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CONSTRUCTION OF LOCAL CONSERVATION LAWS BY
GENERALIZED ISOMETRIC EMBEDDINGS OF VECTOR
BUNDLES

NABIL KAHOUADJI

ABSTRACT. This article uses Cartan—K&hler theory to construct local conser-
vation laws from covariantly closed vector valued differential forms, objects
that can be given, for example, by harmonic maps between two Riemannian
manifolds. We apply the article’s main result to construct conservation laws
for covariant divergence free energy-momentum tensors. We also generalize the
local isometric embedding of surfaces in the analytic case by applying the main
result to vector bundles of rank two over any surface.

1. INTRODUCTION

A conservation law can be seen as a map defined on a space F (which can be for
instance, a function space, a fiber bundle section space, etc.) that associates each
element f of F with a vector field X on an m-dimensional Riemannian manifold
M, such that if f is a solution to a given PDE on F, the vector field X has a
vanishing divergence. If we denote by ¢ the Riemannian metric on the manifold
M, we can canonically associate each vector field X € I'(TM) with a differential
1-form ax := ¢g(X,-). Since div(X) = *d * ax (or div(X)volys = d(Xivolp)),
where * is the Hodge operator, voly, is the volume form on M, and X Jvola, is the
interior product of voly by the vector field X, the requirement div(X) = 0 may be
replaced by the requirement d(X Jvoly) = 0, and hence, conservation laws may also
be seen as maps on F with values on differential (m — 1)-forms such that solutions
to PDEs are mapped to closed differential (m — 1)-forms on M. More generally,
we could extend the notion of conservation laws as mapping to differential p-forms
(for instance, Maxwell equations in vacuum can be expressed, as it is well-known,
by requiring a system of differential 2-forms to be closed). In this paper, we address
the question of finding conservation laws for a class of PDE described as follows:

Question 1. Let V be an n-dimensional vector bundle over M. Let g be a metric
bundle and V a connection that is compatible with that metric. We then have a
covariant derivative dv acting on vector valued differential forms. Assume that ¢
is a giwen covariantly closed V-valued differential p-form on M, i.e.,

dyo = 0. (1.1

Does there exist N € N and an embedding U of V into M xRN given by ¥(z, X)
(x, ¥, X), where W, is a linear map from V, to RN such that:

o U is isometric, i.e, for every x € M, the map ¥, is an isometry,

o if U(¢p) is the image of ¢ by U, i.e., U(p), = U, 0P, for all x € M, then

AT (¢) = 0. (1.2)

~

Date: April 10, 2008.

1991 Mathematics Subject Classification. 58A15, 37K05, 32C22 .

Key words and phrases. Conservation laws, Generalized isometric embeddings of vector bund-
les, Exterior differential systems, Cartan—K&hler theory, Conservation laws for energy-momentum
tensors.
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In this problem, the equation (I]) represents the given PDE (or a system of
PDEs) and the map ¥ plays the role of a conservation law. Note that the problem
is trivial when the vector bundle is a line bundle. Indeed, the only connection on a
real line bundle which is compatible with the metric is the flat one.

A fundamental example is the isometric embedding of Riemannian manifolds
in Euclidean spaces and is related to the above problem as follows: M is an m-
dimensional Riemannian manifold, V is the tangent bundle TM, the connection
V is the Levi-Civita connection, p = 1 and the TM-valued differential 1-form ¢
is the identity map on TM. Then (I]) expresses the torsion-free condition for
the connection V and any solution ¥ to (I2]) provides an isometric embedding u
of the Riemannian manifold M into a Euclidean space RY through du = ¥(¢),
and conversely. An answer to the local analytic isometric embeddings of Rieman-
nian manifolds is given by the Cartan—Janet theorem, [Car27, [Jan26]. Despite the
fact that the Cartan—Janet result is local and the analicity hypothesis on the data
may seem to be too restrictive, the Cartan—Janet theorem is important because
it actualizes the embedding in an optimal dimension unlike the Nash—Moser iso-
metric embedding which is a smooth and global result. Consequently, if the above
problem has a positive answer for p = 1, the notion of isometric embeddings of
Riemannian manifolds is extended to a notion of generalized isometric embeddings
of vector bundles. The general problem, when p is arbitrary, can also be viewed as
an embedding of covariantly closed vector valued differential p-forms.

Another example expounded in [HEI96] of such covariantly closed vector valued
differential forms is given by harmonic maps between two Riemannian manifolds.
Indeed, let us consider a map u defined on an m-dimensional Riemannian manifold
M with values in an n-dimensional Riemannian manifold A". On the induced
bundld] by u over M, the u*TN-valued differential (m — 1)-form *du is covariantly
closed if and only if the map w is harmonic, where the connection on the induced
bundle is the pull back by u of the Levi-Civita connection on N. A positive answer
to the above problem in this case would make it possible to construct conservation
laws on M from covariantly closed vector valued differential (m — 1)-forms,
provided, for example, by harmonic maps. In his book [HéE96], motivated by
the question of the compactness of weakly harmonic maps in Sobolev spaces in
the weak topology (which is still an open question), Hélein considers harmonic
maps between Riemannian manifolds and explains how conservation laws may be
obtained explicitly by the Noether’s theorem if the target manifold is symmetric
and formulates the problem for non symmetric target manifolds.

In this article, our main result is a positive answer when p = m — 1 in the
analytic case. We also find, as in the Cartan—Janet theorem, the minimal required
dimension that ensures the generalized isometric embedding of an arbitrary vector
bundle relative to a covariantly closed vector valued differential (m — 1)-form.

Theorem 1. Let V be a real analytic n-dimensional vector bundle over a real
analytic m-dimensional manifold M endowed with a metric g and a connection V
compatible with g. Given a non-vanishing covariantly closed V-valued differential
(m — 1)-form ¢, there exists a local isometric embedding of V in M x R™H#mm—1

over M where Ky, ., 1 = (m — 1)(n — 1) such that the image of ¢ is a conservation
law.

