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Résumé
In the framework of noisy quantum homodyne tomography with efficiency param-
eter 0 < 1 < 1, we propose two estimators of a quantum state whose density matrix
elements p,, , decrease like e_B("”‘")Tm, for fixed known B > 0 and 0 < r < 2. The
first procedure estimates the matrix coefficients by a projection method on the pattern
functions (that we introduce here for 0 < n < 1/2), the second procedure is a kernel es-
timator of the associated Wigner function. We compute the convergence rates of these

estimators, in Lo risk.
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1 Introduction

Experiments in quantum optics consist in creating, manipulating and measuring quantum
states of light. The technique called quantum homodyne tomography allows to retrieve
partial, noisy information from which the state is to be recovered : this is the subject of

the present chapter.

1.1 Quantum states

Mathematically, the main concepts of quantum mechanics are formulated in the language of
selfadjoint operators acting on Hilbert spaces. To every quantum system one can associate
a complex Hilbert space H whose vectors represent the wave functions of the system. These
vectors are identified to projection operators, or pure states. In general, a state is a mixture

of pure states described by a compact operator p on ‘H having the following properties :
1. Selfadjoint : p = p*, where p* is the adjoint of p.
2. Positive : p > 0, or equivalently (1, p1)) > 0 for all ¥ € H.
3. Trace one : tr(p) = 1.

When ‘H is separable, endowed with a countable orthonormal basis, the operator p is
identified to a density matriz [pm.nlmnen-

The positivity property implies that all the eigenvalues of p are nonegative and by the trace
property, they sum up to one. In the case of the finite dimensional Hilbert space C%, the
density matrix is simply a positive semi-definite d x d matrix of trace one. Our setup from
now on will be H = L%(R), in which case we employ the orthonormal Fock basis made of

the Hermite functions

22

hn () = (2"mIV/T) 2 Hy (2)e” 2 (1)

where Hp,(x) = (—1)7”6952dcic—n:ne_”2 is the m-th Hermite polynomial. Generalizations to
higher dimensions are straightforward.
To each state p corresponds a Wigner distribution W,, which is defined via its Fourier

transform in the way indicated by equation (f) :

Wp(%”) = // e*i(“qu”p)Wp(q,p)dqdp = Tr(pexp(—iuQ — ivP)) (2)



where Q and P are canonically conjugate observables (e.g. electric and magnetic fields)
satisfying the commutation relation [Q,P] = i (we assume a choice of units such that
h =1). It is easily checked that W), is real-valued, has integral [[p. W,(¢,p)dgdp =1 and
uniform bound |W, (g, p)| < L.

For any ¢ € R, the Wigner distribution allows one to easily recover the probability density
x — pp(z,P) of Qcos ¢+ Psing by

pp(x’ gb) = R[WP](x, Qb), (3)
where R is the Radon transform defined in equation ({)
RIW,)(x,¢) = / W,(z cos ¢ — tsin ¢, xsin ¢ + t cos ¢)dt. (4)

Moreover, the correspondence between p and W, is one to one and isometric with respect

to the Ly norms as in equation () :

1 -
IWoll3 := [ [ IW,(g,p)Pdadp = —pll3 == 5= > lpul*. ()
2T 2
J:k=0
From now on we denote by (-,-) and ||-|| the usual Euclidian scalar product and norm, while

C'(+) will denote positive constants depending on parameters given in the parentheses.
We suppose that the unknown state belongs to the class R(B,r) for B> 0and 0 <r < 2
defined by

R(B,r) := {p quantum state : |pm.n| < exp(—B(m + n)"/?)}. (6)

For simplicity, we have chosen to express the results relative to a class which is the intersec-
tion of the (positive) ball of radius 1 in some Banach space with the hyperplane tr(p) = 1.
Another radius for the class would only change the constant C' in front of the asymptotic
rates of convergence that we will find.

As it will be made precise in Propositions [l and [}, quantum states in the class given in (ff)
have fast decreasing and very smooth Wigner functions. From the physical point of view,
the choice of such a class of Wigner functions seems to be quite reasonable considering that

typical states p prepared in the laboratory do satisfy this type of condition.



1.2 Statistical model

Let us describe the statistical model. Consider (X1, ®;),...,(X,,®,) independent iden-
tically distributed random variables with values in R x [0, 7] and distribution P, having
density p,(z, ¢) (given by () with respect to 2\, A being the Lebesgue measure on Rx [0, 7].
The aim is to recover the density matrix p and the Wigner function W, from the observa-
tions.

However, there is a slight complication. What we observe are not the variables (X, ®,) but

the noisy ones (Yy, ®;), where

Yii=vnXe+ /(1 =n)/2 &, (7)

with & a sequence of independent identically distributed standard Gaussians which are
independent of all (X;,®;). The detection efficiency parameter 0 < n < 1 is known from
the calibration of the apparatus and we denote by N the centered Gaussian density of
variance (1 — 1)/2, and N its Fourier transform. Then the density pp of (Yo, ®y) is given
by the convolution of the density p,(-//1,¢)/\/n with N"

Ppy,9) = Z %pp (%,@ N(z)da

=: (%pp <%¢> *N”> (y)-

In the Fourier domain this relation becomes

Filpp(,9() = Filpy( o) (tymN"(1), (8)

where F7 denotes the Fourier transform with respect to the first variable.

