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Cauchy-Pompeiu type formulas for 0 on
affine algebraic Riemann surfaces and some applications

G.M.Henkin

Abstract

We have constructed the explicit formulas f = Rgo and u = Ry f for solutions of 9f =
¢ and of (0 4+ Adz1)u = f — Hf on affine algebraic curve V' C C?, where Hf is projection
of f e Wﬁ o(V) on the subspace of holomorphic (1,0)-forms on V, p > 2. These formulas
can be interpreted as explicit versions and precisions of the Hodge-Riemann decomposition
on Riemann surfaces. The main application consists in the construction of the Faddeev-
Green function for (0 4+ Adz1) on V as the kernel of operator Ry o R. Basing on this in
the separate paper [HM] we have extended from the case X C C to the case of bordered
Riemann surface X C V the R.Novikov scheme [N1] for the effective reconstruction of
conductivity function o in the equation d(cd°U) = 0 through the Dirichlet-to-Neumann
mapping
Ulyx > 0dUl,-

Introduction

This paper is motivated by one of the problems of two-dimensional Electrical
Impedance Tomography, namely by the question of reconstruction of conductivity function
o on a bordered two-dimensional Riemann surface X from the knowledge of Dirichlet-to-
Neumann mapping u}b ~ — odU ’b + for solutions U of the Dirichlet problem:

d(ach)’X:(), U}bX:u, where d=0+0, d°=i(0—0).

For the case X = Q € R? ~ C (2 = z; + izy) the exact reconstruction scheme was
given firstly by R.Novikov [N1] under some restriction on conductivity function o, This
restriction was eliminated later by A.Nachman [Na].

The scheme consists in the following.

Let o(z) > 0 for z € Q and 0 € CP(Q). Put o(x) = 1 for z € R*\Q. Substitution
1 = /oU transforms equation d(cd°U) = 0 into equation ddy = dof;gﬁzb on R?. From

L.Faddeev [F1] result (with additional arguments [BC2] and [Na]) it follows that VA € C 3!
solution 1 (z, A) of the above equation with asymptotics

P(z,A) e E (2, 0) = 1+ 0(1), z— .
Such solution can be found from the integral equation

u(§, A)ddey/o

ued) =145 [ gle— e HHETENT,
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is called the Faddeev-Green function for operator p — 0(0 + Adz)pu.
From R.Novikov [N1] work it follows that function Mbﬂ can be found through
Dirichlet-to-Neumann mapping by integral equation

Bz, = € + / ACOg(z — € N (BB(E,N) — Bow(E, V),

£eb2
where (i)¢ = éw}bﬂ’ qA)Ow = 5¢0’b97 wo’bg = ¢7 éaw}g =0.

From works of R.Beals, R.Coifmann [BC1], P.Grinevich, S.Novikov [GN] and R.Novikov
[N2] it follows that (2, \) satisfies O-equation of Bers-Vekua type with respect to A € C:

o —
a5 = MY,

where A — b(\) € L2+¢(C) N L?27¢(C) and (2, N\)e ™ — 1, A — o0, ¥ z € C.

This d-equation combined with R.Novikov’s integral equation permit to find from the
Dirichlet-to-Neumann mapping, at first, 1/1‘ po Secondly, 70 - scattering data b()\)” and
then w‘Q

Finally, conductivity a’Q is found from Dirichlet-to-Neumann data by the scheme:

DN data — w‘bﬂ — 0 — scattering data — w‘Q —

dde\/z
o o

Main result

We suppose that instead of C we have smooth algebraic Riemann surface V in C?,
given by equation V = {z € C*: P(z) = 0}, where P holomorphic polynomial of degree
d > 1. Put 23 = wy/wg, 22 = wy/wy and suppose that projective compactification Vof V
in CP? > C? with coordinates w = (wp : wy : wy) intersects CPL = {z € CP?: wy = 0}
transversally in d points. In order to extend the Novikov’s reconstruction scheme on
Riemann surface V C C? we need, firstly, to find appropriate Faddeev type Green function
for (04 Adz1) on V. One can check that for the case V' = C the Faddeev Green function
g(z,\) is composition of Cauchy-Green-Pompeiu kernels for operators f — ¢ = df and
u— f = (04 Adz)u, where u, f, ¢ are correspondingly function, (1,0)-form and (1,1)-form
on C. Namely,

-1 / AV=AD s A dip
i(2m)2 (w+z2)-w
wGC

The main purpose of this paper is to construct analogue of Faddeev’s Green function
on Riemann surface V. To do this we need to find explicit formulaes (with appropriate
estimates) f = Ry and u = R, f for solutions of equations 8 f = ¢ and (0+Adz)u= f—Hf
on V, where for V equiped by euclidean volume form dd¢|z|*, ¢ € L% (V) N Li (V),
f € Wi’éj (V) and u € W22(V), p > 2, Hf projection of f on subspace of holomorphic
(1,0)-forms on V.

g('Z? )‘) =



The new formulas obtained in this paper for solution of Of = ¢ and (0 + Adzy)u = f
on V one can interpretate as explicit versions and precisions of the Hodge-Riemann de-
composition results on Riemann surfaces. We will define the Faddeev type Green function
for (0 + Adz1) on V as kernel gx(z, &) of operator G = Ry o R.

