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Abstract

Assume that individuals alive at time ¢ in some population can be ranked in such a way
that the coalescence times between consecutive individuals are i.i.d. The ranked sequence
of these branches is called a coalescent point process. We have shown in a previous work
[@] that splitting trees are important instances of such populations.

Here, individuals are given DNA sequences, and for a sample of n DNA sequences
belonging to distinct individuals, we consider the number S,, of polymorphic sites (sites at
which at least two sequences differ), and the number A,, of distinct haplotypes (sequences
differing at one site at least).

It is standard to assume that mutations arrive at constant rate (on germ lines), and
never hit the same site on the DNA sequence. We study the mutation pattern associated
to coalescent point processes under this assumption. Here, S,, and A,, grow linearly as n
grows, with explicit rate. However, when the branch lengths have infinite expectation, S,
grows more rapidly, e.g. as nln(n) for critical birth—death processes.

Then, we study the frequency spectrum of the sample, that is, the numbers of polymor-
phic sites/haplotypes carried by k individuals in the sample. These numbers are shown to
grow also linearly with sample size, and we provide simple explicit formulae for mutation
frequencies and haplotype frequencies. For critical birth—death processes, mutation fre-
quencies are given by the harmonic series and haplotype frequencies by Fisher logarithmic
series.

Running head. Allelic partitions for coalescent point processes.
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1 Introduction

1.1 The coalescent point process

Splitting trees are those random trees where individuals give birth at constant rate b during
a lifetime with general distribution A(-)/b, to i.i.d. copies of themselves (see [[2]), where A is
a positive measure on (0, 00] with total mass b called the lifespan measure. In [[[4], we have
shown that if the splitting tree is started from one individual with known birth time, say O,
and known death time, then individuals alive at time ¢ can be ranked in such a way that the
coalescence times between consecutive individuals are i.i.d.

0 1 2 3 4 5 6 7 8 9 10 12 13 14 15

Figure 1: A coalescent point process for n = 16 individuals.

Specifically, let N; be the number of individuals alive at time ¢. The process (Ny;t > 0) is
a (homogeneous, binary) Crump-Mode—Jagers process, and is not Markovian unless A has an
exponential density or is a point mass at co. To these N, individuals, give labels 0,1,..., N; —1
according to the (unique) order complying with the following rule : ‘any individual comes before
her own descendants, but after her younger siblings and their descendants’. For any integers i, k
such that 0 < i < i+k < N, we let C; ;11 be the coalescence time (or divergence time) between
individual ¢ and individual i 4+ &, that is, the time elapsed since the lineages of individual ¢ and
i+ k have diverged. Also define H;;1 := C;;41. Then recall from [@] that for a splitting tree,

Ciivk = max{Hi 1,..., Hiyp} (1)

and conditional on {/NV; # 0}, the sequence (H;;1 < i < N; — 1) has the same law as a sequence
of i.i.d. r.v. killed at its first value > t. As a by-product, we get that the law of N; conditional
on {N; # 0} is geometric.

The aforementioned property comes from the fact that the jumping contour process of the
splitting tree is a Lévy process X = (Xs; s > 0) with Lévy measure A and drift coefficient —1.
Then the excursions of the contour process between consecutive visits of points at height ¢ are
i.i.d. excursions of X. As a consequence, the (H;) are also i.i.d., and their common distribution
is that of H' := ¢t —inf,; X, where X is started at ¢ and killed upon hitting {0} U (¢, +00). Note
that all branch lengths but the last one are distributed as some r.v. H which is H' conditioned



to be smaller than t. The distribution of H' can be expressed in terms of a nonnegative,
nondecreasing, differentiable function W, called the scale function of X, such that W (0) =1

1
W) x> 0. (2)

P(H' > ) =

The scale function W is characterised by its Laplace transform (see e.g. [f])

/OOO dz e W (z) = (A - /OOO A(dz)(1 — e_>‘x)> o (3)

From now on, with no need to refer to the framework of splitting trees, we will consider the
genealogy of what we call a coalescent point process (originating from [[[q] where A(dx) =

b2 exp(—bx)dz) :

1. let Hy, Ho,... be a sequence of independent random variables called branch lengths all
distributed as some positive r.v. H, and set Hy to equal 4oo.

2. the genealogy of the population {0,1,2,...} is given by (fl).

We will stick to the notation

1
W(z) = —— > 0.
@ =pmEsy *2
It will always be implicit that a sample of n individuals refers to the first n individuals
{0,1,...,n—1}.

Remark 1 In the case of splitting trees, conditional on { Ny # 0}, Ny is geometric with success
probability P(H' > t), and conditional on {N; = n}, the branch lengths (H;;1 < i < n —1)
are i.i.d. with distribution P(H' € - | H < t). In what follows, we will repeatedly refer to
the genealogy of a splitting tree with n leaves by setting the r.v. H to equal H', without the
conditioning (i.e. t — 00). In the subcritical case, this amounts to considering quasi-stationary
populations, which are those populations conditioned to be still alive at time t, ast — oo (see
e.g. [[3]). Another possibility would be, as in [3], to give a prior distribution to the time t of
origin, and condition the whole tree on {N; = n}. Then as n — oo, the posterior distribution
of t goes to 0o, and we would be left with a (possibly different) distribution of H charging the
whole half-line.

