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{
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U = 0
$%�

Γb.
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∆zr
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∆z0
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∆zr
S

∆z0 << ∆zr .
+ 4 0
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U · nb = 0
*-)

z = b(x, y) + ∆zr,
+9k 0
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(
1

ρ
σT · nb)

T · tb = −α||U ||U · tb
*-)

z = b(x, y) + ∆zr ,
+�� 0

<@?A��"��
α > 0
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nb

*-�A/
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α
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∆zr,
)7?�*-) <@!#,#,yD�
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zr(x, y) = b(x, y) + ∆zr

b
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∂η

∂t
− U · ns = 0

$%�
Γs(t).
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�[?A�g/JUW��*-&V!C:�*-,�:4$%�A/J!#)7!C$%�w*-)�)7?A� 23"��4�Z576'"82_*%:4� )+*��B�45�!#� )�$ *%:4:4$%6'� )N)7?A��*-)7&($I57S'?A��"7!C:Z57)7"��45�5=>

1

ρ
σT · ns = −1

ρ
pans

$%�
Γs(t),

+ � 0

<@?A��"��
pa
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L

23$%"g)7?A�()�$%)+*-,H,C���'0I)7?M>
H

23$%"g)7?A�L/'��S')7?t*-�A/
U23$%"�)7?A�

x
OP:4$%&VSF$%�A���W)V$-2N)7?A�L�B��,C$�:�!#)PUBb�u\�E/'���A$%)�� D U

ε
)7?A� "+*-)7!C$�DF��)�<G�4���s)7?A�L�B��"7)7!C:�*-,�*-�A/t)7?A�
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ε =
H

L
.

�P� *%/'/J!#)7!C$%�]<G��!#�W)7"�$W/J6A:4�Z)7?A� 23$%,#,C$=<@!#�'0 /J!#&(���A57!C$%�',C�45+5NaW6�*-� )7!#)7!C�45TS

νh =
µh

ρU L
, νv =

µv

ρU L
, νe =

µe

ρU L
, G =

H

U2
g, pa =

pa

ρU2
.

�[?A��5�:�*-,C� 29$%".)7!#&(�[!C5
L/U

>I29$%"y)7?A�@�B��"7)7!C:�*-,A�B��,C$�:�!#)PUV!#)y!C5
W = ε U

> *-�A/�29$%"y)7?A�@S'"��45�576'"��
P = ρU 2

b
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u
>
v
>
w
>
p
>
η

*-�A/
b
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∂u

∂t
+
∂u2

∂x
+
∂uv

∂y
+
∂uw

∂z
+
∂p

∂x
=

∂

∂x

(

(νh + νe)
∂u

∂x
− (νh − νe)

∂v

∂y

)

+
∂

∂y

(

νh(
∂u

∂y
+
∂v

∂x
)

)

+
1

ε2
∂

∂z

(

νv
∂u

∂z

)

+
∂

∂z

(

νv
∂w

∂x

)

,

∂v

∂t
+
∂uv

∂x
+
∂v2

∂y
+
∂vw

∂z
+
∂p

∂y
=

∂

∂x

(

νh(
∂u

∂y
+
∂v

∂x
)

)

+
∂

∂y

(

(νh + νe)
∂v

∂y
− (νh − νe)

∂u

∂x

)

+
1

ε2
∂

∂z

(

νv
∂v

∂z

)

+
∂

∂z

(

νv
∂w

∂y

)

,

ε2
(

∂w

∂t
+
∂uw

∂x
+
∂vw

∂y
+
∂w2

∂z

)

+
∂p

∂z
= −G+

∂

∂x

(

νv
∂u

∂z
+ ε2νv

∂w

∂x

)

+
∂

∂y

(

νv
∂v

∂z

)

+ ε2
∂

∂y

(

νv
∂w

∂y

)

+
∂

∂z

(

2νe
∂w

∂z

)

,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0.

+8r&( 0
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∂η

∂t
+ u

∂η

∂x
+ v

∂η

∂y
= w,

∂η

∂x

(

p− (νh + νe)
∂u

∂x
+ (νh − νe)

∂v

∂y

)

− ∂η

∂y

(

νh(
∂v

∂x
+
∂u

∂y

)

+νv

(

1

ε2
∂u

∂z
+
∂w

∂x

)

= pa
∂η

∂x
,

−∂η
∂x

(

νh

(

∂v

∂x
+
∂u

∂y

))

+
∂η

∂y

(

p− (νh + νe)
∂v

∂y
+ (νh − νe)

∂u

∂x

)

+νv

(

1

ε2
∂v

∂z
+
∂w

∂y

)

= pa
∂η

∂y
,

−∂η
∂x

(

νv

(

∂u

∂z
+ ε2

∂w

∂x

))

− ∂η

∂y

(

νv

(

∂v

∂z
+ ε2

∂w

∂y

))

− p

+ 2νe
∂w

∂z
= −pa,

+8rIr 0
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z = zr
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u
∂b

∂x
+ v

∂b

∂y
= w,

∂b

∂x

(

(νh + νe)
∂u

∂x
− (νh − νe)

∂v

∂y
− 2νe

∂w

∂z

)

+
∂b

∂y

(

νh

(

∂v

∂x
+
∂u

∂y

))

+

(

(

∂b

∂x

)2

− 1

ε2

)

(

νv

(

∂u

∂z
+ ε2

∂w

∂x

))

+
∂b

∂x

∂b

∂y

(

νv

(

∂v

∂z
+ ε2

∂w

∂y

))

= −α
√
u2 + v2 + ε2w2

(

1

ε
u+ ε

∂b

∂x
w

)

N(b, ε),

∂b

∂x

(

νh

(

∂v

∂x
+
∂u

∂y

))

+
∂b

∂y

(

(νh + νe)
∂v

∂y
− (νh − νe)

∂u

∂x
− 2νe

∂w

∂z

)

+

(

(

∂b

∂y

)2

− 1

ε2

)

(

νv

(

∂v

∂z
+ ε2

∂w

∂y

))

+
∂b

∂x

∂b

∂y

(

νv

(

∂u

∂z
+ ε2

∂w

∂x

))

= −α
√
u2 + v2 + ε2w2

(

1

ε
v + ε

∂b

∂y
w

)

N(b, ε).

+8r&% 0
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N(b, ε) =

√

1 + ε2(
∂b

∂x
)2 + ε2(

∂b

∂y
)2.
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νv = ε νv,0,
+8r�| 0

<@?A��"��
νv,0
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µ

ρ
∼ l2m ||D||, +8r G 0
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lm
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lm
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µ

ρ
∼ l2m

∣

∣

∣

∣

∣

∣

∣

∣

∂U

∂z

∣

∣

∣

∣

∣

∣

∣

∣

.
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µv
0I!#�B�45TS

U L µ̂v ∼ H2 ˆlm
2

√

U2

H2

(

(
∂û

∂z
)2 + (

∂v̂

∂z
)2 + (ε

∂ŵ

∂z
)2
)

∼ UH ˆlm
2

∣

∣

∣

∣

∂û

∂z

∣

∣

∣

∣

,
+8r�k 0
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νv =
µ̂v

ρUL
∼ ε

ˆlm
2

ρ

∣

∣

∣

∣

∂û

∂z

∣

∣

∣

∣

= O(ε).
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νh = ε νh,0, νe = ε νe,0,
+8r�m 0

<@?A��"��
νh,0

*-�A/
νe,0

*-"��\)�<G$v0I!#�B��� SF$I57!#)7!#�B�da 6�*-�W)7!#)7!C�45�b >p!#��*-,#,#UB>g<G�s*%5�576'&(�d*q57,C$�< �I*-"7UW!#�'0
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∂b

∂x
= O(ε)

*-�A/
∇pa = 0.