Further results

In the separate paper [HM] using Faddeev type Green function, constructed here, we
have obtained on the Riemann surface V' the natural analogues of all steps of the Novikov
reconstruction scheme.

The existence (and uniqueness) of solution p(z, A) of Faddeev type integral equation

uen) =1+ 5 [ oae o MENIENT,

£ev

zeV, AeC

is obtained under assumption o € C®) (V).

§1. Cauchy-Pompeiu type formula on affine algebraic Riemann surface

By L, (V) we denote the space of (p,q)-forms on V' with coefficients in distributions
of measure type on V. By L; (V') we denote the space of (p,q)-forms on V' with absolutely
integrable in degree s > 1 coefficients with respect to euclidienne volume form on V. If
V = C and f is a function from L!(C) such that 9f € Lg ;(C), then the generalized Cauchy
formula has the following form

z e C.

ﬂ@:_i_/ﬁﬂOA%

271 E—z
¢eC

This formula becomes the classical Cauchy formula, when f = 0 on C\{2 and f € O(Q),
where € is some bounded domain with rectifiable boundary in C. The generalized Cauchy
formula was discovered by Pompeiu [P1] for solution of the Painleve problem, i.e. for prov-
ing of existence for totally disconnected compact sets with positive Lebesque measure of
non-zero functions f € O(C\E) N C(C) N LY(C). The Cauchy-Pompeiu formula has many
fondamental applications: theory of distributions (L.Schwartz), approximations problems
(E.Bishop, S.Mergelyan, A.Vitushkin), corona problem (L.Carleson), pseudo-analytic func-
tions (L.Bers, I.Vekua), inverse scattering and integrable equations (R.Beals, R.Coifman,
M.Ablowitz, D.Bar Yaacov, A.Fokas)....

Motivated by applications to electrical impedance tomography we develop in this
paper the Cauchy-Pompeiu type formulas on affine algebraic Riemann surfaces V C C? and
give some applications. A version of the Cauchy-Pompeiu formula on compact Riemann
surface for generalization of the Riemann-Roch theorem on pseudoanalytic functions on
such surfaces was found by Yu.Rodin [R].

Let V be smooth algebraic curve in CP? given by equation

V ={weCP?: P(w)=0},
where P be homogeneous holomorphic polynomial of homogeneous coordinates
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w = (wp : wy : wo) € CP?. Without restriction of generality we suppose that

i) 174 intersects CPL = {w € CP?: wy = 0} transversally, VN CPL = {a1,...,aq},
d=degP,
ii) V = V\CPL is a connected curve in C? with equation V = {z € C* : P(z) = 0},

where P(z) = P(1, 21, z2) such that
OP/0z
OP/0zo
iii) For any z* € V, such that g—i(z*) = 0 we have %ZZ}; (z*) #0.

By Hurwitz-Riemann theorem number of such poiilts of ramification is equal to
d(d—1).

Let us equip V by euclidean volume form d d¢|z|?.

< const(V), if |z1| > 1o = const(V),

Notation

Let us denote by Hy , (V) the subspace in Lg , (V'), 1 < p < 2, consisting from antiholo-
morphic forms. ¥ p € (1,2), the space Hy (V') coinsides with the space of antiholomorphic
forms on V admitting antiholomorphic extension on compactification V' CP2. Hence,
by classical Riemann-Klebsh theorem dim¢Hg (V) = W Vpe(l,2).

Proposition 1

There exist operators Ry : L (V) — LP(V) and Ry : L§ (V) — WHP(V) and
H: Lo (V) — Hy(V), 1 <p<21/p=1/p—1/2such that YV € Lg (V) we have
decomposition

® = OR® + H(®), where R = R;+ Ry, (1.1)
1 dé, OP E—Z
Ri® = 57 <I>(§)§Tpaletla5 (&), |§—z|2]' (1.2)
397 ?
Remark 1 3
If p € [1,2) and q € (2, 00] the condition ® € Lg (V) N Lg (V) implies R® € C(V).
Remark 2

For the case when V = C = {z € C® : 2z = 0} Proposition 1 and Remark 1 are
reduced to the classical results of Pompeiu [P1], [P2] and of Vekua [V].

Remark 3

Basing on the technique of [HP] one can construct explicit formula not only for the
main part of R-operator Ry, but for the whole operator R. It can be useful for numerical
implementaions of the formulas of this paper.