Remark 2 No distribution of edge lengths can make the coalescent point process coincide with
the Kingman coalescent [[[]. Indeed, here, the smallest branch length in a sample of n individ-
uals is the minimum of n — 1 i.4.d. random variables, whereas in the Kingman coalescent, it is
the minimum of n(n — 1)/2 i.i.d. random variables (with exponential distribution).

Our goal is to characterise the mutation pattern for samples of n individuals, mainly as n
gets large. We specify the mutation scheme in the next subsection.

Works studying mutation patterns arising from random genealogies are numerous. Muta-
tion patterns related to populations with fixed size (Wright—Fisher model, Kingman coalescent)
are well-known and culminate in Ewens’ sampling formula (see [[d] for a comprehensive account
on that subject). More recent works concern mutation patterns related to more general coa-
lescents [, [Ig], to branching populations [}, [, or to both [f].



1.2 Mutation scheme

We adopt two classical assumptions on mutation schemes from population genetics (see e.g.
[rdp)

1. mutations occur at constant rate 6 on germ lines,

2. mutations are neutral, that is, they have no effect on birth rates and lifetimes.

As is usual, we assume that mutations are point substitutions occurring at a single site on the
DNA sequence, and that each site can be hit at most once by a mutation. This last assumption
is known as the infinitely-many sites model (ISM). Instances of DNA sequence are called alleles
or haplotypes, so that under the ISM, each mutation yields a new allele. Without reference

to DNA sequences, this last assumption by itself is known as the infinitely-many alleles model
(IAM).

Specifically, we let (P;;i = 0,1,2...) be independent Poisson measures on (0,00) with in-
tensity 6 (cf. assumption 1). For each ¢ we denote the atoms of P; by £;1 < f;2 < --- and call
them mutations. Now let Hq, Ho, ... be an independent coalescent point process (cf. assump-
tion 2). In agreement with the genealogical structure of a coalescent point process explained
in the beginning of this section, we will say that individual i + k carries (or bears) mutation
fz‘j if k Z 0 and

max{HHl, cee H/L'+k} < &j < H;,

where we agree that max () = 0 and Hy = +00. The second inequality is trivially due to the fact
that we throw away all atoms /;; such that H; < /;;. The set of mutations that an individual
bears is her allele or her haplotype, or merely her type.

For a sample of n individuals, we call S,, the number of polymorphic sites, that is, the number
of mutations (¢;;;0 <i <mn —1,j > 1) that are carried by at least one individual and at most
n — 1. Formally, this yields

S, = Card{&j <H,1<i<n—-1,57> 1} + Card{ﬁoj < max{Hl, - ,Hn_l},j > 1}.

Further, we define S, (k) as the number of mutations carried by k individuals in the sample.
In particular,

n—1
Sn = Sulk).
k=1

The sequence (S, (1),...,S,(n — 1)) is called the site frequency spectrum of the sample.

Similarly, we call A,, the number of distinct haplotypes in a sample of n individuals, that
is, the number of alleles that are carried by at least one individual, and A, (k) as the number
of alleles carried by k individuals. In particular, we have

Ap = An(k) and > kAn(k) =n.
k=1 k=1

The sequence (A4,(1),...,A,(n)) is called the allele frequency spectrum of the sample.

Remark 3 One always has the inequality S, > A, — 1. Indeed, apart from the ancestral
haplotype, each new haplotype requires at least one new mutation.



0 1 2 3 4 5 6 7 8
gc gc gch gche gch gch gbf gbfd  gbfd

Haplotype of individual 3 D D . D . D . . ------

Tg a b cde fogh

Haplotype of individual 6 D % D D D E % D ......

bcdefgh

Figure 2: A coalescent point process with mutations for a sample of n = 9 individuals. Site a
is not polymorphic because no individual in the sample carries a mutation at that site; site g
is mot polymorphic because all individuals in the sample carry the mutation at that site. The
number of polymorphic sites is S, = 6. The number of distinct haplotypes is A,, = 5.

1.3 Examples of coalescent point processes

Before going into the main part of this work, we provide a few simple examples of coalescent
point processes derived from splitting trees, in part for application purposes.

Yule tree. When A is a point mass at 0o, the splitting tree is a Yule tree, and (N¢;t > 0) is a
pure-birth binary process with birth rate, say a. Then W (x) = e**, and H has an exponential
distribution with parameter a (see [L7]).

Birth—death process. When A has an exponential density, (N¢; ¢t > 0) is a Markovian birth—
death process with (birth rate b and) death rate, say d. Then it is known (see [[[4] for example)
that if b # d, then

d — belb—d)z

W) =—7=

xz >0,

whereas if b = d =: a,
W(x)=1+ax x> 0.

Notice that in the subcritical case (b < d), H can take the value co with probability 1 — (b/d),
which is due to the constrained size of quasi-stationary populations (see Remark[l]). Elementary



calculations show that H conditioned to be finite has the same law as the branch length of a
supercritical birth—death process with birth rate d and death rate b.

Consistency and sampling. The genealogy associated to a coalescent point process is con-
sistent in the sense that the genealogy of a sample of n individuals has the same law as that of a
sample of n + 1 individuals from which the last individual has been withdrawn (in the splitting
tree framework, the last individual is the individual who has no descendants in the sample, and
whose ancestors have no elder sibling with descendants in the sample). This property would
not hold any longer if the withdrawn individual was chosen at random.

