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ABSTRACT. Two well-known mahonian statistics on words are the inversion number and
the major index. In 1996, Foata and Zeilberger introduced generalizations, parametrized
by relations, of these statistics. In this paper, we study the statistics which can be
written as a sum of these generalized statistics. This leads to generalizations of some
classical results. In particular, we characterize all such statistics which are mahonian.
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction. Let X be a finite alphabet. Without loss of generality we may assume
X = [r] :={1,2,...,r}. Two of the most known and studied statistics on words (and
permutations) are probably the inversion number (inv) and the major index (maj). They
are defined for words w = x5 ...z, with letters in X by

n—1
inv(w) = Z x(z; > x;) and maj(w) = sz(:cl > Tig1),
i=1

1<i<j<n

where, as usual, 7 > 7 is the natural order on X with r > r—1 > --- > 2 > 1, and
X(A) = 11if A is true, and x(A) = 0 otherwise.
The major index, originally called greater indez, was introduced by MacMahon []. As
explained by Foata and Krattenthaler (see [B] for a discussion), the origin of the inversion
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number is not clear but probably MacMahon [B, f] was the first to consider inversions of
words instead of just permutations.

Let ¢ = (¢(1),¢(2),...,c(r)) be a sequence of r non-negative integers and let v be the
non-decreasing word v = 1¢12¢2) 7<) We will denote by R(v) (or by R(c) if there
is no ambiguity) the rearrangement class of v, that is, the set of all words that can be
obtained by permuting the letters of v. A well-known result of MacMahon states that the
major index and the inversion number are equidistributed (i.e. have the same generating
function) on each rearrangement class R(c). More precisely, MacMahon showed that the
generating function of the statistics maj and inv on each R(c) is given by

inv(w) — maj(w) _ [c(l) +e(2) + o elr)
q = q = (1.1)
weg(c) WQ;(C) 0(1)7 C<2>7 e 7C<T) q

where, as usual in g-theory, the ¢g-multinomial coefficient is given by

[n1+n2+---+nk} it ne 44!
q

[nl]q![n2]q! T [nk]q! ’

Ny, N2, ..., Nk

and the g-factorial [n],! by [n],! := (1+¢)(14+q+¢*) - (1+q+¢*+---+¢" ). In honor
of MacMahon, a statistic which is equidistributed with inv (or maj) on each R(c) is said
to be mahonian.

In 1996, Foata and Zeilberger [P] introduced natural generalizations of both ”inv” and
"maj”, parametrized by relations, as follows. Recall that a relation U on X is a subset
of the cartesian product X x X. For a,b € X, if we have (a,b) € U, we say that a is in
relation U to b, and we express this also by aUb. For each such relation U, then associate
the following statistics defined on each word w = z;...x, by

n—1
invy, (w) = Z x(z;Uz;) and majy(w) :Zz’.x(:piUle).
1<i<j<n i=1
For instance, where U = 7 > 7 is the natural order on X, then maj. = maj and

inv, = inv. The statistics maj;; and invy, are called graphical major index and graphical
wnversion number since a relation on X can be represented by a directed graph on X.

MacMahon’s result ([[]]) motivates Foata and Zeilberger [ to pose the following ques-
tion:

For which relations U on X the statistics majy; and invy, are equidistributed on each
rearrangement class R(c)?

Generalizing MacMahon’s result, they have fully characterized such relations. In order
to present their result, we first recall the following definition due to Foata and Zeil-
berger [].

Definition 1.1. A relation U on X is said to be bipartitional if there exists an ordered
partition (By, By, ..., By) of X into blocks By together with a sequence (1, fa, ..., Bk) of
0’s and 1’s such that xUy if and only either (1) x € By, y € By andl <, or (2) z,y € B,
and B = 1.

In this paper, we will use the following axiomatic characterization of bipartitional rela-

tions due to Han [].
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Proposition 1.2. A relation U on X is bipartitional if and only if (1) it is transitive, i.e.
xUy and yUz imply xUz, and (2) for each z,y,z € X, zUy and z Py imply zUz.