Proof of Proposition 1
Let Q(&,2) = {Q1(&, 2),Q2(&, 2)} be a couple of holomorphic polynomials in
€ =(&,&) and z = (21, 22) such that
Q6.9 = 27 (&) and
’ 23 (1.3)

P(&) = P(2) = Q1(&,2) (&1 — 21) + Qa(&, 2) (&2 — 20) L< Q(€,2), 6 — 2> |
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The conditions i), ii) imply that for 9 small enough there exists holomorphic retraction
z — 1(2) of the domain U., = {z € C*: |P(z)| < o} on the curve V.

Put U., = {z € C*: |P(2)] < & |z1] < r}, where 0 < ¢ < g and r > 7. Put
Ve={2e€C?: P(2) =c}, c€C,|c|] <eand &(z) = O(r(z )), # € Ue,. The condition
® € Lg 1 (V) and properties of retraction z — 7(z) implies that 0% = 0 on U., and

]@]\Lp(vc) < const(V) - Hq)HLp(V), (1.4)

uniformly with respect to ¢ : |c| < g9. By references [H] and [Po] we can choose the
following explicit solution

13’577" on U, of the J — equation OF, , = P U, (1.5)

1 . £ - €~
FE’T(Z) = (%){ / (I)/\det[|f |2,6§|§ | ] A dEr N déa+

E€U,

NG }
‘“[ CEE ] R

geble v |&1|=r
§—% Q }
€ — 22" P(§) — P(2)

éAdet{ /\d{l/\d&}, z € U g
£eble |P(&)|=¢

The property (1.4) implies that for any z € V' we have

/ @/\dethf_ |2,5£|§ ]}Adglx\dgg—m) e—0 and

E€U,

= (52 — %) }
PA| — ANdéEr Ndéy — 0, € — 0, r — 0.

/ { G M
£eble [€1]=r

Hence V z € V there exists lim F., = F'(z), where

e—0
T—00

- 1 ddEy
F(z)=——
27 oP
<y 96 €3]

€~
€ - IQ’

A de t[ Q(E, )} (1.6)

From (1.5), (1.6) it follows that o
O.F|, = (). (1.7)

Put F; = R1®. Using (1.2), (1.3), (1.6), (1.7) we obtain

OGNy, =g [ PO G et L0015 | -

35
EE) &=
56 —(&—=)

=5 A det

51 zZ1 dz
£y — 7y dz

det




where

1 D) ANdE, < F(€.E—2>-<B(2),f—2>
K®=— dz;. 1.8
2m‘§€/V i E© 0 B

The estimate R1® = Fy € LP(V) follows from the property ® € LP(V) and the following
estimate of the kernel for the operator R;
oP N\ ', [oP §—z 1 |dé |
5e©) det| @ e =0 ) e
’( o€ : EEVAEAG]
where £,z € V.
For the kernels of operators ® — K® and & — 0,K® we have correspondingly

Dy € — 2|

estimates

r%—f(f):é 2> < 32 (2),€ - 2> déi N da —O( 1 ) |d€1| 2] )
L+ 212 ) |8E(9)] 18& (=)

852( ) |£_Z|4 352( )

<5©).6-2> < BE(:).E - 2> da Adn

0, =
96 (€)- |5 — 2t 852( ?) (1.10)
2 )
€ — ] 8.52( )| 3—5(2)!
where &,z € V. These estimates imply that Vp > 2 and p > 1 we have
By K e Wyl (V)N L5, (V). (1.11)

From estimates (1.9)-(1.11) it follows that (0,1)-form ®; = K® on V can be Con51dered also
as (0,1)-form on compactification V of V in CP2 belonging to the spaces L (V) Vp<2,

where V is equiped by the projective volume form d d¢In(1 + |z|?).
From the Hodge-Riemann decomposition theorem [Ho|, [W] we have

= 0(0*GPg) + HDo, (1.12)

where H®( € Ho,l(f/), G is the Hodge-Green operator for laplacian 89* + 9*d on V with
properties

G(Ho1(V)) =0, 0G =Gd, "G = Go".
Decomposition (1.12) implies that
g*Gq)o € WZ,p(V), pE (1, 2) and HP( € HO,l(V)-

Returning on the affine curve V' with euclidien volume form we obtain that

Ry® = 9*GK®|, € WHP(V), ¥j > 2 and

» , (1.13)
HP® = HK®|, € HJ,(V), p> 1.
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Proposition 1 is proved.

Corollary 1.1
def

Let F € L>°(V) and OF € L ;(V), 1 < p < 2. Then there exists lim F(z) = F(co)
such that (F — F(o0)) € LP and V z € V the following representation is valid
F(z) = F(c0) + ROF. (1.14)

Proof
~ Put 9F = ®. Then by Proposition 1 we have R® € LP(V), 1/p = 1/p — 1/2 and
O(F—R®) = H®. Then the function h = F'—R® is harmonic on V. Estimates F' € L>°(V)
and R® € LP(V) imply by the Riemann extension theorem that h can be extended untill

harmonic function h on V. Hence, h = F — R® = const = ¢. This implies formula (1.14)

with F(oco) = ¢. From (1.2), (1.13), (1.14) we deduce that 3 lim F(z) = ¢ o F(o00).

