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Abstract

In a previous work [E] two of the authors proposed a new proof of a well known
convergence result for the scaled elementary connected vacant component in the
high intensity Boolean model towards the Crofton cell of the Poisson hyperplane
process (see e.g. [E]) In this paper, we consider the particular case of the
two-dimensional Boolean model where the grains are discs with random radii.
We investigate the second-order term in this convergence when the Boolean
model and the Poisson line process are coupled on the same probability space.
A precise coupling between the Boolean model and the Poisson line process
is first established, a result of directional convergence in distribution for the
difference of the two sets involved is derived as well.
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1. Introduction and notations

Since the first result of P. Hall , E] and its generalizations in [@, @], the scaled
vacancy of the Boolean model is known to converge in some sense to its counterpart
in the Poisson hyperplane process. In a previous paper @] two of the authors gave
another proof of this convergence result for the local occupations laws of a Boolean
shell model in terms of Hausdorff distance. This convergence appears as a first order
result, expressed in terms of weak convergence. We aim at giving here a second order
weak convergence for the difference as well as a strong convergence result at this first

order.

For sake of simplicity we shall work in the plane R?: let us consider a Boolean model
based on a Poisson point process X, with intensity measure A% dz and generic shape
an open disc centred at 0 of random radius R such that F[R] = 1 and E[R? < +cc.
The law of R will be denoted by p, and we will assume that there exists R, > 0 such
that (R, +00) = 1.

The occupied phase of the Boolean model is denoted by
oy = |J B(z, R.),
T€Xy
where B(z,r) denotes the disc centred at x and of radius r and where the radii R, © €
X are independent and identically distributed, independent of X ] This process

is supposed to leave the point 0 uncovered, which occurs with positive probability
P(0 ¢ 0)) = exp(—TA\?E[R?)).
;From now on the Boolean model shall be conditioned by this event. Let D} denote
the (closed) connected component of R? \ &) containing 0. The following asymptotic
result for this process (see ([, [L3, L)) is a consequence of Steiner’s formula [[L§]:
Theorem 1. Let D* be the following compact set:
o D = )\QDS whenever this set is bounded,

o D) = K a given fized compact set otherwise.

When X tends to infinity, D> converges in law towards the Crofton cell € of a Poisson

line process with intensity measure dpdf.
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The Poisson line process with intensity measure dpdf in R? is defined as the set of
(random) lines D, 4 with polar equation p cos(f — @) = 7, where (7, ¢) are the points of
a Poisson point process ® with intensity measure dpdf. The Crofton cell € is defined
as the polygon formed by those lines containing the point 0 (see [@] or [@] for a survey
on Poisson line tessellations). Numerous distributional results on this model have been
obtained notably by R. E. Miles ([L1], [J]) and G. Matheron [{]. More recently, central
limit theorems have been derived in [[LF, [] for the two-dimensional case and in [f]
for the general case. Besides, D. G. Kendall’s conjecture on the shape of the Crofton
cell when it is large has been proved in [ﬂ] Additional distributional and asymptotic

results at large inradius have also been obtained in [[] and [.

It is a natural problem to try to estimate the error in the previous convergence
result: one possible answer is to give a geometric description of the difference of those
two sets. This description requires to couple the Boolean model with the Poisson line
process. This coupling, which asserts as a consequence the almost sure convergence
in Theorem EI, will be described in section 2, and its application to the second order
convergence will be treated in section 3. Sections 4 and 5 contain the main results,
the likes of which might be summarised in the following way: in the coupled models,
both the empty region of the Boolean model (at least with high probability for A large
enough), and the Crofton cell of the Poisson line process are star-shaped domains with
respect to the origin. Consequently, we introduce for each direction 6 the difference
dx(0) between the respective lengths of the segments at angle 6 that lie in those two
regions starting from the point 0. Our results state that for 0 fixed, A2dy () converges
almost surely towards an explicit random variable. A more complete result states the
convergence in law of the process 0 — \2dy(6).

All the proofs of results stated in sections 2 to 5 are given in an appendix.

2. Couplings

Coupling the Boolean model with the Poisson line process is an easy task: indeed as
A tends to infinity the rescaled Boolean model looks like the Poisson line process as one

can see from theorem 1 in ] The formal way to state this as a coupling result is the
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following proposition: let A denote the subset of triples (p,0, R) € Ry x [0,27) x R
such that R < p, then, recalling that we assume E[R] = 1,

Proposition 1. Let Y, be a Poisson point process with intensity measure AN\ =
A pdpdfdu on A C Ry x [0,27) x Ry. We will denote by Hy p0,r the line with polar
equation r cos(¢p—0) = N*(p—R)+ 5522 (p—R)? (i.e. the line D(XZ(p—R)-‘rﬁ X2(p—R)?).0
as defined in the introduction). Then the following sets:

o 0\ = U(p,@,R)EY)\ B((pcosb, psinb), R),
e and {H/\,p,O,Rv (pv 97 R) € Y)\}

are respectively the Boolean model with intensity > and law of the radius u conditioned

on 0 ¢ Oy, and the Poisson line process with intensity measure dpd#.

This coupling will be denoted by coupling B—L (balls to lines).

FIGURE 1: Coupling the Boolean model with the line process (the simulation is exact within

the circle).

Remark 1. The choice of this coupling is not unique, if we replace the set of lines

{20t 2 vty 0 (920 B) €Y}
with

{D()\z(piR)Jr%/p(p,R)z)yg; (PaeaR) € Y)\}
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we obtain the same law for the line process. However, our choice relies on the fact that
given R = r, the mapping p — A?(p—r) + 5 A*(p —)? transforms the initial measure
A2 pdp into dp.

;From this coupling one states easily that if we denote by Cj(w) the Crofton cell

of this line process and by Dy (w) the empty connected component containing 0 in the

coupled Boolean model, one has:

Proposition 2. For all M > 0 and A > A\(M) = g—i > 0 one has
2
d¥(\2D},C) < 77 05

where d¥ denotes the Hausdorff distance in B(0, M) defined by

dif (F,G)=inf{a>0 : (F& B(0,a))NB(0,M)>GnNB0,M),

(G @ B(0,0)) N B(0, M) > F 1 B(0, M)},

and the set A @ B denotes the Minkowski sum of the sets A and B: A® B = {x +
Y, (¢,y) € Ax B}.