+8r � 0
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ε
$-2 )7?A�E)7?'"��4�^O
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O(ε2)
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∂u

∂t
+
∂u2

∂x
+
∂uv

∂y
+
∂uw

∂z
+
∂p

∂x
= ε

∂

∂x

(

(νh,0 + νe,0)
∂u

∂x
− (νh,0 − νe,0)

∂v

∂y

)

+ ε
∂

∂y

(

νh,0(
∂u

∂y
+
∂v

∂x
)

)

+
1

ε

∂

∂z

(

νv,0
∂u

∂z

)

+ ε
∂

∂z

(

νv,0
∂w

∂x

)

,

∂v

∂t
+
∂uv

∂x
+
∂v2

∂y
+
∂vw

∂z
+
∂p

∂y
= ε

∂

∂x

(

νh,0(
∂u

∂y
+
∂v

∂x
)

)

+ ε
∂

∂y

(

(νh,0 + νe,0)
∂v

∂y
− (νh,0 − νe,0)

∂u

∂x

)

+
1

ε

∂

∂z

(

νv,0
∂v

∂z

)

+ ε
∂

∂z

(

νv,0
∂w

∂y

)

,

∂p

∂z
= −G+ ε

∂

∂x

(

νv,0
∂u

∂z

)

+ ε
∂

∂y

(

νv,0
∂v

∂z

)

+ ε
∂

∂z

(

2νe,0
∂w

∂z

)

,

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0.

+ % ( 0
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Γs(t)
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∂η

∂t
+ u

∂η

∂x
+ v

∂η

∂y
= w,

∂η

∂x

(

p− ε (νh,0 + νe,0)
∂u

∂x
+ ε (νh,0 − νe,0)

∂v

∂y

)

− ∂η

∂y

(

ε νh,0(
∂v

∂x
+
∂u

∂y
)

)

+
1

ε
νv,0

∂u

∂z
+ ε νv,0

∂w

∂x
= pa

∂η

∂x
,

−∂η
∂x

(

ε νh,0

(

∂v

∂x
+
∂u

∂y

))

+
∂η

∂y

(

p− ε (νh,0 + νe,0)
∂v

∂y
+ ε (νh,0 − νe,0)

∂u

∂x

)

+
1

ε
νv,0

∂v

∂z
+ ε νv,0

∂w

∂y
= pa

∂η

∂y
,

−∂η
∂x

(ε νv,0
∂u

∂z
) − ∂η

∂y
(ε νv,0

∂v

∂z
) − p+ 2ενe,0

∂w

∂z
= −pa,

+ %Jr 0
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z = zr
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u
∂b

∂x
+ v

∂b

∂y
= w,

∂b

∂x

(

ε (νh,0 + νe,0)
∂u

∂x
− ε (νh,0 − νe,0)

∂v

∂y
− 2ε νe,0

∂w

∂z

)

+
∂b

∂y

(

ε νh,0

(

∂v

∂x
+
∂u

∂y

))

− 1

ε
νv,0

∂u

∂z
+ ε νv,0

∂w

∂x

= −α
ε
||u||u,

∂b

∂x

(

ενh,0

(

∂v

∂x
+
∂u

∂y

))

+
∂b

∂y

(

ε (νh,0 + νe,0)
∂v

∂y
− ε (νh,0 − νe,0)

∂u

∂x

− 2ε νe,0
∂w

∂z

)

+

(

(
∂b

∂y
)2 − 1

ε2

)(

ε νv,0
∂v

∂z

)

= −α||u||
(

1

ε
v + ε

∂b

∂y
w

)

,

+ % % 0

<@?A��"��
u = (u, v)

!C5N)7?A��?A$%"7!BA�$%� )+*-,i�B��,C$�:�!#)PUBb6�	$%)7!C:4�g)7?�*-)�>��A��0I,C�4:�)7!#�'0f)���"7&(5 !#�
O(ε)

!#� + % % 0
2

*-�A/
+ % % 0

3

>J<G�Z$%D')+*-!#�])7?A��:�,h*%5�57!C:�*-,MD$%6'�A/A*-"7U :4$%�A/J!#)7!C$%�]$%� )7?A��D$%)7)�$%& +35��4���Ib 0Ab��N�^27b j5%%n@0 S

νv,0
∂u

∂z
= −α||u||u .

	�* ) � 0�4R138 P�B�CE8,< 1R0�� 43BH138I@ <'@�� 1R. 0 0 F G BH1R8,@A< >

u\� <@!#,#,F�A$=< �B��"7)7!C:�*-,#,#U O_!#�W)���0I"+*-)��g57UJ57)���& + % ( 0.D��)P< �4��� )7?A�	2 "��4� 576'"82_*%:4� *-�A/f)7?A� "��^29��"����A:4�	,C���B��,
zr*-)G<@?'!C:+? )7?A�ND$%)7)�$%&{:4$%�A/J!#)7!C$%�A5�*-"��N0I!#�B���Mb.u\�N<@!#,#,/'���A$%)�� D U

h
)7?A� :4$%"7"��4:�)��4/E< *-)���"@/'��S')7?M>J)7?�*-)

!C5@)7?A��"���*-,K<[*-)���"	/'��S')7? :4$%"7"��4:�)��4/ D Uf)7?A�Z/J!C57)+*-�A:4�
∆zr

S

h(x, y, t) = η(x, y, t) − zr(x, y)

= η(x, y, t) − b(x, y) − ∆zr.
+ %I| 0

�[?A���M>p23$%"�*-� U\)7?'"��4�^OP/J!#&(���A5�!C$%��*-,@�%*-"7!h*-D',C�
f
>�< � /'���A$%)��f<@!#)7?

f̄
)7?A�f*��B��"+*-0B� *-,C$%�'0])7?A� �B��"7)7!C:�*-,

/J!#"��4:�)7!C$%�M>

f̄(x, y, t) =
1

h(x, y, t)

∫ η

zr

f(x, y, z, t)dz.

�M��)�6A5��A"�5�)@�B��"7)7!C:�*-,#,#U O_!#�W)���0I"+*-)��g)7?A� &($%&(���W)76'& �4aW6�*-)7!C$%� + % ( 0
1

29$%"
u
DF��)�<G�4���])7?A� "��^23��"����A:4��D$%)8O

)�$%& ,C���B��,
zr
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∂hū

∂t
+
∂hū2

∂x
+
∂hūv

∂y
+
∂hp̄

∂x
+ uw(η) − uw(zr) −

∂η

∂t
u(η) − ∂η

∂x
u2(η)

+
∂b

∂x
u2(zr) −

∂η

∂y
uv(η) +

∂b

∂y
uv(zr) −

∂η

∂x
p(η) +

∂b

∂x
p(zr)

=
∂

∂x

∫ η

zr

(

ε (νh,0 + νe,0)
∂u

∂x
− ε (νh,0 − νe,0)

∂v

∂y

)

dz

+
∂

∂y

∫ η

zr

(

ε νh,0(
∂u

∂y
+
∂v

∂x
)

)

dz

− ∂η

∂x

(

ε (νh,0 + νe,0)
∂u

∂x
− ε (νh,0 − νe,0)

∂v

∂y

)

∣

∣

∣

z=η

− ∂η

∂y

(

ε νh,0(
∂u

∂y
+
∂v

∂x
)

)

∣

∣

∣

z=η

+
∂b

∂x

(

ε (νh,0 + νe,0)
∂u

∂x
− ε (νh,0 − νe,0)

∂v

∂y

)

∣

∣

∣

z=zr

+
∂b

∂y

(

ε νh,0(
∂u

∂y
+
∂v

∂x
)

)

∣

∣

∣

z=zr

+
1

ε
νv,0

∂u

∂z

∣

∣

∣

η−zr

+ ε νv,0
∂w

∂x

∣

∣

∣

η−zr

.