Corollary 1.1 is proved. Corollary 1.1 admits useful reformulation.

Corollary 1.2
_ In the notations of Proposition 1 for any bounded function 1) on V' such that
oY € LP(V), 1 < p < 2, the following formula is valid

() = 1h(00) + Redh + % / ag(

det [3E (€), € — z]d¢
22 (&) € — 417 )

where Ro0y € WYP(V), 1/p=1/2 — 1/p.
§2. Kernels and estimates for 0f = ¢, p € L} ; (V) N L (V)
Let ¢ be (1,1)-form of class L% (V) with support in Vo = {2z € V' : |z1]| < 1o}, where

ro satisfies condition ii) of §1.
If V"= C then by classical result [P1], [V] the Cauchy-Pompeiu operator

1 P(§) det A
L /g—z_Rw
§eVo

determines the solution f = Rgo for equation 0f = ¢ on C with the property
feWLP(C)NOC\Vp) ¥p > 2.

In this section we obtain analogous result for the case of affine algebraic Riemann surface
vV ccCr
Let VA\Vp = U?zl‘/j, where {V;} are connected components of V\Vj.

Lemma 2.1
Let ® = dz;|p and f = Fdz, = (R®)dz;, where R is the operator from
Proposition 1. Then



i) P e Lg’l(VO), p € [1,2), ® =0on V\Vg
ii) F|, € Whe(Vp) Vp € (1,2), f e Wi(V) Vb e (2,00),
OF = ® — 'H®, where H is the operator from Proposition 1,
Of = ¢ — (H®) A dzy,
1F|| Loy < const(V,p)[ @ Levy, 1/p=1/p—1/2
iii) if, in addition, ¢ € W°(V), then f € W2?(V).

Proof

i) The property = 0 follows from cp}v\vo =0.

9|
V\Vo
Put Vi ={z €V} : i’g—i} > i’g—i ’} The definition ® = dz]p implies that

q)‘v* = ®"dz;, where &1 € L>®(V;") and

2.1
q”vj— =& dzy/(021/022), where &~ € LOO(VO_) (2.1)

Properties (2.1) imply that ® € Lg (Vo) V p € (1,2).

ii) The equalities OF = ® — H® and df = p — (H®) A dz; follow from Proposition 1 and
definitions ® = dz; | and f = Fdz;. The inclusions F' € LP(V) and F’vo e Whr (V)
follow from the formula ' = R® and Proposition 1. The inclusion f € WP(V)
follows from equalities Of = ¢ — (H®) A dz;, f = Fdz, and Proposition 1.

iii) if, in addition, p € WH(V), then f € W2P(V). It follows from equalities above
with ¢ € WH(V) and suppp C Vj.

Lemma 2.2
Vge Hy,(V)3he L’f’O(f/) (1 < p < 2) unique up to holomorphic (1,0)-forms on V
such that
5h“~/ = gdz. (2.2)

Proof
For any g € Hj (V) the (1,1)-form g A dz; determines the current G on Y by the
equality

d

<G, x > im Z [/(X — x;j(00))gdz1 + x;(0) / gA dzl],

R—o0

=1 \Z {z€Vj: |z1|<r}

where x € C®)(V), ¢ > 0 and y;(c0) = hl%/l x(2).
zEe i

By the Serre duality [S] the current G is J- exact on V iff

R—o0
{z€V: |z1|<r}

< G,1>= lim / gANdz =0. (2.3)

8



Let us check (2.3). We have

gNdz = — / 21 N\ g.

{zeV: |z1|<r} {z€V: |z1]=r}
Putting into the right-hand side of this equality w; = 1/2;1, we obtain

d _
dw
g/\dzlz—z / g](wl)—lzo
{zeV: |z1|<r} j:1|w1|:1/r

The last equality follows from the properties
gj(ﬂ]l)d'lz}l = g’\/jﬂ{|w1|§1/r} and g; € O(D(O, 1/7")).

Hence, by (2.3) there exists h € L%’O(f/) such that equality (2.2) is valid in the sense of
currents. Moreover, any solution of (2.2) automatically belongs to L’f’o(f/), 1 <p<2
Such solution h of (2.2) is unique up to holomorphic (1,0)-forms on V because conditions
h e L7 ,(V) and Oh = 0 on V imply that h extends as a holomorphic (1,0)-form on V.
Notation 3
Let Ht : Hg’l(V) — Lfio(V) (1 < p < 2) be the operator defined by formula
g — Htg, where Htg be the unique solution h of (2.2) in L’f’O(f/) with the property

/hAg = 0vg e HE, (V).
v
Lemma 2.2 proves the existence and uniqueness of H+g € L% (V) for any g € HY (V).