On the other hand, if all individuals in the population are censused independently with
probability ¢, then the genealogy of the census is still that of a coalescent point process.
Indeed, the typical branch length is H”, where

H" £ max{H,... Hg},

and K is an independent (modified) geometric r.v., that is, P(K = j) = ¢(1 — ¢)/71. As a
consequence,

1
We(z)

=PH" >z) = 1—20(1—c)j71P(H§x)j x> 0.
i>1

This last equation also reads

We=1—c+cW.

Applying this Bernoulli sampling procedure with intensity ¢ to the previous examples yields
the following elementary results.

— the census of a Yule population has the genealogy of a birth—death process population, with
birth rate ac and death rate a(1 — ¢)

— the census of a birth—death process population has the genealogy of another birth—death
process population with birth rate bc and death rate d —b(1 —¢). In particular, censusing
a critical birth—death process population with rate b = d =: ¢ amounts to replacing a
with ac.

Infinite lifespan measure. Actually, everything that was stated about splitting trees still
holds if the lifespan measure is infinite, provided the lifespans of children remain summable,
that is [7°(1 A 7)A(dr) < oo. In particular, one still has W(0) = 1, and the number of
individuals alive at a fixed time remains a.s. finite.

On the contrary, it is a completely different task to define the real tree whose jumping
contour process is a Lévy process with no negative jumps but infinite variation (see [f]).
However, in our setting, this only requires to replace the coalescent point process Hi, Ho,...
with a true Poisson point process with intensity measure dsv(dx), where v is a o-finite positive
measure defined as the push forward of the excursion measure of X away from {t} by the
function which maps an excursion € into ¢ — inf €;. Similarly as in the finite variation case,

1

W(x) := (@) x> 0.

6



In the Brownian case, for example v(dr) = x~2dx (again, see [[7]), that is, W (x) = .

Here, the analogue of Bernoulli sampling with intensity ¢ consists in taking the maximum
H" of the point process on an interval with exponential length of parameter ¢ (instead of a
geometric length). Now ¢ can take any positive value. Standard calculations then yield

1 AN R
W) — T = )

x>0,

so that
We=1+4cW.

As far as splitting trees with infinite variation are concerned, we will only focus on the stable
case, where W (x) = ! for some a € (1,2], the Brownian case corresponding to a@ = 2. In
particular, we see that the Brownian coalescent point process censused with intensity ¢ has the
same law as the coalescent point process associated to a critical birth—death process with rate
c.

1.4 Statements, outline, examples

Our results regarding polymorphic sites are stated in Section B
In the first two subsections of Section P, we assume that E(H) is finite. Theorem P.1
provides a law of large numbers and a central limit theorem (if H has a second moment) on
the number S,, of polymorphic sites. In particular,
. Sn
lim — =0E(H) a.s. (4)
n—oo n
We also give exact explicit formulae for the expectation of the number S, (k) of mutations
carried by k individuals in a sample of n.
In the third subsection, we make the less stringent assumption that E(min(Hq, Hy)) is
finite. Theorem R.d then gives the asymptotic behaviour of the site frequency spectrum of
large samples via the following a.s. convergence

i Snr(tk) =0 /OOO WCEZ)Q <1 - Wl(m)>k_1' 5)

In the fourth subsection, we treat the case of stable laws with parameter «, that is, W is
given by W(z) = 1 + cz® !, where a € (1,2] and c is some positive parameter that can be
interpreted as a sampling intensity. Since here E(H) = oo, the only result holding in the stable
case is (f]), and only for a > 3/2. Theorems P.4 and P.J give the asymptotic behaviour of S,,.
When a = 2, S,,/nIn(n) converges in probability (to 6/c), and when a # 2, S,,/n® converges
in distribution, with 8 =1/(a — 1).

Section ] displays our results regarding distinct haplotypes. The trick is to characterise the law
of the branch length H? of the next individual bearing no extra mutation than, say, individual
0. Proposition B.J does this as follows

1

— = =1 % —Oug > 0.
F{H, > 2) Wy(x) +/O W'(u)e u x>0

7



Theorem .7 states a.s. convergences without moment existence assumptions. Specifically,
A
lim — =F <1 - e_eHe) a.s., (6)
n—oo N

and the allele frequency spectrum for large samples is given by the following a.s. convergence

S Anffk) B /ooo Ao Wetﬂ)Q (1 N W91(56)>k1 ' ™

Before ending this last subsection, we want to point out that in some cases, more explicit
formulae can be computed. First, for the Yule process with birth rate 1, (or with parameter a,
but after replacing 6 with af), that is, when W (z) = e*, one gets easily

lim — =6 and lim Sn(k) = 0 .

Computations are not as straightforward for the number of haplotypes. Second, for the critical
birth—death process with birth rate 1 (or with parameter a, but after replacing 6 with a#), that
is, when W (x) = 1 + z, one gets

lim Sn =60 and lim Sn(k) = g .
In addition,
A A
lim — = fIn (1—1—6?_1) and  lim n() = g(l—i—@)_k .
n—oo M n—oo n ]ﬁ?

Remark 4 [t is amusing to notice that the rescaled number Ay (k) of haplotypes with k rep-
resentatives is also the probability that a species has k representatives in Fisher’s log-series of
species abundance / In Fisher’s model, a given species has an unknown density which is
assumed to be drawn from a Gamma distribution with parameter a. As a result of Bernoulli
sampling in a large population, it is then assumed that given the value d of this density, the
number X of individuals spotted from this species is Poisson with parameter pd, where p is the
sampling intensity. It can then be shown that as a | 0, conditional on {X > 1} (since at least
one individual must be spotted for the species to be recorded), P(X = k) goes to C(1+1/p)~* /k,
for some normalising constant C'.