� 57!#�'0e)7?A�'��!#�A��&L*-)7!C:�D$%6'�A/A*-"7Uv:4$%�A/J!#)7!C$%�A5 + %Jr 0
1

*-�A/ + % % 0
1

> *%5 <G��,#,�*%5 + %Jr 0
2

*-�A/ + % % 0
2

> )7?A�
�4aW6�*-)7!C$%�1"��4/J6A:4�45N)�$#S

∂hū

∂t
+
∂hū2

∂x
+
∂hūv

∂y
+
∂hp̄

∂x
= pa

∂η

∂x
− α||u(zr)||

ε
u(zr) − ∂b

∂x
p(zr)

+ 2 ε
∂b

∂x
(νe,0

∂w

∂z
)
∣

∣

∣

z=zr

+ ε
∂

∂x

∫ η

zr

(

(νh,0 + νe,0)
∂u

∂x
− (νh,0 − νe,0)

∂v

∂y

)

dz

+ ε
∂

∂y

∫ η

zr

(

νh,0(
∂u

∂y
+
∂v

∂x
)

)

dz .

+ %�G 0
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3
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p = p(η) + G(η − z) − ε

∫ η

z

(

∂

∂x
(νv,0

∂u

∂δ
) +

∂

∂y
(νv,0

∂v

∂δ
)

)

dδ

− 2 ε (νe,0
∂w

∂z
)
∣

∣

∣

z=η
+ 2 ε νe,0

∂w

∂z

= p(η) + G(η − z) − ε
∂

∂x

∫ η

z

(

νv,0
∂u

∂δ

)

dδ + ε
∂η

∂x

(

νv,0
∂u

∂z

)

∣

∣

∣

z=η

− ε
∂

∂y

∫ η

z

(

νv,0
∂v

∂δ

)

dδ + ε
∂η

∂y

(

νv,0
∂v

∂z

)

∣

∣

∣

z=η

− 2 ε (νe,0
∂w

∂z
)
∣

∣

∣

z=η
+ 2 ε νe,0

∂w

∂z
.

-NS'S',#U�!#�'0V�A$�< )7?A��/JU���*-&V!C:�:4$%�A/J!#)7!C$%� + %Jr 0
4
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p = pa + G(η − z) + 2 ε νe,0
∂w

∂z
− ε

∂

∂x

∫ η

z

(

νv,0
∂u

∂δ

)

dδ

− ε
∂

∂y

∫ η

z

(

νv,0
∂v

∂δ

)

dδ + O(ε2).

+ % 4 0

�	$%)�� )7?�*-)N)7?A��S'"��45�576'"����A��*-"@)7?A�ZDF$%)7)�$%& *-)
z = zr

!C5@0I!#�B���1DWU

p(zr) = pa + Gh + 2 ε (νe,0
∂w

∂z
)
∣

∣

∣

z=zr

− ε
∂

∂x

∫ η

zr

(

νv,0
∂u

∂z

)

dz

− ε
∂

∂y

∫ η

z

(

νv,0
∂v

∂δ

)

dδ + O(ε2),

+ %Ik 0

*-�A/ )7?A��"��^29$%"��I>'"��4:�*-,#,#!#�'0L)7?�*-) ∂b
∂x

= 0(ε)
>A<G�Z:�*-� :4$%�A:�,#6A/'�

∂b

∂x
p(zr) = pa

∂b

∂x
+ Gh

∂b

∂x
+O(ε2). + % � 0
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z = zr
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hp̄ = hpa + G
h2

2
+ 2 ε

∫ η

zr

(νe,0
∂w

∂z
)dz

− ε

∫ η

zr

(

∂

∂x

∫ η

z
(νv,0

∂u

∂δ
)dδ +

∂

∂y

∫ η

z
(νv,0

∂v

∂δ
)dδ

)

dz

= hpa + G
h2

2
+ 2 ε

∫ η

zr

(νe,0
∂w

∂z
)dz

− ε

(

∂

∂x

∫ η

zr

∫ η

z
(νv,0

∂u

∂δ
)dδdz +

∂

∂y

∫ η

zr

∫ η

z
(νv,0

∂v

∂δ
)dδdz

)

+ ε

(

∂b

∂x

∫ η

zr

(νv,0
∂u

∂z
)dz +

∂b

∂y

∫ η

zr

(νv,0
∂v

∂z
)dz

)

= hpa + G
h2

2
+ 2 ε

∫ η

zr

(νe,0
∂w

∂z
)dz

− ε

(

∂

∂x

∫ η

zr

∫ η

z
(νv,0

∂u

∂δ
)dδdz +

∂

∂y

∫ η

zr

∫ η

z
(νv,0

∂v

∂δ
)dδdz

)

.

+ %Im 0

�[?A�Z&($%&(��� )76'& �4a 6�*-)7!C$%� + %�G 0[)7?A��"��^23$%"���<@"7!#)��45�S

∂hū

∂t
+

∂hū2

∂x
+

∂hūv

∂y
+ G

∂

∂x

h2

2
= − α||u(zr)||

ε
u(zr) − Gh

∂b

∂x

− 2 ε
∂

∂x

(
∫ η

zr

(νe,0
∂w

∂z
)dz

)

+ ε
∂

∂y

∫ η

zr

(

νh,0(
∂u

∂y
+
∂v

∂x
)

)

dz

+ ε
∂

∂x

∫ η

zr

(

(νh,0 + νe,0)
∂u

∂x
− (νh,0 − νe,0)

∂v

∂y

)

dz

+ ε
∂

∂x

(

∂

∂x

∫ η

zr

∫ η

z
(νv,0

∂u

∂δ
)dδdz +

∂

∂y

∫ η

zr

∫ η

z
(νv,0

∂v

∂δ
)dδdz

)

.

+ % � 0
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4

S

∂h

∂t
+
∂hū

∂x
+
∂hv̄

∂y
= 0.

+9| ( 0
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ω(x, t) × I
>H<@?A��"��E<G�

"��4:�*-,#,p)7?�*-)
ω(t) =

{

(x, y) ∈ R
2 / 0 ≤ x ≤ L, l1(x, t) ≤ y ≤ l2(x, t)

} b u\��:�*-� )7?A��"��^29$%"��Z!#� )���0I"+*-)��
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)7?A��& *-,C$%�'0�)7?A�
y
O�*oTJ!C5.D��)P< �4���

l1(x, t)
*-�A/

l2(x, t)
bp���f*%/'/J!#)7!C$%� <G�	SF$%!#�W)G$%6')G)7?�*-)�>B29$%"G*-� U(5+:�*-,h*-"

a 6�*-�W)7!#)PU
f
>

(
∫ η

zr

fdz

)

∣

∣

∣

y=l1
=

(
∫ η

zr

fdz

)

∣

∣

∣

y=l2
= 0.