Then Foata and Zeilberger [B, Theorem 2] proved the following.

Theorem A. Let U be a relation on X. The statistics majy, and invy, are equidis-
tributed on each rearrangement class R(c) if and only if U is bipartitional.

In this paper, we are interesting with statistics which are obtained by summing a
graphical major index and a graphical inversion number. In order to motivate this work,
we present here two such statistics. The first one is the Rawlings major index. In [I{],
Rawlings have introduced statistics, denoted k-maj (k > 1), which interpolate the major
index and the inversion number and defined for words w = z; - - - x,, with letters in X by

n—1
k-maj(w) = sz(:cZ > a1+ k) + Z x(z; +k >z > ).

i=1 1<i<j<n
Note that 1-maj = maj while r-maj = inv. Now, if we set
Up={(z.y) € X* /x>y +k} and Vi={(x,y) € X*/y+k>z>y},

we have k-maj = maj;;, +invy, . In [[[I], Rawlings proved that for each integer & > 1, k-maj
is a mahonian statistic. Since U, UV} is the natural order ”>" on X, Rawlings ’s result can
be rewritten majy, +invy, and invy, . are equidistributed on each rearrangement class.

The second statistic is more recent and defined on words with letters in a different
alphabet. Let A = {A;, Ay,---, A,} be a collection of non-empty, finite and mutually
disjoints sets of non-negative integers. Combining two statistics introduced by Stein-
grimsson [[J], Zeng and the author [d] have defined a statistic, denoted MAJ, on words
7w = B1 By - -+ By, with letters in A by

MAJ(7) = Z i.x(min(B;) > max(Bjy1)) + Z x(max(B;) > min(B;) > min(B))).
1<i<k—1 1<i<j<k

For instance, if 7 = {3,9}{2}{1,4,8} {7} {5,6}, then MAJ(7) = (1 +4) + (2) = 7. Let
U4 and V4 be the relations defined on A by

(B,B') € Ujq < min(B) > max(B'),

(B,B') € V4 < max(B') > min(B) > min(B’).
Then we have MAJ = maj;;, +invy,. It was proved in [f, Theorem 3.5] that

> M =, (1.2)
e R(A1A2---Ar)

Since U4 U V4 is a total order on A, it follows from ([[.LT) that the generating function
of invy, vy On R(A1Ay - -+ Ay) is also given by the right-hand side of the above identity.
It is then natural to ask if majy,, + invy, and invy,, ,, are equidistributed on each re-
arrangement class R(w) for words w with letters in A.

In view of the above two examples, it is natural to ask: For which relations U and V
on X the statistics majy; + invy, and invy, , are

o cquidistributed on each rearrangement class R(c)?
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e mahonian?

The purpose of this paper is to answer these questions by fully characterizing all such
relations U and V on X.

1.2. Main results. Denote by X* the set of all words with letters in X. In order to
simplify the readability of the paper, we introduce the following definition.

Definition 1.3. A statistic stat on X* is a maj-inv statistic if there exist two relations
U and V on X such that stat = majy; + invy,.

Clearly, the statistics inv, maj and k-maj are maj-inv statistics on X*, while MAJ is a
maj-inv statistic on A*. In this paper, a kind of relations on X have a great interest for
us. We call them the k-extensible relations.

Definition 1.4. A relation U on X is said to be k-extensible if there exists a relation S
on X such that (1) U C S and (2) for any x,y,z € X, xUy and z Py — xSz and z Jx.

If a relation S on X satisfies conditions (1) and (2), we say that S is a k-extension of
U onX.

We give here some examples of k-extensible relations.

Example 1.1. (a) Suppose X ={z,y,z} and U ={(z,y)}. Then, S ={(z,y), (z,2)} is
a k-extension of U on X.

(b) The natural order ”>" is a r-extension of the relation Uy = {(z,y) € X* /x > y+k}
on X for any k > 0.