Remark 5 In a coalescent point process, divergence times are on average deeper than in the
Kingman coalescent (the tree is more ‘star-like’). This forbids convergence of our statistics
without rescaling (by the sample size n or by nln(n)). In the Kingman coalescent, the allele
frequency spectrum is given by Ewens’ sampling formula (see [9,[18]). Asn — oo, the i-th eldest
haplotype [§] is carried by P individuals (where (P;;i > 1) is a Poisson—Dirichlet r.v.), and
the numbers of haplotypes A, (k) carried by k individuals [J] converge to independent Poisson
r.v. with parameter 0/k.



2 Number of polymorphic sites

Results for polymorphic sites depend on integrability assumptions on H. Of course these are
always fulfilled if the time ¢ when the population was founded is known, since then H <t a.s.
We will see that the critical assumptions are either E(min(Hy, H3)) < 0o, or the more stringent
E(H) < oco. Notice that the first assumption is equivalent to the integrability of 1/W?2, and
the second one to the integrability of 1/W.

2.1 Law of large numbers and central limit theorem

Recall that .S, is the number of polymorphic sites in the sample of n individuals.
Theorem 2.1 IfE(H) < oo, then

lim n~ 'S, = 0 E(H) a.s. and in L'.

n—oo

If in addition E(H?) < oo, then
Vvn (n™'S, — 0E(H))

converges in distribution to a centered mnormal variable with variance 0 E(H) + 62 Var(H).

Proof. SetY,, := max{H;,...,H,_1}. Recall from the Introduction that
n—1
Sn =3 Qi+ Ry,
i=1

where ; is the number of points of the Poisson point process P; in (0, H;), and R, is the number
of points of the Poisson point process Py in (0,Y;,). By the strong law of large numbers, we
know that

n—1
lim n~! Z Qi =0E(H) a.s. and in L',
n—oo

i=1

so we need to prove that

lim n 'R, =0 a.s. and in L.
n—oo

Now because R, /Y,, converges to § a.s. and in L', it is sufficient to prove that

lim n_lYn =0 a.s. and in L.
n—oo
Because Y, < Z?;ll H;
limsupn~ 'Y, = Y < 0o as.
n—oo
By the 0-1 law, Y is not random. To prove that Y = 0, we let Y,gl) (resp. Y,gQ)) be the maximum
of the H;’s indexed by odd (resp. even) numbers. Then it is clear that Y,, = maX(ngl), YTSQ)),

and that n’lYél) as well as n’lYVSZ) both converge to Y/2. This shows that Y = Y/2, so that
Y =0.



For convergence in L', pick any x > 0, and notice that

n'E(Y,) = n'E(Y,, Y, <)+ n'E(Y,, Y, > 1)

n—1
nlr+n'E (Z HZ']-{H¢>1}>

=1
< n 'z +E(H H > 2).

IN

Since E(H) < oo, this last inequality shows that n=1Y,, vanishes as n — oc.

Now we prove the central limit theorem for S,,. It is elementary to compute Var(Q1) as
OE(H) + 6?Var(H), so by the classical central limit theorem applied to the sum of Q;’s, we
only have to prove that R, //n converges to 0 in probability. For any A > 0,

E (exp (—)\Rn/\/ﬁ)) =K <exp (—HYn <1 — e*’\/‘/ﬁ>>) )

which shows it is sufficient to prove that Y;,/y/n converges to 0 in probability. As previously,
we write

n'E(Y?) = n'E(Y.Y,<z)+n 'E(Y,Y, >2)

< n 2?4+ nTlR <”Zl Hfl{Hi>$}>
=1
< n 2?4+ E (HQ,IZ{ > x) .
Thus, convergence of Y, /y/n to 0 holds in L2, and subsequently, it holds in probability. a
2.2 Explicit formulae for the expected frequency spectrum

Recall that S, (k) denotes the number of mutant sites that are carried by exactly k individuals
in the sample of n individuals (and since we only count polymorphic sites, S, (n) = 0).

Theorem 2.2 Foralll<k<n-1,

=0 [“oe (7)o + i)

which is finite if and only if E(H) < co. Then in particular,

. 1 B *©  dx B 1 k=1
g B =0 e (1 W<x>> |

Remark 6 Taking the sum over k in the r.h.s. of the last equality of the theorem, one gets
OE(H), so that, thanks to the L' convergence in Theorem 21,

n—1
lim > E(Sn(k)) = 0E(H) = anlngo nLE(S, (k).
k=1 k>1

10



Before giving a proof of the previous theorem, we want to make a point that will be useful in
the next subsection. For any tree with point mutations, a mutation is carried by k individuals
if and only of it is in the part of the tree subtending k leaves. Then in any given tree with edge
lengths and Poisson point process of mutations (with rate #) independent from the genealogy
(as in our situation), the expectation of the number of mutations carried by k individuals is
0Ly, where L is the Lebesgue measure of the part of the tree subtending k leaves. In our
setting, we will call Lg(n) the Lebesgue measure of the part of the tree subtending k leaves
among individuals {0,1,...,n — 1}, so that

E(S,(k)) = 0E(Ly(n)) 1<k<n-L

Remark 7 The last equality along with more specific considerations given in the next section
provide a less analytic and more transparent proof than the proof we give hereafter. However,
we stick to it for the interest of the method itself.