+9|Jr 0

�[?'!C5V*%5�576'&VS')7!C$%�t!C5 C86A57)7!2���4/d!#�d)7?A�f:�*%5��f$-2	*1��*-)76'"+*-,["7!#�B��"�>i<@?A$I5��f/'��S')7?d)����A/'5�)�$FA���"�$�*%5�)7?A�
D�*-�1��5V*-"�� *-S'S'"�$B*%:�?A�4/Kb � $%)�� ?A$=<G���B��"()7?�*-)�< �f:�*-�s"���)7"7!C���B�E)7?A�E5+*-&(�E5��4:�)7!C$%� *4�B��"+*-0B�4/ &($W/'��,
6'�A/'��"�)7?A��?WUWS$%)7?A�457!C5@)7?�*-)

∂l1
∂x

≡ O(ε2)
*-�A/ ∂l2

∂x
≡ O(ε2),

+9| % 0

*%5.?�*-S'S���A5y29$%".!#�A57)+*-�A:4�N!#�L57)7"+*-!#0I? ) $%"H&V!#,C/J,#UV:�6'"7�B�4/L:+?�*-�'�A��,C5�b#>A$%"H)7?A�N5+*��B��$-2M:�,h*-"7!#)�UV<G�N/'$g$%�',#U
"���SF$%"7)N)7?A��/'��"7!#�%*-)7!C$%�]!#� )7?A� �A"�57)�:�*%5��I>')7?�*-)N!C5@<@!#)7?1? U�S$%)7?A�457!C5�+9|Jr 0^b

u\�Z/'���A$%)��

A(x, t) =

∫ l2

l1

h(x, y, t)dy,

¯̄f(x, y, t) =
1

A(x, t)

∫ l2

l1

∫ η

zr

f(x, y, z, t) dzdy,

Q(x, t) =

∫ l2

l1

∫ η

zr

u(x, y, z, t) dzdy = A(x, t)¯̄u(x, y, t).

>'"�$%& �A$=< $%�e<G�1&L*��B� )7?A�E236'"7)7?A��" *%5�576'&VS')7!C$%� )7?�*-)L)7?A�E)7"+*-�A57�B��"�5+*-,N�B��,C$�:�!#)PU
v
!C5L57&L*-,#,@<@!#)7?

"��457S�4:�)Z)�$ )7?A�V,C$%�'0I!#)76A/J!#��*-,G�B��,C$W:�!#)�U\:4$%&VSF$%�A���W)
u
b��[?'!C5g? U�SF$%)7?A�45�!C5Z!C5Z:4$%�A57!C5�)���� )g<@!#)7?Y"���0I!#&(�45

)7?�*-)	*-,#,C$�<z)�$V6A5��Z*�5��4:�)7!C$%�]*��B��"+*-0B�4/1&($�/'��,�$%�
u
biu\�Z)7?A��"��^23$%"��g*%5+576'&(� )7?�*-)TS

|v|
|u| = O(ε) .

+9|I| 0

u\��!#� )���0I"+*-)��g)7?A��&($%&(��� )76'& �4a 6�*-)7!C$%� + %�G 0[$%�
u
b�� 57!#�'0V)7?A� �M��!#D'�'!#):A�"76',C�Z*-�A/ +9|Jr 0^>'< �Z$%D')+*-!#� S

∂(A¯̄u)

∂t
+

∂(Au2)

∂x
+ G

∫ l2

l1

∂

∂x

(

h2

2

)

dy = − 1

ε

∫ l2

l1

α||u(zr)||u(zr)dy

− G

∫ l2

l1

h
∂b

∂x
dy − 2 ε

∂

∂x

(
∫ l2

l1

∫ η

zr

(νe,0
∂w

∂z
)dzdy

)

+ ε
∂

∂x

∫ l2

l1

∫ η

zr

(

(νh,0 + νe,0)
∂u

∂x
− (νh,0 − νe,0)

∂v

∂y

)

dzdy

+ ε
∂2

∂x2

(
∫ l2

l1

∫ η

zr

∫ η

z
(νv,0

∂u

∂δ
)dδ dz dy

)

.

+9|�G 0

�	$%)�� )7?�*-)

G

∫ l2

l1

∂

∂x

(

h2

2

)

dy = G

∫ l2

l1

∂h

∂x
hdy = G

∫ l2

l1

(

∂η

∂x
h− ∂b

∂x
h

)

dy .
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� $%)��g*-,C5�$�)7?�*-)�>'2 "�$%&{)7?A�Z:4$%�W)7!#� 6'!#)�U �4a 6�*-)7!C$%�M>

− 2 ε
∂

∂x

(
∫ l2

l1

∫ η

zr

(νe,0
∂w

∂z
)dzdy

)

= 2 ε
∂

∂x

(
∫ l2

l1

∫ η

zr

νe,0(
∂u

∂x
+
∂v

∂y
) dzdy

)

,

*-�A/ )7?A���M>[6A57!#�'0d)7?'!C5L,h*%57)f�^T�S'"��45+57!C$%�q!#� )7?A�1"7!#0I? )8O_?�*-�A/ 57!C/'�]$-2 +9|�G 0^>[<G��$%D')+*-!#� )7?A�123$%,#,C$=<@!#�'0
5+�4:�)7!C$%�]*4�B��"+*-0B�4/ &($%&(��� )76'& �4a 6�*-)7!C$%� S

∂Q

∂t
+

∂Q̃2

∂x
+ G

∫ l2

l1

h
∂η

∂x
dy = − 1

ε

∫ l2

l1

α||u(zr)||u(zr)dy

+ ε
∂

∂x

∫ l2

l1

∫ η

zr

(

νh,0(
∂u

∂x
− ∂v

∂y
)

)

dzdy

+ 3 ε
∂

∂x

∫ l2

l1

∫ η

zr

(

νe,0(
∂u

∂x
+
∂v

∂y
)

)

dzdy

+ ε
∂2

∂x2
(

∫ l2

l1

∫ η

zr

∫ η

z
(νv,0

∂u

∂δ
) dδ dz dy) ,

+9| 4 0

<@?A��"��

Q̃ =

(
∫ l2

l1

∫ η

zr

u2(x, y, z, t) dzdy

)1/2

.

E ���A$%)7!#�'0 D U
β
)7?A� &($%&(��� )76'& :4$%"7"��4:�)7!C$%� +3$%"��[$%6A5�57!#�A�45+a 0 :4$��<;L:�!C��� )

β =
1

A

∫ l2

l1

∫ η

zr

u2

¯̄u2
dz dy,

< ��?�*4�B�g)7?�*-)
∂Q̃2

∂x
=

∂

∂x

(

β
Q2

A

)

.