(c) Let A = {Ay, Ay, -+ A} be a collection of non-empty and finite subsets of non-
negative integers, and let Uy and Sy be the relations on A defined by (B, B’) € Uy <
min(B) > max(B’) and (B, B') € Sy < min(B) > min(B’). Then one can check that S,
is a k-extension of Uy on A.

(d) Every total order is a k-extension of itself.

In fact the notion of k-extensible relation can be viewed, by means of the following
result, as a generalization of the notion of bipartitional relation.

Proposition 1.5. A relation U on X is bipartitional if and only if it is a k-extension of
itself.

Proof. Using Proposition [[.9, it suffices to see that a relation U is transitive if and only
if for any x,y,z € X, xUy and z Py imply z Jx. Suppose U is transitive and let x,y, 2
satisfying Uy and z Jy. Suppose zUzx, then since Uy, we have by transitivity zUy
which contradict z PJy. Thus z Jx. Reversely, suppose that Uy and z Jy imply z Pz for
each x,y,z. Let x1,xs, x3 verifying x1Uxy and xoUxs. Suppose x; Prs. Since xoUxs, it
then follows that z; ¥xy which is impossible. Thus x1Uzs and U is transitive. ]

We can now present the key result of the paper, which is a generalization of Theorem A.
Theorem 1.6. Let U and S be two relations on X. The following conditions are equiva-
lent.

(i) The statistics majy; + invi,;; and inviy are equidistributed on each rearrangement

class R(c¢).
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(ii) S is a k-extension of U.

Let U and V' be two non-disjoint relations on X and let (x,y) € U N V. By definition,
(maj’, +invi)(zy) =1+ 1=2>1>invy,  (x129) for any z1, 25 € X. It follows that if
UNV # 0, the statistics maj’;, + invy, and invy, , are not equidistributed on R(zy). We
then obtain immediately from Theorem [.§ the following result.

Theorem 1.7. Let U and V be two relations on X. The following conditions are equiv-
alent.

(i) The statistics maj, + invy, and invy,,,, are equidistributed on each rearrangement
class R(c).
(i) UNV =0 and UUV is a k-extension of U.

Next, by noting that for a relation S on X, the graphical inversion number inv’y is maho-
nian if and only if S is a total order on X, we have obtained the following characterization
of mahonian maj-inv statistics.

Theorem 1.8 (Classification of mahonian maj-inv statistics I). The mahonian magj-inv
statistics on X* are eractly those which can be written majy; +invi,;;, where U and S
satisfy the following conditions:

e S is a total order on X,
e S is a k-extension of U.

Moreover, two mahonian maj-inv statistics majy; +invi,; and majy, +invy,y, are equal
on X* if and only if S=T and U =V.

Example 1.2. (a) It follows from Ezample[I.1(b) and the above theorem that the statistics
k-maj, k > 1, are mahonian, which was first proved by Rawlings [[L1].

(b) Let A = {Ay, Ay, -+, A} be a collection of nonempty and finite subsets of non-
negative integers, and let Uq and S be the relations on A defined as in Example [[.1(c).
It then follows from the above theorem and Example[l.4(c) that MAJ is mahonian on A*,
which is a generalization of (L.2).

In fact, we have obtained more precise results on mahonian maj-inv statistics on X*.
Indeed, given a total order S on X, we have characterized all k-extensible relations U
such that S is a k-extension of U(see Proposition [5.J). As consequence, we have obtained
the following result.

Theorem 1.9 (Classification of mahonian maj-inv statistics II). The mahonian magj-inv
statistics on X* are ezactly the statistics staty, , defined for words w = xy -+ -z, € X* by

staty, ¢(W) = ii-x(f(wi) > (@) + D x(g(f(z5)) > flx:) > f(x5)),

1<i<j<n

with f a permutation of X and g : X — X U {oco} a map satisfying g(y) > y for each
ye X.

Taking f = Id, where Id is the identity permutation, we obtain the following.
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Corollary 1.10. The statistics stat, defined for w =z ---x,, € X* by

n—1
statg(w) = > ix(zi > glena)) + D> x(g(z) >z > ;)
i—1 1<i<j<n

with g : X — X U {oo} satisfying g(y) >y for each y € X, are mahonian.

