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Inverse conductivity problem on Riemann surfaces

By Gennadi Henkin and Vincent Michel

Abstract

An electrical potential U on a bordered Riemann surface X with conductivity function
o > 0 satisfies equation d(cd°U) = 0. The problem of effective reconstruction of ¢ from
electrical currents measurements (Dirichlet-to-Neumann mapping) on the boundary:
U ‘ pyx — odU }b + is studied. We extend to the case of Riemann surfaces the reconstruction
scheme given, firstly, by R.Novikov [N1] for simply connected X. We apply for this new
kernels for 0 on the affine algebraic Riemann surfaces constructed in [H2].

0. Introduction

0.1. Inverse conductivity problem.

Let X be bordered oriented real two-dimensional manifold in R® equiped with a
smooth symmetric and positive tensor 6 : T*X — T* X on cotangent bundle T X, called
anisotropic conductivity tensor on X, ¢ is called symmetric and positive if sa Ab=dbAa
and 6a A a > 0 for any a,b € T* X.

Let u (correspondingly U) be a smooth function on bX (correspondingly on X) such
that U ‘b + = U, called electric potential on bX and correspondingly on X. 1-form 6dU on
X is called electrical current on X. By Maxwell equation

d(6dU)=0 on X.

Inverse conductivity problem consists in this case in the following: what kind of information
about X and & can be efficiently extracted from the knowledge of Dirichlet-to-Neumann
mapping

ul,y — 0dU|, ¥ ue CW(bX).

This important problem in the mathematical setting goes back to the inverse boundary
values problems posed by I.M.Gelfand [G] and by A.P.Calderon [C].

This real problem is deeply related with complex analysis on Riemann surfaces. The
first indication to this relation gives the following statement, obtaind at first by J.Sylvester
[S] for simply connected X.

Under conditions above V couple (X, &) there exist a unique complex structure c
on X and smooth scalar valued, positive conductivity function o such that the equation
d(6dU) = 0 takes the form d(cd°U) = 0, where d® = i(0 — 9), 0?(x) = det 6(x), z € X.

This statement permits to reduce the inverse conductivity problem to the questions
about reconstruction from Dirichlet-to-Neumann mapping of the genus of X, of the com-
plex structure of X and of the scalar conductivity function o on X.

These questions are well answered for the important case when X is a domain in R?,
due to the sequence of works: [F1], [F2], [BC1], [SU], [N3], [N1], [GN], [BC2|, [N2], [Na].

The exact reconstruction scheme for this case was discovered by R.Novikov [N1].

Formulated questions are well answered also for the case when conductivity function

o is known to be constant on X, i.e. when only Riemann surface X must be reconstructed
from Dirichlet-to-Neumann data [LU], [Be|, [HM].
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In this paper we study another important case of this problem, when bordered two-
dimensional manifold X and complex structure on X are known, but conductivity function
o on X must be reconstructed from Dirichlet-to-Neumann data.

0.2. Main results.

We extend here the R.Novikov’s reconstruction scheme for the case of bordered Rie-
mann surfaces. Our method (announced firstly in [H1]) is based on the appropriate new
kernels for 0 on the affine algebraic Riemann surfaces constructed in [H2].

By this reason we use some special embedding of X into C2.

Let X be compactification of X such that X = X U X, be compact Riemann surface of
genus g. Let A ={Ay,..., Ay} be divisor, generic, effective with support in X, consisting
of d = g + 2 points.

By Riemann-Roch formula there exist three independent functions fy, f1, fo € M(X n
O(X\A) having at most simple poles in the points of A. Without restriction of generality
one can put fo = const. Let V be algebraic curve in C? of the form

V = {(21,22> € CQ LR = fl(x>7 9 = fQ(m)7 S X\A}

Let V be compactification of V in CP? of the form V = {w € CP? : P(w) = 0}, where P
is homogeneous holomorphic polynomial of homogeneous coordinates w = (wg : wy : wa).
Without loss of generality one can suppose: functions f;, fo are such that

i) V intersects CPL = {w € CP? : wy = 0} transversally V N CPL = {ay,..., a4},

where points a; = (0,1, l1m ;2%) j=1,2,...,d are different points of CPL .

i) V= “V/\CP1 is Connected Curve 1n C? with equation V = {z € C*: P(z) = 0}, where
P(z) = P(1, 21, 2) such that | | < const(V )|8—P| if |21| > 1o = const(V).

iii) For any z* € V, where a—ZIZ(Z )—Owehave 5s 2( *) # 0.
With certain restriction of generality we suppose, in addition, that

iv) curve V is a regular curve, i.e. grad P(z) # 0V z € V. This restriction must be
eliminated in other publication.