�[?A�Z!#� )���0I"+*-)7!C$%�w$-2p)7?A��:4$%�W)7!#� 6'!#)PU]�4a 6�*-)7!C$%� +9| ( 0
4

0I!#�B�45

∂A

∂t
+

∂Q

∂x
= 0,

+9|Ik 0

)7?�*-)N!C5@)7?A�Z:�,h*%5�57!C:�*-,M:4$%�W)7!#� 6'!#)�U �4a 6�*-)7!C$%�]$-2p)7?A�Z$%�A�^OP/J!#&(���A5�!C$%��*-,X$%S��� :�?�*-�'�A��,p�4a 6�*-)7!C$%�A5�b

	&*�� � > O�: ��1R@D138,P B�< BDC O�> 8,>K@�� 1R. 0
> 0 P 1R8,@A<�57B��A0�4�B �A0=6Q0=F�G�BH138I@A<9>
u\�H�A$�<t0B$@D�*%: �g)�$@)7?A�.)7?'"��4�^OP/J!#&(���A57!C$%��*-,'�4aW6�*-)7!C$%�A5�!#��$%"�/'��"�)�$N&($W/'��,W)7?��i23"7!C:�)7!C$%�g)���"7& *-�A/g57?A$=<
)7?�*-)y< �@:�*-�V�A��0I,C�4:�)y)7?A�[,h*%57)i�W!C5+:4$%6A5i)���"7& !#��)7?A�["7!#0I?W)8O_?�*-�A/(57!C/'�@$-2�)7?A�[&($%&(���W)76'&`�4aW6�*-)7!C$%� +9| 4 0^b

>A"�$%& )7?A� )7?'"��4�^OP/J!#&(���A57!C$%��*-,p&($%&(��� )76'& �4a 6�*-)7!C$%�
(20)1

<G�Z/'�4/J6A:4�Z)7?�*-)

∂

∂z

(

νv,0
∂u

∂z

)

= O(ε). +9| � 0
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�P� *%/'/J!#)7!C$%�M>�DF$%6'�A/A*-"7U :4$%�A/J!#)7!C$%�
(21)2

!#�A/J!C:�*-)��45�)7?�*-)
νv,0

∂u

∂z
= O(ε)

*-)@)7?A��2 "��4��576'"82_*%:4�Ib#>'6'�A:^O

)7!C$%�
z → νv,0

∂u

∂z

!C5Z$-2[)7?A�V$%"�/'��"
O(ε)

*-)Z)7?A�(576'"82_*%:4��D$%6'�A/A*-"7U
z = η

>p*-�A/\5�$E!C5�!#)�5g/'��"7!#�%*-)7!#�B�
<@!#)7?1"��457S�4:�)@)�$

z
b)�[?A� 236'�A:�)7!C$%�1!C5@)7?A��"��^29$%"��Z$-2i)7?A�Z$%"�/'��"

O(ε)
*-,C$%�'0()7?A� <@?A$%,C�g/'��S')7?M>')7?�*-)N!C5 S

νv,0
∂u

∂z
= O(ε)

$%�
Ωt .

+9|Im 0

xW!#�A:4�
νv,0

!C5@!#�A/'��S���A/'��� ) $-2p)7?A�Z"+*-)7!C$%�
ε
>J<G�g:�*-� :4$%�A:�,#6A/'�Z)7?�*-) ∂u

∂z
= O(ε)

*-�A/ )7?A��"��^29$%"�� S

u(x, y, z, t) = ū(x, y, t) +O(ε).
+9| � 0

�.aW6�*-)7!C$%� +9|Im 0	?�*%5�)P< $1!#&VS$%"7)+*-� )g:4$%�A5+�4a 6A���A:4�45�b$>p!#"�57)�>M!#)Z57?A$�<�5�)7?�*-)g)7?A��2 "7!C:�)7!C$%�\:4$��<;L:�!C��� )
α!C5��A�4:4�45�5~*-"7!#,#U *-,C5�$($-2.)7?A� �A"�57) $%"�/'��"N!#�

ε
b[�P�A/'�4�4/K>A2 "�$%& DF$%6'�A/A*-"7U1:4$%�A/J!#)7!C$%� + % % 0

2

>A< �Z?�*��B�g)7?�*-)

νv,0
∂u

∂z
= α||u||u + O(ε2)

*-)
z = zr

b �[? 6A5=>B57!#�A:4�
νv,0

∂u

∂z
= O(ε)

$%�
Ωt

>I< �[?�*4�B�@)7?�*-)
α = O(ε)

b
�P� )7?A��23$%,#,C$=<@!#�'0(<G��<@!#,#,p*%5�576'&(��)7?�*-)

α = εα0.
+@G ( 0

"	� )7?A� $%)7?A��"[?�*-�A/f�4a 6�*-)7!C$%��+9|Im 0G57?A$�<�5 )7?�*-)[)7?A�	)7?'!#"�/ ��!C5�:4$%6A5 )���"7& !#�f)7?A�	&($%&(��� )76'& �4aW6�*-)7!C$%�
+9| 4 0 !C5�5��4:4$%�A/ $%"�/'��"�!#�

ε
b

>'6'"7)7?A��"7&($%"��I>�2 "�$%& + % 4 0 < �?���A$�< )7?�*-)

p(x, y, z, t) = pa +G(η − z) +O(ε).
+@GAr 0

�	5�!#�'0 +9| � 0@*-�A/ +@GAr 0 !#� )7?A��)7?'"��4�^OP/J!#&(���A5�!C$%��*-,�&($%&(��� )76'& �4aW6�*-)7!C$%�
(20)1

<G�g:�*-�1<@"7!#)��RS

1

ε

∂

∂z

(

νv,0
∂u

∂z

)

=
∂u

∂t
+
∂u2

∂x
+
∂uv

∂y
+
∂uw

∂z
+
∂p

∂x
+O(ε)

=
∂ū

∂t
+
∂ū2

∂x
+
∂ūv̄

∂y
+
∂ūw

∂z
+G

∂η

∂x
+O(ε)

=
∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y
+G

∂η

∂x
+O(ε).

+@G % 0

�	$%)�� )7?�*-)�23$%"@)7?A��,h*%5�)�57)���S1<G�Z6A5�� )7?A� 2_*%:�)@)7?�*-)�>J2 "�$%& :4$%�W)7!#� 6'!#)�UB>

ū
∂w

∂z
= −ū (

∂u

∂x
+
∂v

∂y
) = −ū (

∂ū

∂x
+
∂v̄

∂y
) +O(ε).

"	�1)7?A��$%)7?A��"�?�*-�A/ )7?A�Z�B��"7)7!C:�*-,#,#U O_!#�W)���0I"+*-)��4/]&($%&(���W)76'& �4aW6�*-)7!C$%� + %�G 0 0I!#�B�45

h

{

∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y
+G

∂h

∂x

}

+ ū

{

∂h

∂t
+
∂hū

∂x
+
∂hv̄

∂y

}

= − α0||u(zr)||u(zr) + O(ε),
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*-�A/16A57!#�'0()7?A� �B��"7)7!C:�*-,#,#UWO�*4�B��"+*-0B�4/w:4$%� )7!#�W6'!#)PU �4aW6�*-)7!C$%� +9| ( 0^>

∂ū

∂t
+ ū

∂ū

∂x
+ v̄

∂ū

∂y
+G

∂h

∂x
= − α0||u(zr)||u(zr)

h
+ O(ε).

�	��S',h*%:�!#�'0()7?'!C5N�^TJS'"��45�57!C$%� !#� +@G % 0G<G��?�*��B�Z)7?�*-)

1

ε

∂

∂z

(

νv,0
∂u

∂z

)

= − α0||u(zr)||u(zr)

h
+ O(ε).