Proposition 2
Let R be operator defined by formula (1.1) and H be operator defined by formula
(1.13). For any (1,1)-form ¢ € L} (V) N L§ (V) with support in V4 put

Ry = R'¢ + R%, (2.4)
where
R'o = (R(dz1]p))dz1, R% =H"* oH(dz]p).
Then L
ORp = o, (2.5),
f=Fdz = Rpe WP(V) Vp € (2,00), F|, € W' (V) Vp € (1,2)
o () (2.6)
(& .
and f‘Vj :Z;—kdzl, if |z1] > 7o.

k=1 “1



Proof
The properties (2.5) and f = Ry € WYP(V) follow from Lemmas 2.1, 2.2. The
properties (2.5) and 90’\/\\/0 = 0 imply analiticity of f on V\Vj. Development (2.6) follows

from analiticity of f ‘V\VO and inclusion f € LP(V\Vp).

§3. Kernels and estimates for (0 + \dz;)u = f, f € Wllj(?(V)

Let f = Fdz be (1,0)-form as in Proposition 2, i.e. F‘Vo e WhP(Vy) V p € (1,2) and
feW (V) Ve (2,00).

If V= C then equation du + Audz; = f was also introduced by Pompeiu [P2]. One
can check that this equation can be solved by the explicit formula:

- Ne—AE 3

eAz—)\zu(Z> _ L e _ f(_f)df def
2mi £E—Z
¢cC
1 / NTAEF(€)dE
lim — _—
r—oo 271 E—2Z
{eeC: |g|<r}

For Riemann surface V = {z € C* : P(z) = 0} we will obtain further the following
generalization of this formula.

Proposition 3
Let e)(€) = er1728 and

dgl 6]5 5 —Z

S 7 det 1 .
Beh) g im [ e n©5p s det SO i)
{€eV: [gl<r}
Let
w=Ryf = RAf + B3, (3.1)
where RLf =e_x(2) - Ri(exf) +e_x(2) - Ro(exf), R1, Ro - operators from

Proposition 1. Let H f def H—f, where H operator from Proposition 1.

Then V) # 0:
i) (O+Ada1)Raf = f—"H(f)
i)

Jull o vy < const(V,p) - min( YUIF | Loy + 1OF || Levy) s

1 1
VI
10ul| vy < const(V,p) - [|0F ||Le(vy, where 1/p=1/p—1/2

iii)
const(V,p)

(1 + [z1])ull oo vy < T

ou - .
10+ 1) e (v, < const(V D)V INIIF oy 5 > 2

| F vy, VD> 2,

10



) if, in addition, f € W22(V), then

0%u S s
H@HM(V) < const(V,e,p) - |A|P/ P 6)(”F”LP(V) + |0F || Le(vy)
1
where 1/p=1/p—1/2,e>0
Remark 1

Proposition 3 is still valid, if we replace the condition f € W1P(V) by
f—c(N)dz € Wll”é)(V) and in statements ii) and iii) we replace u by u + C(A)
Remark 2
case of Riemann surfaces

Part ii) of Proposition 3 gives a natural generalization of Lemma 1.2 from [Na] for the
Proof of Proposition 3
i)

(0 + Adz1)Raf = (9 + Mdz1)e-x(2) - R(exf) =

d(e-x(2)) - R(exf) + e-r(2)0(R(exf)) + Adzre_x(2) - R(exf) =
(—Adz1 + Adz1)e_x(z) W

e_x(z)-e

A2 (f+HT) =

f+H]E f+HS,

where we have used equality (1.1) from Proposition 1.

iii) Let r > 7g. Let xo € C(V) be such that x4 +x_ =1onV
suppx+ C {£ €V :

D&l < 2r}, suppx- C { eV
have u = u4 + u_, where

&l =} ldxs| = O(1/r). We
us(z) = Ra(x=f). (3.1)+
Using properties f € L>°(V), |ex| = 1 and equality duy = x4+ Fdz
for uy and %“7? the estimates

Auydzi, we obtain

11+ IZI)U+( 2L vy

= O f oo vy
11+ ]2 I)

=(@)l=vy =
21

(3.2)
O ) fl[ oo vy
In order to estimate u_ we transform expression (3.1)_ using development (2.6) for f }V
and we integrate by part. We obtain
u—(2) =

Raox—f=R\x_f+Rx_f=

ex(2) 1 / A (dy ) F A déydet[ 5
2mi A

2y () le- =P
e a(2) 1 s, o D) d&y A dEydet[ G2 (8),€ 2] (3.3)
S Ay (S k _
2 AZS/V g SO le— 4P
e_a(2) 1 _3E det[a—p(§>a§—z]d§1
2/;2' X/8A£ h Xjaﬁ( o5
£ev

£ e_x(2)Ro(exx—f),
02 (6) e of )-l- A(z)Ro(exx—f)

11



where operator Ry = 0*GK is defined by (1.13). Using Corollary 1.2 we have, in addition,