Let us equip V' by euclidean volume form ddc|z|2‘v.

Let ¢ — f = Ry be operator for solution of df = ¢ on V.
from [H2], Proposition 2, f — u = Ry f be operator for solution of (0 + Adz1)u = f —Hf
on V, where H f is projection of f on subspace of holomorphic (1,0)-forms on V from [H2],
Proposition 3, ¢ € L3S N Li,(V), f € Wi’g(V), u€ W2P(V), p> 2.

Let gx(2,€), 2,£ € V, A € C be kernel of operator Ry o R from [H2].

Let Vx = {(z1,22) € V: 21 = f1(x), 22 = fa(x), x € X}.

Let o be conductivity function on V with conditions ¢ € C®)(V), ¢ > 0 on V,
o(z(x)) =o(z), x € X, 0 = const on V\Vx.

Function ¥(z,A), z € V, A € C will be called Faddeev type function on V x C if
ddep = 2424 on V and YA € C e *4h(2,A) = p(2,A) = 1, 2 = 00, |9p] = Olrt),
zeV.

Theorem Under formulated conditions
I. There exists unique Faddeev type function ¢ (z,A), z € V, A € C.
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IT. Function v and as a conseqgence conductivity function o can be reconstructed through
Dirichlet-to-Neumann data by the following procedure.
I1,. From Dirichlet-to-Neumann data on bX by Proposition 3.1 (section 3) one can
find restriction QM BV of the Faddeev type function ¥(z,\), z € V, A € C as a unique
solution of the Fredholm integral equation

V(2 M)y, =€+ / X8 g, (2,6) - (D0(€) — Bov(€)),

£ebVx

where &y = 00|, , Dot = ddol,, , ddvo|y, =0, Yo, =¥l
ITy. Using values of (2, A) in arbitrary point z* € bVx by Proposition 2.2 (section
2) one can find 70 scattering data”:

djf : 2_1 —5\218_¢ SV —16_77Z} * *
b(\) = Zi%n‘c}/o 5\6 074 (z,A) = (¥(2", ) (95\< A), 2 ebVx

with estimate (2.12).
I1.. Using b(A), A € C by Proposition 2.3 (section 2) one can find values of

(z )|y, = (Ve ], AeC

as a unique solution of Fredholm integral equation

wEN) =1 —— [ b

271

eeC

dé N dE
=X

From equality dd“y = dd\c/_;/glﬂ on X we find finally dd\c/_;/g on X.

Remarks

For the case V = C the reconstraction scheme I-II for potential ¢ in the Schrédinger
equation —AU + qU = EU on X C V through the Dirichlet-to-Neumann data on bX was
given for the first time by R.Novikov [N1]. However, in [N1] this scheme was rigorously
justified only for the case when estimates of the type (2.12) are available, for example, if
for £ # 0 ||g|| < const(E). By the additional result of A.Nachman [Na] the estimates of

the type (2.12) are valid also if E =0 and ¢ = A\/\/EE, o>0,0cC?X).

Part 11, in the present paper is completely similar to the related result of [N1] for
vV =C.

Part 11, of this scheme for V' = C is a consequence of works R.Beals, R.Coifman
[BC1], P.Grinevich, S.Novikov [GN] and R.Novikov [N2].

Part I1. of this scheme follows from part I/, and the classical result of I.Vekua [V].

§1. Faddeev type function on affine algebraic Riemann surface.
Uniqueness and existence
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Let V be smooth algebraic curve in C? defined in introduction, equiped by euclidean
volume form ddc|z|2}v.
Let Vo ={z €V : |z1] < 1o}, where r( satisfies condition ii) of introduction.

Definition

Let ¢ be (1,1)-form in C’Ll(f/) with support of ¢ in V. For A € C function z — (2, \),
z € V will be called here the Faddeev type function associated with form (potential) g on
V' (and zero level of energy F) if

—ddY+qp =0, z€V (1.1)

and function p = e~**11) satisfies the properties:

peCV), lim pu(zA) =1 and [0 =O(
zeV

1—|—|z|)’ zeV.

From [F1], [F2], [N2] it follows that in the case V = C' = {z € C*: 2, = 0}, for almost all
A € C the Faddeev type function 1 = e**' ;i exists, unique and satisfies the Faddeev type
integral equation

pe N =145 [ = € 0(ENa(©) where

2
Lev
(2)) = i / e (WFHDZ) doy A dw
KA = 5 0on)e w(@ — i\
wGC

is so called the Faddeev-Green function for operator p +— (0 + Adz1)p on V = C.