The theoretical foundation of quantum homodyne tomography was outlined in [R9 and
has inspired the first experiments determining the quantum state of a light field, initially
with optical pulses in [26, P5, [[d). The reconstruction of the density from averages of data
has been discussed or studied in [[[0, f], BQ, fi] for » = 1 (no photon loss). Max-likelihood
methods have been studied in [B, fl, [, [5] and procedure using adaptive tomographic
kernels to minimize the variance has been proposed in [[LI]. The estimation of the density
matrix of a quantum state of light in case of efficiency parameter % < 71 < 1 has been
discussed in [fl, [, §] and considered in [BJ] via the pattern functions for the diagonal

elements.



1.3 Outline of the results

The goal of this chapter is to define estimators of both the density matrix and the Wigner
function and to compare their performance in Lo risk. In order to compute estimation
risks and to tune the underlying parameters, we define a realistic class of quantum states
R(B,r), depending on parameters B > 0 and 0 < r < 2, in which the elements of the
density matrix decrease rapidly.

In Section P}, we prove that the fast decay of the elements of the density matrix implies both
rapid decay of the Wigner function and of its Fourier transform, allowing us to translate
the classes R(B,r) in terms of Wigner functions.

In Section B, we give estimators of the density matrix p. The legend was somehow forged
that no estimation of the matrix is possible when 0 < n < 1/2. The physicists argue
that their machines actually have high detection efficiency, around 0.8; it is nevertheless
satisfying to be able to solve this problem in any noise condition. We give here the so-
called pattern functions to use for estimating the density matrix in the noisy case with any
value of 1 between 0 and 1. These pattern functions allow us to solve an inverse problem
which becomes (severly) ill-posed when 0 < 7 < 1/2. In this case, we regularize the inverse
problem and this introduces a smoothing parameter which we will choose in an optimal
way. We compute the upper bounds for the rates achieved by our methods, with Lo risk
measure.

In Section §, we study a kernel estimator of the Wigner function in Ly risk, over the
same class of Wigner functions. It is a truncated version of the estimator in [] and tuned
accordingly. We compute upper bounds for the rates of convergence of this estimator in Lo
risk.

To conclude, we may infer that the performances of both estimators are comparable. We
obtain nearly polynomial rates for the case r = 2 and intermediate rates for 0 < r < 2
(faster than any logarithm, but slower than any polynomial). It is convenient to have
methods to estimate directly both representations of a quantum state. The estimator of
the matrix p can be more easily projected on the space of proper quantum states. On the
other hand, we may capture some features of the quantum states more easily on the Wigner
function, for instance when this function has significant negative parts, the fact that the

quantum state is non classical.



2 Decrease and smoothness of the Wigner distribution

We recall that the Wigner distribution W, was defined in the introduction. In the Fock
basis, we can write W, in terms of the density matrix [p,, ] as follows (see Leonhardt L]

for the details).
Wo(a:0) =Y PmnWinn (4, p)

where
1 A
Winn(q,p) = — / e*P hy (g — )i (g + z)d. (9)

It can be seen that W, ,,(¢,p) = Wy m(q, —p) and if m > n,

)

Wi, p) = ﬂ(’ﬂ)i(q?ﬂﬁ)

™ m!
; e 2 2
(V2 —a)" L (26 + 27) (10)
thus, writing z := \/q2 + p2,
2 n\?2 _,2 . _
bn(2) 1= [Winn(a,)] = (—,) e smn | Lmn(2:2)| (11)
7 \ml
where L%(z) = (n!)~tea~ Lo (e~*2"+%) is the Laguerre polynomial of degree n and

order a. Concerning the Fourier transforms, we also recall that

(_,L')m—f—n

Winn(q,p) = 5

Won(3:3) (12)

In this section we show how a decrease condition on the coefficients of the density matrix

translates on the corresponding Wigner distribution. First the case r < 2 :

Proposition 1. Assume that 0 < r < 2 and that there exists B > 0 such that, for all
m>n,

’pm n‘ < eiB(ern)r/Q .

Then for all B < B, there exists zg (depending explicitly on r, B, 3, see proof) such that

z2:=/q% + p? > 2 implies
W,(q,p)| < A(z)e 7 (13)
as well as

W,(a.p)| < A(z/2) /2" (14)

6



where A(z) =1 <Z e~ Blmn)"/2 | Birz4_r> .

If r = 2, the result is a little different :

Proposition 2. Suppose that there exists B > 0 such that, for all m > n,

’Pm,N‘ < e~ Blmtn),

Then there exists zy such that z := \/q? + p% > zy implies

__ B _.,2
W,(q,p)| < A(z)e 0+VB)? 15)
as well as
W ___B__(,9)2
‘WP(Q7p)‘ S A(Z/Q)e (1+\/§)2( /2) (16)

- m-Tn eB
forA(z)z%(TnZne B(m+ )—i-mf).