As can be easily seen from the formula defining the coupling, some discs of the
rescaled Boolean model may intersect the disc B(0, M) whereas the associated line
does not: the next lemma enables us to assert that the most pertinent points of the
point processes that we are dealing with are those such that at the same time the disc

and the associated line intersect simultaneously the given disc of radius M > 0:

Lemma 1. Let M > 0, the number of discs of the Boolean model intersecting the
disc B(0, M) and such that their associated lines do not intersect this same disc is a

Poisson random variable with parameter mM?X~2.

One may also give the coupling in the other direction, which will be called coupling

L— B, as this will prove more easily tractable in the ensuing computations,

Proposition 3. Let Z be a Poisson point process with intensity measure dpdfdu on

]R+ X [0,27’(’) X R+, let
2p
= 1 _—
Uap R) = Byf1+ 5

then the following sets
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e {D,s, (p,0,R) € Z}, and

o Uy = U B ((¥a(p, R) cos 8,95 (p, R)sinf) , R),
(p,0,R)EZ

are respectively the Poisson line process with intensity measure dp df and the Boolean

model with intensity \> and law of the radius ju conditioned on 0 ¢ Oy.

.From now on we shall use this coupling, thus the set D* will refer to the rescaled
connected component in this Boolean model (when bounded, K otherwise), and € will

be the Crofton cell in this line process.

3. Convergence in law of the difference set

As announced we shall work here with the points of the process Z. Let us denote

by 0 — dx(6) the defect function:
dr(0) =sup{r >0 : (r,0) € D*} —sup{r >0 : (r,0) €€}.
Then we will prove:

Theorem 2. For all § € [0,27) one has

2 law
Z
A=dx(0) Ao 2

where Z s the random variable

L2 cos20
2 Rcos®’

and the common law of (L, 0, R) is given by
d(L,0,R)(P)(¢,a,r) = mexp(—2ml) cos alye(—r /2,7 2) Al da dp(r).

We remark in this theorem that the limit law does not depend on 6 as the process is
invariant under rotations. Thus, for sake of simplicity we will take § = 0, and set Ay
the half-line with polar equation # = 0. The proof, that shall be given in the appendix,

proceeds in two steps:

1. The two points of the process Z realising the suprema in the definition of dj(0)
are distinct with small probability, indeed if we denote by C) the event that this
is the case (such a case is called a crossing), we obtain an upper bound for its

probability,
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Lemma 2. Letn be a positive number, then there exists constants By, and \(n)
such that the probability that two different points of Z define the defect function
is for X > A1 (n) at most

By
P(Cy) < 23

where the constants By, and A (n) depend only on 1 and R,.

2. Assuming that there is no crossing, the computation of the defect function is
reduced to the computation of the difference between the intersection of a line

and its associated circle with a fixed half line (here Ag), this is given by:
Lemma 3. (a) Let (T,0, R) be the point of Z yielding the first intersecting line
with Ao at a distance denoted by L = Y/ cos©, the law of (L,0) is given

by
d(L,©)(P) (¢, @) = e % cosalae(—n/2.n/2) dlda,

(b) if A= \/ (2L sin® ©) /(R cos ©) one has
dx(0) = d(0,B(¥x(Y,0,R),R)NAg) —d(0, Dr,e N Ay),

= >\2RCOS@\/@ /\QR\/I —sin?© <1 + %) — L.

(From those results one gets the desired asymptotics with a few steps of direct com-

putation.

As a corollary one has

Corollary 1. The limit expected defect is an integrable random variable with

. 2 o
JJimEXd5(0)] = 0.

However, this limit expected defect is not square-integrable:

Jlim B [(Xd,(0)°] = +oc.

Remark 2. In section 1, we gave a second coupling of the Boolean model with the

Poisson line process (see Remark m) In that case, when A tends to infinity, we obtain
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a different limiting distribution:
the quantity A\2d(#) converges in distribution to 7 defined by

~ L? [ sin®©
7 = — —
2 (Rcos@ o8 6) ’

where the common law of (L, 0, R) is the same.

4. Convergence of the defect process: finite dimensional distributions

We have so far studied the limit of the defect function at a fixed angle; as this angle
varies we obtain for each A and realisation of the coupling a trajectory of a random
process having some remarkable features: indeed it seems from figure E that this process
is continuous at fixed A, with rapid variations in regions that are getting smaller as A
increases. The aim of the last two sections is to explore this phenomenon, eventually

described by the following theorem whose proof is developped in the appendix:

Theorem 3. The process 0 — \2d(0) can be decomposed as
Vo € [0,2m), Ndx(0) = YX(6) + X ([0,6)),

where 8 — Y{(0) is a continuous process, and ,uf\/ is a random signed measure on

[0,27) such that Y ({0}) = 0 almost surely, and

kil ‘rowl
Y Y and ¥ "R LY as.,
A——+oo A—+oo

where the common law of Yoo and pV may be expressed with the law of €.

lambda=10
lambda=100
lambda=1000
lambda=10000
lambda=100000
—— lambda=1000000

T T T T T T
1 2 3 5 6

FIGURE 2: Some realisations of the process 6 — \?dx ()



Refined convergence for the Boolean model 9

In order to give a proof of this theorem, we shall first study the convergence of
the finite dimensional distributions of the process (Adx(6))gco,2x): as we will explain
below, this convergence does occur, but the limit law remains obscure. We begin by

stating the result for two angles: 0 and 6 € (0, ),

Theorem 4. For all § € (0,7), A?(dx(0),dx(6)) converges in law as \ goes to infinity

towards an explicit law.

A complete statement of this result, as well as a sketch of its proof, is given in the
appendix.