Faddeev type functions z — (2, \) are especially useful for solutions of inverse scat-
tering or inverse boundary problems for equation (1.1) when such functions exist and
unique for any A € C. It was remarked by P.Grinevich and S.Novikov [GN] (see also [T)])
that for some continuous ¢ with compact support in C even with arbitrary small norm
there exists the subset of exceptional A* for which the Faddeev type integral equation is
not uniquely solvable.

From R.Novikov’s works [N1], [N2] it follows that the Faddeev type functions as-
sociated with potential ¢ on V' = C and non-zero level of energy F exist VA € C if
lgll < const(|E]).

From R.Beals, R.Coifman works [BC2] develloped by A.Nachman [Na] and R.Brown,

G.Uhlmann [BU] it follows that for any potential ¢ of the form ¢ = di;;\/g, where o €

C?(C), o(z) = const if |z| > const, Faddeev type function z — 1)(2, \) exists and unique
for any A € C.
Proposition 1.1 below gives the uniqueness of the Faddeev type function on affine

algebraic Riemann surface V for potential ¢ = dcf;%/g, where o € C?(V), 0 = const on

V\Vx C V\Vy. The proof will be based on the approach going back to [BC2| in the case
V =C.




Proposition 1.1 (Uniqueness)
Let o be positive function belonging to C?) (V) such that o = const > 0 on

VA\Vx C VAV = U5, V;,

where {V;} are connected components of V\Vj.
Let p € L*>(V) such that g—z“l € LP(V) for some p > 2 and p satisfies equation

dd°\/a
\/E

(0 + Mz ) = %qu where ¢ = (1.2)

and for some j € {1,2,...,d} u(z) = 0, z — o0, z € V.
Then p = 0.

Remark

Proposition 1 is still valid if to replace the condition 8“ € LP(V), p > 2 by the weaker
condition du € LP(V).

Lemma 1.1
Put f =e i, fi = \/782f1 fo= \/_8‘ , where  satisfies conditions of
Proposition 1.1. Then

d(od°f)=0 on V and (1.3)
g? q1f2, g—ﬁ =qf1, (1.4)

where ¢; = —%. Besides, ¢1 € LP(Vh) Vp <2, 1 =0 on V\Vj.

Proof

The property ¢; = 0 follows from the property o = const on V\V,. Put

v,

i ={z € V: j:‘ap‘ > j:‘gp‘} Put ¢, = 81‘5%;/5. Then Q1‘V+ c C(V;h) and

0
a1 ’ _ € C'(l)(V ). The identity Q1’v— = (3—2) ¢1 and property iii) imply that
0
q1 € LP(VO) Vp < 2. Equation (1.3) for f is equivalent to the equation (1.2) for u = e=** f.
Equation (1.3) for f means that
OF, 4+ (0ln\/o) AFy =0 and O0F, + (0lnv/o) A Fy =0, (1.5)

where F| = \/o-0f and F, = \/o-0f. Using z; as a local coordinate on V we obtain from
(1.5) the system (1.4), where f; = dz1|Fy and fo = dz; | F5.

Lemma 1.2
Put m; = e ' f; and my = e **' f5, where f1, fo are defined in Lemma 4.1. Then
system (1.3) is equivalent to system

ome
— AT S . 1.6
07, g1msa, ) + Amg = q1my ( )
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Besides,
O

0
ml:\/E()\u+_M) andeZ\/_az .
1

621

Proof
Putting in (1.4) f1 = e*'m; and fo = e**1my, we obtain

by
0e™*'my Azt
782 = (g1 My <
1

de M 1my

82:1

1
= ¢1msy and

m
0z

=qe’m; = + Az = qimy.

Mo
82:1
Besides,

fi = VTgh = Ve (it g

where m; = /o (A + g—Z) and

o
2%

= e*my,

fo= Vool = Jgea(
21

where mg = faZI.

Lemma 1.3 )
Put uy = my + e 11 21m,. Then system (1.4) is equivalent to the system

ou S5
azzlt — :l:qle—Az1+>\Z1 ﬂ/ﬂ:
Proof
From definition of uy, using Lemma 1.2, we obtain
ou om 35. /< -
3—;1[ - 3211 e M (Xmg — Ming + qrimg) =
qims + qle—)\zl—F;\Zlml — :tQ18 Az1+ A2 (m + 6)\Z1—5\51m2> —

+ e—Az1—|—>\21 q1U+4.