The existence result Theorem [Il can be applied to harmonic maps. We show in
the last section of this paper a further application related to energy-momentum

L or the pull back bundle.
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tensors which occur e.g. in general relativity.

The strategy for proving Theorem [lis the following: we reformulate the problem
by means of an exterior differential system on a manifold that must be defined, and
since all the data involved are real analytic, we use the Cartan—K&hler theory to
prove the existence of integral manifolds. The problem can be represented by the
following diagram that summarizes the notations

14

gV, Vr—— s~ Am x RVmop
(dv¢)p=0 dw(¢)=0
M™ M™
FIGURE 1. Generalized isometric embedding

where N is an integer that have to be defined in terms of the problem’s data: n,
m and p. Let us then set up a general strategy as an attempt to solve the general
problem. We denote by ry, ,, the embedding codimension, i.e., the dimension of the
fiber extension in order to achieve the desired embedding. Since the Cartan—-Kahler
theory plays an important role in this paper and since the reader may not be
familiar with exterior differential systems (EDS) and the Cartan—Kahler theorem,
generalities are expounded in section 2 concerning these notions and results. For
details and proofs, the reader may consult Elie Cartan’s book [Car71] and the third
chapter of [BCG™91].

Let us first recast our problem by using moving frames and coframes. For con-

venience, we adopt the following conventions for the indices: 4,5,k = 1,...,n
are the fiber indices , A\, u,v = 1,...,m are the manifold indices and a,b,c =
n+1,...,n+ ky , are the extension indices. We also adopt the Einstein sum-

mation convention, i.e., assume a summation when the same index is repeated in
high and low positions. However, we will write the sign > and make explicit the
values of the summation indices when necessary. Let n = (n',...,n™) be a moving
coframe on M. Let E = (E1,..., E,) be an orthonormal moving frame of V. The
covariantly closed V-valued differential p-form ¢ € T(A? M ®V,,) can be expressed
as follows:

¢=E;¢' = Eiwf\l,...,)\pn)\17...’>\p (1.3)

where ¢} », are functions on M. We assume that 1 <Ay <--- <A, <m in the

Al A

summation, and that n » means n™M A --- Anir.

Definition 1. Let ¢ € T(APM @ V) be a V-valued differential p-form on M. The
generalized torsion of a connection relative to ¢ (or for short, a ¢-torsion) on a
vector bundle over M is a V-valued differential (p+1)-form © = (0%) := dy ¢, i.c.,
in a local frame

O = E;0" := E;(d¢" + 7]; AN@)  forall i (1.4)

where (%) is the connection 1-form of V which is an o(n)-valued differential 1-form
(since V is compatible with the metric bundle).

Thus, the condition of being covariantly closed dv¢ = 0 is equivalent to the fact
that, d¢’ +n) A¢/ = 0 for all i = 1,...,n. From the above definition, the connection
V is ¢-torsion free. We also notice that the generalized torsion defined above reduces
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to the standard torsion in the tangent bundle case when ¢ = E;iin* = E;n' (the
functions ¥4 = §% are the Kronecker tensors), and the connection is Levi-Civita.

dvp=0<=d¢' +nj A¢’ =0 foralli=1,....,n. (1.5)

Assume that the problem has a solution. We consider the flat connection 1-form
w on the Stiefel space SO(n+xy, ,)/SO(ky, ), the n-adapted frames of R Fm.p)
i.e., the set of orthonormal families of n vectors T = (ey,...,e,) of RO p)
which can be completed by orthonormal x7, ,, vectors (ent1y-- -, en+n%’p) to obtain
an orthonormal set of (n + &, ,) vectors. Since we work locally, we will assume
without loss of generality that we are given a cross-section (e,41, ... ,en+,€¢ﬁ,p) of
the bundle fibration SO(n + ), ,,) — SO(n+xy, ,)/SO(ky, ,). The flat standard
1-form of the connection w is defined as follows: w! = (e;,de;) and w§ = (eq, de;),
where (, ) is the standard inner product on R"**m.». Notice that w satisfies Cartan’s
structure equations. Suppose now that such an isometric embedding exists, then, if
e; = ¥(E;), the condition d¥(¢) = 0 yields to

ei(d¢i+w§/\¢j)+ea(w§1/\¢i) =0, (1.6)

a condition which is satisfied if and only if
n, =V w!) and U*(wi)A¢'=0. (1.7)
The problem then turns to finding moving frames (e1,...€n,€nt1, -\ Entrn )

m,p

such that there exist m-dimensional integral manifolds of the exterior ideal gene-

rated by the naive exterior differential system {w; — n},wﬁ A ¢'} on the product

manifold

SO(n + ky, )
SO(H”WP)
Strictly speaking, the differential forms live in different spaces. Indeed, one

should consider the projections mrq and 7s: of 37, on M and the Stiefel space and

= Mx (1.8)

P . :
consider the ideal on X7,  generated by m3,(n;) — 7§, (w)) and 75, (wi') A 73 (6°).

It seems reasonable however to simply write {w} — 7}, wf A ¢'}.

To find integral manifolds of the naive EDS, we would need to check that the
exterior ideal is closed under the differentiation. However, this turns out not to be
the case. The idea is then to add to the naive EDS the differential of the forms
that generate it and therefore, we obtain a closed one.

The objects which we are dealing with in the following have a geometric
meaning in the tangent bundle case with a standard 1-form (the orthonormal
moving coframe, as explained above) but not in the arbitrary vector bundle case as
we noticed earlier with the notion of torsion of a connection. That leads us to define
notions in a generalized sense in such a way that we recover the standard notions
in the tangent bundle case. First of all, the Cartan lemma, which in the isometric
embedding problem implies the symmetry of the second fundamental form, does
not hold. Consequently, we can not assure nor assume that the coefficients of the
second fundamental form are symmetric as in the isometric embedding problem. In
fact, we will show that these conditions should be replaced by generalized Cartan
identities that express how coefficients of the second fundamental form are related
to each other, and of course, we recover the usual symmetry in the tangent bundle
case. Another difficulty is the analogue of the Bianchi identity of the curvature
tensor. We will define generalized Bianchi identities relative to the covariantly
closed vector valued differential p-form and a generalized curvature tensor space
which corresponds, in the tangent bundle case, to the usual Bianchi identities and
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the Riemann curvature tensor space, respectively. Finally, besides the generalized
Cartan identities and generalized curvature tensor space, we will make use of a
generalized Gauss map.