Knowing the joint law of those couples gives some knowledge on this process, by
simulation we can obtain the covariogram 6 — cov(A2dy(0), A\2dx(0)), 6 € [0,7], in
figure E One clearly observes the divergence as A tends to infinity of the covariance

for = 0, as announced in corollary .

lambda=5
lambda=25
lambda=125
1.4 lambda=625
1 —— lambda=3125
1.24 —— lambda=15625

1.6

1.0

0.8

0.6

0.4

0.2+

0.0

0.0 0.5 1.0 15 2.0 25 3.0 3.5

F1cUre 3: Covariograms, sample of size 250000

There is an explicit formula for the limit covariance using the explicit form of the

limit law of theorem E which is given in the appendix.

For the general finite dimensional distributions one obtains:

Theorem 5. For oll 0 < 01 < --- < 6, < 27, the finite dimensional random vector
A2(dx(01),...,d\(0,)) converges in law towards (Zg,,...,Zy,), where the law of this

random vector may be explicited.
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5. Tightness and uniform bounds

The results of the previous section concerned convergence for finite dimensional
distributions of the defect process: in order to give results about the global convergence
of this process, we need to prove some tightness criterion. In this section we shall study
the tail probability for the supremum of the process, and the possibility of a tightness

criterion.

Proposition 4. One has the following estimate: for all § € (0,1)

lim < sPlimsup P [ sup M2[dr(0)| > s | p = 0.
s§—+o00 A—+00 6€l0,2)

The proof of this result comes from some estimates on the growth of both ¢ and
the empty component of the Boolean model around the origin. Let us recall that for
A large enough, this connected component is almost surely bounded [E], so that if one
denotes by R,, the radius of the largest disc centred at 0 contained in €, by Rs()\)
the radius of the smallest disc centred at 0 containing this connected component, and
by Ras the radius of the smallest disc centred at 0 containing ¢, we have the following
estimate:

P < sup  A?|d(0)] > s> <P < sup A2|dx(0)] > s, R > 1, Rpyr V Ry (N) < R)
0€[0,2m) 0€[0,2m)

+P(R,, <r)+ P(Rm > R) + P(Rmu(X) > R),
where r and R will be chosen later such that:

e P(R,, <) tends to 0,

e P(Ry > R) and P(Rp(N)) tend to 0,

e and the first term will be treated directly, indeed from propositionﬂ we may state
that the Hausdorff distance between the Crofton cell and the empty component
of the rescaled Boolean model in the ball B(0, R) is lesser than R?/(\%R,), as
soon as A > \/m . Hence, under this condition, both boundaries of the € and

D? are located in the set

B(0,R)N (0% & B (0, R?/(\*R,))) ,
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furthermore the edges in 9% intersect any half line Ay in B(0, R) at an angle

with cosine at most /R, so that we have

R
A2|dA(9)] <
|)\()|_TR

for every 6 € [0, 27).
Hence if 7 and R are chosen such that R3/(rR,) < s we have obtained that if

A > /R/R, then

P < sup A?|dr(0)] > s) < P(R,, <r)+ P(Ry > R)+ P(Rym(N) > R).
0e€[0,2m)

In order to check the first two points and conclude the proof of proposition E, let us
recall that the law of R,, is exponential with mean 1/(27), and that we know from [[I]

that the size of ¢ has a rapidly decreasing tail probability

Theorem 6. (Theorem 8 in [[l].) We have for all r >0

) e~ (2mcos1-1)r
2mre %" (cos 14+ 7) < P(Rpm >7)
2mr
—2(m—1)r
(m —3)%r2e " + 67) .

< 2mre (1 —(m—2)re” %"
< 2mre ( (m—2)re " + 5

wil N

Similarly, we have the following result for the Boolean model:

Theorem 7. There exist two constants K and C depending only on R, such that for

allr>1 and A > 1 we have:

P(Ry(A) >r) < Kexp(—Cr).

;From all the results above we deduce the announced result of propositionH by choosing
r=s% a€(0,1)and R=s” with 3y+a < 1.
|

The matter of convergence of the whole process, as may be illustrated from figure

E, will be dealt with the help of a decomposition of this limit process in a pure jump
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part and a continuous part.

FIGURE 4: The Crofton cell and the related processes, one checks that there are four edges,

and four singularities

We want to decompose the process 6 — A2dy () as the sum of a smooth process,
0 — X\2d5(0), and another process  +— A2d)(6) containing the jump phenomena
illlustrated on figure @ The convergence of those processes will depend on a tightness

criterion for the continuous process, and the precise study of the second one.

Let us define those two processes more precisely: for all w € Q\ N where P(N) = 0,
the Crofton cell € is bounded, and is a polygon with a finite number v of vertices,
so that one can define 0 < (1 (w) < -+ < (p(w) = (o(w) < 27 (v > 3) the arguments
of those vertices. Let us define 6¢(w) as the maximum of the angular width of the
zone depicted in figure fJ: if we set Ry = max(Rpr, Ry (A)) (depending on w), then
the boundaries of the two cells, Crofton’s and the empty connected component of the
rescaled Boolean model, are entirely included in the disc B(0, RNM) From proposition
E we know that the Hausdorff distance between those two boundaries in the disc
B(0, @) is at most )\’21,%\1\/42/}%*. In figure E the yellow regions are this neighbourhood
of the boundary of Crofton’s cell containing the associated parts of circles. Parts of
those circles may constitute the boundary of D, but other ones might also contribute:
this is taken care of thanks to the following procedure. Let us denote by ey(w) the
minimum distance between %" and the other lines of the process intersecting B(0, ]’%}/4),
with probability one this quantity is positive, and bounded from above as A tends to

infinity, so that for A large enough (depending on w) we have

—2
2A2Ra /Ry < ex(w),
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and thus crossings may only occur in the lozenges described on figure ﬂ, so that for
min;eqy,. 0y |0 — Gi(w)| > 0¢(w) and A large enough (depending on w), the defect
function dy () is equal to dy(6).