Proof of Proposition 1.1
Let uqy = my £ e 21T 1m, . We will prove that under conditions of Proposition 1.1
VA # 0 uyr = 0 together with m; and ms.
Odlog /o
82:1

From equality ¢ = — and Lemma 1.3 we obtain that

dus = £qre P agdz € L (V)N Ly, (V), 5> 2. (1.8)
From (1.6), (1.7) we obtain that m; € LP(V) ® L>*(V) and %—Zfll e LP(V),Vp> 1.
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From (1.6), properties u € L>°(V), gZ“ € LP(V), u(z) — 0, z € V;, 2 — 0o and
from [H2] Corollary 1.1 we deduce that there exists

0
lim my(2) = lim Vo (A + _,u) = lim Vou(z) = 0. (1.9)
zeV zeV 621 z€V

From (1.8), (1.9) and generalized Liouville theorem from Rodin [R], Theorem 7.1, it follows
that u+ = 0.

It means, in particular, that 8“ = 0, which together with (1.9) imply u = 0. Propo-
sition 1.1 is proved.

Proposition 1.2 (Existence)

Let conductivity o on V satisfies conditions of Proposition 1.1. Then VA € C there

on V associated with potential ¢ = dd\;_;/g, ie.

Az

exists the Faddeev type function ¢ = pe

dd°\/z
Vo

a) 9(d + Adz1)u = %qu, where ¢ =
b p—1eW2WV)nc(V) vp> 2,

1
p—1e ™ (V\Vy) and ”_1:O(W)’ 2z € V\Vp.
1

Moreover, Vp > 2

b

¢) |l =1 oy < const(V, o, p){min(——

«/\)\ Al
|| ||Lp(V) < const(V,o,p){min(+/|A|, 1)}, Vp > 2,

d) VA 3 ¢ € C such that (% — c) e WhHP(V),

e) under additional assumption o € C®) (V)

||‘92_“|| sy < const(V, o) - AY/(F1/P)
62% LP(V) —_ 9 M

Remark
Proposition 1.2 will be proved by approach going back to L.Faddeev [F1], [F2] and for
the case V = C develloped in [N1], [N2], [Na].

Proof

Put Gy = Ry o R, where R is operator, defined by formula (2.4) from Proposition 2 of
[H2], and R) operator, defined by formula (3.1) from Proposition 3 of [H2]. Let function
u(z, ) be such that VA, u € WHP(V) @ const with respect to z € V. Then V) # 0 we
have properties qu € C(V), qu = 0 on V\Vp, which imply, in particular, that mapping
p — qu is compact operator from W1?(V) & const to LP(V) N C(V). By Lemmas 2.1,
2.2 and Proposition 2 from [H2] we have Rgu € W'P(V). Proposition 3 ii) implies that
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Ry o R(qu) € WYP(V). Hence, mapping p — pu — Ry o R%qu is a Fredholm operator on
WHP(V) @ const. By Proposition 1.1 the operator I — Ry o R(%gq-) is invertible. Then there
is unique function p such that (u —1) € WH?(V), Vp > 2 and

= 1+RAOR(%qM). (1.10)

Let us check now statement a) of Proposition 1.2. From (1.10) and Proposition 3i) from
[H2] we obtain

2 (1.11)

A0 A0
Adzy + H(R(§CIM)> + R(§QM)-
From (1.11) and Proposition 2 of [H2] we obtain

i _ . g i
0(0 + Mdz1)p = gap+ 0(Mdz1 + H(R(5qu)) = Sam,

where we have used that H(R(%q,u)) € Hio(V).
Property a) is proved.

For proving of properties b), c) it is sufficient to remark that by Proposition 3ii) and
3iii) from [H2] we have property c¢) and

1
11+ |z1[) (1 = D Lo vy < const(V,0) —=

Nk

To prove property d) let us differentiate (1.10) with respect to A. We obtain

% ~Ryo (R(Eg2Y) = 21 (Ry o (f?(%qu))) — Ry (Elé(%q“)) =

) _
A(n—1) = Ra(GR(5am))-
From Proposition 2 of [H2] we deduce that
Eﬂ?(%qu) € Wll’bﬁ(V) @ (const)dz;.

From Proposition 3ii) of [H2] and Remark 1 to it we obtain

_ .1 _
R (§1R(§qu)) e Wi H(V) & const.

From Proposition 1.2 b) we deduce also
Zi(p—1) € WHP(V) @ const.
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Hence,

o

L (1= Byo R(50)) (3(n = 1) ~ Ra(@R(zam) € WP(V) © (const).