����)�6A5@�A$�< !#� )���0I"+*-)��g)7?'!C5��^T�S'"��45+57!C$%�E2 "�$%& )7?A��DF$%)7)�$%&{"��^29��"����A:4�g/'��S')7?
z = zr

)�$
z
S

1

ε
νv,0

∂u

∂z
=

1

ε
(νv,0

∂u

∂z
)|z=zr

− α0||u(zr)||u(zr) (z − b)

h
+ O(ε).

� 57!#�'0VD$%6'�A/A*-"7U :4$%�A/J!#)7!C$%�
(22)2

< ��0B��)TS

1

ε
νv,0

∂u

∂z
= α0||u(zr)||u(zr)

(

1 − z − b

h

)

+ O(ε),

5+$�)7?�*-)
∂u

∂z
= εα0||u(zr)||u(zr)

(

η − z

h νv,0

)

+ O(ε2).

u\� �B��"7)7!C:�*-,#,#U O_!#�W)���0I"+*-)���*-0 *-!#�q)7?'!C5L�^TJS'"��45�57!C$%�q2 "�$%& )7?A�1D$%)7)�$%& "��^23��"����A:4�]/'��S')7?
z = zr

)�$
z
>

U�!C��,C/J!#�'0

u = u(zr) + εα0||u(zr)||u(zr)

∫ z

zr

η − δ

h νv,0
dδ + O(ε2)

= u(zr)

(

1 +
εα0||u(zr)||

h

∫ z

zr

η − δ

νv,0
dδ

)

+ O(ε2).

+@G | 0

��� )���0I"+*-)7!#�'0f$%�1)7?A���B��"7)7!C:�*-,X*-�A/ /J!#�W!C/J!#�'0(DWU )7?A�Z< *-)���"	/'��S')7?
h
<G�Z$%D')+*-!#� S

ū =
1

h

∫ η

zr

u dz = u(zr) (1 + ε α0||u(zr)||m(νv,0)) + O(ε2) ,
+@G G 0

<@?A��"���23$%"�)7?A��5~*��B�Z$-2i5�!#&VS',#!C:�!#)PUE<G��?�*��B�Z/'���A$%)��4/

m(νv,0) =
1

h2

∫ η

zr

∫ z

zr

η − δ

νv,0
dδ dz.

�Ha 6�*-)7!C$%� +@G G 0 ,C��*%/'5Z6A5Z)�$1)P< $1!#&VS$%"7)+*-� )�"��4576',#)�5�bD"	�Y$%�A�V?�*-�A/K>X!#)Z0I!#�B�45Z6A5�5�$%&(�V!#�J29$%"7&L*-)7!C$%�
*-D$%6')�)7?A� �[$%6A5�5�!#�A�45�aL:4$��<;L:�!C��� )

β
b.�P�A/'�4�4/K>'2 "�$%& +@G | 0 < �Z/'�4/J6A:4��)7?�*-)

u2 = u2(zr)

(

1 +
2εα0||u(zr)||

h

∫ z

zr

η − δ

νv,0
dδ

)

+ O(ε2),

*-�A/1)7?A��"��^23$%"��RS

1

h

∫ η

zr

u2dz = u2(zr) (1 + 2εα0||u(zr)||m(νv,0)) + O(ε2)

= ū2 (1 − 2εα0||u(zr)||m(νv,0))(1 + 2εα0||u(zr)||m(νv,0)) + O(ε2)

= ū2 + O(ε2).
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�[? 6A5
ū2 = ū2 + O(ε2),

+@G 4 0
<@?'!C:�?d&(��*-�A5Z)7?�*-)�>M6'SY)�$ )7?A�(5��4:4$%�A/\$%"�/'��"g!#�

ε
>M)7?A� � $%6A5+57!#�A�45�a�:4$W�<;L:�!C���W)

β
$%�',#U�/'��S���A/'5g$%�

)7?A��)7"+*-�A57�B��"�5+*-,��%*-"7!h*-)7!C$%�A5	$-2p)7?A� �B��,C$�:�!#)PU
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β =
1

A

∫ l2

l1

∫ η

zr

u2

¯̄u2
dzdy = A

∫ l2

l1

hū2dy

(
∫ l2

l1

hū dy

)2
+O(ε2).
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|u(zr)| =
|ū|

1 + εα0||u(zr)||m(νv,0)
+O(ε2).
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||u(zr)|| =
√

u(zr)2 + v(zr)2 = |u(zr)| +O(ε2) .
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α0||u(zr)||u(zr) = α0|u(zr)|u(zr) + O(ε2)

=
α0 |ū| ū

(1 + εα0 |u(zr)|m(νv,0))2
+ O(ε2)

=
α0 |ū| ū

1 + 2εα0 |u(zr)|m(νv,0)
+ O(ε2) .
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1 + 2εα0 |u(zr)|m(νv,0) = 1 +
2εα0 |ub|m(νv,0)

1 + εα0 |u(zr)|m(νv,0)

= 1 + 2εα0 |ub|m(νv,0)(1 − εα0 |u(zr)|m(νv,0)) +O(ε2)

= 1 + 2εα0 |ub|m(νv,0) +O(ε2) .
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− 1

ε

∫ l2

l1

α |u(zr)|u(zr)dy = − 1

ε

∫ l2

l1

α |ū| ū
1 + 2αm(νv,0) |ū|

dy .
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∂Q

∂t
+

∂

∂x

(

β
Q2

A

)

+ g

∫ l2

l1

h
∂η

∂x
dy = −

∫ l2

l1

α |ū| ū
1 + cα

dy

+ 3
∂

∂x

(
∫ l2

l1

∫ η

zr

µe

ρ

(

∂u

∂x
+
∂v

∂y

)

dzdy

)

+
∂

∂x

(
∫ l2

l1

∫ η

zr

µh

ρ

(

∂u

∂x
− ∂v

∂y

)

dzdy

)

∂A

∂t
+

∂Q

∂x
= 0,

+ 4Jr 0

<@?A��"��

cα =
2α |ū|
h2

∫ η

zr

∫ z

b

ρ (η − δ)

µv
dδ dz

+ 4 % 0
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β = A

∫ l2

l1

hū2dy

(

∫ l2

l1

hū dy
)2

.
+ 4I| 0
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µv
!C5�6A5��4/Kb�� $%)���)7?�*-)N!#�]$%"�/'��"�)�$
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νv =

µv

ρUL

&g6A57) D�
O(ε)

b ����)7?�*-) :�*%5��
< ��?�*4�B�g)7?�*-)

∫ η

b

∫ z

b

ρ (η − δ)

µv
dδ dz =

ρ

µv

h3

3
,

*-�A/1)7?A��"��^23$%"���)7?A�g:4$%"7"��4:�)7!C$%� + 4 % 0[$-2i)7?A� 2 "7!C:�)7!C$%� )���"7& <@"7!#)��45TS

cα =
2

3

ρ

µv
αh |ū|. + 4�G 0
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cf =
1

3

ρ

µv
f h,
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ū =
Q

A

*-�A/
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− α |Q|

h2 l

(

1 +
2

3

ρ

µv
α
|Q|
l

) Q .
+ 4Ik 0
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µv

ρ
= κu∗(z − b)

(

1 − (z − b)

h+ ∆zr

)

,
+ 4 � 0

<@?A��"��
κ
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√

||τb||/ρ
>

τb
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h+ ∆zr
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νv =

µv

ρUL
= O(ε)
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∆z0
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(
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)

( ,#�
(
∆zr
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)
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.
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∫ η

b

∫ z

b

ρ (η − δ)

µv
dδ dz =

∆zr (h+ ∆zr)

κu∗

((

h+ ∆zr
∆zr

) ,#� (h+ ∆zr
∆zr

)

− h

)

.