_ea(®)1 Qe Py det[%_};(f),f — z]d&; _
2mi Age/v X— £< g_i(f)‘|f—2|2 )
%iek(z)X—(z)F(z) - e;f;) %Ro(a(e,\X_F)) -

11 e_a(2)1 =
Ty () F(2) — 2
27Ti)\X (2)F(2) 2mi A

Putting last equality in (3.3) and using the properties |ex| =1, |[dx—| = O(1/r),
Ou_ = x_Fdz; — Mu_dz; and Ry = 0*GK, we obtain

1 _
I+ [z ulzoe vy = O(IAI ME Loy + 11+ [z1]) Roleax— )l vy +

1

1
m”( + |z1])RoO(exx—F) || L= vy < O(|/\| ME Lo ov (3.4)
ou_

and [|(1+[z1]) 5 —llzev) = O/r)FllLocv)-
0z1

Estimates (3.2) and (3.4) imply

11 + |z1Dul| e vy = O(r + |)\| ) F Loy,
(3.5)

ou -
and [|(1+ |Z1|)6—21||Loo(\/) = O(|A\lr + 1/7)|F|lLocvy, VD > 2.

Putting in (3.5) r = ro/+/|A| we obtain iii).

ii) For proving ii) let us put r = ry and transform (3.1)4 for uy in the following
ui(2) = Rax+f =

e_x(2)1 / eA'El_AgldXJrF/\déldet[%—?(f),f— z

2mi A 2|2
el 3&() € — 2|

e r(2) 1 / ALy aFAdgldet[g—f;(g),g—z}_ (3.6)
56 () -6 — 22

NeLAE det[—lg — z]dél _
/ e 1x+Fc9< . )+€—A(Z)RO(€AX+f),
e S5 (6) \E—Zl

"UIQ_;

1
2w A

where operator Ry = 0*GK. Using the last expression for u(z), the property
Fl, € W1P(V4) and Corollary 1.2 we obtain
[usllLovy = O/ N Flwrevy).- (3.7)
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This inequality together with (3.4) and statement iii) proves the first part of statement
ii). Formula u = Ry f implies 0,u = f — Adzyu. From this and from already obtained
estimates for u we deduce the second part of statement ii):

10ull Lo vy < const(V, p)[|OF]| e

iv) Formula %“71“ = x4+ F — Auy implies

62U+ 8X+ oF
aZ% = (821 F+ X_|_a—21) — /\(X+F — )\’LL_|_> (38)
From (3.6) for uy we deduce:
Aug — x4 F' =
G_A(Z) / eA€1—>\£1 %d&lpdEQdet[a—]f(g),g — Z:| N
271 _ -2
™ ele 2B (&) ¢ -~
e A(2) / A6 A O ey p dEydet [22 (), € — 2] (3.9)
2mi OP (£).|¢ — 2|2 a
W ) 22(6)-Je -+
“E) By (@lerx ) + e a(2)Rolerxa d) = JF + 5+
where
7 e a(2) 1 A6 Xk A A Fdéydet[ 92 (8), ¢ - 2]
1 &)= N )
2 A _ 2
™AL SE(¢)-1¢ - 7|
4 (2) e_x(2)1 / 6_>‘€1X aF “de? A d§2det[8_§(€>7§_ 2]
2 <) = N )
2 A OP (e) . |€ — 2|2
™A 82.(¢) - 1€ — 2|
73 () = =2 Ry (e F)) + des () Bolerxs £
By integration by part we obtain for J; (2):
Ji'(2) = J11(2) + Jih(2) + I5(2), (3.10)
where
s — )] / A DXL ey \F A déadet[22(€), € — 2]
11\#) = — N )
2 A _ 2
" &l <r f’fl( &) 16—l
J+( ) 6_)\(2) 1 er1— Y3 OX:- OF d£1 /\deth[a—]g(f) £ — Z}
12\%) = — N )
2 A _ 2
" €| <r 851( )16 ==l
11 ox 1~ ox
) + 1 +
Ji3(2) = —5—ye-al(z)eal )85 (2)F(2) + e-x(2) 5 Ro(d(ex 26 = 1))

13



For J, (z) we have

Jy (2) = J3h (2) + Jah(2), (3.11)
where
A1—AE1 . OF g désd _
J;(Z) _ 6_2)\(2) / € /ipa £2 A 52 et[Q (5)75 Z} 7
i 9 (6)- ¢ — 2|
(e |32 |<n
. e 2 (2) 1A (1 — i)y BE €y N dadet [E(€), € - 2]
J22( ): i / )
i O () e — 4P
(& |21 ]>r)

where k, is a smooth function such that

961

=10 |5 ]<—, supp ks, C {€: ’ag | <} ldx,l = 0(1/p)

with p < min (1, 7).
Using in (3.10), (3.11) Lemma 2.1 ii) we obtain following estimates for J;}, Ji5, Ji5:

1L+ [z )) T () Lo vy = O/ IV Fll Loqvey, VD > 2,
1L+ 21D T () ey = O/ IADIOF | ovy, <2, 1/p=1/p—1/2, (3.12)
1L+ 21D T5 () [ Lavy = O/ IADIE Nl Loy, VB > 2.