Property e) follows (under condition o € C'®)(V)) from Proposition 3iv) of [H2].

§2. Equation 245% = p(\)er1—1j(2,0), A e C
For further results it is important to obtain asymptotic development of g—;(z, A) for
z1 — OQ.

Proposition 2.1
Let conductivity function o on V' satisfy the conditions of Proposition 1.1. Let function
(2, ) = u(z, A\)e** be the Faddeev type function on V associated with potential

q= dd\c/_\g/g. Then VA € C function %;’A) has the following asymptotic for z; — oo:

5s. Op Bij(\) | <= Bii(\)
Az1—AZ 5]
1 1 L E 2.1
(& = }V 21 ~ {c ) ( )

where | By ;(A)| = O(min(1,/|A])), 7 =1,2,...,d and
under additional condition o € C®) (V) we have

> “Bi; ~=ABp;(A) = (k—1)Bx_1,;(\)
)\Zl )\Zl — »J »J 5] 2.2
(92 ‘V )\ 21 + Z ( )

where | By j(A)| = O(min(y/|\], A7V AFP))), 5 =1,2,...,d Vp > 2.
For proving of Proposition 2.1 we need the following decomposition statement for the
Faddeev type function p = ¢¥e™** on V\Vj.

Lemma 2.1
i) Let p be function on V\Vj, which satisfies equation

(0 + Mdz)u=0 on V\Vy (2.3)
and the property )
(1 — 1)\V\v0 c WHP(V\Vo), ¥p > 2.
Then
def a,u 1
A% - + e O(V\Vo); Al _A+ZA;€,J s
- =l (2.4)
def —>\Z1—|—>\Z1 /’L . 1
b= o5 ~ O\ By, = kz_: Pragp

|Zl| >1re, j=1,2,...,d.



ii) Let

be formal series with coefficients aj ; and by ; determined by relations

Aag; — (k= 1)ag—1,; = Ak ;;
Mg j— (k—1Dbk—1;=Brj; j=1,2....d; k=1,2,...

Then function p has asymptotic decomposition

”‘vj :M}Vj +€5‘Zl_>‘21]\7‘vj, z1 — 00, l.e. (2.5)
1
b
M”’V 1+Z J’ N}V :Z ;fj
k=1

iii) Moreover, for any A € O(V\Vy), A(z) — A, z — o0, there exist B € O(V\V,),
B(z) — 0, z — oo, and p such that u satisfies (2.3), (2.4) and (u — 1) € WHP(V\ V).
Proof

i) From equation (2.3) it follows that
0(e* iz, A )]V\VO =0.
It means that d(e (2, \)) = e**10p is antiholomorphic form on V\V; and

(Op + Audz1) is holomorphic form on V\V;. From this, condition du € Lg}l(V\VO) and
the Cauchy theorem it follows that

. 5o A 55 o B
*1oul, = Bz, = ’?J dz

zly,
and (8/1—1—)\,ud21)}vj :Ad21]V )\—l—z d2’1}v

ii) From (2.4), (2.5) we obtain, at first, that

1

(9#_6 Azla( )+O(|21|”+1)
and then .
©w= MV +6A21—>\21Nl, —|—O(|Z‘7y+1) (26)
1

10



iii) Let

oo

= Z e LP(V\ V).

k— 21
Proposition 3 iii) from [H2], applied to (1,0) forms on the complex plan Wlth coordinate
21, gives that VA # 0 there exists u € WHP(V\V;) @ 1 such that A = 5o + Au. Put
B =17 18 Then B € LP(V\Vp) and

aB Az1— A% 9 8“ Az1— A% 0A
(9Z1 =e€ (8,21( )) =€ (8,21) 07

i.e. B e O(V\Vy). By construction y satisfies (2.3), (2.4) and (u— 1) € W2,

Lemma 2.2
Functions M, and N, from decomposition (2.6) have the following properties:

AM)défg7M+>\M and
1

- M,
VzeV\Vo 3 lim (2

V—00 621
N, of ON
3 lim (%Z N, &N
V—00 1

82:1

Functions gTAf + AM and g—i\i + AN belongs to to O(V\V;) and

op Am—ae (ON 5k

— =T (— + AN 2.
Sl — A (X AN, (2.7
ou oM

— 4+ A= —+ M, 2.
5o, TM=g -t (2.8)
a—N—I—)\N—>O if 21 — oo.