For instance, the Rawlings major index k-maj is obtained by taking in the previous
result g : X — X U{oo} defined by g(z) =z + k if x + k < r and g(x) = oo otherwise.

It is then easy to enumerate the mahonian maj-inv statistics on X*. Since there are
exactly | X|! maps g : X — X U {oo} satisfying g(y) > y, we have the following result.

Corollary 1.11. For each total order S on X, there are exactly | X|! mahonian maj-inv
statistics on X* which can be written majy; +inve,; -

The paper is organized as follows. In section 2 and section 3, we prove Theorem [.6. In
section 4, we prove Theorem [[.§. In section 5, we characterize all k-extensible relations
on X and prove Theorem [[.9 in section 6. Finally, in section 7, we apply the results of
this paper to give new original mahonian statistics on permutations and words.

Remark 1.12. As pointed by an anonymous referee, some proofs ( for instance the proof
of the only if” part of Theorem[1.4) presented in the paper have ”simpler proofs” by using
a computer algebra system (see e.g. [{]).

2. PROOF OF THE ’IF’ PART OF THEOREM

The first direct combinatorial proof of MacMahon’s result on the equidistribution of the
statistics maj and inv, that is a bijection which sends each word to another one in such a
way that the major index of the image equals the number of inversions of the original, is
due to Foata [I].

Let U be a k-extensible relation on X. In this section, we adapt Foata’s map, also
called second fundamental transformation (see e.g. [[]), to construct a bijection ¥V of
each rearrangement class onto itself such that for each x-extension S of U, we have

invs (1Y (w)) = (majy + inv, ) (w). (2.1)

2.1. Notations. The length of a word w € X*, denoted by A(w), is its number of letters.
By convention, there is an unique word of length 0, the empty word e. If Y and Z are
subsets of X*, we designate by Y Z the set of words w = w'w” with w' € Y and w” € Z.

Each z € X determines a partition of X in two subsets L, and R, as follows: the set
R, is formed with all y € X such that yUxz , while the set L, is formed with all y € X
such that y Px.

2.2. The map VY. Let w be a word in X* and z € X. If w = ¢, we set 7Y (w) = e.
Otherwise two cases are to be considered:

(i) the last letter of w is in R,,
(i) the last letter of w is in L.

Let (wyxq, Waxo, ..., Wpxy) be the factorization of w having the following properties:

e In case (i) 1,29, ...,z are in R, and wq,ws, ..., w, are words in LZ.
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e In case (ii) x1,x9,...,z, are in L, and wy,ws,...,w, are words in R}.

Call z-factorization the above factorization. Clearly, each word has an unique z-factorization.
In both cases we have w = wiz1woxy ... Wz, then define

V(W) = 21w 2aWs . .. TyWs.

The map WY is then defined by induction on the length of words in the following way:

WWe)=¢, (2.2)
U (wz) =47 (WY (w))z forallz € X and w € X*. (2.3)
Note that Foata’s map correspond to the case U :="” > " is the natural order.

Theorem 2.1. The map VY is a bijection of X* onto itself such that for each w € X*, we
have WY (w) € R(w), both w and VY (w) end with the same letter and for each k-extension
S of U, we have

invs (U7 (w)) = (majy, + inv, ) (w). (2.4)

The proof of the above theorem is very similar to the proof in [f, [i]. It is based on
the following lemma. Let S be a k-extension of U. For each w = x1...x, € X*, denote
by l,(w) (resp. 7,(w)) the number of subscripts j for which x; € L, (resp. z; € R;)
and t,(w) designate the number of subscripts j such that z; Yz and z;Sx. Note that we
always have [,(w) + r.(w) = A(w) and r.(w) + t,(w) is the number of subscripts j for
which z;S5x.