FIGURE 5: The lozenge around an edge where a crossing may occur

The exact computation of §¢ is achieved with a little amount of trigonometry,
yielding the following estimate: let av = min;; |#; — 0;| where 61,...,0n are the polar
angles of the lines intersecting B(0, Ras), then one has

Ry
0 < 2atan ———.
¢ < 2atan MR, sin o
Then we set
v—1 [
d50) = > Lge(crsccia—se) | A(0) =D (dx(¢ +00) — da(G — 6C))
i=0 j=1

v 7—1
+ 3 Lper—ac.cirac) | dn(G = 0C) = D (dr(G +6C) — da(¢y — 6C))

1

=1 J

This process is clearly continuous, is constant on parts that decrease in size as A tends
to infinity, and for A large enough for ‘most’ of the 6’s corresponding to a given edge of
the Crofton cell, this process is equal (up to a constant) to E,\(H), whereas it is constant

for 6’s close to the vertices.
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As almost surely there is no vertex for § = 0, the value of this process at § = 0

converges in law, and thus one has the boundedness condition

lim {sup P (X|d5(0)] > S)} = 0.
s—-+00 A> o

For sake of simplicity, thanks to the invariance under rotations, we may assume that

the direction 8 = 0 corresponds to the closest line of the line process to the origin.

For the smooth processes to form a tight sequence, as one has already the bound-
edness condition on one point, one only needs to prove a criterion for the modulus of

continuity of the process (see for instance [L] or theorem 11.6.3 in [2()):
Vn,e > 0,3\1,8 > 0 such that YA > )y, P < sup A?|dS(t) — dS(s)] > e) <.
[t—s|<d

One sees easily from the formula defining dy in lemma [ that A2d§(-) is Lispschitz with

constant R}, /(R2,R,) as soon as A > /2R% /(R.R,,), so that one has

r ( sup A?|dS (t) — dS(s)| > e) < P(Rm<r)+P(Ry >e '1°R,)

[t—s|<d
4P ()\ < \/2R2,/(R.Rp), Ry > r) :

2mr 4+ P (R?M > 65_1T2R*)

IN

+P (R3; > NRr).

If we take r = n/(67), the first term is lesser than 7/3, there remains to bound the
last two terms, this is easily achieved by taking adequate values for ¢ such that the
second term becomes lesser than 7/3, and finally the last term tends to 0 thanks to

the estimate of theorem E:
P (Ry; > NRun/(6m)) <n/3

as soon as A > A\a(n), so that
sup P sup  A|d5(t) —d5(s)| > e | <.
A>a(m) \Jt—sl<e

To conclude the proof of the convergence theorem for the continuous process, we still

have to prove the convergence of the finite dimensional distributions of this process,
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this looks a lot like the proof of theorem E, except that between points 6; there may
be jumps of the original process so that the continuous process is shifted: this does
however not make many difficulties, as those shifts behave well with respect to the
convergence in law. One may compute the law of the jumps of the limit process,

indeed one needs to know the joint law of the couple
((Tla @15 Rl)a (TQa @25 RQ)) P

such that there is a vertex of € at the angle o (where ©1 < O3), then the limit jump
is given by

1 T2 cos2(0; —
J1~>2 { 1 ( ! )

2Ry cos?(01 —a) cos(©1 — a)
B 12 c0s2(03 — ) }
Ry c0s?(03 — a) cos(O2 — «)

;From this we may for instance compute the limit of the two-dimensional distribution
at angles 0 and 6 of the continuous process: if there is no edge of the Poisson polygon
between those two angles, then the computation is the same as for the original process,

if there is one angle set at «, then, using the notations above one has the convergence

of A%(d5(0),d5(9)) towards

B T2 cos20; 3 cos2(02 —0) J
2Ry cos?2 0 cosO; ' 2Ry c0s?(0O2 —0) cos(O2 — 6) =2 )

and so on if there are more than one angle between those two points. All those limit

laws may be expressed (though implicitely) with the help of the law of €.

We have thus obtained:
Proposition 5. The processes 6 — \?d§(0) converge in law as X tends to infinity.

For the jump part of the process, one remarks that the locations of the (almost)
jumps of di converge almost surely with speed of order )\*21?;1/ R,, towards the
locations of the vertices of €.

Let us introduce the following signed random measure (with the notation introduced

above):

p' = z”: Jide;,
i=1
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where J; is the value of the jump at the angle (;. The law of this process depends only

on the law of ¥. One may also define a signed random measure associated to )\ng\:
B = (V).
One has:

Proposition 6. Almost surely ,uf\/ converges narrowly towards p" .

There is no doubt that most of those results could be stated and proved for regular
random shapes instead of discs, however the leap to higher dimensions, except for the

directional convergence, seems to be more tricky.

References

[1] CALKA, P. (2002). The distributions of the smallest disks containing the Poisson-
Voronoi typical cell and the Crofton cell in the plane. Adv. in Appl. Probab. 34,
702-717.

[2] CAaLkA, P. (2003). Precise formulae for the distributions of the principal
geometric characteristics of the typical cells of a two-dimensional Poisson-Voronoi

tessellation and a Poisson line process. Adv. in Appl. Probab. 35, 551-562.

[3] CowaN, R. (1987). A bivariate exponential distribution arising in random

geometry. Ann. Inst. Statist. Math. 39, 103—111.

[4] HALL, P. (1985). Distribution of size, structure and number of vacant regions in a

high-intensity mosaic. Z. Wahrscheinlichkeitstheorie verw. Gebiete 70, 237-261.

[5] HALL, P. (1988). Introduction to the Theory of Coverage Processes. John Wiley
& Sons, New York.

[6] HEINRICH, L., ScHMIDT, H. AND SCHMIDT, V. (2006). Central limit theorems

for Poisson hyperplane tessellations. Ann. Appl. Probab. 16, 919-950.

[7] HuG, D., REITZNER, M. AND SCHNEIDER, R. (2004). The limit shape of the zero

cell in a stationary Poisson hyperplane tessellation. Ann. Probab. 32, 1140-1167.



Refined convergence for the Boolean model 17

8]

[12]

[13]

MATHERON, G. (1975). Random sets and integral geometry. John Wiley & Sons,
New York-London-Sydney. With a foreword by Geoffrey S. Watson, Wiley Series
in Probability and Mathematical Statistics.

MEESTER, R. AND Rov, R. (1996). Continuum percolation vol. 119 of Cambridge

Tracts in Mathematics. Cambridge University Press, Cambridge.

MicHEL, J. AND PAROUX, K. (2003). Local convergence of the Boolean shell
model towards the thick Poisson hyperplane process in the Euclidean space. Adwv.

in Appl. Probab. 35, 354-361.