621

Proof
Let us show that (2.4) implies (2.7) and (2.8). Indeed,

Z1 V—00 82:1 V—00 Z1
s ON

AZ1—Az

1 1 /\N
€ (82’1 + )
M, . . _ e <
On + A\ = lim oM, ANMLTAN, L AM, + A TN, ) =
921 v—oo \ 021
OM, oM
i AM,) = — + AM.
l/l—{lgo( 821 + ) 621 +

Properties (2.6), (2.7), (2.8), Ou € Lg’l(V) and Riemann extension theorem imply that
?)71\{ + AM and g—g + AN belongs to O(V\V,) and g—i\i + AN — 0, if z; — o0.

11



In conditions of Lemmas 2.1, 2.2 we have convergence M,, — M and N, — N, v — o0

Corollary
in general, only in the space of formal series, in spite of that convergence
9N 1+ AN take place in the space O(V\Vp)

OMy | AM, — 2M 4 XM and 8N"+)\N —

82:1
Simple emample
|z1] <1}, A=1, A= X+ z Ak with A =1, k=1,2,..
k=1 "1
2.4), where

Put Vp ={z € V:
By Lemma 2.1 there exists yu = M + e ~*21 N which satisfies (2.3), (
with aj determined by relations ar, — (kK — 1)ag—1 = Ay =1; k = 1,2,

Ok
+ & 1)1) We have |6Lk|1/k — 00, k — 00, i.e. radius of

M=1+ > %
k=1"1

It gives a, = (k— 1)!(14 5 + ...

convergence of serie for M is equal to zero, in spite of that |Ax|VF =1, k=1,2,....

Proof of Proposition 2.1
Estimate for g £ from Proposition 1.2 ¢) and the Cauchy theorem applied to antiholo-

Az 3% 87“1 implies development (2.1) and estimate
(2.9)

morphic function e 5
| B1,3(A)] = O(min(1, /[A])).

Estimate for 5 from Proposition 1.2 e) and the Cauchy theorem for antiholomorphic in

z1 function e>‘zl —Az 37‘2” ‘v- imply development (2.2) and estimate
1 J
(2.10)

O(min(y/|A], [A|7/C+P))).

Proposition 2.1 is proved.
The next proposition gives d-equation on Faddeev function pu(z,\) with respect to
parameter A € C. For the case V = C this proposition goes back to Beals, Coifmann

[B1,i(M)] =

[BC1], Grinevich, S.Novikov [GN] and R.Novikov [N2]

Proposition 2.2
Let conductivity function o on V satisfy the conditions of Proposition 1.1. Let function
be the Faddeev type function on V' constructed in Proposition 1.2 and

Then Vz € V the following 0-equation with respect

V(z,\) = u(z, N)et?
associated with potential ¢ = dd\c/_;/g.
to A € C takes place
0 T
6—%‘ = b(N\)erAn g, (2.11)
where

b(N) & 1im 2L eAn g:
1
(2.12)

|b(A\)| < const(V, o) {mm( ) if 0eC®(V) and
VIAL A
1 1
)P i g e ¢V, Vp > 2.

1b(A)] < const(V, U,]E){Inin(\/W (|)\|
12




Remark
The proof below is a generalization of the R.Novikov proof [N2] of the corresponding
statement for the case V = C.

Proof

Equation dd“¢ = qy for the Faddeev type function ¢ = u - e** is equivalent to the
equation 9(0 + Adzy)p = 5qu. Put ¢\ = 0¢ /0N and py = Op/OA. By Proposition 1.2 d)
VA € C function uy belongs to WP(V) @& const()\). Besides, from equation dd“y = qi it

follows the equation
dd“yy = qy on V.

From Lemmas 2.1, 2.2, Proposition 2.1 and Proposition 1.2 b),c) we obtain

o Az -az Bri(d) 1
el _ AZi—Az L d
oz v = ¢ z +O(|Zl|2) - 2.13)
o ) Aq () 1 ’
4+ A =A+—""240 :
<821 H v, Z1 (|Zl|2)
From (2.4)-(2.6) and (2.13) we deduce that
a;(A) | xm-an (V) 1
=1+ L2 et 10 , 2.14
1% 2 21 (‘21‘2) ( )
where /_\bj(/\> = Bl;j? )\CL](A) :ALj, j = 1,2,...,d. (215)

From (2.14) with help of Proposition 1.2 d) we obtain

b= = (L4 ;) | xman biA) Lo 1 ),
21 21 |21\

and ) = g—;ﬁ\ = M (bj(N) -l—O(L)), z e Vj.