Proof of Theorem R.Z We set N(z) to be the smallest i > 1 such that H; > x. The proof
relies on the fact that

E(Sa(K) = lim 6E(L(N(z)) | N(x) = n).

For editing reasons, we will prefer to write F'(z) = P(H > z), instead of 1/W (z). Since F is
a.e. differentiable and our goal is to let z — oo, we can set f(z) := —F’(x) without loss of
generality. We also define

Ukn(2) = E(Lg(N(2)), N(z) = n),

we let H denote the branch length H N(z), and we set

N :=min{k > 1: Hy(y)4x > v +dz}.

Note that H and ]Sf are independent from N(z), and that H is distributed as H conditional
on {H >z}, and N as N(z + dx). Next, with obvious notation,

Li(N(z + d2)) LN (o rde)=n} = L sarany (Le(NV (@) 1N (@)=n) + 21N (2)=n} Lb=n)

n—1

+ Lcpian O U@ = Liizn_j) (Lk(N () + Li(N )) :
j=1

By independence of the H’s, taking expectations, we get

Upn(x+) = =Ugn(2) ().

|

n—1
(@) + L=nP(N(z) = k) + 2 Up j(2)P(N(z) = n — j)
j=1

5]

Setting

Vie(z; s) := Z Upn(z)s" s €[0,1),
n>k

11



we get the following differential equation

oV

o (z;5) = Gi(x; $)Vi(z; 8) + P(N () = k)5,

where we have put
o) e N@Y 1) L
Gr(z;s) <2E (S > 1) F(:U)
Now since P(N(z) = k) = F(z)(1 — F(z))*~1, we easily get

F(z) }
(1—s+4sF(x))?]

/OmGk(y;S)dyzln[

This allows us to integrate the differential equation in Vi(.;s) to finally arrive at

sFF(x)

Vi(35) = (1—s+sF

s [ Q=P s P )P dy
(@))% Jo
Identifying this entire series with the definition of Vi, we get for all 1 < k <mn —1,
Us(w) = Fla)(1 = F@)"™ [ (1= P!
0

* ((n=k)(F(y) = F(2))* + (1 = F(2))* = (1= F(y))*) dy.

As a consequence,

E(Ly(N(z)) | N(z) = n) = (1 = F(z))
X \(n—

((

which, by Beppo Levi’s theorem, converges, as x — 00, to

[ rtis
+

L
0
B)(F(y) — F())* + (1 - @)} — (1 - F())?) dy.
6B (S, (k) = /O T = P (- PR +1— (- Fw)?) dy,
which finishes the proof. a

2.3 Site frequency spectrum of large samples

Here, we assume that E(min(H;, Hz)) < oo, that is, 1/W? is integrable.

Theorem 2.3 For all 1 < k < n — 1, the following convergence holds a.s. (and in L' as well
if E(H) < o0)

lim n~ 'S, (k)

n—oo

OF ((min{Hy, Hyy1} — max{Hs, ..., H})")
0o de 1 k—1
-0 W(2)? (“W(w)) |

12




Proof. Reasoning similarly as in the previous subsection, we see that a point mutation
occurring on branch 7 is carried by k individuals if and only if it is carried by individuals
1,i+1,...,i+k—1, and by no one else. This happens if and only if this mutation, correspond-
ing to the atom /¢;;, say, of P;, has

max{H;1,...,Hip1} <ty < Hj,
for the mutation to be carried by individuals i, +1,...,7+ k — 1, along with
lij < Hiyy,

for the mutation not to be carried by others. More formally, we set F the space of point
processes on (0,00), and Fj the set of (k + 1)-dimensional arrays with values in F x (0, 00).
Next, for any = € Fj, written as 2 = ((po, xo), - - - , (Pk, hi)) we define

G(Z) := Card (po N (max{xy,...,xx_1}, min{xg, xt})),

where it is understood that the interval (a,b) is empty if @ > b. Then the number of mutations
carried by k individuals among the first n can be written as

where
Ei = ((Pi,Hy), - ., (Pir, Hiyr))

and, for the last term of the sum to be correctly written, H,, is set to +oo (as Hp). Next,
observe that
E(G(Z1)) = 0E (min{Hy, Hy11} — max{Ho,..., H,})"),

so that G(E1) is integrable (assumption stated before the theorem). Now for any 0 < r < k,
the random values G(E;), for ¢ such that ¢ = r [k + 1] (standing for mod (k+ 1)), are i.i.d. and
integrable, so by the strong law of large numbers, we have the following a.s. convergence

imnl S GE) = —— E(GE).

n—o0
0<i=r[k+1]<n—k

Actually, the convergence would also hold in L' if we had discarded mutations carried by
individual 0 and individual n — k, which involve terms that are not integrable if E(H) = oo. If
E(H) < oo, then convergence holds in L'. Summing over r these k + 1 equalities, we get the
convergence of n~15,,(k) to E(G(Z1)), and

E(G(21)) = OE((min{Hy,Hpp1} —max{Hy,..., H;})")
= 0E /000 dx 1, comin{Hy  Hyr} Losmax{Ho,....Hy,}
= 0 /OOO dzP(H > z)?P(H < )",
which ends the proof. a
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2.4 Stable laws

Here, we tackle the case when H is in the domain of attraction of a stable law, which happens
in particular for a splitting tree whose contour process is a stable Lévy process with no negative
jumps with index a € (1,2]. If such a population is censused with intensity ¢ > 0 then the
corresponding function W (see Introduction) is

W(z) =1+ ca®! x > 0.