For J.f we obtain

|95 . 8L |de,y A dEy]
T (=) < O(1) / & of .

0&;
€ 15010 1585 |- 1€ — 2|

By Lemma 2.1 ii) the function g—g(f) : g—g(ﬁ) belongs to LP(Vy) Vp > 2. For further

estimate of J21(z) we need the following statement.

Lemma 3.1
ot (6)de A dE
0 A
S5 e,
/ €] - 1€ — 2|
{e€C: |e]<p}

where ¢ € LP(Vj), p > 1. Then V€ > 0 and Vp > 2 we have the estimate

J(z) =

1) oy < OOC2DI7) [l poreorse vy

Proof

14



Noting [[%[|e = [|¢||pa+e)/e(vy) We obtain from expression for J(z) the following esti-

mate ~ L /(Lte)
d d €
|ﬂM§</|wﬁ?€LJ el <

1€1<p

1/(1+€)
of [ & Al <
( €J|w-m+uwwﬁ) =

r

of /

dr 1 dy L/(1+e)
. <
wuwf/U% H+¢W”) ol =
r 0

of [ U (it )l
N e -

From the last estimate we deduce

Ed P 1/(1+¢)
1 dr |z .
sl <o(m( [+ [2) T Wl it <
0

P 1/(14¢€)
1 dr .
mm|J@ns0(Ti/ )) lolle, i |2] = p.

2| ) ezl
0

=
3

“Jls\bils

These equalities imply

1 2¢/(1+¢ .
U@NSOOEQ/())WM,ﬁ\dSm

1 —e € .
U@MSOOEW“ WH”)wm,ﬁ|42n

Putting |z| =t we obtain finally that

Vi dt 1—c 5 T dr \'/? 2—cp
1100 < O( [ sy + 0557 [ ) sl < 007 ) ol
0 p
Lemma 3.1 is proved.
From (3.11) and Lemma 3.1 we obtain
2—ep
ity < 0(975 ) Ul (3.13
For estimate of J,(z) we put
T (2) = Jaa(2) + J55(2) + J5(2), (3.14)

15



6>\§1_>\€16((1 - Hp>X+) I3 dﬁQdBt[a_};(Q §— Z]
BE (6] J¢ — AP

)

Y

J2 (Z) . 6_)\(2)§ / er1— A'El(l — K/p)X"‘ I 8.5 d£2 A dfgdet[8—?<£) f— Z}

211 _ 2
. 9 (¢) - | — 4
3 o _6_)\(2) l )\51_5\51 _ 8F d€2det[a_§(§) f_ Z}
Jyp(2) = omi A € (1 ’fp)X+8€1 P o). |e— 2P .
‘g&‘zp 351

Using the property f € WHP(V) i.e. g—gdﬁg € LP(Vy) and Lemma 2.1 ii) we obtain for
Jo:

1
11+ [2]) T | e vy < O(W) M lhwrzvy- (3.15)
Using Corollary 1.2 we obtain for J3,:
3 e_xr(z)ex(z) 1 oF e_ >\( )1 - oF
= TAVIRAN) Z () — - N1 — il

which implies
I(1 + \ZDJSQHLﬁm < O/ ) fllwrsvy-

Using the property f € W2P(V) i.e agg Edty € LP(Vy) VP > 2, from Lemma 2.1 iii) (under
condition ¢ € CW(V)) we obtain for J2,:

1
I+ DB llmv) < O() - Wl B> 2 (3.16)

Hence, for Auy — x4+ F = J;" + JJF + J5 we have:

1
Alp?

2) + 0 (o

‘)\‘p)} : ”f”WZ,ﬁ(V)'

1
ot =X luvry < [O() + 0™ +0(y

We have used here that f € WQ’;;(V) implies f € WH(Vp), p > 2. Putting in this
estimate p = (1/|A])Y/(?+2/P) we obtain

Ay — X4 Loy < O(|)\|—(2/ﬁ)/(2+2/ﬁ) . Hf”w&z’ﬁ(vy (3.17)

0? y y
Ha—Z%"Ll,ﬁ(v) < O(|)\|(2/(2+2/p) . HfHWZnES(VO),P > 9.
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8

Let us estime at the end . Formula 2 82 = x_F — \u_ implies

0%u_ [ Ox— oF
N 821 821

F o —) = _F—)u_).
922 + x ) Ax Au_)