The key to the proof of Theorem[lis Lemma [l for two main reasons: on one hand,
it assures the existence of coefficients of the second fundamental form that satisfy
the generalized Cartan identities and the generalized Gauss equation, properties
that simplify the computation of the Cartan characters. On the other hand, the
lemma gives the minimal required embedding codimension Ky, ,,,_ that ensures the
desired embedding. Using Lemma [Tl we give another proof of Theorem [Il by an
explicit construction of an ordinary integral flag. When the existence of integral
manifold is established, we just need to project it on M x R™m.p,

2. GENERALITIES

This section is a brief introduction to the Cartan—Ké&hler theory and is establis-
hed to state the Cartan test, the Proposition 2] and the Cartan—Kahler theorem,
results that we use in the proof of Theorem [l

2.1. EDS and exterior ideals. Let us denote by A(M) the space of smooth
differential forms on M An exterior differential system is a finite set of differential
forms I = {w1,wa,...,wr} C A(M) with which we associate the set of equations
{w; = 0|w; € I'}. A subset of differential forms Z C A(M) is an exterior ideal if the
exterior product of any differential form of Z by a differential form of A(M) belongs
to Z and if the sum of any two differential forms of the same degree belonging to
7T, belongs also to Z. The exterior ideal generated by I is the smallest exterior ideal
containing I. An exterior ideal is said to be an exterior differential ideal if it is
closed under the exterior differentiation and hence, the exterior differential ideal
generated by an EDS is the smallest exterior differential ideal containing the EDS.
Let us notice that an EDS is closed if and only if the exterior differential ideal and
the exterior ideal generated by that EDS are equal. In particular, if I is an EDS,
T UdlI is closed.

2.2. Introduction to Cartan—Ké&hler theory. Let I C A(M) be an EDS on
M and let N be a submanifold of M. The submanifold A is an integral manifold
of Iif 1*¢ = 0,V € I, where ¢ is an embedding ¢ : N' — M. The purpose of
this theory is to establish when a given EDS, which represents a PDE, has or does
not have integral manifolds. We consider in this subsection, an m-dimensional real
manifold M and Z C A(M) an exterior differential ideal on M.

Definition 2. Let z € M. A linear subspace E of T, M is an integral element of
T if pg =0 for all p € I, where pr means the evaluation of ¢ on any basis of E.
We denote by V,(Z) the set of p-dimensional integral elements of .

N is an integral manifold of Z if and only if each tangent space of N is an integral
element of 7. It is not hard to notice from the definition that a subspace of a given
integral element is also an integral element. We denote by Z,, = Z N .AP(M) the set
of differential p-forms of Z. Thus, V,(Z) = {E € G,(TM) |¢g =0 for all p € Z,,}.

Definition 3. Let E be an integral element of I. Let {e1,ea,...,ep} be a basis of
E C T, M. The polar space of E, denoted by H(E), is the vector space defined as
follows:

H(E)={veT,M|p(v,er,ez,...,ep) =0 for all ¢ € T11}. (2.9)

2Thisisa graded algebra under the wedge product. We do not use the standard notation Q(M)
to not confuse it with the curvature 2-form of a connection.
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Notice that E C H(FE). The polar space plays an important role in exterior
differential system theory as we can notice from the following proposition.

Proposition 1. Let E € V,,(Z) be a p-dimensional integral element of T. A (p+1)-
dimensional vector space ET C T, M which contains E is an integral element of T
if and only if EY C H(E).

In order to check if a given p-dimensional integral element of an EDS 7 is con-
tained in a (p + 1)-dimensional integral element of Z , we introduce the following
function called the extension rank r : V,(Z) — Z that associates each integral
element F with an integer r(E) = dimH (E) — (p + 1). The extension rank r(E) is
in fact the dimension of P(H(E)/E) and is always greater than —1. If r(E) = —1,
then E is contained in any (p 4+ 1)-dimensional integral element of Z and conse-
quently, there is no hope of extending the integral element. An integral element E
is said to be regular if (FE) is constant on a neighborhood of z.

Definition 4. An integral flag of T on z € M of length n is a sequence (0), C
E, CEyC---CE, CT.M of integral elements Ey, of L.

An integral element F is said to be ordinary if its base point z € M is an
ordinary zero of Iy = I N A°(M) and if there exists an integral flag (0), C E; C
EyC---CE,=FECT.M where the Ej,, k=1,...,(n—1) are regular. Moreover,
if E,, is itself regular, then F is said to be regular. We can now state the following
important results of the Cartan—Ké&hler theory.

Theorem 2. (Cartan’s test) Let T C A*(M) be an exterior ideal which does not
contain 0-forms (functions on M). Let (0), C By C Es C --- C E, C T, M be
an integral flag of Z. For any k < n, we denote by Cy the codimension of the
polar space H(Ey) in T M. Then V,(Z) C Gn(TM) is at least of codimension
Co+CrL+ -+ Ch_q at E,,. Moreover, E,, is an ordinary integral flag if and only
if En has a neighborhood U in G,(TM) such that V,(Z) N U is a manifold of
codimension Co+Cy +---+ Cph_1 in U.