From now on, we will assume that W has the form given in the foregoing display. Recall that
1/W (z) is the probability that a branch has length greater than x. Observe that here H is not
integrable, so that Theorems P.] and P.9 do not apply. However, asymptotic results for the site
frequency spectrum of large samples given in Theorem apply for a > 3/2.

2.4.1 Brownian case

Here, we assume that o = 2, which corresponds both to a (censused) Brownian population and
to the (censused or not) population of a critical birth-death process.

Theorem 2.4 When W (x) = 1 + cx, we have the following convergence in probability
Sn

oo In(n)

0/c.

Proof. Recall that S, is to be written as
n—1
Sn =3 Qi+ Ry,
i=1

where Q; is the number of points of the Poisson point process P; in (0, H;), and R, is the
number of points of the Poisson point process Py in (0,Y},), where Y,, = max{H1,...,H,_1}.
Now observe that

P, > ento(r) =1 - (1= i)

which vanishes as n — oo, so that Y,,/nIn(n) converges to 0 in probability. This implies in
turn that R, /nln(n) also converges to 0 in probability. As a consequence, we can focus on the
sum of @;’s. Pick any A > 0 and check that

E (exp _nl:\(n) ”Z:l QZ> = <IE <exp —0H <1 _ e A ln(n)>>)n,

i=1

We are bound to study the behaviour of E(exp —yH) as y — 0.
© -yz

o Wi(z)

o e—u
= 1—y/ du
0o Y-+tcu

0 pu ll_e—u 1
= 1- du + / du —yc " In((y + ¢
y[ e ) Ny Y ((y+<)/y)

= 1+c 'yln(y) +O(y),

E(exp—yH) = 1—y dx

14



where O(y)/y is bounded near 0. Setting u,, := 6 (1 —eAn hl(")), there is a vanishing sequence
v, such that

B (epA) = (14t tnun) + O(u)" (1-+,)
= exp (¢ 'nu, In(u,) + O(nuy,)) (1 +vy),

which converges to exp(—A8/c). O

2.4.2 Stable case o # 2

Here, we assume that W (z) = 1 + cz®1, for some « € (1,2).

Theorem 2.5 When W (z) = 1+ cx®~!, we have the following convergence in distribution

. Sn
Jim /a1y — Yo(e)s

where (Yy;t > 0) is the stable subordinator with Laplace exponent A — ¢ 10°7I\*"1 ¢ is an
independent exponential r.v. with parameter 1, and @ is defined by

xT
o(x) =zl 4 / dss'™e™* x > 0.
0

Remark 8 Observe that ¢ decreases on (0,00) from 400 to a positive limit, equal to I'(2 — ).
Also, recall that S, = Z?:_f Q; + R, where R, is the extra contribution from the maximum
branch length. Then it is possible to see by the same kind of proof as that of the theorem, that
Z?:_f Qi converges in distribution to Ypo_o). This indicates that, opposite to the Brownian
case, the (double) contribution of the mazimum branch length is not negligible here.

Proof. Let us compute the limiting distribution of n=1/(1=®)(y, + Z?;ll H;), where Y,, =
max{Hi,...,Hp_1}. Set f:=1/(a — 1), as well as

n—1
I,(A):=E (exp ~An P (Yn + ZH)) .
=1

Then
n—2

L)) = /0 P(Yy € dz)e 2% (7 )T

where H’ has the law of H conditioned on being smaller than z. Next, we have

dz z>0

ezt >n2 c(n—1)(a—1)z272

P € dz) = <1 + ¢zl (1 + czo—1)2

and
cla— 1)z 2 14 czv!

P(H, € dz) = 1 r a1 cpol dx 0<z<z,

15



o a— z o— n—2
I,(\) = / P G PZZ : ez / P Gl i i e~An"fw
0 (14 czo1) 0 (14 cze—1)2

Changing variables, this also reads

v 6—21)

LA =c 1 —nY(a—-1)r! /00 dv

3 Jn (03 0)"
0 (1+n-le-1ha-lyl-a)

where
uaf2 e~
1+ cnAl—aya—1)2

Jo(;\) = (a—1)enA™® /Ov du(

—eTu v v e~ U
= — d
[1 + enAtmaya—l ] : /0 YT+ enal—aga-1
e*'U v e*u
— 1- [ 4
1+ enAl—apa—l /0 T T enal-ageT
= 1-n"'K,(v;)),

where K,,(v; \) is positive and converges to ¢ 1A¥ " 1p(v) as n — oo. By the Lebesgue conver-
gence theorem, we get the convergence of I,(\) to

¢ Ha—1) et / dvv™® e 2 exp(—c A Lo (v)).
0

Integrating by parts with ¢'(v) = (1 — @)v™ %Y, we finally get

n—oo

o0

lim 7,,(\) :/ dv e exp(—c A Lp(v)).
0

The last step is the same as in the foregoing proof, that is

n—1
nlLH;OE (exp —A n_l/(a_1)5n> = nh—>HoloE (exp —6 <1 — e_A"_l/(a_l)) (Yn + Z HZ>>
i=1