Lemma 2.2. For each w € X* and x € X, the following identities hold:

invg(wz) = invig(w) + re(w) + t.(w), (2.5)
invs(v(w)) = invi(w) — ra(w) ifwe XLy, (2.6)
invy(7Y(w)) = invig(w) + (W) ifw € X*R,, (2.7)

(majy; +invig ) (W) = (majy + invig ) (w) + L. (w) ifwe X* Ly, (2.8)
(mal + vy (w2) = (majl, + i) () + £a(w) + A(w) i w € XR,. (29)

Proof. By definition, we have the following identities:

vy (we) = invy(w) + re(w)
v (we) = v p(w) + tz(w)
maj;;(wz) = majy(w)  ifwe X L,

maj;(wr) = maj;(w)+ Aw) ifwe X*R,,

from which we derive immediately (R.§) and (2.9). To obtain (R.3), it suffices to note that
invg = invy; + invig; (since UN (S \ U) =0 and U C S). It remains to prove (.4) and
0.
Suppose w € X*L, and let (wyxq, Woza, ..., Wxs) be the z-factorization of w. First,
assume that
inv'y(z;w;) = invig(wiz;) — A(w;) for 1 <i <s. (2.10)
7



Since v,(W) = z1wixowg - -+ ZpWy, it is not hard to see that invig(v,(w)) is equal to
inv'g(wz) decreased by A(wq) + A(wa) + -+ - + A(w;). Since s = I,(w), we get

invy(7.(w)) = invlg(wz) — (M(w) — s) = invig(wa) — ry(w),

which is exactly (). We now prove (R.I0). Let 7 = my7y--- 7, € R and y € L,. By
definition, we have 7;Ux for each ¢ and y Yx. Since S is a k-extension of U, it follows that
for each 4, 7;Sy and y g7;. We then have invy(y7) = invy(7) and invy(7y) = invy(7)+m =
invg(y7) + A(7). Equation (R.10) is obtained by noting that in the z-factorization of

w € X*L,, the words wy,...,wy are in R} and the letters x;, ...,z are in L,.
Equation (R.7) has an analogous proof. Suppose w € X* R, and let (wyz1, WoZa, . .., WiTp)
be the z-factorization of w. First, assume that
invy(z;w;) = invig(wz;) + AM(w;) for 1 <i < h. (2.11)
Since V(W) = z1wixaWg - -+ TpWy, it is not hard to see that invig(7.(w)) is equal to

invy(wz) increased by A(wi) + A(wa) + - - - + A(w,). Since h = r (w), we get
vy (0 (w)) = imvp(wa) — (A(w) — h) = invp(wa) + Lo (),

which is exactly (2.7). It then remains to prove (B11l). Let 7 = 777, € L% and
y € R,. By definition, we have yUx and 7; Jx for each i. Since S is a k-extension of
U, it follows that for each i, ySn. It is then easy to obtain inviy(ry) = invi(7) and
inviy(y7) = invig(7) + m = invig(ry) + m. Equation (R.11)) is obtained by noting that in
the x-factorization of w € X*R,, the words wy, ..., w,, are in L} and the letters z1,..., 2,
are in R,.

0

Proof of Theorem .1: By construction, both w and ¥Y(w) end with the same letter.
Let X,, be the set of words in X* with length n. It is sufficient to verify by induction on
n that for all n > 0, the restriction ¥V of UV to X,, is a permutation of X, satisfying:
for any w € X,

Ul (w) € R(w) and invi(¥](w)) = (maji; + invig ) (w). (2.12)

Since the induction is based on Lemma and is very similar to the proof concerning
the second fundamental transformation, we refer the reader to [, []. U

3. PROOF OF THE 'ONLY IF’ PART OF THEOREM

Let U and S be two relations on X such that the statistics majy; + invig,;; and invg
are equidistributed on each rearrangement class R(w), w € X*. We prove here that this
imply that S is a k-extension of U.

3.1. The relation U is contained in S. By definition of the graphical statistics, we
have that for all word w of length 2, maj;,(w) = invy,(w). Moreover, for each pair (4, B)
of disjoints relations, we have inv'y + invlz = inv’y 5. It then follows that for all w € X*,
A(w) =2,

(majy; + nv,r) (w) = (inv}y + invy) (w) = inv i (w) = (invs + invh, ) (w).
8



The equidistribution of majy; + invi,;; and inviy on each R(w), A(w) = 2, then implies
that invy, o(w) = 0 for all w € X*, A(w) =2, and thus, U\ S =0, ie, U CS.