The numbers Cj, are called Cartan characters of the k-integral element. The
following proposition is useful in the applications. It allows us to compute the
Cartan characters of the constructed flag in the proof of the Theorem [Il

Proposition 2. At a point z € M, let E be an n-dimensional integral element
of an exterior ideal T N A*(M) which does not contain differential 0-forms. Let
W1,W2, vy, Wi,y T, T2, ..., Ts (Where s = dim M —n) be a coframe in a open neigh-
borhood of z € M such that E = {v € Ty M |m,(v) =0 for alla =1,...,s}. For
all p < n, we define E, = {v € E|wg(v) =0 for all k > p}. Let {¢1,02,-..,¢r}
be the set of differential forms which generate the exterior ideal I, where @, is of
degree (d, +1). For all p, there exists an expansion

o= D T Aws+@, (2.10)
1=d,

where the 1-forms 7Tg are linear combinations of the forms m and the terms ¢, are,

either of degree 2 or more on w, or vanish at z. Moreover, we have
H(E,) ={ve Tz/\/l|7rg(v) =0 for all p and sup J < p} (2.11)

In particular, for the integral flag (0), C By C Es C --- C E, NT,M of T,
the Cartan characters C, correspond to the number of linear independent forms
{m]|. such that supJ < p}.

The following theorem is of great importance not only because it is a gene-
ralization of the well-known Frobenius theorem but also because it represents a
generalization of the Cauchy—Kovalevskaya theorem.
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Theorem 3. (Cartan—Kdhler)

Let T € A*(M) be a real analytic exterior differential ideal. Let X C M be a p-
dimensional connected real analytic Kdhler-regular integral manifold of . Suppose
that r = r(X) 2 0. Let Z C M be a real analytic submanifold of M of codimension
r which contains X and such that T,Z and H(T,X) are transverse in T, M for
all x € X C M. There exists then a (p + 1)-dimensional connected real analytic
integral manifold Y of I, such that X C Y C Z. Moreover, Y is unique in the sense
that another integral manifold of T having the stated properties, coincides with Y
on an open neighborhood of X .

The analycity condition of the exterior differential ideal is crucial because of
the requirements in the Cauchy—Kovalevskaya theorem used in the Cartan—Kahler
theorem’s proof. It has an important corollary. Actually, in the application, this
corollary is more often used than the theorem and is sometimes called the Cartan—
Kahler theorem in literature.

Corollary 1. (Cartan—Kdhler)

Let T be an analytic exterior differential ideal on a manifold M. If E C T, M is
an ordinary integral element of I, there exists an integral manifold of I passing
through z and having E as a tangent space at point z.

One of the great applications of the Cartan—Ké&hler theory is the Cartan—Janet
theorem concerning the local isometric embedding of Riemannian manifolds. We
mention this theorem for its historical importance and because the result of this
paper generalizes isometric embedding of surfaces.

Theorem 4. (Cartan [Car27|-Janet [Jan26])
Every m-dimensional real analytic Riemannian manifold can be locally embedded

m(m+ 1)
2

isometrically in an -dimensional Fuclidean space.

3. CONSTRUCTION OF CONSERVATION LAWS

In this section, we continue to explain the general strategy of solving the problem
in the general case started in the introduction, and we give a complete proof of
Theorem [II In the introduction, we showed that solving the general problem is
equivalent to looking for the existence of integral manifolds of the naive EDS {w; —

n%,wi A @'} on the product manifold

SO(n—i—Fa’,ﬁl’p)
SO(k™, )

m,p

n —
Xy = Mm X

This naive EDS is not closed. Indeed, the generalized torsion-free of the connec-
tion implies that d(w@ A ¢*) = 0 modulo the naive EDS, but the Cartan’s second-
structure equation yields to d(w;- — 77;) = Z(w;’ Aw§) — Q; modulo the naive EDS,

a
where ) = (Q;) is the curvature 2-form of the connection. Consequently, the exte-

rior ideal that we now consider on the product manifold 37,  is
Iy = {wh =1, ) wi Awh — QW A g, (3.12)
a

The curvature 2-form of the connection is an o(n)-valued two form and is related
to the connection 1-form (7;) by the Cartan’s second-structure equation:

QL =dy} + 1 Anf (3.13)
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A first covariant derivative of ¢ has led to the generalized torsion. A second covariant
derivative of ¢ gives rise to generalized Bianchi identitied] as follows:

A3 (¢) =0= QAN ¢/ =0foralli=1,...,n. (3.14)

The conditions Q; AN@* = 0 for all i = 1,...,n are called generalized Bianchi
identities. We then define a generalized curvature tensor space K7,  as the space
of curvature tensor satisfying the generalized Bianchi identities:

Kp o, ={(Ri) € A2(R™) @ A*(R™)| Q) A ¢' =0} (3.15)

i _ 1 _ A
where Q) = §Rj;>\#n Anht = j;Aun ® 77“..
In the tangent bundle case and ¢ = E;n’, K7 | is the Riemann curvature tensor

1
space which is of dimension EmQ(m2 —1).

All the data are analytic, we can apply the Cartan—Kahler theory if we are
able to check the involution of the exterior differential system by constructing
an m-integral flag: If the exterior ideal Z}, , passes the Cartan test, the flag is
then ordinary and by the Cartan—Ké&hler theorem, there exist integral manifolds
of Zp;, ,- To be able to project the product manifold 37, , on M, we also need to
show the existence of m-dimensional integral manifolds on which the volume form
on nt™ on M does not vanish.

The EDS is not involutive and hence we ”prolong” it by introducing new varia-
bles. Let us express the 1-forms w¢ in the coframe (n',...,7™) in order to later make
the computation of Cartan characters easier . Let Wy,  be an ry, -dimensional
Euclidean space. We then write wf = Hn* where Hj, e W}, .| @ R @ R™ and
define the forms 7 = w{ — H;’)\n)‘. We can also consider H;y = (Hf) as a vector
of Wy, - The forms that generate algebraically Z7, , are then expressed as follows:

St g 0 = Yt 4 S (IR B A
a a a

1 a a a a 3 (316)
T3 Z( izHj, — H; Hj\ — Rj;/\,u)n)\ At
and .
A A
WEAG =5, T AN ST HBYL e (3.17)
A=1,...,m