Note that —2— < min(B,1). Even when B is very large, we cannot hope to obtain a

(1+vB)"

faster decrease because e~

B

The proof of these propositions is defered to Appendix [l More general results and converses

#* is the decrease rate of the basis functions themselves (Lemma

are studied in [J. Let us now state a few general utility lemmata.

Lemma 1. Let y and w be two C? functions : [xg, +00) — (0,+00) such that y'(x) — 0,

w s bounded, satisfying the differential equations

Y@ = ola)y(a)
W(z) = (),

with continuous ¢(x) < 1p(x), and initial conditions y(xg) = w(xg). Then for all x > xy,
w(z) < y(z).

Démonstration. Suppose that there exists 1 > z¢ where w(z1) > y(x1). Then for some
x9 € [r0,71] We have w'(z2) > y/(22) and w(xg) > y(x3). Consequently, for all x > x4,
w’(x) —y"(x) > 0, and w'(x) — y/'(z) > w'(x2) — ¥/ (x2). When z — oo, liminf w'(z) >

w'(zg) — y'(x2) > 0, which contradicts the boundedness of w. O

This lemma is used to prove a bound on the Laguerre functions.



Lemma 2. For allm,n € N and s :=+v/m+n-+1, for all z > 0,

1 Hfo<z<s

Imn(2) < (17)

5| -

e=(z=9) if 4 > s.

Démonstration. When z < s, the result follows from the uniform bound on Wigner func-
tions obtained by applying the Cauchy-Schwarz inequality to (d).

When z > s, L%(222) doesn’t vanish and keeps the same sign as L%(2s%). Now, as it can
be seen from [7, 5.1.2], the function w(2) := /zlyn(2) satisfies the differential equation
w’ = (4(2% — s%) + #)z. On the other hand, y(z) := \/Elmm(s)e_(z_s)2 satisfies 3" =

(4(z — 5)% — 2)y. When z > s,

a?—1/4

4(z —8)? =2 < 4(2® — %) + 5

- (19)

from which we conclude with Lemma [ that w(z) < y(z). O

Finally, a lemma to bound the tail of a series.
Lemma 3. Ifv > 0 and C > 0, there exists a zy such that z > zg implies
—C(m+n)? 2 2—v —Cz"
Z e < ——z""e . (19)
Cv
m4n>z
Démonstration. First notice that
v v o0 v
ST e CmET =Nt 1) < / (t+1)e~ " dt.
m4n>z t>z z

When t > z and z is large enough, we have

2
Cv

2 2 v
< £ 2-v,Cxz
- Cl/z ¢

/ (t+1)e “Ydt < / (Cvt— (2 —v)t' ") e "t

which is what we needed to prove. O

3 Density matrix estimation

The aim of this part is to estimate the density matrix p in the Fock basis directely from the

data (Y, ®;)i=1,..n. We show that for 0 < n < 1/2 it is still possible to estimate the density



matrix with an error of estimation tending to 0 as n tends to infinity (Theorem [J). In both
cases (1 > 1 and ) < 1), we construct an estimator of the density matrix (pjx);k<ny—1 from
a sample of QHT data. We give theoretical results for our estimator when the quantum

state p is in the class of density matrix with decreasing elements defined in (f).

3.1 Pattern functions

The matrix elements p;j of the state p in the Fock basis (fl) can be expressed as kernel

integrals : for all j,k € N,

1 ™ o
pi== [ [ male. )i oo (20)

where f; ;. = fi ; are bounded real functions called pattern functions in quantum homodyne
literature. A concrete expression for their Fourier transform using Laguerre polynomials

was found in [24] : for j > k,

Frjt) = 2m2[t{W;k(t,0)

, 2k=ik! 2 g t?
= m(—iy* 3 t|t/*e T L] () (21)

where fk,j denotes the Fourier transform of the Pattern function fy ;.

Let us state the lemmata which are used to prove upper bounds in Propositions [, f] and .
Lemma 4. There exist constants Co, Cs such that
N 2 ir N 2 10
divk=o lfkglly £ CoNs and 3770 o [ frjlls, < CoolN5.
This is a slight improvement over [, Lemma 1].

Démonstration. By symmetry we can restrict the sum to j > k. For fixed k£ and j we have

5l =

(with s = /& + j + 1). Because of Lemma ], it is clear that the second integral is negligible
2

2
‘dt

fk,j(t)fdt +/ ()

[t|>2s

in front of the first one, which we simply bound by 43H fk]‘ .
o0

In view of (R1), the main result in [[§] can be rewritten as follows : if k > 35 and j —k > 24,

then

~ 2
kaJ»H < 288872(j + 1)2k 5. (22)
o0

9



In consequence, for these values of k£ and j,
~ 2 1 1.1
| 7is[, = cURT5 + 5385). (23)

On the other hand, a classical bound on Laguerre polynomials found in [P7] yields that,
-2
for fixed values of j — k, kaJH < Ck%, hence for all £ > 35 and j — k < 24,
oo

= 2 1.1 5
|7, < crut + k). (24)

_o2
When k < 35, we can use another result in [[7] which gives H fk]H < Ck? j% independently
oo
of j — k, thus
_2
e .
Comparing (23), (4) and (RJ) we see that when N is large enough, in the sum over
0 < j,k <N, the terms k > 35, j — k > 24 dominate and (RJ) yields the first inequality.