Put py = e **11)5. We obtain 0(0 + Adz; )y = quy and
M)\ — 85\51—)\,21 (b] + O(_

Proposition 1.1 about uniqueness of the Faddeev type function implies equality (2.11),
where

b(A) = bi(\) =...=ba(N). (2.16)
We have also equalities
B11(A) =...=Bya(N).
Put ot
B(X) = Bi1(A) = ... = B1a(}).

Estimates (2.12) follow from equalities (2.15), (2.16) and inequalities (2.9), (2.10).

13



Proposition 2.3
Let, under conditions of Proposition 2.2, conductivity function o € C®) (V). Then
V z € V function A — pu(z, A), A € C,is a unique solution of the following integral equation

1 Spp—; | /3
-1 —_ §Z1—€x
i) =1- g [ W e, (2.17)
¢eC
where function A — b(\) from (2.11) belongs to LY(C) V ¢ € (4/3,4).

Proof
Estimates (2.12) imply that V ¢ € (4/3,4) function b(\) from Proposition 2.2 belongs
to L9(C). By the classical Vekua result [Ve] with such functions b(\) the equation (2.17)

is the uniquely solvable Fredholm integral equation in the space C'(C).

§3. Reconstruction of Faddeev type function ¢ and of conductivity ¢ on X
through Dirichlet to Neumann data on bX B
Let X be domain with smooth (de class C(?)) boundary on V such that X D V;. Let

occCO(V),0>00nV and o = const on V\X. Let ¢ = dd\c/_;/g, then ¢ € Cfll)(X) and

suppq € X.

Definition (Dirichlet-Neumann operator)

Let u € CY(bX) and U € WHP(X), p > 2 be solution of the Dirichlet problem
dach}X =0, U‘bX = u, where d° = i(0 — 0). Operator u}bX — UdCU‘bX is called usually
by Dirichlet to Neumann operator. Put f& = /oU and ¢ = \/ou. Then

- dde o ~ s
dd“y = \/ggw =qy on X. (3.1)
Operator zp’ px T 51&’ »x Will be called here by Dirichlet-Neumann operator. The data
contained in operator u}bX — adCU}bX and in be — 5@’17)( are equivalent, but for our

further statements operator w‘b P 51;‘17 + is more convenient.
Let g be solution of Dirichlet problem

dd“ho = 0, wo‘bx - w‘bX'
Put
Oy = 0|, and Dovp = Iy, (3.2)
where operator lﬂ}b x <i>0¢ is Dirichlet-Neumann operator for equation (3.1) with poten-
tial ¢ = 0.
Proposition 3.1 (Reconstruction of lﬂ}b  through Dirichlet-Neumann data)
Let 1) = p(z,\) - e* be the Faddeev function associated with potential ¢ = dd\c/—;/g.

Then VA € C\{0} the restriction be of 1 on bX is a unique solution in C'(bX) of the
Fredholm integral equation:

P2, A)]yy = M — / A gy (2,€) - (B(€) — Borp(€)), (3.3)

£ebx
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where g (z, &) - kernel of operator Ry o R,

BU(E) ~ dovl©) = [ (B(6.w) — Bl w))0(w),
webX
B(&,w), Po(&,w) are kernels of operators ® and d.

Remark

This proposition for the case V' = C coincide with the second part of Theorem 1 from
[N1].

Lemma 3.1 (Green-Riemann formula)
V f,g € CD(X) we have equality

/g/\(‘)éf—/f/\@ég:/g/\éf—i—blf/\@g.

X X bX
Proof
ngaf /anag_/gAaaer!anag_
b!g/\@f /ag/\af+/ang /aang_
blgAéerblf/\ag.

Lemma 3.2

Let 1) = e**1 be the Faddeev function associated with ¢ € Cy 1(V), suppq C X. Let
Gi(z,€) = =18 g, (2, ), where gx(z, €) - kernel of operator Ry o R. Then
YV z € V\X we have equality

ve N = = [ aaE0owe) - [ w©6e). (3.9
gebXx gebXx
Proof
From definition of the Faddeev function 1 = e**' ;i we have
(= 0) = + G (5a0) on V. (3.5)

where G - operator with kernel G A(z,€) and dd°y) = qip. Besides,

[ 63(Gav) =~ [ Groow.

X X

15



Using the Green-Riemann formula from Lemma 3.1 we have

/ GO = Z BOIC + / G +b Z VG,

X bX

For z € V\ X we have 900G = 0. Hence,
—/GA(%qu) :/GA5¢+/¢8GA (3.6)
X bX bX

From (3.5) and (3.6) we obtain (3.4).