3.2. For any x,y,z € X, xUy and z Jy imply xSz and z gx. To simplify the readability
of the rest of the proof, we set V := S\ U, i.e. UNV =0 and UUV = S. In particular,
for any x1, 29 € X,

X(219%x2) = x(x1Ux2) + x(x1Vx2) and x(x1Uxz).x(x1Vxy) = 0. (3.1)

Let z,y, z € X verifying Uy and 2z [Jy. First, note that x and z are distinct, otherwise
we have xUy and x Uy. Thus = # z.

3.2.1. The case x = y. We then have Uz and z Jx and thus

(majy; + invig ) (z22) = x(2Uz) + 2x(2Ux) + 2x(2Vx) + x(xVx) = 2 + 2x(2Vz). Since
invg(w) < 3 for each word w of length 3, it follows that x(zVz) =0, i.e. z ¥z. But 2z Uz
and thus z gz. Now, suppose = $z. It follows that inviy(zxz) = inviy(zzx) = inviy(zzx) =
1 <2 = (majy +inv ) (2zx), which contradict the equidistribution of our two statistics

on R(z?z). Thus we have Sz and z $x as desired.

3.2.2. The case x # y. Two cases are to be considered.
Suppose y = z. We then have xUz and z JJz. Since U C S, we have xSz. It then
suffices to show that z gx. Suppose zSx. We then have

(majy + inV'S\U)(zxz) = x(2Ux) 4+ 2x(2Uz) + x(2Vz) + x(2Vz) + x(2V2)
=2+ x(2Ux) + x(2Vz) + x(2Vz) = 2 + x(25x) + x(2Vz)
=3+ x(2V2),

and thus z $z. Then, it is not hard to see that this imply that invly < 2 on R(z2?)
which, considering (majy; +invi, ;) (272) = 3, contradict the equidistribution of our sta-

tistics on R(xz?). Tt follows that 2z $x as desired. It then remains to consider the last case.

Suppose y # z. Then x,y, z are three distinct elements satisfying Uy and z PJy. The
next table gives the distribution of maji; +invi,;; and invis on R(2yz) after some simpli-
fications obtained by using (B.1]).

W (majy + v, ) (W) v (W)
TYz 1+ x(ySz) + x(yUz) 4+ x(xVz) 1+ x(2Sz) + x(ySz)
x2y x(2Sz) + x(zVy) 1 + x(2Sz) + x(2Vy)

)
yrz | x(ySx) + x(xSz) + x(xUz) + x(yVz) | x(ySx) + x(ySz) + x(xSz)
yzr | x(ySz) + x(25%) + x(zUx) + x(yVx) | x(¥Sz) + x(ySx) + x(z5x)
2xy 2 + x(25x) + x(zVy) 1+ x(2Sx) + x(zVy)
zyr | x(ySx) + x(yUx) + x(2Vy) + x(2Vx) | x(2Vy) + x(2Sx) + x(ySx)

(a) Suppose ¥Sz and 2Sx. We then have (maj;; + invig, ) (22y) = 3 + x(2Vy) and since

invg < 3 on R(xyz), we have z ¥y and thus 2z gy. Using identities xSz, 2Sx and z gy, we
obtain the following table



w (majy + invig ;) (w) invig(w)
xyz | 14 x(ySz) + x(yUz) + x(xVz) 2 + x(ySz)
rzy 1 2
yrz | 14 x(ySx) + x(xUz) + x(yVz) 1+ x(ySx) + x(ySz)
yzr | 14 x(ySz) + x(zUx) + x(yVx) 1+ x(ySx) + x(ySz)
2Ty 3 2
zyr | x(ySx) + x(yUx) + x(zVx) 1+ x(ySx)

which imply that y 2 (otherwise, invg > 2 on R(zyz) and (majy; + invig ) (v2y) = 1,
which is impossible) and thus, by using y gz, we get