1< <~ <pup<m
These new expressions of the forms in terms of vectors H and the differential
1-form 7 will help us compute the Cartan characters of an m-integral flag. To
simplify these calculations, we will choose Hf,, which are the coefficients of the
second fundamental form, so that the quantltles marked with (%) and (**) in the
equations (B.I6]) and [BI7) vanish, and hence:

Z( inHj, — Hj Hiy) = R;'-;Au generalized Gauss equation (3.18)

Z Hi\,, 7%77”1“'“? =0 generalized Cartan identities. (3.19)
A=1,
1< py < - < /,Lp <m
As we mentioned in the introduction, the system of equations (3.19) is said to be
generalized Cartan identities because it gives us relations between the coefficients of

3In the tangent bundle case and ¢ = E;n*, we recover the standard Bianchi identities of the

; : i
Riemann curvature tensor, i.e, R]. Rlz] and ngl + lek + Rkl] =0.
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the second fundamental form which are not necessarily the usual symmetry given
by the Cartan lemma. These properties of the coefficients and the fact that the
curvature tensor ( ; A\ u) satisfies generalized Bianchi identities yield us to name
the equation (BI]) as the generalized Gauss equation.

We now define a generalized Gauss map Gy, , : Wy, ,QR"@R™ — K7,  defined
for H\ € Wy, , @ R" @ R™ by

(2.,(m)’

i = Z( gAH;u - qu,u jq/\)‘ (320)
a
Let us specialize in the conservation laws case, i.e., when p = m — 1. We adopt
the following notations: A = (1,2,...,m) and AN k= (1,....k—Lk+1,...,m).
We thus have n* = nt A - An™ and p™>F = pl Ao AL Akl oA g™,
Let us construct an ordinary m-dimensional integral element of the exterior ideal

0 m—1 on X7, . Generalized Bianchi identities are trivial in this case and so
nn—1)m(m -1
dim Ky, g = ( 5 ) 5 )

The generalized Gauss equation is H;x.H;, — H;, Hjy = R;./\H, where H;) is
viewed as a vector of the ry, ., ,-Euclidean space Wy, ;. Generalized Cartan
identities are

> (=DM H{v, =0 foralla. (3.21)

A=1,...,m
The following lemma, for which a proof is later given, represents the key to the
proof of Theorem [I1
Lemma 1. Let & > (m—1)(n—1) and W}, ,,_1 be a Euclidean space of

m,m—1
dimension Ky, 1. Let Hp, oy CWp 1 @ R" @ R™ be the open set consisting
of those elements H = (H{) so that the vectors {H;z|i = 1,...,n—1 and A =
1,...,m — 1} are linearly independents as elements of Wh m—1 and satisfy ge-
neralized Cartan identities. Then G s Hom—1 — Ko m—1 18 a surjective

submersion.

n
m,m—1

Let Zﬁl,mfl = {(Ma TaH) € 2217777/71 X W’rz,mfl ®Rn ®Rm | He Hfrln,mfl}' We

conclude from Lemma [l that Z" is a submanifoldd and hence,

m,m—1
dim 27, =dim 37 +dim H,,,_, (3.22)
where
-1
dim 37, 1 =m+ % + Ny 1 (3.23)
-1 -1
dim Hy,, 1 = (nm — D)ky, g — n(n )T(m ) (3.24)

We define the map ®7, .y : Z% .1 — Vi(Z0 ,n_1.n") which associates
(z,Y,H) € Z}, ,,_1 with the m-plan on which the differential forms that gene-

rate algebraically Zy, ,,_; vanish and the volume form 7™ on M does not vanish.

@7, 1 is then an embedding and hence dim ®(Z7, ;) = dim 2}, ;. In what
follows, we prove that in fact ®(Z], ,, ;) contains only ordinary m-integral ele-

ments of Z7}, ;. Since the coefficients Hf, satisfy the generalized Gauss equation
and generalized Cartan identities, the differential forms that generate the exterior

42;‘1’7”71 is the fiber of R by a submersion. The surjectivity of g;;’mfl assures the non-

emptiness.
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ideal Z,;, ., are as follows:

dowfAwd QL= "mt e+ > (Hpywd — Hywd) A (3.25)
wi At =, T AR (3.26)

We recall that Cartan characters are the codimension of the polar space of integral
elements. Their computations are a straightforward application of Proposition
and yield

—1
@:M(AH) for A =0,.m — 2 (3.27)

2
-1
Cm—1= 771(712 )m + Ky m—1 (3.28)
S0
n(n—1) n n(n—1)m(m—1)
2 4

Finally, the codimension of the space on m-integral elements of Z}, ,,_; on which

Cot -t Comt=m

+ K - (3.29)

n™ does not vanish is:

coditm Vin (T py1,1") = dim Gon (T 1) Z 1 ) = ®(Zi )
nn—1) n(n—1)m(m—1) n (3.30)
=m 2 + 4 + Hm,mfl'

By the Cartan test, we conclude that ®(Z7 ) contains only ordinary m-integral
flags. The Cartan—K&hler theorem then assures the existence of an m-integral ma-
nifold on which 7™ does not vanish since the exterior ideal is in involution. We
finally project the integral manifold on M x R™*%. Let us notice that the require-
ment of the non vanishing of the volume form n™ on the integral manifold yields to
project the integral manifold on M and also to view it as a graph of a function f
defined on M with values in the space of n-adapted orthonormal frames of R*T*,
In the isometric embedding problem, the composition of f with the projection of
the frames on the Euclidean space is by construction the isometric embedding map.

