSE of fx(0.3) | 036 | 023 | 0.018
MISE on [0.3,5] | 0.00052 | 0.015 | 0.00052
T4 | VMSE of fx(0.3) | 0.28 0.23 | 0.032
MISE on [0.3,5] | 0.016 | 0.016 | 0.0045

| | |a:0.1|a:1|a:10|
T1 | VMSE of fx(0.3) | 020 | 018 | 0.017
MISE on [0.3,5] | 0.0033 | 0.0088 | 0.00031
T2 | VMSE of fx(0.3) | 0.14 | 0.18 | 0.019
N =10 MISE on [0.3,5] | 0.0032 | 0.0092 | 0.00036
T3 | VMSE of fx(0.3) | 0.17 | 0.18 | 0.016
MISE on [0.3,5] | 0.0027 | 0.011 | 0.00032
T4 | VMSE of fx(0.3) | 018 | 0.13 | 0.024
MISE on [0.3,5] | 0.0058 | 0.0095 | 0.00037

| ] |la=01]| a=1] a=10 |
T1 | VMSE of fx(03) [ 014 [ 010 | 0.012
MISE on [0.3,5] | 0.0016 | 0.0045 | 0.00015
T2 | VMSE of fx(0.3) | 026 | 013 | 0.011
N =5-10* MISE on [0.3,5] | 0.012 | 0.0055 | 0.00014
T3 | VMSE of fx(0.3) | 0.18 0.14 0.012
MISE on [0.3,5] | 0.0023 | 0.0049 | 0.00017
T4 | VMSE of fx(0.3) | 0.16 0.16 0.017
MISE on [0.3,5] | 0.0084 | 0.034 | 0.00019

Table 3: Consistency of fN in the case of paths of stationary Ornstein-Uhlenbeck process observed at

random times (50 independent replications are generated in each case).