The second inequality is obtained by doing a similar computation, starting with || f; [, <

Hfngl and using () to bound

~ 2
il < ctict st
when k£ > 35 and j — k > 24. O

In the presence of noise, it is necessary to adapt the pattern functions as follows. From now

on, we shall use the notation |y := 14—_7]71 . When % < n <1, we denote by f;gj the function

which has the following Fourier transform :

FLi) = fr e (26)

When 0 < n < %, we introduce a cut-off parameter 6 > 0 and define f; ’f via its Fourier

transform :

fro(t) = fk,j(t)ew]l(yty < %) (27)
Then we compute bounds on these pattern functions.
Lemma 5. For 1 >n > 1/2, there exist constants C3 and CX such that

2 5 1
>N o Hf’ZJHQ < CINESN and TN, Hf’ZJH < CLN3 SN,

2
o)

10



Démonstration. The proof is similar to the previous one and we skip some details. Once

again we assume j > k and write

Hflj,HQ _ / 2 gy /
JHl2 It|<2s |t|>2s

(where s = vk +j + 1). Because of Lemma [, the second integral is of the same order as

2 2
‘ 2 dt

fr(t)

()

the first one, which we bound by
2

7]

o0

2 ~ 2 2
/ e dt < C’Hfth s 1B,
[t|<2s 00

In the sum we are considering the terms k& > 35 and j — k > 24 are dominant and, once

again thanks to (), remembering that s = /j + k + 1,
£ 2 < Ck—l 8y(j+k)
|, = crte

hence the first inequality.

The second inequality is, in the same fashion, based on

2
Wl <ll; < el o
o0 [t]<2s

< Cj bRt

when k > 35 and j — k > 24, and the bound on the sum readily follows. O

3.2 Estimation procedure

For N := N(n) — oo and 0 := 0(n) — 0, let us define our estimator of p;j for 0 < j+k <
N —1 by

n

X 1 Yy
k=2 Gk <% ‘I)z> : (28)

/=1
where
}Zk(x)e*i(j*k)d’ if £ <n<1

G',k(x7 ¢) = .
’ fjf(x)e*Z(J*k)¢ if 0<n<i

using the pattern functions defined in () and (7). We assume that the density matrix
p belongs to the class R(B,r) defined in (f). In order to evaluate the performance of our

estimators we take the Ly distance on the space of density matrices |7 — p||3 = tr(|7 —

11



o?) = > k=0 | Tik— pjx>. We consider the mean integrated square error (MISE) and split
it into a troncature bias term b%(n), a regularization bias terms b3(n) and a variance term

a?(n).

fo'e) 9 ) N—-1 9

El Y ‘ﬁ?,k—ﬂj,k‘ = Y ekl + D ‘E[ﬁ?,k]—ﬂj,k‘
N—-1 9
+ ) E ﬁ?7k_E[ﬁ?7k]‘

j+k=0
= b2(n) + bi(n) + o%(n).
The following propositions give upper bounds for b%(n), b3(n) and o?(n) in the different
casesn=1,1/2<n<lor0<n<1/2andr=2or0<r <2 Their proofs are defered
to Appendix [fl.
Proposition 3. Let ;3;771,g be the estimator defined by (2§), for 0 < n < 1, with 6 — 0 and
N — 00 as n — oo, then for all B >0 and 0 <r < 2,
sup bi(n) < 1 N277/2¢=2BN"/? (29)
PER(B,r)
where c1 is a positive constant depending on B and r.
Proposition 4. Let ﬁ?k be the estimator defined by (B), for 0 < n < 1/2, with N — oo
asn — 0o and 1/8 > 2v/N. In the case r = 2, for 3 := B/(1++/B)? there exists c3, while

in the case 0 < r < 2, for any B < B there exists ca and ng such that for n > ng :

_ﬂ_l(%_g\/ﬁf

sup  b3(n) < ca N2 127 @0 72 (30)
pER(B,r)
Note that for 1/2 < n <1 we have by(n) =0 for all 0 < r <2 (ﬁ;]k is unbiased).
Proposition 5. For ﬁ;{k the estimator defined by (B3),
SNIT/6 5y
sup  0%(n) <c3 es? if0<n<1/2 (31)
pER(B,r) n
N1/3
sup o2(n) < d SN if1/2<n<1 (32)
PER(B,r)
17
NE
sup  o%(n) < cg—ﬁ ifn=1 (33)
pER(B,r) n

where c3, ¢4 are positive constants depending on 1.