3.1. Another proof of Theorem [l This proof is based on explicitly construc-
ting an ordinary m-integral element, and the Cartan characters are computed by
expliciting the polar space of an integral flag. As defined above, let us consider
I}, -1 an exterior ideal on X7 Let us denote by (X)) the dual basis of

m,m—1-

(n) and by (Ya) the dual basis of (w?) = (w“@),w“(?)) = (W) — 0, wf) where

K2

nn—1) (m-i)(n—i+1)

A=1,...,dm% ., —mand o(})=(j —i)+

2 2
-1
for 1 < i < j < nandof)= M—i—(a—n—l)n—i—i for i = 1,...,n
and @ = n+1,...,n+ Ky, ,,_1. Let us consider on the Grassmannian manifold
G (22, n_1,m™) a basis X defined as follows:
XNE)=X\+PNE)Ys A=1,...,dimX} _, —m (3.31)

Let (II*(E)) be the dual basis of (X(E)). In order to compute the codimension
in the Grassmannian Gy, (T'S?, ., n™) of m-integral elements of Z7%, ., we pull
back the forms that generate the exterior ideal. To do so, we evaluate the forms on
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the basis Xx(E) and hence the expression of the forms on the Grassmannian are:

(wa(;-))E PU( )H/\
(Zwa( ) A @) ) (ZPU( Pﬁ(g)P;(;) _ R;’_;M)Hx\u
(@ A ¢')p = (Z(flﬁ“wz\AP;’(”)HA-

A

The number of functions that have linearly independent differentials represents the
desired codimension, and hence with lemma [
nn—1) nn-—1)m(m—1)

codim Vi (T ) = m T B L (3.32)

Let us now construct an explicit m-integral element of Z7, ;. Since the exterior
ideal does not contain any functions, every point of X7 | _; is a 0-integral element.
Let (Ey), =z € X" A vector £ in the tangent space of 3" is of the form

mm—1* m,m—1

£ =EuXn+&a. (3.33)

By considering the polar space, we obtain Cartan characters as previously. We then
choose the integral element in the following way:

ex =X+ H&YU(?), (3.34)

where the coefficients Hf are provided by the lemmalll which assures the existence
of solutions to the successive polar systems during the construction of the integral
flag. The coefficients 5"(3‘ ) for all 1 < i < j < n vanish for all the vectors e
because of w’(). Let us denote E\ = span{ey,...,ex}. The integral flag is then
F=FE,CF C---CFE,_1 C FE,. Cartan characters are the same as computed
previously and the Cartan test assures that the flag is ordinary. By construction,
the flag does not annihilate the volume form n™.

3.2. Proof of lemma [0 The generalized Gauss map G, ,,_; defined on
Wi m—1 @ R" @ R™ with values in K7, ,,_; is a submersion if and only if the diffe-
renmal dgp m—1 € LWy, 11 @R ® R™; m.m—1), Which has m(m —1)n(n—1)/4

lines and K7} ,,_; X m X n columns, is of maximal rank.

In what follows, we make the assumption that 1y, = 1 and 3, = - =
Y, = 0. It is always possible by changing the notation and reindexing. With thls
assumption, the generalized Cartan identity shows that for all a, the coefficient Hf,,
on a given point of the manifold, is a linear combination of the H;y where A # m.
When n = m = 2, we assume that the determinant dety = ({93 — ¥ip?) # 0.
In order to understand the proof of the submersitivity of Gy, ,,_;, we first explain
and show the proof for two special cases: when the vector bundle is of rank 3 over a
manifold of dimension 2, and when the rank of the vector bundle is arbitrary (n > 2)
over a manifold of dimension 2. The proof of the surjectivity of the generalized Gauss
map is established afterwards.

3.2.1. Submersitivity of the generalized Gauss map. We will proceed step by step
in order to expound the proof of Lemma [T} For a warm-up, we start with the case
(V3 M?,g,V,¢)1, then the case of a general vector bundle over a surface, i.e.,
(V™ M2, g, V)1, next, the case of a vector bundle of rank 2 over an m-dimensional
manifold, i.e., (VZ2, M™, g, V, ¢).,,_1, and finally, we expound the conservation laws
case, i.e., (V*, M™ ¢, V,d)m—_1
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Recall that the generalized Gauss map associates H = (Hf3) with
((g;}%mfl)j}w) = (HinHj, — HiMHjA)j’;/\M' The differential of Gy, ,,_; is then:
agr Omam=1, 4 o 3.35
m,m—1 — 8Hf/\ A ( . )
where
(G 1)y = HjpdHix + HixdHj,, — HjzdH;,, — Hyy, dHjy. (3.36)
Denote by eé-wt the natural basis on K7, ,, 1 = A*R" @ A*R™.

THE CASE (V3, M2 g, V,¢);. Consider a vector bundle V3 of rank 3 over a 2-
dimensional differentiable manifold M2, endowed with a metric ¢ and a connection
V compatible with g. Let ¢ be a non-vanishing covariantly closed V2-valued diffe-
rential 1-form. By assumption,

R AW
p=FEip=Ein* = 0 93 | A < e ) . (3.37)
0 3
The generalized Cartan identities for each normal direction a are:
Hiy = Y3 HYy + Y5 HS) + $5Hy,. (3.38)
The curvature tensors’ space is Kj; = A’R® @ A’R? = A’R® @ R =

1 1 2
span{emg, €3:125 €3:125 }-
The generalized Gauss equations are:

Hyy Hyy — Hig.Hay = Rig
H{1.H3s — Hi5.H31 = R%;u (3.39)
Hyi.H3y — Hop.H31 = R34,

Taken into consideration the generalized Cartan identities, the differential of the
generalized Gauss map is:

d(G31)3.12 Hyy —4¢iHj 0 Hyq 0 dHo;
dg§,1: d(G31)312 |=| Hs2 0 —sHy 0 Hyp || dHs:
d(G51)3 12 0 Hsa —Hyy —Hzi Ho dHoo

Note that H;y are vectors in the Euclidean space WSJ of dimension n%jl which
must be determined. We want to extract from the WS’ 1-valued matrix dG3 a subma-
trix of maximal rank (rank 3). Denote by L the subspace of cotangent of W3 | R ®@R?
defined by dHy; = dHay = dHz; = 0. Therll dG3 |, is :

Hyq 0

dH.