From (3.3) for u_(z) we obtain A\u_ — x_F = J; + J; + J5, where

o0 C;j)
F‘\/J<£): 5—’“’ j=1,...,d and
k=1 ~1

AL A dgy A dErdet [SE(1), € — 2]
. I ’ o Z 2
7 {gevyi lal>r) (€)= (3.18)
A1 —A& OF 2 OF
= 2 3 T X ey ¥ N dadet G (1),€ 2
2 A S—P(£)~|€—Z|2
T {eevy |2 ©

T (2) = Aeoa (=) Rolerx—f) - - 2A7r(z s

b

Y

R (exx—f))-

From (3.18) we obtain like in (3.10), (3.12), but much simpler, that

_ 1 ,
||J] ||L°°(V) (‘)\‘) ||F||LP(V0)7 = 17273'
Hence, for || Au_ — x_F|| and for % we have
1

O%u_
[Au— —x_F|povy = O1/IN]) - | Fll£5(v,) and ||

||L°°(V) <O F 2o ve)-

Proposition 3 is proved.

§4. Faddeev type Green function for (0 + Adz)u = ¢ and further results

Let R be operator defined by formula (2.4) and Ry be operator defined by formula
(3.1).

Proposition 4
Let ¢ € L§% (V) with support in Vo = {z € V' : |21] < ro}, where rq satisfies the

condition of §1. Then for u = G¢p o Ry o Ry, where \ # 0, we have
i) 0(0+ Adz1)u=p on 'V,
ii)
[ullr(vy < const(Vo, p) min (1/v/[A], 1/ M) [l s, vy, P> 2,

ou -
”—HLP(V) < const(Vo, p) min (V[A[ D@l s, vy, D> 2,

17



iii) under additional condition ¢ € W117,1c>o (V') we have also

0%u - 5 _
||@||Lﬁ(v) < CONSt(%ap)(MW(lH/m)||90||L}»;>°(v0)7 p>2.
2 :

Proof
By Proposition 2 we have

f=Fdzn =Rpe WHP(V) Vp € (2,00), F|, € WHP(V,) Vp € (1,2).

Propositions 2 and 3 imply that « = Ry o Rp € W?(V). Let us check now statement i)
of Proposition 4. From Proposition 3 i) we obtain

(04 Adz1)u = (0 + Mdz)Ry o Rp = Rp + H(Ryp). (4.1)
From (4.1) and Proposition 2 we obtain
d(D + Adz1)Ru = ¢ + d(H(Ryp)) = ¢,

where we have used that H(Ry) € H, o(V). For proving property 4 ii) it is sufficient to
remark that it follows from Proposition 3 ii), iii). Property 4 iii) follows (under additional
condition ¢ € W1°(V)) from Proposition 3 iv).

Definition B
We define the Faddeev type Green function for 9(0 + Adz1) on V' as a kernel gx(z, &)
of the operator Gy = R) o R.

Definition

Let form g € C’Ll(f/) and support g be contained in V. The function ¥(z,\), z € V,
A € C, will be called the Faddeev type function associated with ¢, if VA € C the function
p = 1(z, \)e~** satisfies the properties:

p € L>®(V), ouc LP(V)Vp>2,
(04 Mdzy)pu = qu and Jim p(z,A) = 1.
zeV

Basing on the Faddeev type Green function gy(z,£) and on Proposition 4, in separate
paper [HM], we extend the Novikov reconstruction scheme from the case X C C to the
case of bordered Riemann surface X C V on Riemann surface. We have obtained in [HM],
in particular, the following results.

1. Let 0 € C®)(V), 0 > 0o0n V and o = const on V\X C V\Vy. Then V) € C there

exists unique Faddeev type function (z, A) associated with ¢ = %d{%ﬁ. Such a

function can be found from the Faddeev type integral equation

¢(Z7 >\) = 8>\z1 + % / 6>‘(z1_£1)g>\(27£)¢(27 )\\)/Cédc\/g

{eX

18



2.

[BC1]

[BC2]

[ F1]

[ F2]

[ GN]

For any domain X with smooth boundary on V such that X O V5, X € V and VA # 0
the restriction lﬂ}b + can be found through Dirichlet-to-Neumann mapping on bX by
the Fredholm integral equation

Y(z,A)],x = e + / N80 gy (2,6) (DY (€, N) — Boh(€, M),

€e€bX

where

‘iwzémbxv qA’O"‘ﬁ:éwO‘bx’ ddcwo‘X:O, wo‘szw‘bX'

The Faddeev type function (z,\) satisfies O- equation of the Bers-Vekua-Beals-
Coifman type with respect to A € C:

Lg N _ b(\)¥(z,\), where b(\) = %m% limi/\le(’\zl_)‘zl)g—;(% A).-

The function b(A) "nonphysical scattering data” can be found from Dirichlet-to-
Neumann data on bX through w‘bX' Finally, as in plane case, the whole function
¥ (z,\) and, as a consequence, the form d d®\/o/+/o can be found through b(\) by the
Fredholm type integral equation with Cauchy kernel with respect to A. This integral
equation is of Fredholm type because of estimates from Proposition 4 ii), iii).
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