12



We measure the accuracy of ,6;7 . by the maximal risk over the class R(B,r)

[e.e]
2
limsup sup ¢, %E Z ‘ﬁ?,k—/)];k‘ < Cy. (34)

n—oo  peR(B,r) Py
where Cj is a positive constant and ¢? is a sequence which tends to 0 when n — oo and it
is the rate of convergence. Cases 7 = 1 (no noise), 1 < 7 < 1 (weak noise) and 0 <7 < 3

(strong noise) are studied respectively in Theorems [I], f and J.

Theorem 1. When n = 1, the estimator defined in ([2§) for the model (1), where the
unknown state belongs to the class R(B,r), satisfies the upper bound ([3]) with

17 1

p2 =log(n)sn~

2
obtained by taking N(n) := (%) "

Démonstration. With the proposed N (n) one checks that the bias (R9) is smaller than the

variance (B3) which is bounded by a constant times log(n)%n_l. O

Theorem 2. When % < n <1, the estimator defined in () for the model ({}), where the
unknown state belongs to the class R(B,r), satisfies the upper bound (134) with
- Forr =2,

2 124+ B __B
©;, = ]og(n) 3(4v+B) n 4v+B

with N(n) := 2(125%) <1 + §101go(é(()§z>n)>'

- For0<r <2,
o2 = 1Og(n)2fr/2ef2BN(n)r/2
where N(n) is the solution of the equation 8yN + 2BN"/? = log(n).

In that case we have N(n) = % log(n) — (87)21%/2 log(n)™? 4 o(log(n)"/?).

Démonstration. When r = 2, the proposed N (n) ensures that the variance (BJ) is equivalent
12v+B __ B
to the bias (RY), which is bounded by a constant times log(n)3@+B)n~ 43+5

When 0 < r < 2, the proposed N (n) makes the variance (B2) bounded by a constant times
e_ZBN(")Tm, which is smaller than the bias, the latter being bounded by a constant times
N(n)Q—r/z6—2BN(n)T/2 .

The asymptotic expansion of N(n) is a standard consequence of its definition by the equa-

tion 8yN + 2BN"/2 = log(n). O

13



Theorem 3. When 0 <n < %, the estimator defined in (B§) for the model ([}), where the
unknown state belongs to the class R(B,r), satisfies the upper bound (34) with

—r/2_—2BN"/2
92 = N27/2¢=2BN

where N and § are solutions of the system

a7 + 3G —2VN)?? + 5 =log(n) (35)
o + 3(5 —2VN)? —2BN"/? = (loglog(n))”

for arbitrary B < B in the case 0 <r < 2 or

220 4 4(4 - 2N) - Slog(N) = log(n)
o+ (2 —2VN)? —2BN —3log(N) =0

(36)

with 0 = in the case r = 2.

(1+¢_ )2
Theses bounds are optimal in the sense that (BH) and (Bf) are obtained by minimizing the

sum of the bounds (£9), (BQ) and (B]).
Démonstration. We use the standard notations a(n) ~ b(n) if “g"g — 1 and a(n) =~ b(n) if

there exists a constant M < oo such that - i < bg )) < M for all n.

Let us first examine the case 0 < r < 2. Remark that the left-hand term of the second

equation in (BY) is strictly negative when 1/6 = 2v/N and increases to oo with 1/4. This
proves that the solution satisfies 1/6 > 2v/ N and that Proposition [ applies. Furthermore,
1/5

if we suppose that TN is unbounded when n — oo, then (up to taking a subsequence) by

142
the first equation 2:; 7 ~ log(n) whereas, by subtracting the two, ?5—'27 ~ log(n), which is

contradictory. So 1/ ~ /N and we deduce that N ~ log(n). Then (Bd) yields

b2(n r
08 (Sr s ) < (4 = 12)log(5) + & log(N) — (g og(n)? — o0

whereas (B) gives

a*(n) 5 r )
log <N2T/2623N”2> <log(d) + (6 + 5) log(N) — (loglog(n))? — —oo.

We see that the dominant term is the bound () on b2 (n), hence the result.

When 7 = 2, the same reasoning as above yields 1/§ > 2v/N, 1/§ ~ /N and N ~ log(n).
Then the right-hand side of () and (BI]) are of the same order as Ne 2PN which is the
bound (R9) on b3 (n). O

14



4 Wigner function estimation

4.1 Kernel estimator

We describe now the direct estimation method for the Wigner function. For the problem
of estimating a probability density f : R? — R directly from data (X;, ®¢) with density
R[f] we refer to the literature on X-ray tomography and PET, studied by [g, [[4, B1, ]
and many other references therein. In the context of tomography of bounded objects with
noisy observations [[[J] solved the problem of estimating the borders of the object (the
support). The estimation of a quadratic functional of the Wigner function has been treated
n [2J. For the problem of Wigner function estimation when no noise is present, we mention
the work by [[4]. They use a kernel estimator and compute sharp minimax results over a
class of Wigner functions characterised by their smoothness. In a more recent paper [,
Butucea, Guta and Artiles treated the noisy problem for the pointwise estimation of W,
however the functions needed to prove minimax optimality there do not belong to the class
of Wigner functions that we consider here.