4G5 = 0  Hn .(dHQE ) (3.40)
—Hsz Hx 3

Therefore, if 5311 > 2, the matrix dg§|L is of maximal rank if Hy; and Hyy
are linearly independent vectors of WSJ. For instance, if f<a§71 = 2, i.e., the normal
directions are a = 4,5, then

4
mHYyOHYE 00 ey

dG3|., = 0o 0 Hil lel dHL (3.41)
_H31 _H31 H21 H21 dH:%z

%dg3 |1, is the submatrix of dG3 | defined by: ((dG3(8/0H22))a, (G5 (8/0H23))a)-
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is of maximal rank if Hy; and Hs; are linearly independent vectors.

Before investigating the submersitivity of the genralized Gauss map, let us first
define a flag of the subspaces of K7, ,,_;.
Flag of K§, p—1: Let us define the followmg subspaces of K7, ,,_; as follows: for
k=2,...,n
EX 1 ={(Rin,) €K 1Ry, =0,if 1 <i < j < kand VI <A< p<m}

andforV:Q cee,m

Evlmmo1 = {( o) EKmm 1R, =0,if 1< A< p<vand V1 <i<j<n}
By convention, |7, 1 = &1l o1 = Kk 1. Therefore,
0=E"mme1 CE  mme1 CE o1 C - CE et C K
0= 5m|:ln,m—1 c 5m*1|m,m—1 c 5m*2|m,m—1 c--C 52| —1 c ’Cm m—1-

Example 1 (V3 M*,g,V,¢)s). An element in K3 5 = /\QR3 ® A2R* ~ R js:

R%;lQ R%;l?) R%;Q?) R%;14 R%;24 R%;?A
R = Ré;u R%;w R%;% Ré;u R§;24 R§;34 (3.42)
Ri12 Rius Riss Riu Riaw Rim
and if R is in E2[3 5 and in E3|3 5 then respectively
0000 O0°O0
R=1| * * * * * x and R = (0) (3.43)

* ok ok ok kX

and if R is in E2|3 5, €313 5 and in E4]3 5 then respectively

0 * * * * * 0 0 0 % x =
R=]10 % %« x x x | R=[ 0 0 0 * x *x |, and R=0
0 % x *x *x =% 0 0 0 = *
THE CASE (V®, M2,g,V,$)1. Recall that K3, = A2R™ ® R. Some columns in the
Jacobian of 3 are expressed as follows: for k = 2,...,n,
dggl(am )= (Z ehaz + (terms in £°13)) € €513 . (3.44)
k2 i

Note that £"[3; = 0, and hence,

dGy1(0/0H ;) = (Z Hiel, 12) € Sn_1|§,1- (3.45)

From the linear map dgy,, we want to extract a submatrix of maximal rank.
Consider the submatrix ((dgg‘,l(@/@HgQ))a, ce (dggl(a/aHgQ))a). Each term

(dG31(0/0H},))a, for a fixed k, is a matrix with n(n—1)/2 lines and % ; columns.
The equations (B.44)), B.45) and the inclusions (3.42) show that the submatrix

((dg§1(8/8H§2))a,...,(dggl(a/aH,‘:Q))a) is of maximal rank if the vectors

Hi1, Ho, ... H 1)1 are linearly independent vectors of Wi, and x5, > (n—1)
where the minimal embedding codimension k3, is given by the dimension

of £"'[z,. Tndeed, the matrix ((dggl(a/aHgQ>)a,...,(dggl(a/aHgQ))a) is
triangular by different sized blocks. This is due to the inclusions (B42) of the
spaces EF[3, . Note that the matrix ((dggl(a/aHgQ))a,...,(dggl(a/aHgQ))

is rectangular, i.e., n(n — 1)/2 lines and (x5; x (n — 1)) columns. There are
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actually (n — 1) terms in the ”"diagonal” and they all have the same number
of columns r3 ;. The first term of the "diagonal” has one line and obviously
starts at the first line, the second term has 2 lines and is at the second line,
the third term has 3 lines and starts at the line number 142 = 3, ..., and the
last term has (n — 1) lines and starts at the line number (n — 2)(n — 1)/2. From

B44) and @B43), the ”diagonal” of ((dggl(a/aHgQ))a,...,(dggl(a/aHgQ))Q)
is: diag((Hfl)a,t (H, HS o, - P (HE, ... ,Hgn_l)l)a), and  since
0 c &t c g2 c .. c & c & K%, the terms
above this "diagonal” wvanish in the matrix ((dggl(a/aﬂg2))a,...,

(dg;l(a/aHgQ))a). Note that ‘(Hi,...,Hp)s is a matrix with k lines and

k%4 columns. The condition of being linearly independent for the vector
(Hi1,...Hn_1y1) assures that one can always extract, for each term of the
diagonal, a submatrix of maximal rank. For instance, the ”diagonal” term of
dgGy ,(0/0HS,) is *(H{,, HS, ), which is a 2 X % | matrix, and since the two vectors
are linearly independent, there exists an invertible 2 x 2 submatrix. The same
argument holds for each term of the ”diagonal”, and finally, k%, > dim(é’”_1|’2’,1)
assures that the last terms of the "diagonal”, (dG5,(0/0H};))a, are of maximal
rank.

THE CASE (V2 M™ g V, @)m-1 :. For the conservation laws case, we define the

following subspaces of K7}, ,,,_q: for k =2,...,n and for v = 2,...,m,
Elmm1 = {(R)iay €K 1R, =0, if 1<i<j<kand1<A<p<v}

and &k |

n —

m,m—1 mlm,m—1 —
n kin _ n

Icm,mfl and 51 |m,m71 - K:|m,m71‘

and hence, (7, .1 = &
1in
2

mym—1 —

Ek|n. _1- By convention,

Remark 1. Let us fir v and k. We have the same kind of flags as in (342) and
(342):

n n—1|n n—2|n 2|n n
5V|m,m71 C 51/ |m,m71 - 51/ |m,m71 c---C gl/ m,m—1 cK

m,m—1
k k k k
E mm-1 C Em—tlmm-1C Em—almm—1 C - C & lmm_1 C Ky m1-
Example 2 ((V3, M*% g, V,$)s-Continued). Ef|i,3 = 52|i,3, 5§’|i,3 =
Eal} 3.8313 5 = Esld 3 and EF|3 5 = 0 and if R is in £33 5, E33 3, then respectively
0 * * * *x % 0 0 0 *x x =«
R=| * * * *= x x | R=| * * x x x x |. (3.46)
X ok ok k% % X ok ok k% %

Proposition 3 (Extension of B42). For (V*,M™ g,V,¢)m—1, we can have
a longer flag by replacing in (343) each inclusion of the type &y, o1 C
Ew—1)lmm_1, forv=2,...,m, by

&, C (S(V_l)ﬂgg_l) C (E(V_l)ﬁgg_2) C---C (E(V_l)ﬁgg) C (E(V_l)ﬁgg) C 5(V_1).
(3.47)

Note that we dropped |},, ,,,_1 for each subspace &, in the above equation, for more

clarity.