v CESTAIC) )
zyz| 1+ x(ySz) + x(yUz) + x(xVz) | 2+ x(ySz)
T2y 1 2
yrz 1+ x(2Uz) + x(yV=2) 1+ x(ySz)
yzr | 1+ x(ySz) + x(zUx) + x(yVx) | 14 x(ySz)
zZxy 3 2
2yT x(zVz) 1
Since (maj; + invi ;)(27y) = 3, we have by equidistribution of our two statistics,

ySz. It follows that zyx is the unique world in R(zyz) for which inviy(zyz) = 1, while
(majy; +invi ) (zy2) < (majy; +invig, ;) (r2y) < 1, which contradict the equidistribution
of our two statistics on R(zyz).

(b) Suppose = $z and 2Sx. By a similar reasoning than in (a), we have z ¥y and thus
z Py, which lead to the following table.

v (mafy, T v ) (W) Tve(w)
xYz 1+ x(ySz) + x(yUz) 1+ x(ySz)
T2y 0 1
yrz X(ySx) + x(yVz) X (ySx) + x(ySz)
yzr | 1+ x(ySz) + x(zUx) + x(yVx) 1+ x(ySx) + x(ySz)
zxy 3 2
zyr | x(ySx) + x(yUx) + x(zVx) 1+ x(ySx)

Since (majy; +invi, ;) (z2y) = 3, we must have ySz and ySx, which imply that invg > 1
on R(zyz), which is impossible since (maj;; + invi, ;) (zzy) = 0.

(c) Suppose z gz and z gxr. We then get the following table.

10



W (majy + invig ;) (w) invig(w)
Yz 1+ x(ySz) + x(yUz) 1+ x(ySz)
T2y X(2Vy) 1+ x(2Vy)
yrz X(¥Sx) + x(yVz) X (¥Sx) + x(ySz)
yzx X(¥Sz) + x(yVx) X (¥Sx) + x(ySz)
2xy 2+ x(2Vy) 1+ x(2Vy)
zyr | x(ySx) + x(yUx) +x(zVy) | x(2Vy) + x(ySx)

It then follows that invy < 2 on R(zyz), and thus, by considering (majy; +invi, ;) (2zy)
and (maj;; +invig, /) (zy2) = 1+ 2x(yUz) + x(yVz), we must have y [z and 2 ¥y, which
lead to the following table.

g T e | i)
TYz 1+ x(yVz) 1+ x(yVz2)
T2y 0 1

yrz|  x(ySx) + x(yVz) X(¥Sx) + x(yVz)
yzr | x(yVz) +x(yVr) X(¥Sx) + x(yVz)
zxy 2 1

zyr | x(¥Sx) + x(yUx) X (ySx)

Since (majy; + invig, ) (zzy) = 0, it follows that y Bz, and thus invy < 1 on R(zyz),
which is impossible since (maj;; + invi, ;) (z2y) = 2.

(d) Finally, we have xSz and z gz, and thus S is a k-extension of U. This conclude the
proof of the ’only if” part of Theorem [[.§.

4. MAHONIAN MAJ-INV STATISTICS

This section is dedicated to the proof of Theorem [[.§. We begin with two lemmas.

Lemma 4.1. Let S be a relation on X. Then invy is mahonian on X* if and only if S
s a total order.

Lemma 4.2. Let U and V be two relations on X. Suppose that the statistic majy; + inv},
is mahonian on X*. Then, UNV =0, S := UUYV is a total order and a x-extension

of U.

It is now easy to prove the first part of Theorem [[.§. Indeed, suppose that S is a total
order on X and a r-extension of U. Then, it follows from Theorem [[.§ that majy; +invi, s
is equidistributed with invlg which is mahonian by Lemma [T, and thus majy; 4invi,; is
mahonian as desired. Reversely, suppose maj; + invy, is mahonian on X*. We then have
by Lemma I V = S\ U where S := UUYV is a total order on X and a s-extension of U.