MiLes, R. (1964). Random polygons determined by random lines in a plane I.
Proc. Nat. Acad. Sci. USA 52, 901-907.

MiLEs, R. (1964). Random polygons determined by random lines in a plane II.
Proc. Nat. Acad. Sci. USA 52, 1157-1160.

MorcHANOV, I. (1996). A limit theorem for scaled vacancies of the boolean

model. Stochastics and Stochastic Reports 58, 45-65.

MoLcHANOV, 1. (2005). Theory of random sets. Probability and its Applications
(New York). Springer-Verlag London Ltd., London.

Paroux, K. (1997). Théorémes centraux limites pour les processus poissoniens
de droites dans le plan et questions de convergence pour le modele booléen de

lespace euclidien. PhD thesis. Université Lyon 1.

Paroux, K. (1998). Quelques théorémes centraux limites pour les processus

Poissoniens de droites dans le plan. Adv. in Appl. Probab. 30, 640—656.

PoLLARD, D. (1984). Convergence of stochastic processes. Springer Series in

Statistics. Springer-Verlag, New York.

SCHNEIDER, R. (1993). Convez bodies: the Brunn-Minkowski theory. Cambridge

University Press.

STOYAN, D., KENDALL, W. S. AND MECKE, J. (1987). Stochastic geometry and

its applications. Wiley Series in Probability and Mathematical Statistics: Applied



18 Pierre Calka, Julien Michel, Katy Paroux

Probability and Statistics. John Wiley & Sons Ltd., Chichester. With a foreword
by D. G. Kendall.

[20] WHITT, W. (2002). Stochastic-process limits. Springer Series in Operations
Research. Springer-Verlag, New York. An introduction to stochastic-process limits

and their application to queues.



Refined convergence for the Boolean model 19
Appendix: proofs of the main results

In this section we recall and prove the main propositions and theorems stated
without proof in previous sections, the proofs here are mainly geometrical arguments

in the euclidean plane.

> Coupling between the Boolean model and the Poisson line process: proof

of proposition

This proposition is straightforward, the first point is the definition of the Boolean
model, the second one comes from the computation of the intensity measure p of
the (Poisson) point process formed with the points (A*(p — R) + 55 A*(p — R)?,6) in
R4 %[0, 27), indeed one checks easily that its intensity measure .# is rotation-invariant,

so that one has to compute the image measure of a disc centred at 0 with radius r:

%(B(O,T)) - /AlAZ((P*R)JFﬁ(P*R)Q)ST)\depdedM(R)’

= 27r.

> Estimate on the Hausdorff distance: proof of proposition E

Let us denote by

1
¢)\(paR) = )‘2(p_R) + EAQ(p_ R)Qa vp >R>0

the function defining the coupling B— L, let Nj; denote the number of points (p;, 6;, R;)
of Y such that their associated disc B; = B(A\?p;(cosf;,sin6;), \2R;) in the rescaled
Boolean model intersects B(0, M). The associated lines Hy ,, 9, r, may not intersect
B(0, M), but no other line of the process may intersect this disc, as ¢x(p, R) > A\2(p —
R).

The centre of those discs are assumed to be located outside the disc B(0, M), which
is provided by the condition A > g—i of the hypothesis. As is shown in figure E, the
Hausdorff distance between the intersection of the circle 0B; with B(0, M) and the
intersection of tangent line T; with B(0, M) is bounded by the distance between the
points A and C, defined as respectively the intersection of T; and dB(0, M), and the



20 Pierre Calka, Julien Michel, Katy Paroux

point on 0B; aligned with A and the center of B;. A straightforward computation

gives

AC = \/MRZ M2 X(p; — R)? ~ X°R;,
M? — M(pi — Ri)*
VMRZ + M2 — X (p; — Ri)? + \2R;’
M2
< [
- 2)\2Ri7

as, since the circle intersects the disc B(0, M), one has A\*(p — R) < M.

0B;
/
I
-
i I D, T——-
/ I v Te——
’ | -
/// Ti, | — to the centre
’ | of the disc
4 [
J |
—_——_—————————— r—ﬁg}—\——————)
\ 9 /TA
N A = Ri) ox(pi, Ri)
N |
N |
AN \I
N |
\
\ \
N\ \
N\
AN
u \/\

\

FIGURE 6: The circle 0B; and the tangent line T;.

Consequently, for any disc B of radius A2R > AR, such that 0 ¢ B, and T the
tangent to this disc at its closest point to 0 one has
M M?
dy (0B, T) < ——. 1
W OB.T) < S 1)
On the other hand, as A*(p; — R;) < M, one has

2

[A2(pi — Ri) — alpi, Ri)| < IR, (2)

so that one obtains the result of proposition E by combining the two inequalities (m,ﬁ), if

we denote by H; (resp. H/) the half plane with boundary D; (resp. T;) not containing
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the origin:

dM(\2Dy,C}) < ~ max d%(CBi,CHi),

’LG{l ..... Nur
< max  d¥ CB“ Cry/
i€{1,....Num H ( l)
+ max d¥{Cm, CH{ ,
i€{l,..., Nu} H( )
M2
< N0 D )
- AR,
and one concludes the proof of proposition .
|
> Rare events: proof of lemma [l
Let us introduce the set .# (A, M) of points (p, §, R) such that
M(p—R) <M : the disc intersects,
)\2
M(p—R)+ oR (p—R)>>M : the line does not intersect.
If we compute its .A#)-measure we obtain
+oo pMAT?+R
MEO) = 2o [ pdpdu(R),
« JVREZF2MR "2
M2
= T
hence the annouced result.
|

> Convergence in law of the defect function: proof of theorem J
As said earlier, we will take § = 0, and set Ay the half-line with polar equation 6 = 0.
We begin with some computational lemmas.
Step 0: some technical lemmas
1. One has the following classical result for the law of the first intersecting line:

Lemma 4. Let L denote the distance from 0 to the first intersection on Ay of
the line process, and © the polar angle of this intersecting line, then the law of

(L, ©) is given by

d(L,©)(P)(£,0) = e co80 Loe(—r/,x/2) Al do.
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Proof. Let us denote by ® the underlying Poisson point process (of intensity
dp df) of the line process. This process induces a marked Point process T on Ay
consisting of the intersections of Ay with its lines, marked with the corresponding

polar angles, namely

(p,0) € By = DN (Ry X (—7/2,7)2)) (ﬁ,e) € Ao x (—1/2,7/2).