Proof of Proposition 3.1

Let ¢ : 00vy = 0 and g/, , = 1. Then by Lemma 3.1 V z € V\ X we have

lox

/¢06GA +/GA5¢0 =0. (3.7)
bX

bX

Combining this relation with (3.4) we obtain

bz, ) = 1 / G (2, ) (B (€) — Do (€))- (3.8)
bX

Equality (3.8) implies (3.3), where ®1), &g/ are defined by (3.2). Integral equation (3.3)
is the Fredholm equation in L*°(bX), because operator (® — @) is a compact operator in
L>(bX). For the case V = C Proposition 1 of [N1], contains explicit inequality:

o 12Ew) — @G w)| L ddeVo
A e = T ) (39)

Because of its local nature, equality (3.9) is valid for our more general case.

Existence of the Faddeev function VA # 0, proved in Proposition 1.2, implies existence
of solution of equation (3.3). The uniqueness of solution of equation (3.3) we deduce (as
in proof of Proposition 2 in [N1]) from the following statement.

Lemma 3.3

Let ¢ € C11(V), suppq C X. Then each solution 1 = 1(z, A) of equation ddy = g1
on V which coincides on bX with solution of integral equation (3.3) in space C'(bX) is the
Faddeev type function associated with q.

Proof
Let 1 satisfy dd®y) = gy on V, w‘bX € C(bX) and w‘bX satisfy integral equation
(3.3)=(3.8). From (3.8) with help of (3.7) we obtain formula (3.4) for ¢(z,\), z € V\X,
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A € C. From the Sohotsky-Plemelj jump formula we deduce (see [HM], Lemma 15) that
V2t ebX

$(2") = lim_( / GAOY +9dGy) — lim_ ( / G\ + 10G,). (3.10)
ZZ—€>§( bX zzeT/iX bX

From (3.4) and (3.10) we obtain equality

M = /G,\5¢+¢8G>\ for ze X, AeC. (3.11)
bX

Using the Green-Riemann formula (Lemma 3.1) we obtain further

| Z GrdW + $OG, = )[ VIIG X/ IO —

Ww(z) — [ G0y, ifze€ X, AeC (3.12)
X
— [GAdOp, ifzeV\X, AeC
X

Equalities (3.4), (3.11) and (3.12) imply

P(z) = e +/G)\5677/J =M 4 GA'A(%.(ﬂp),

14

i.e. 9 satisfies (3.5). From equality (3.5) and Proposition 3 ii) from [H2] we obtain that
p—1=1e ™ —1cWH(V) and 1 is the Faddeev type function associated with q.
Lemma 3.3 is proved.
The uniqueness of solution of equation (3.3) in C'(bX) follows now from Lemma 3.3
and the uniqueness of the Faddeev type function associated with ¢ proved in
Proposition 1.1.
Proposition 3.1 is proved.

Proposition 3.2 (Reconstruction of lﬂ‘  through 1[1‘17 )
In conditions of Propositions 1.1, 1.2 the following properties for ” O-scattering data
b(\)” permit to reconstruct w‘x through w‘bX

0%

o 2N

V 2" € bX 3 lim ie—xfla—fb(z, A) () = (z*, N
e A 0a

V z € X function A — (2, A), A € C, is a unique solution of the integral equation

PR (A—)z1 7 dé N dE
PY(z,A) =e i b(§)e P(E,A) S

¢cC
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This proposition is a consequence of Propositions 2.1-2.3.

Proposition 3.3 (Reconstruction formulas for o)
Conductivity function 0} + can be reconstructed through Dirichlet-Neumann data by
the R.Novikov’s scheme:

ddc\/E}
Vo X

The last step of this scheme one can realize by any of the following formulas:

DN data — w’bX — 0 — scattering data — w,X —

A) dd}‘f(z) = (dd“p(z,\)v 1z, A), z€ X, A€C,

dd° _
B) \/E(z) =2 lim e ™ dz; AOY(z,N), z € X,

A—00

3

dd*o , . . 00u(z,\)

Q‘

C)

3

Proof
The first three steps of the scheme above were done in Propositions 3.1, 3.2. The
formula A) is an immediate consequense of equation (3.1). The formula B) follows from

2
(Proposition 1.2b), ddu(z,A\) — 0, A — oo (Proposition 1.2¢). The formula C) follows
from the same equation and estimates ||g—2“1 | = O(/|\l), A — 0, (Proposition 1.2c).

equation 9(0 + Adz)pu = % dd\c/_‘g/g (Proposition 1.2a) and estimates p — 1, A — o0
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