�[?A��2 "7!C:�)7!C$%� :4$%"7"��4:�)7!C$%� + 4 % 0 )7?A���1<@"7!#)��45TS

cα =
2α |ū|
κu∗

(

(h+ ∆zr)
2

h2

,#�
(1 +

h

∆zr
) − ∆zr(h+ ∆zr)

h

)

.

� $%&V!#�'0 D�*%: �E)�$�)7?A�g*%/J!#&(���A57!C$%��*-,X�%*-"7!h*-D',C�45	*-�A/ 6A57!#�'0F+@G G 0^>'< ��?�*4�B�Z)7?�*-)TS

α |ˆ̄u|
û∗

=
εα0 |ˆ̄u|
û∗

=
εα0 | ˆu(zr)|

û∗
+ O(ε2) ,

<@?A��"���)7?A� �P?�*-) �g/'���A$%)��45	?A��"��Z)7?A��*%/J!#&(���A57!C$%��*-,p�%*-"7!h*-D',C�45�b*�[?A��"��^29$%"��I>�6'S )�$()7?A��5��4:4$%�A/ $%"�/'��"	!#�
ε
>

α |ū|
u∗

=
α |u(zr)|

u∗
.

� $�<Z>F:4$%�A57!C/'��"7!#�'0E)7?�*-)
zr

!C5N�A��*-" ���A$%6'0I?])�$ )7?A�Z<[*-,#,X)�$LDF�g!#�A57!C/'�Z)7?A��,C$%0 *-"7!#)7?'&V!C:�,h*4UB��"�>F<G��:�*-�
6A5+���4a 6�*-)7!C$%�A5 + 4Im 0@*-�A/ + 4 � 0 )�$V$%D')+*-!#� S

α|u(zr)|
u∗ =

α

κ

,#�
(
∆zr
∆z0

) =

√

α(1 − ∆zr
∆z0

) .
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cα =
2
√
α

κ

√

(1 − ∆zr
∆z0

)

(

(h+ ∆zr)
2

h2

,#�
(1 +

h

∆zr
) − ∆zr(h+ ∆zr)

h

)

.
+9k ( 0

�P2H)7?A��;�$�< !C5 ?A$%&($%0B���A�4$%6A5Z!#��)7?A�
y
OP/J!#"��4:�)7!C$%�Y*-�A/�?�*%5Z*L"��4:�)+*-�'0I6',h*-"8OP:�"�$I5+58OP5��4:�)7!C$%�M>

ū =
Q

A

*-�A/
)7?A��2 "7!C:�)7!C$%�1)���"7& !#� + 4Jr 0 <@"7!#)��45

− α |Q| Q

h2 l

(

1 +
2
√
α

κ

√

(1 − ∆zr
∆z0

)

(

(h+ ∆zr)
2

h2

,#�
(1 +

h

∆zr
) − ∆zr(h+ ∆zr)

h

)

) .
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���V)7?'!C5H:�*%5��@)7?A��< *-)���"G/'��S')7?
h
!C5.:4$%�A57)+*-�W) *-,C$%�'0�)7?A�

y
OP/J!#"��4:�)7!C$%�E*-�A/K> /'���A$%)7!#�'0�D U

l
)7?A��<@!C/J)7?

$-2�)7?A�f"7!#�B��"�>i)7?A� 5��4:�)7!C$%� *-"���* !C5
A = lh

b��P�e*%/'/J!#)7!C$%�s<G�f576'S'S$I5��
µe = µh = 0

b7�[?A�E5��4:�)7!C$%�
*4�B��"+*-0B�4/]57?�*-,#,C$�< < *-)���"�&($�/'��,M)7?A���1<@"7!#)��45@!#� )7?A��&($%"��Z:�,h*%5�57!C:�*-,29$%"7& S



















∂Q

∂t
+

∂

∂x

(

β
Q2

A

)

+ gA
∂η

∂x
= −

∫ l2

l1

α |ū|
1 + cα

ū dy

∂A

∂t
+

∂Q

∂x
= 0.

+9k % 0

�	$%)�� )7?�*-)N)7?A� �[$%6A5�57!#�A�45�a )���"7& + 4I| 0 )7?A��� "��4/J6A:4�45N)�$
β = l

∫ l2

l1

ū2dy

(

∫ l2

l1

ū dy )2

b

u\�]��&VS'?�*%5�!BA��])7?A� 2_*%:�) )7?�*-)f!#� )7?'!C5 S�*-"7)7!C:�6',h*-"1:�*%5�� <G�w$%D')+*-!#� )7?A��:�,h*%5�57!C:�*-, 5��4:�)7!C$%�JO�*��B��"+*-0B�4/
�4a 6�*-)7!C$%�A5=>#jl|-nM<@!#)7?]*V:4$%"7"��4:�)7!C$%� $-2i)7?A� 23"7!C:�)7!C$%�1)���"7&1b

�����	��
��������� �#öZûHê UÙíCì ø�ð�ûLíCó�í �ÆêaùQê�íCõÆð0øZù�öZûHê
y
�xïJø�î�ê�ü�ö·øoíCù1�:ì�ê�ûH÷���êVöZûL÷Jö

ū =
Q

A

÷Cù\ï+öZûHêaî�ê ��íCî�ê
öZûHê �Xîaøoü�ö·ø·íJùhö{êaîaó ì"îaøZö{êað

− α |Q| l
A2 (1 + cα)

Q .

Q=øZöZûHíCõLö)ü�íCîaî�ê�ü�ö·øoíCù,öZûHê �Xîaøoü�ö·ø·íJùhö{êaîaó î�ê�ïCõNü¨êXð�öÌí

− α |Q| l
A2

Q,

ì�û9øoüaû+ø�ð�öZûNê0ê��aô\î�êað¨ðXøoíCù	í���öZûHê��aîaø·ü�ö·øoíCùhø�ù6öZûNê(üOúq÷�ðXðXøoü�÷Cú'ð�ê�ü�ö·ø·íJù��x÷��Cêaî¡÷��9ê�ï�ðXûL÷CúZúÃíCìjì ÷Jö{êaî(ê�þOõN÷Jö·øoíCùNð4�
u\��:�?A$�$I5��(* )7?'"��4�^OP/J!#&(���A57!C$%��*-,.)��457)�:�*%5���<@!#)7?\*-�\*-��*-,#U�)7!C:V5�$%,#6')7!C$%�M>K)�$fDF��:4$%&VS�*-"��4/w)�$E)7?A�

*-��*-,#UW)7!C:�5�$%,#6')7!C$%��$-2.)7?A�g5��4:�)7!C$%�JO�*��B��"+*-0B�4/]&($�/'��,p<@!#)7?�*-�A/]<@!#)7?A$%6')N23"7!C:�)7!C$%�]:4$%"7"��4:�)7!C$%�Mb6�[?A�Z)��457)
:�*%5��Z:4$%�A57!C5�)�5N$-2H*V57)���*%/JU 57)+*-)���)76'"7D'6',C���W)N;�$=<z!#�w*V:�?�*-�'�A��,X<@!#)7?�*V57,#!#0I?W)	57,C$%S�

iF
>�*%5N!#,#,#6A57)7"+*-)��4/

!#� �A0I6'"�� %Jb
u\� )+*��B� )7?A� :+?�*-�'�A��,X*%5[)7?A� "��^23��"����A:4��:4$%� �A0I6'"+*-)7!C$%� ! (x, y, z)