= lim I,(0))

n—oo

= / dve " exp(—c 107Ny (v)),
0

which is the desired result O

3 Number of distinct haplotypes

3.1 The next branch with no extra mutation

We let 9 denote the set of individuals who carry no more mutations than individual 0 (at
most exactly the mutations carried by 0, but no extra mutation). Set Kg := 0 and for ¢ > 1,
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define Kf as the i-th individual in £%, and Hf := H ¢ the associated branch length. We write
HY in lieu of HY and we define the function W, by

P(H > z) = W)

Proposition 3.1 The bivariate sequence (K¢ — K? |, H?);i > 1) is a sequence of i.i.d. ran-
dom pairs. The function Wy is given by

Wy(z) =1+ / W' (u)e " du x> 0.
0

Remark 9 In the case when the coalescent process is derived from a splitting tree with lifespan
measure N\, the calculation of Wy is straightforward. Indeed, it can be seen in that case that
the point process (Hf ;1 > 1) is the coalescent point process of the splitting tree obtained from
the initial splitting tree with mutations after throwing away all points above a mutation. But
this new tree is again a splitting tree, since lifespans are i.i.d. and terminate either at death
time or at the first point mutation, so the lifespan measure is now Ag(dr) = e~ A(dx) +
Oe % A((x,00)) dx. As a consequence, Wy is here the scale function characterised as in (B) by
its Laplace transform

/OO dre M Wy(z) = <)\ — /OOO Ag(dz)(1 — e—M)> -

0
o0 —1
= ¥ (A +6 —/ A(dz)(1 — e—<A+9>x)>
0

— At+d dz e AT (2),
A Jo

which yields the equality given in the statement.

Proof. First observe that the pair (K 19 ,H 19 ) does not depend on the haplotype of individual
0, and that the i-th individual with no extra mutation than 0 is also the next individual after
Kf_l with no extra mutation than Kie_l. This ensures that (Kf — Kf_l, HZG) has the same law
as (K¢, HY), and the independence between (K? — K¢ |, H?) and previous pairs is due to the
independence of branch lengths and the fact that new mutations can only occur on branches
with labels strictly greater than Kfﬁl.

Now the event {H? € dz} can be decomposed according to: the value of Hy; conditional on
Hy = z, the value of the age V, of the oldest mutation on Hi; conditional on V, = y, the value
H {/ of the branch length associated to the first individual in 519 with branch length greater than
y. Indeed, H? € dz if: H; € dx and there is no mutation in H; (then K§ = 1); or H; € dx,
the age of the oldest mutation on Hy = z is V, = y < x and the next individual with no extra
mutation than 1 and branch length Hz// > vy has H; < x; or Hi = z < z, the age of the oldest
mutation on H; = 2z is V, = y < z and the next individual with no extra mutation than 1 and
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branch length H >y has H, € dz.

P(H? € dz) = P(H, € dz)e %" + P(H, € dx) / P(V; € dy)P(H, < x)
0

+/ P(H; € dz)/ P(V. € dy)P(H, € dz).
0 0

Thanks to the first statement of the proposition, H; has the same law as H? conditioned on
being greater than y. Then since P(V, € dy) =6 e =) dy. we get

P(H? € dz) = P(H € dz)(1 — P(H? > 2)f(2)) + P(H? € dx) / xIP’(H e d2)f(2),
0
where we have set

flx):= / dy 0 e @Y Wy(y) x> 0.
0

We can rewrite the last result as
P(H € dz) = P(H’ € dz)(1 — /0 xIP’(H € dz)f(2)) +P(H € dx)P(H® > z)f(z),

which can be integrated as

P(H > z) =P(H? > z)(1 - /Ox P(H € dz)f(z)).
Defining now the function G as

G(z) == P(H > x)(Wp(z) - f(2)),

we get, thanks to the last integration,

Gx)=1- /:IP’(H €dz)f(z) —P(H > z)f(x).
Integrating by parts yields
G(z) = 1—/036 dzP(H > 2)f'(z) = 1—/076 dzP(H > 2)(—0f(2) +0Wy(z)) = 1—9/036 dzG(z),
which shows that G(z) = e~%*. This reads

W(z) = e"*Wy(x) — 0 /095 dy €% Wy(y).

One differentiation and one integration provide the result. a
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3.2 Main result
3.2.1 Statement

Recall that A, (k) denotes the number of haplotypes carried by k individuals in a sample of n.

Theorem 3.2 For all k > 1, the following convergence holds a.s.

oo k—
lim n ' A, (k) = / dzfe " ! 5 <1 - ) 1 .
n—o0 0 Wo(z) Wo(x)

In addition,
lim n '4, =E (1 - 6_6H6> .

n—oo

Before proving this statement, we insert a (sub)subsection in which we state and prove a
preliminary key result.

3.2.2 The key lemma

Recall that ¢1; denotes the (time elapsed since the) i-th (most recent) mutation on the first
branch length. In particular, the mutations carried by individual 1 and not by individual 0 are
exactly those ¢1; such that £;; < H; (the other points of the process are thrown away). Let V;
denote the number of individuals whose most recent mutation is £1;.

Lemma 3.3 In an infinite sample, for any integer k > 1,

ZP(M =k= /oC>O 0 ds Wetz)2 <1 - Wel(z)>k_1

i>1

Proof. In the first place, not to care for the fact that only mutations with ¢1; < H; contribute,
we consider the number N/ of individuals whose most recent mutation is fo;, and we condition
on fo; = vj, j > 1. We will use later the fact that the law of IV; conditional on ¢1; = v;, j > 1,
is that of N/1,,<p, where H is independent from N/ and the point process ({p;;1 > 1).