Let us then consider £ > 0 and o € (—7/2,7/2), the probability that L < ¢ and

O < « may be expressed as

P(L < ga e < a) = F []-the nearest to 0 point (r, 0) of T satisfies r < £ and 0 < oz] )

El Y 1,

(p,0)€D4

<t Lo<a 0,0/ cos 01N (5, gy 1,00y Dorvo=0

Using Slivnyak’s well known formula [@}, this expectation becomes

P(L<t,0<a) = / 1 e <4lp<a
Ry x(—m/2,7/2)

x P (no line intersects [0 p/ cosf]) dpdé,

/ / exp 2—) dpdo,
(—=7/2,a) J (0, cos0)

/ / exp(—2p) cosfdpdb,
(—=7/2,a) J(0,€)

which completes the proof of Lemma i

. Concerning the intersections of lines and circles with Ag, we get

Lemma 5. Let (p,0, R) € Z, then if tan® § < /\;—f and 0 € (—m/2,7/2) one has

e the polar line at (p,0) intersects Ay at p/(cosb),

e the first intersection point of the circle centred at (A2 (p, R),0) and radius
AR with Ag is situated at

2p P
2
A Rcos@<\/ +m\/1tan 9)\2R>

If furthermore one has the following set of conditions on (p,0):

p
cos

62
A p>, </, and 3C, o > 0 such that £ < CA\'™, — < CAX'72,
0 r

then the distance between those two intersection points is lesser than % A2,
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The proof of this lemma is straightforward computation.

Step 1: almost no crossing

For the proof of this point we will consider the event C) that the defect function
at @ = 0 is obtained for A with two different points of the process Z: (pp, 6y, Rp) such
that the rescaled disc By (with obvious notation) intersects Ay before any other, and

(p1, 01, R;) such that the line H; intersects Ag before any other,
dx(0) = d (0, A9 N A*B ((py cos Oy, pysin 0y), Ry)) — d (0, M0 N D, 4,) -

Let us denote by L the distance from 0 to the first intersection point on Ay, and by
R, the inner radius of €, that is the radius of the largest disc centred at 0 included
in ¢, one has thanks to lemma [ and to [L1]

P(L>1?¢) = exp(—20),

P(Ry,, >r) = exp(—2mnr).
Hence, if we compute P(C)) with the help of R, and L, we obtain

P(Cy) = P(Cy,L>0)+P(Cx,L<l Ry <7)+P(Cx,L<lRy>r1),

IN

exp(—20) 4+ (1 — exp(—27r)) + P(Cx,L < £, Ry, > 1).

The first two terms will tend to 0 as soon as r and ¢ are chosen with care, the last term
can be estimated from above by the following method: as L < ¢, we know from lemma
f that if condition (A) is satisfied then the associated circle intersects Ag at a distance
lesser than % A2 from the intersection point with its associated line. Hence we are

reduced to examine the different circles that intersect Ay at a distance lesser than

202
0 =04 = )2
+ 7

We introduce the set .Zg(\, £') of those points (p, 0, R) of Z such that the disc of
the rescaled Boolean model B (A9 (p, R),0), A?R) intersects Ag N B(0,¢’) and the

associated line does not, then one has easily, as for lemma, [ll:

Lemma 6. The cardinal of Fo(\{') is a Poisson random variable with parameter

5/2 6/3
A< I .
foMO) < 935 + 3MR,
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Proof. Once again we shall use the .45 measure, after a short amount of geometry

we get that the challenging set has the following shape:

e as the line does not intersect [0, ¢'] we have p > Ry /1 + 26556

e as the disc must intersect [0, ¢'] we have

2 , - 5
if|6’|Saurctaum)\g—lR then pggi\ose_,_\/Rz_(f Sm@)’

2 22
1 < .
ese P sin 0
So that
2 atan 27/ 02 cos20 20 cosOR sin? 002
N = NE - L—\1=—577 de
fO( ; ) /O A4 A2 MR2

+

n /77/2 R? 20" cosOR oy
atan A2R tan6 A2 N ’
2 w/2
mt R / RIS
atan >‘j—,R tan 9

< —+F
X +
Thanks to this lemma the probability of a crossing is now lesser than

P(Cy) < exp(=20)+ (1 —exp(=2nr)) + P(Cx, L < €, Ry, > 1),
< exp(—20) + (1 — exp(—277)) + P(Fo(\, 1) # 0)
+P(Cx\,L < U, Ry, > 1, Zo(\, ') =0),
< exp(=20) + (1 — exp(=2m7)) + (1 — exp(—fo(A, £')))
+P(Cx, L <0, Ry > 1, Fo(\ 1) = 0).

There remains to estimate the last term in this inequality: obviously for A > Ao the
length ¢ satisfies condition (A) with

202

[
C'=C+ R*)\l Ta
so that still using lemma E we know that those lines and associated circles that are
of importance for this event intersect Ay at points that are at most % A~ 2>_apart.

Hence if there must be a crossing, there should be two intersection points of the line

process with Ag N B(0,¢’) at a distance lesser than twice this quantity. Now,
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Lemma 7. For a Poisson point process with intensity 2 on [0, m] and & > 0,
P (3 two e-close points) < dem.

(The proof is elementary.)

If we gather all those results we get

P(Cx) < exp(—26) + (1 —exp(—27r)) + (1 — exp (= fo (A, £)))

44 g )\72046/

R, ’
7Tf/2 6/3
< exp(—2¢) + (1 — exp(—27r)) + (1 — exp < <W + m)))
s \2
(C + LJr) 2
R*)‘(l) * —2a 20 —2«
16 ——2—— )\ L4+ —A
e e+ 5):

thus if we take ¢ going to infinity like (1/3)log A and r going to 0 like A=2/3(log \)2/9

(so that o = 1/3), we have just proved lemma [J;

Lemma 2. Let n be a positive number, then there exists a constant B, and Ao such
that the probability that two different points of Z define the defect function is for A > Ag

at most

B"?
P(Ck) S )\2/37773

where the constant B, depends only on Ao, n and R,.