!#�3�A0I6'"�� % ! *-�A/f< ��576'S'SF$I5+�	)7?�*-)
µh = µe = 0

b �[?A�[;�$=<q!C5.5�)���*%/JUV*-�A/(6'�'! 23$%"7& !#�L)7?A�
x
OP/J!#"��4:�)7!C$%�M>J*-�A/V)7?A�@23"��4�@576'"82_*%:4�@!C5yS��"823�4:�)7,#U

S�*-"+*-,#,C��,M)�$V)7?A��D$%)7)�$%&1>')7?�*-)�!C5�S

∇η = (
∂b

∂x
, 0)T , U = (u, 0, 0)T .
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z

x

U(x)

x’

z’

θ

>p!#0I6'"���%�S �	�'! 29$%"7& ;�$�< !#�]*�:+?�*-�A��,�<@!#)7? 5�,C$%SF�

�	��<@"7!#)7!#�'01)7?A��)7?'"��4�^OP/J!#&(���A57!C$%��*-,��.-/� x]�4aW6�*-)7!C$%�A5 +8r 0 !#��)7?A���A��< "��^29��"����A:4�V:4$%� �A0I6'"+*-)7!C$%�M>y*-�A/
:4$%�A5�!C/'��"7!#�'07+9kI| 0^>'< ��"���)7"7!C���B��)7?A� 29$%,#,C$�<@!#�'0f57U�5�)���& S

1

ρ

∂p

∂x
= g sin θ + (cos2 θ − sin2 θ)2

∂

∂z
(
µv

ρ

∂u

∂z
)

+9k�G 0

1

ρ

∂p

∂z
= −g cos θ + 2 cos θ sin θ(cos2 θ − sin2 θ)

∂

∂z
(
µv

ρ

∂u

∂z
),

+9k 4 0

<@?A��"��
θ
!C5@)7?A�Z*-�'0I,C�Z$-2i)7?A�Z57,C$%S�Ib)�[?A��DF$%6'�A/A*-"7U :4$%�A/J!#)7!C$%�A5	$%�1)7?A� 23"��4��576'"829*%:4�Z*-"��RS

p = pa
*-�A/ µv

ρ

∂u

∂z
= 0,

+9kIk 0

*-�A/1�A��*-"�)7?A��D$%)7)�$%& *-)
z = zr

S
µv

ρ

∂u

∂z
= αψ(θ) |u|u, +9k � 0

<@?A��"��
ψ(θ) =

1

(cos2 θ − sin2 θ)2
b

xW!#�A:4�
u
/'$��45[�A$%)�/'��S���A/f$%�

x
>�<G��/'�4/J6A:4� 23"�$%& +9k 4 0.)7?�*-) ∂p

∂z

!C5 !#�A/'��S���A/'��� ) $-2
x
>A*-�A/f)7?A��"��^23$%"��

*-,C5+$V)7?A� S'"��45�576'"��
p
b)�[?W6A5 ∂p

∂x
= 0

*-�A/1�4a 6�*-)7!C$%� +9k�G 0 "��4/J6A:4�45�)�$#S

∂

∂z
(
µv

ρ

∂u

∂z
) = −gφ(θ),

+9kIm 0

<@?A��"��
φ(θ) =

sin θ

(cos2 θ − sin2 θ)2
b ��� )���0I"+*-)7!#�'0 +9kIm 0V2 "�$%& *-� *-"7D'!#)7"+*-"7Uq��,C���I*-)7!C$%�

z
)�$d)7?A� 23"��4�

5�6'"829*%:4�
η
>A*-�A/ 6A57!#�'0(D$%6'�A/A*-"7UE:4$%�A/J!#)7!C$%� +9kIk 0 < �Z$%D')+*-!#� S

∂u

∂z
= gφ(θ)

ρ(η − z)

µv
.
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�P�W)���0I"+*-)7!#�'0(�A$�< +9k � 0H2 "�$%&
z
)�$�)7?A� "��^29��"����A:4��/'��S')7?

zr
�A��*-"@)7?A� DF$%)7)�$%&{< ��$%D')+*-!#�1)7?A� 29$%,#,C$�<@!#�'0

�^T�S'"��45+57!C$%�1$-2p)7?A�Z�B��,C$W:�!#)�UHS

u = u(zr) + gφ(θ)

∫ z

zr

ρ(η − δ)

µv
dδ.

+���( 0

�[?'!C5N�^TJS'"��45�57!C$%�1:�*-�1D���B��"7)7!C:�*-,#,#UWO_!#� )���0I"+*-)��4/w$%�1)7?A�Z���W)7!#"��Z<[*-)���"N:4$%,#6'&V� !#� $%"�/'��"N)�$V"���)7"7!C���B��*-�
�^T�S'"��45+57!C$%�1$-2p)7?A��;�$�<ZbH���A/'�4�4/K>

Q =

∫ l2

l1

∫ η

zr

u dzdy =

∫ l2

l1

(

hu(zr) + gφ(θ)

∫ η

zr

∫ z

zr

ρ(η − δ)

µv
dδdz

)

dy,

*-�A/157!#�A:4� )7?A� ;�$=< !C5@?A$%&($%0B���A�4$%6A5	!#�1)7?A� UWOP/J!#"��4:�)7!C$%� S

Q = Au(zr) + g l φ(θ)

∫ η

zr

∫ z

zr

ρ(η − δ)

µv
dδdz .

�M��)�6A5 �A$�< "���)7"7!C���B�(*-�\�^TJS'"��45�57!C$%��$-2 )7?A���B��,C$�:�!#)PU��A��*-"�)7?A��D$%)7)�$%& *-)
z = zr

b�>'"�$%& +9k � 0N<@!#)7?
z = zr

< ��?�*4�B�Z)7?�*-)
µv

ρ

∂u

∂z |z=zr

= gφ(θ)h .
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α|u(zr)|u(zr)ψ(θ) = ghφ(θ),

*-�A/L57!#�A:4�	!#�L)7?A�NS�*-"7)7!C:�6',h*-"@:�*%5���< �	*-"�� :4$%�A57!C/'��"7!#�'0�)7?A�N�B��,C$W:�!#)�U(!C5[*-,#< *4UJ5 SF$I5�!#)7!#�B�I> < ��?�*4�B�	)7?�*-)TS

u(zr) =

√

g h sin θ

α
.

+���r 0

>p!#��*-,#,#Uf< ��?�*4�B�g/'��"7!#�B�4/ )7?A� 29$%,#,C$�<@!#�'0 �^TJS'"��45�57!C$%�1$-2i)7?A� ;�$=< S

q =
Q

l
= h

√

g h sin θ

α
+ g φ(θ)

∫ η

zr

∫ z

zr

ρ(η − δ)

µv
dδdz ,

+���% 0
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q = h

√

g h iF
α

(1 + cα) .
+��%| 0
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q = h

√

g h iF
α

.
+�� G 0

xW!#�A:4�
cα

*-�A/
µv

:�*-��/'��S���A/�$%��)7?A�H;�$=<s"+*-)��
q
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q
*-�A/

h
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h
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friction coeff Chezy law 1D

friction coeff Chezy law 3D

analytic friction coeff
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