Recall from the previous subsection that £ is the set of individuals who carry no more
mutations than individual 0, that Kf is the i-th individual in £, and Hf = Hp. Then set
Dy :=0 and '

D; = inf{j21:Hf>v¢,1} 1> 1.

Now observe that N/ = D; — D;_; for all i« > 1 (for Ny, the count includes individual 0). As
an application of Proposition B.1], we get that conditional on £y; = vj, j > 1,

P(N] = k) = P(H® < v))*'P(H? > v)),
whereas for any i > 2,

P(N! #0) =P(H’ <v; | H >v;,_1) and P(N/=k| N/ #0)=PH? < v)" P(H® > v;).
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Recalling the relation between the laws of IV; and N/ mentioned in the beginning of the proof,
we get that conditional on ¢1; = v;, j > 1,

P(Ny = k) = P(H® < v))F1P(H? > v))P(H > vy).
whereas for any ¢ > 2,
P(N; #0) =P(H? < v; | H? > v;_))P(H > v;),
and P(N] =k | N #0) =P(N; =k | N; #0), so we finally get (for i > 2)
P(N; =k) = PH’ <) TP(H? < v; | H > v;_1)P(H® > v)P(H > v;)

B (1 - ﬁ)k (1 e )> T

It is well-known that for the Poisson point process of mutations,

Q02
P(l1,;-1 € dx, by; € dz) = % e drd:  0<z<zi>2,
1 — .
so that
9@ 1—2 1 k—1 WQ(CC) 1
P(N; =k) = d d 1— 1—
Sroin = 3 [Te [atn e (gs) (-wG) wme

= [ o (“#(z))k 1wv;e<z> [ o (“%8)'

Now thanks to Proposition B.1, we can perform the following integration by parts on the last
integral in the last display

/OZ ot < %8) _ [eel« (1 N VW[;ZE;C?)]Z N ng(z) /Oz da W) ()

1 I
= e e, e
we
Wo(z)

This entails

> P(N;=k) = /Ooodzeeez (1 - W91(2)>k1 sz(z) (mvz(é)) - 1> .

i>2

But since

P(N; = k) = /000 d=0e” (1 - W91(Z)>k—1 WV&M’

the result follows. O
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3.2.3 Proof of Theorem

For each individual 7 > 0, we denote by 4;; the set of individuals bearing the unique haplotype
whose most recent mutation is ¢;;. In particular, it is understood that A;; = () whenever
¢;; > H; (because no such haplotype exists).

Now fix M > 1. Similarly as in the proof of Theorem P.3, we can define

GM(EZ) := Card {j >1: Card Aijﬁ{i,...,i—i-M} :k},

where

Ei = ((PZ, Hz)7 ey (Pi-‘,-M; HH—M))
Observe that Gy is bounded from above, so that G/ (Z;) is integrable for all ¢ > 0. Now for
any 0 < r < M, the random variables G/(Z;), for i such that ¢ = r [M + 1] (standing for mod

(M +1)), are i.i.d. and integrable, so by the strong law of large numbers, we have the following
convergence a.s. (and in L1)

1
li -1 Gy (Z;) = E(Ga(Z1)).
nl_{go” 0<ir[MZ+1}<n—M i) M+1 (=)

Summing over r these M + 1 equalities, we get the following convergence a.s. (and in L!)

n—M
nli_)rréon_l Z Gum(E:) = E(Gu(Er)).
=0

Our goal is now to let M — oo. First notice that
n
A (k) = Z Card {j > 1: Card A;; N {i,...,n} =k},
i=0
so we get immediately that A, (k) > Z?:_IM Gum(5;), and
n—

liminfn =" A, (k) > liminfn™" Y~ Gar(E) = B(Gu(E1)).

n—oo n—oo
=1
Letting M — oo, Beppo Levi’s theorem yields

liminfn A, (k) > E [Card {j >1: Card Ay =k}| = ZP(Card Ay =k) =t xp.

n—00
Jj1

In the notation of the previous subsection Card A;; = IV;, so thanks to Lemma B.3 we have
the following explicit expression for xy

o 1 1 \F!
= e "d 1— .
ok /0 R AL < W9(2)>

Now recall that Zj>1jAn(j) = n. Since it is easily seen that Zj>1j$j = 1, by Fatou’s lemma

limsupn kA, (k) = 1-liminf n ! ZjAn(j) < 1—Zliminfn71jAn(j) < 1—ijj = kxy,

n—00 n—o0 n—0o0

i#k i#k i#k
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which ensures that a.s.

zp < liminf n~1 A, (k) < limsupn='A4, (k) <,

n—oo n—o0

and the first part of the theorem is proved. The second and last part can be deduced from
the fact that for any integer K, >, n kA, (k) converges, as n — oo, to >,y kzg. This
implies that for any € > 0, there are integers K and N such that for all n > N,

Z ntA, (k) < Z n kA, (k) < e.

kE>K E>K

As a consequence,
lim n '4, = nh_)rrgo Zn_lAn(k:) = Zxk

n—oo
k>1 k>1

Then it takes an elementary integration by parts to check that

Zxk = /Oodxﬁeemw; :E(l—e%m}).

1 0 o(z)
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