5.1. Step 2: computation of the uncrossed defect

We can now define the uncrossed defect as the difference between the intersection
of the rescaled disc associated to this first line and the intersection of this same line

with Ag: let (T, 0, R) be the associated point of Z, and

dx(0) = d(OvB(l/}/\(T’G’R)’R)mAO)7co:@7

= d(0,B(r(Y,0,R),R)NAg) — L.

Using lemma E this rewrites

9 2L C) o7, o
dr(0) = AQRCOS@@_)BR\/l_sz@(1_’_;27(;)_L
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if the inner term of the square root is non negative (i.e. A > \/(2L sin? ©)/(Rcos ©)),
+oo otherwise. The asymptotic expansion of those square roots gives easily

- L? cos20 4
d)\(o) = —ﬁ 7RCOS@ +O()\ )

(From the common law of R, L, © one concludes theorem E
> Convergence of the two-dimensional distribution: proof of theorem E

Here is the complete statement of theorem :

Theorem 8. For all § € (0,7), A?(dx(0),dx(0)) converges in law as X goes to infinity

towards
B (ZO(Ta 65 R)v ZG(Tv 67 R)) + (1 - B) (WO(Tlv @15 Rl)WG(T27 @25 RQ)) 5
where

e B is Bernoulli random variable stating that the same line determines the inter-

sections in directions 0 and 0: this occurs with probability p,

p = E E 1 7he tines from Z\{p,a,R} do not intersect Do or Ag before D, oy |
(p,, R)EZ

exp(—p(Bo,o(p; @))) dpderdpu(r),

/]R+><[O,27r)><[R*,+oo)
where By g(p,a) is described by figure ﬂ, p denotes the perimeter function. This

Bernoulli random variable is independent from the following ones,

e (1,0, R) has the following distribution:

d(T,@)(P)(p,O(,T) = 1&%(71'/2,3#/2)
Lo—6¢(x/2.37/2) exXP(—P(Bo,o(p; @))) dp dadpu(r),
Y2 cos20
Zo(T 17 o8P
* Zo(T. 0, R) 2R cos?2© cos® ’
1?2 2(0 —
e Zo(T,0,R) = cos2(0 —0)

" 2Rcos?(© —6) cos(© —0)
e (11,01, R1,Y3,09, Ry) has the following distribution,

d(Y1,01,R1,Y2,02, R2)(P)(p1, 01,71, p2, (2, 72)

Loy ¢ (r/2,37/2) Las—0¢(r/2,37/2) L(p1,01)2 Bo (p2,a2) L(p2,a2)¢Bo(p1,a1)

exp(—p(Bg g(p1, a1, p2, a2))) dpr dey dpu(r1) dpa deva dpu(ra),
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where the sets By, By and 3679 are described by figure ﬁ

T2 c0s 201
Wo(Y1,01,Ry) = — "
o Wo(Y1,01, R1) 2R cos?2 O cosOr
T2 cos2(0q — 0)

L4 W@(TQa 62) RQ) =

 2R5c082(0 — 0) cos(©y —0)

AQ A0

Bo,s(T,0)

By(T1,01)
B o(T1,01,T2,02)
FIGURE 7: The sets By, Bé’e, Bo and By, and the corresponding lines.

Proof. The proof follows the same line as for the case of one direction, the first step
becomes a bit more dificult because lines may intersect both Ag and Ay, but the idea

is exactly the same. The second step is identical.

Remark 3. ;From the computation of the law of (T, ©) and the joint law of (11,01)
and (T2, 03) one could also derive the joint law of the distances from the origin to the

first line in directions 0 and 6, as given in [f.

From this theorem and the expression of the limit law, we can compute the theo-

retical form of the limiting covariance:

E[X'dx(0)dA(6)] T PELZ(T,0,R)Zy(T, 0, R)]
+(1 - p)E [Wo(Tl, @1, Rl)We(TQ, @2, RQ)] .

> Convergence of the finite-dimensional distributions: proof of theorem E

The proof proceeds in the same way as for one or two angles, indeed one first approx-

imates the following probability

P (N(dx(61),....dx(0n)) < (z1,...,20))
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up to a factor at most O()\_Q/ 3+7) by the same probability where dy is replaced by
dy (as defined in lemma [J). The second step is then to introduce the k lines (k < n)
of the line process such that those dy(6;) depend only on those lines, obviously one
checks that the set {0,...,n — 1} is equal to Ule ({jis- -, Jix1 — 1} mod n), where
J1 < jo < -+ < Jk < Jjks+1 = J1 + n, each of those subsets corresponding to the indices
j in {0,...,n — 1} such that dy(0;41) is expressed thanks to the line of index i = i(j).
The final step is then to perform the computation of the probability

P ()\2(8)\(91),...,8)\(9.@)) < (xl’_,_7$n))

_ ip(x?(ak(ol),...,ak(en)) < (#1,...,@n), k lines) ,
k=1

= Y P (@00, a7 00) < (1, w0), b limes)
k=1
the inner term of the sum may be expressed with the help of a random vector
(Tla 61) Rla RIS Tka Gka Rk)

whose law may be explicited in the same way as for theoremﬂ (rather tediously), using
the same type of computations as for theorem E one obtains the convergence of each

of those terms, hence the result.

> Tail probability for the supremum of the process: estimate on the outer

radius of the Boolean model (theorem [7)

In section 4 we proved under some conditions on the growth of the vacancy around the
origin that the supremum of the process had some good properties in proposition ,

the result needed was:

Theorem 7. There exists constants K and C' depending only on Ry such that for all

r>1and X\ > 1 we have
P(Ry(A) >71) < Kexp(—Cr).

Proof. The proof of theorem ﬂ is the consequence of the following (non-optimal)

reasoning : let N be a positive integer greater than 12, and consider angular sectors

B _ T 2im 2(i+ )m
SZ,N{(p,9)-p>0,9+N€[N, N )}



Refined convergence for the Boolean model 29

for i € {0,...,N —1}. Then it is clear that if A2D} is not included in B(0,7), then
at least for one of those sectors there is no circle of the rescaled Boolean model that

intersects both sides of this sector inside B(0, ).