In this chapter, as in [], we modify the usual tomography kernel in order to take into
account the additive noise on the observations and construct a kernel KZ which performs
both deconvolution and inverse Radon transform on our data, asymptotically. Let us define

the estimator :

Y,
Wn(q p) — ZK” <qcos<I>g —i—psmfbg—\/—€_> , (37)
/=1 n

where 0 < 7 < 1 is a fixed parameter, and the kernel is defined by

v L[ el e 1l
K =g [ Sy e B0 =g it <m, 69

and h > 0 tends to 0 when n — oo in a proper way to be chosen later. For simplicity, let

us denote z = (¢q,p) and [z, ¢] = gcos ¢ + psin ¢, then the estimator can be written :

W(z) MZK"<2« By — j%)

This is a one-step procedure for treating two successive inverse problems. The main differ-
ence with the noiseless problem treated by [[[4] is that the deconvolution is more ‘difficult’

than the inverse Radon transform. In the literature on inverse problems, this problem would
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be qualified as severely ill-posed, meaning that the noise is dramatically (exponentially)
smooth and makes the estimation problem much harder.
4.2 [, risk estimation

We establish next the rates of estimation of W), from i.i.d. observations (Y, ®,), £ =1,...,n
when the quality of estimation is measured in Lo distance. In the literature, Lo tomography
is usually performed for boundedly supported functions, see [If] and [R1]. However, most
Wigner function do not have a bounded support! Instead, we use the fact that Wigner
functions in the class R(B,r) decrease very fast and show that a properly truncated es-
timator attains the rates we may expect from the statistical problem of deconvolution in
presence of tomography. Thus, we modify the estimator by truncating it over a disc with

increasing radius, as n — oo. Let us denote
D(sn) = {2z = (¢,p) € Ry : [[2[| < sn},
where s, — 00 as n — oo will be defined in Theorem [. Let now
Wi (2) = W) (2) s, (2). (39)
From now on, we will denote for any function f,
191y = [ £
D(sn)

and by D(s,) the complementary set of D(s,) in R%. Then,

B[ -wlh] = Bl[@-wl, |+ .,
= e||[m-s @], | le @] -wl,

2
AT,

When replacing the Lo norm with the above restricted integral, the upper bound of the
bias of the estimator is unchanged, whereas the variance part is infinitely larger than the
deconvolution variance in [fJ]. As the bias is dominating over the variance in this setup, we
can still choose a suitable sequence s,, so that the same bandwidth is optimal associated

to the same optimal rate, provided that W, decreases fast enough asymptotically. The
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following proposition gives upper bounds for the three components of the Ly risk uniformly

over the class R(B,r).

Proposition 6. Let (Y;, @), £ =1,...,n be i.i.d. data coming from the model (ﬁ) and let
W,’Z be an estimator (with h — 0 as n — oo) of the underlying Wigner function W,. We
suppose W, lies in the class R(B,r), with B > 0 and 0 < r < 2. Then, for s, — oo as

n — oo and n large enough,

sup ||Wp||%(sn) < C18i073r672682’

PER(B,r)
—~ 2 21—7‘5
sup ’E[W,’]] — WpH < Cyh3r10e
PER(B,r) D(sn)
= = 2 s2 2y
sup E["Wnn—E w) ‘ ] < C3—2exp <—>,

where 3 < B is defined in Proposition [] for 0 < r < 2 and 8 = B/(1 +/B)? for r = 2,
v=(1-mn)/(4n) > 0, Cy, Ca, Cs are positive constants, C1, Co, depending on 3, B, r and
Cs depending only on 7.

We measure the accuracy of le* by the maximal risk over the class R(B,r)

- 2
limsup sup FE [HW[L]* — WPH } o (Ly) < C. (40)
n—oo peR(B,r)

where C is a positive constant and ¢?2 is a sequence which tends to 0 when n — oo and it
is the rate of convergence.

In the following Theorem we see the phenomenon which was noticed already : deconvolution
with Gaussian type noise is a much harder problem than inverse Radon transform (the
tomography part).

Theorem 4. Let B > 0,0 < r <2 and (Yy,®y), ¢ = 1,...,n be i.i.d. data coming from
the model (f]). Then WZL]* defined in ([B9) with kernel K in ([3§) satisfies the upper bound
#a) with

~ Forr=2, put 3= B/(1++B)?

9 16v+38 _ B8
0 = (log n) 8v+28 Ay +B

~1/2
with s, = (h)~! and h = <4’YL+5 logn + 47%[3 log(log n)) .

17



— For 0 <r <2 and 8 < B defined in Proposition [l,

B 21—7"6

where s, = 1/h and h is the solution of the equation

21=r3 2
hrﬁ + h—z = logn — (loglogn)?.

Sketch of proof of the upper bounds. By Proposition [, we get

—~ 2 T 2
wp E[[T-wf] < e oo (- 22)
WPE'R(B,T) (2h)
Cgsi 2"}/
+ h exXp <ﬁ .