Example 3 ((V4, M®,g,V,¢)4). We drop in this example the signs |3 , next to

the subspaces EF|3 . When we put (347) in (348), we obtain 0 = &5 C (54 ﬂé'g’) C
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(egrweg) C&cC (53r75§) c (egrwez) C&C (55r75§) c (egrwsg) c&C
Ecé&cé=Ks,

We proceed in the same way to prove Lemma [II The inclusion of the spaces
55”%,"1—1 is more complex and is given by the Proposition Bl We have, for k =
2,...,nand v=2,...,m

dg,, m—1(0/0H},) = ( Z H{\é€p.\, + (terms in 55‘_”11)) e gkl mm—1  (3.48)

i=1,..., k—1
A= 1, v —1
and since (7, 1 =0,
dgm ,m— 1(8/8H3m) = ( Z Hz)\en )\m) €& 1|m m—1- (349)
ot

As we explained previously, from the linear map dG” we want to extract

m,m—1»

a submatrix of maximal rank. Consider the submatrix ((dgm m10/0H%))as - -,

(dG5 m—1(0/OH 5))as - -5 (AGy, 1 (0/OHS ) as - - - (dgrz,mfl(a/aHgm))a)
which has n(n — 1)m(m — 1)/4 lines and &7}, ,,_; X (n — 1)(m — 1) columns. This
matrix is of maximal rank if the vectors (HM) —1,....(n—1) and A=1,...,m—1 are linearly
independent vectors of Wy, | where k7, . 4 2 (n — 1)(m — 1). The minimal
embedding codimension is given by the dimension of ("' N&y 1], ,,,_1). Indeed,
Proposition (@) shows that the submatrix is triangular by different sized blocks
and that the terms above the block-diagonal are zero. There are (n — 1)(m — 1)
terms in the ”diagonal” and they have the same number of columns 7, _;.

3.2.2. The surjectivity of the generalized Gauss map. It remains to show that the
generalized Gauss map is surjective, namely

rz,mfl(Hﬁl,mfl) = K%,mfl' (350)

It is sufficient to show that there exists a pre-image of 0, i.e., vectors H;) in

W), m—1, satisfying generalized Cartan identities and such that the set {H;}
fori =1,....n—1and A = 1,...,m — 1 are linearly independent vectors in

m.m—1- Indeed, the differential of the generalized Gauss map being surjective
implies that G, ,,,_1(H}, ,,—1) will contain a neighborhood of 0 in K7, ,,_;, and
thus ggl,m—l(H%,m—l) = ICZL,m—l as gm,m—l(pH) - p2gm,m—1(H)'

We will construct a pre-image of 0 in Hy, ;. Recall that Wy, ., is of dimen-

sion Ky, 1 = (n —1)(m —1). We can choose H;y as follows:

{Hix}i=1,..n—1 and A=1,...,m—1 is an orthonormal set of vectors in Wy, ,, ; (3.51)
Forj=2,...,m,  Hjn= > AN, (3.53)
NS
where
AP =yl and AP =4 (3.54)
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4. CONSERVATION LAWS FOR COVARIANT DIVERGENCE FREE
ENERGY-MOMENTUM TENSORS

We present here an application for our main result to covariant divergence free
energy-momentum tensors.

Proposition 4. Let (M™,g) be a m-dimensional real analytic Riemannian ma-
nifold, V be the Levi-Civita connection and T be contravariant 2-tensor with a
vanishing covariant divergence. There then exists a conservation law for T on
M x Rm+(m—1)2.

Proof. Let us consider a bivector T' € I'(TM ® TM) which is expressed in a chart
by T = TME\ ® &, where (&1,...,&n) is the dual basis of an orthonormal moving
coframe (', ..., n™). The volume form is denoted by n* = n' A--- An™. Using the
interior product, we can associate any bivector T' with a T M-valued m-differential
form 7 defined as follows:

I(TM®TM) — T(TM @ A= DT M)
T=T"6 88— 7=607 =6 @ (T¥(En")).

The tangent space TM is endowed with the Levi-Civita connection V. Let us
compute the covariant derivative of 7.

dyr =& @ (At + ) ATH) (4.55)

On one hand, using the first Cartan equation that expresses the vanishing of the
torsion of the Levi-Civita connection and the expression of the Christoffel symbols
in terms of the connection 1-form, we obtain

ar = (T (gun®)) = dT) A (guom®) + TV A(or) = (€(T) + TT, )0

(4.56)
and
AT =1 AT (&™) = (74T, )0 (4.57)
consequently
A7 = &0 @ [ (& () + TV, + T, ). (4.58)

On the other hand, a straightforward computation of the divergence of the bi-
vector leads us to

VW T = &, (TM) + TMTY, + THT,  forall A=1,...,m. (4.59)
We conclude then that
dy7 =0V, T =0 YA=1,...,m. (4.60)

Hence, for an m-dimensional Riemannian manifold M, the main result of this article
assures the existence of an isometric embedding ¥ : TM — M x Rm+(m=1% gych
that d(¥(7)) = 0 is a conservation law for a covariant divergence free energy-
momentum tensor. O

For instance, if dimM = 4, then ¥(7) is a closed differential 3-form on M with
values in R'3.
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