Let us denote by Ay, r the set of the centres (p, 0) of discs of radius A2 R such that

this occurs for the sector Sy n, we have by invariance under rotations

P(Ry(A) 27r) < Nexp <—A‘2/ Lay,.n(p,0) pdpdo du(R)> ,
Ry x[0,27) xRt

and the aim of the computations is to bound the Lebesgue measure ay , r of the set
Ay r from below. This set is the intersection of the following three sets: [0, re™""/V] @
B(0,\?R), [0,r¢"™/N] @ B(0, \>R) and R?\ B(0, \*R), according to the relative values
of r and A2R this set takes three different shapes that we shall denote by
In the following estimations, we assume that N — +o0o0 when r — 4o00. The choice
of N in function of r will be specified at the end of the proof.

We obtain a lower-bound for the area of Ay , r by considering instead the area 7 » r
of a triangle which is tangent to B(0,\2R) at A2R and such that the farthest point
from the origin in Ay , r is one of its vertices.

Three cases have to be considered:

e The arrow case: the domain of validity of this case is fixed by the inequality

. MR
~ tan(n/N)’

It corresponds to the situation where the circular part of [0, 7¢="/N]@® B(0, AR)
does not participate in the intersection Ay, r. The area a) , r is bounded by

Tx,r,r With
ty T\2
(1 —sin N)
. om )
Sin N

and thus as N > 6 we obtain the following bound:

Torr =20\ R?

N
axr1 > )\QRE (3)

e The blunt arrow case: The domain of validity of that case is

5,1 —sin(r/N) MR
AR SNy =TS tan(a/N)
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Here the height of the triangle cuts the cylinder part of [0,7e~""/N] @ B(0, A’R)

but the farthest point from the origin is on its circular part. We obtain

— sin(w/N)

Thr, NMR—— =
A R cos(m/N)

[r cos(m/N) + )\QR\/ )\4R2 sin?(7/N) — \°R| .

In particular, in this domain of validity, we have

[r cos(m/N) + )\QR\/ )\4R2 sin?(7/N) — \*R

> rcos(n/N)—r ()\QR sin (W/N))

This term is globally of order r since its first subterm is of order r and its second
subterm is negligible in front of r. Consequently, there exists a positive constant

C > 0 such that for r large enough, we have
axrR Z C)\2R7’. (4)

e The eye case: The domain of validity is

51 —sin(7/N)

In that case, the height of the triangle cuts the circular part of [0,re=""/N] @
B(0,\%R). We obtain that

Torr = [—rsin(w/N)+A2R\/1—(1 AQRCOS(W/N))}

(5)

X [rcos(w/]\f) + )\QR\/ )\4;2 sin?(7/N) — N°R| .

We remark that in such a domain of validity, we have

{—rsin(ﬂ'/N) + )\QR\/l (- é cos(ﬂ/N))Q]

%m ~ sin(n/N).

The first term (of order AV/Ry/r with \V/R at least of order /r) dominates the

second one (which is negligible in front of r). In the same way,

2
[r cos(m/N) + )\QR\/l - )\‘TRQ sin?(7/N) — AR

> rcos(m/N) — tan®(7/N)(1 — sin(r/N))?,
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so this term is also of order r. Consequently, there exists a positive constant

C > 0 such that for r sufficiently large, we have
Torr > CAWRr/2, (6)

We have then to consider two subcases:

e When A2R < 2r, we deduce from the preceding inequality that

arep > C\/g* N Rr; (7)

e When A2R > 2r, the area Th,r,r is too small and we have to estimate more
directly the area ay,pr (there is no obvious geometric description of the
following estimation). We define the angle 6y = arctan(A\*R/r) — w/N. As
N > 6, we have 6y > 7/6, let us also introduce §; = /12, this angle satisfies

01 < 0p. The computation of ay , r provides

0o TCOS(9+TF/N)+\/)\4R2—T2 sin?(6+7/N)
ar,rpr = 2/ / pdp| db
v 0 A2R

w/2—7/N AR/ sin(0+m/N)
+2 / / pdp| db
o A2R

01

> / [rQ cos(20; + 27 /N) +
0
2 cos(f; + 1)\/ NR2 — 12 sin?(0; + W/N)} do
N
3

> 260yrcos(6; + F/N)\/T_)\QR

3T,
= §ﬂ)\ Rr.

Consequently for N > 6, we obtain that there exists a constant C' > 0 such
that
axr R > CNRr. (8)

Conclusion. From the results of this tetratomy (BHfH), it follows that the choice
N = [r] provides the following result in all four cases: there exists a positive constant

C' (depending only on R,) such that for r large enough,

ax,r,R Z C)\QRT.
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This completes the proof of theorem ﬁ

> Convergence of the jump process: proof of proposition E

We give only a sketch of the proof of this result: let f be a continuous 2m-periodic
function on R, then

v

(MY _/j/vaf> = Z<:u"k/ _N/V;f]-[Ci76C,C-;+6C]>;
i=1

= D oSG = 1Y L msecoract) + s
=1

where ¢, is in absolute value of order 2vd( supy |A\?dy(0)|ws(6¢C), where wy is the
continuity modulus of f. Obviously we need to give a precise statement here, as ¢ is
random, but by conditioning on Rj;; and « this may be achieved with a few tedious
calculations.

The first term can be rewritten as

v

D (NVda(G +60) = Nda (G = 6C) — ) f(G),

i=1
and using the regularity of A\?dy from the right and the left at the points ¢; one obtains
the almost sure convergence towards 0 of this term.

The second term also tends to 0 almost surely, hence proposition H
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arrow

iy
1< AR < rtan —
< _ranN

A~
e~
g

—— segments of length r

I ! neighbourhood of width A\>R

blunt arrow

T 2
tan — < A\?R < rsin —
r anN _rsmN

eye
™
COoS —
(first TiNW < MR <2r
subcase) 1 —sin N

@

FI1GURE 8: The different shapes of the set Ay , r, the grey regions are those chosen to bound

its area.