= A1+ Ay + As

For 0 < r < 2 and by taking derivatives with respect to A and s,, we obtain that the

optimal choice verifies the following equations :

2
255+ 24 = log(n) +log(hs24")
21— 2
hrﬂ—i—h—z = log(n) + log(h?"~7s2).

We notice therefore that A, is dominating over As, which is dominating over A;. The
proposed (sy, h) ensure that the term Aj is still the dominating term and gives the rate of
convergence.

The case r = 2 is treated similarly, by taking derivatives we notice that the term A5 and

the term As are of the same order and that the term A; is smaller than the others. O

5 Appendix

5.1 Proof of Proposition

Let ¢(2) := (z — v/B2"/?)? — 1. Since r < 2, for z larger than a certain zy (which depends
2/
only on 3, B and r), it is true that ¢(z) > <%) "2 Tt follows that

e—B¢(z)T/2 < e 87" (41)
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If m+n < ¢(z), then s < /1 +¢(2) and z — s > 2z — /1 + ¢(2) = /B2"/2. By ([7), this

means that Iy, ,(2) < Le7#*". So

Z |Pmnllmn(2) < Ae™ P (42)
m+n<é(z)

1 —B(m+4n)/?
for Av=230 € (mAn)"/=,

On the other hand, using Lemma B with v := r/2, if ¢(2) > 2o,

E : 4 e v
‘Pm,n’lmm(z) < 7TBT¢(Z)2 r/26 Bg(z)"/?
m+4n>¢(z)
4 .
= wBrZHefBZ (43)

by ([[7) and ({1). Combining (£2) and (£3) yields the announced result. The bound on WA/;

is then a direct consequence of ([[2).

5.2 Proof of Proposition P

Let ¢(z) := 022 — 1, where 0 := (1+\1/§)2 is the solution in (0,1) of (1 —v/0)% = B6.
When m + n < ¢(2), then s < V0z and z — s > 2(1 — V) = VB6z. By ([[7), this means
that [, n(2) < %6*3922. So
Z |pmnllmn(2) < Ae~ B0 (44)
m+n<¢(z)
for A = %Zmﬂ e~ Blm+n),

On the other hand, by Lemma [, if ¢(2) > 2,

3 2 —Bg(=)
m+n>¢(z)
20eB
< ﬂ.eB 52— B0z (45)

by ([7) and (). Combining (f4) and (§5) yields the announced result. The bound on WA/;
is then a direct consequence of ([[J).

5.3 Proof of Proposition

By (f) the term b2(n) can be bounded as follows

Bin) = D lpslP < D exp(-2B(j + k).

j+k>N j+k>N
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Compare to the double integral and change to polar coordinates to get

() < e N*7/2exp(—2BN™?).

5.4 Proof of Proposition A

To study the term b3(n), we denote

Filp,(10))(t) 1= Ey[e"¥|@ = 6] = Wt cos ¢, tsin )
the Fourier transform with respect to the first variable.
Ep,] = E[Gj,k(%,é)] - E[f;j}j(%)e—m—m]
S Ll EAON NG
= L [Tetve L [ PR e odds
- - /O e / 1y DO Rl CONON (1)t

As N nt) = e~ and by using the Cauchy-Schwarz inequality we have
2

2
E[p] ) — Pj,k‘

T iewe L _ |
/O /t|>1/5 Fik () F1lpo(-|9)](t)dtde

T 2T

2
%/o <% /t|>1/<s‘f HOWolt cosg,tsing) ‘dt> o

If 1/§ > 2¢/N > 25 with s = \/j + k + 1, then whenever ¢t > 1/6 we get by Lemma

Fin®] = w2[tle(t/2)

< ﬂ‘t‘e 4 (Jt|— 25)

On the other hand, by Propositions ] and f we have

|W (tcos ¢, tsing)| < A(|t|) ashr

for 0 := g \F) in the case r = 2, or for arbitrary < B and ¢ large enough in the case

0 <7 < 2. In both cases A is a polynom of degree 4 — r. We deduce the inequality

~ 2
/ 5 —l(t 2s)2 BQTtTdt>
1

5
C(%)12747’67%(%72\/N)27ﬁ21_T(%)T

2
E[ﬁ;’k] - Pij‘

IN
Q
—/

IN
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by Lemma 8 in [ff], hence

12—4r ,—5(5-2VN)* =217 (5)"

bo(n)? < ON*(3)

which covers both cases in the proposition.

5.5 Proof of Proposition

2
Let us write O'ik( —E‘p]k—E[ﬁZk]‘ . We bound it by
1 ¢ Y, Y, ’
2 [ [
) = B (Gl 2k 20 - BG( % 00)
J n; J \/ﬁ J \/ﬁ
1 Y y P
= —EGji(—=,?) - FEGjr(—,®
|Gk Tz ) = EIG (= 9
1 vy o
< _E‘ j,k( ’(I)) (46)
n VN

Proof of (B1l)) For 0 < n < 1/2, let us denote by K5 the function with the following
Fourier transform Kj(t) = I(|t| < %)e'yt then f i k = fj (1) K5(t) and we have

2

1 Y .
2 < R \eili—k)®
) < L)
1 Yy |?
< —E|fjkx Ks(—=)
n ’ \/ﬁ
1 Y 2
< —FE k(O Ks(— —t)dt
< L B| [ 50Ky -0
By using the Cauchy-Schwarz inequality
2 1 2 y
oipn) < — [ |fjx@)|"dtE K(;(— —t)| dt
< /|ka PdtE - /‘K(; " du
< L [ et

Then,

<CNZ|f 1210 3
_ﬂ_ki ]k21 776.
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By Lemma [| we have Zﬁ}io Hfj,ng < CyN17/6 thus

17/6
02(n) < Meﬁ%.
(1 —1n)

Proof of (B2) and (B3) By (B9), for 1/2 <n <1,

2

n (L)eﬂ'(j*k)@

j,k\/ﬁ
< — " [ varyaieasas

1 7 2
S
Toonm f]’koo

1
2 < —F
O-],k(n) =

For 1/2 < n < 1, by Lemma [,

COON1/3
UQ(TL) < — 8
For = 1, by Lemma fi
2 L[ 2
ojk(n) < s |fi.k(2) "o 2, )dzde
c 2
< ZFf.
< Sl
hence by Lemma [,
C N17/6
o(n) < 02—

n
5.6 Proof of Proposition

It is easy to see that

F | BIW})] (w) = Wo(w)I(w] < 1/h).

We have, for n large enough s, > 2o and by ([1J)
2 _
”Wp”ﬁ(sn) < C(B,r)/” | 21872 exp(—28||2||")d=
Z||>8n

21 0o
< C(B,r) / / 972 exp(—26t")dtde
0 Sn,

— — T
< 018}10 37’6 20s7],

)
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where 8 < B and for n large enough in the case 0 < r < 2, respectively 3 = B/(1 + v/B)?
in the case r = 2. Now we write for the Ly bias of our estimator :
1

B0V = Wl < IEIV] =Wyl = 55517 [0V = W, 5

- #/‘WP(M)(%(HMH > 1/h) dw
- %/” ||>1/hIIwIIQ(‘”)e21-r5||w||r dw

3r—10_—2"5
< CO9h’ Ve AT

by the assumption on our class and ([14), for 0 < r < 2. The case r = 2 is similar.

As for the variance of our estimator :
el|w -z @,
h m ] Dgsny
1 Y\ |2
- {ellio )
™n Vi D(sn)

- HE [K{; ([-,(I)] - %)} Z(Sn)} : (47)

On the one hand, by using two-dimensional Plancherel formula and the Fourier transform

v

shown above, we get :

ARG

In the last inequality we have used the fact that ||W,||3 = Tr(p?) < 1 where p is the density

2

< 2 / W, (w) 2w < 7°. (48)
D(sn)

matrix corresponding to the Wigner function W,. On the other hand, the dominant term
in the variance will be given by

(-0~ Z),.)

- /OW//D(S”) (Kl (2 6] = 9/ VD)) depp(y. 6)dyds

- /0 /D@n)/ (K1) y/ip(([2. 6] — )/, @) dudzdg

_ w 2 4 . . ) . »
a /(KZ( ) /D(Sn)/o pp(, @) * NN'([z, ¢] — u)dodzd

E

IN

M(n)ms? / (K (u)) 2,
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using Lemma [ below and the constant M(n) > 0 depending only on 7, defined therein.

Indeed, let us note that \/mpj(-\/7, ¢) is the density of Y/ /7 = X + /(1 —n)/(2n)e and

let us call NN" the Gaussian density of the noise as normalized in this last equation.

Let us first compute, by Plancherel formula, HKZH% and get

2
1K = o [ IR0 = t i
d<u/n AN?(t/ (1= n)/(2n))

1/h 1—
= 2 exp <t2 ) dt
471' 0 2n

L 7 1—p
= - 1 1 .
4wh1—neXp<2nh2>( +0(1)), as h —0

We replace in the second order moment, then as h — 0

E HK,’Z ([-,@] - %) ;Sn)] < Aﬁ?}‘ji exp <i—z> (14 o(1)). (49)

The result about the variance of the estimator is obtained from ({7)-(f9).

Lemma 6. For every p € R(B,r) and 0 < n < 1, we have that the corresponding probability
density p, satisfies

0 < /0 " pp(8) % NN(2)dé < M(n),

0 < /Oﬂpp(m,@chbgc

for all x € R eventually depending on ¢, where M(n) > 0 is a constant depending only on
fized n and C > 0.

Démonstration. Indeed, using inverse Fourier transform and the fact that ‘Wp(w)‘ <1we

get :
' / T pal20) 3 NN"<x>d¢‘
< e F [y D)(0) .m"<t>dtd¢‘
< / /‘W (t cos ¢, t sin ) exp< it n)>dtd¢
¢ o f ()
where ¢(17), M (n) are positive constants depending only on 7 € (0, 1). 0
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