We thus have proved that the mahonian maj-inv statistics on X* are exactly those
which can be written majy; + invig,;;, with S a total order on X and a k-extension of U.

11



We now prove the second part of Theorem [[.§. Let S and T be two total orders on
X and suppose S (resp. T') is a k-extension of U (resp. V). It suffices to show that if
majy; +inv,; and majy, +invi., - are equal on X* then S =T and U = V.

First suppose that S # T. Then we can assume without loss of generality that there
exist x,y € X such that Sy and x I'y. Since U C S and V C T, we then have
majy; +invig ; (zy) = 1 # 0 = majy, +invi, (2y) and thus the two statistics are different
which contradict the hypothesis, thus S =T.

Suppose now U # V. Then we can assume without loss of generality that there exist
x,y € X such that xUy and x ¥y. Since S = T is a total order and an extension of U
and V we also have xSy, (z,y) € S\ V and y gy. It follows that
majy, +invig ;(2y?) = 1 # 2 = majy, +invi,  (2y?), which is impossible thus U =V, as
desired.

In order to complete the proof of Theorem [, it then remains to prove the two above
lemmas.

Proof of Lemma [[]. Tt suffices to see that invly is mahonian imply that S is a total
order since the reciprocal is an easy consequence of ([[.1). Suppose that inv/y is mahonian,
i.e. for each c,

Z qinvig(w) _ |:C<1) + 6(2) +eet C<T) ) (41)
0(1)70(2)7"' 7C(T) q

Suppose there exist z,y € X, x # y, such that 2 gy and y gz. We then have inviy(zy) =
inv'y(yx) = 0, which contradict (1)) (take w = xy). Thus for each z,y € X, we have zSy
or ySx, i.e., S is total.

Suppose there exist z € X such that zSx, then invg(xz) = 1, which contradict (f.))
(take w = 2%). Thus x gz and S is irreflexive.

Suppose there exist z,y € X, x # y, such that Sy and ySx. We then have invy(zy) =
invig(yx) = 1, which contradict (f1) (take w = xy). Thus if Sy we have y gz, i.e. S is
antisymmetric.

Let z,y,2z € X satisfying xSy and ySz. Suppose x $z. Since S is irreflexive, we have
x # y and y # z. Since S is antisymmetric, we have = # z (otherwise we have xSy and
ySx). Then z,y, z are distinct. We also have y gz and z gy (S is antisymmetric) and 2Sx
(S is total). After simple computations (we left the details to the reader), we then get

weR(c)

- 3
Z quS(W) — 3(] + 3q2 7§ [1 1 1:| =1 + 2(] + 2q2 + q37
wER(zyz2) B

which contradict ([.]) (take w = xyz). Thus xSz and S is transitive.
O

Proof of Lemma [[.3. Suppose U NV # () and let (z,y) € UNV. We then have
majy; (zy) + invi, (zy) = 1 + 1 = 2, which contradict (1)) (take w = zy if x # y and
w = zx if z = y) and thus, U and V are disjoint.

The proof of 7.5 is a total order on X7 is essentially the same than the proof of
Lemma [L.], so we left the details to the reader.

It then remains to show that S = U UV is a k-extension of U. Since S is total, it

follows from Lemma [.1 that invy are mahonian on X*. Then by applying the part ” (i)
12



imply (ii)” of Theorem [[.6 to maj;; +inv}, and invy, we obtain that S is a k-extension
of U.
U

5. K-EXTENSIBLE RELATIONS

Theorem [[.§ and Theorem [[.§ motivate to pose the following question: When does a
relation have a k-extension?

Suppose X = {z,y, 2z} and consider the relation U = {(z,y), (y,2)} on X. Then, one
can check by considering all the relations on X containing U (there are 23"~2 — 128 such
relations) that U has no k-extension. In this part, we give an axiomatic characterization
of k-extensible relations.

Definition 5.1. The k-closure of a relation U on a set X is the relation denoted by cl,.(U)
and defined by

co(U) :=UU{(z,y)/ 3Tz € X such that xUz and y Vz}. (5.1)

Proposition 5.2 (Characterization of k-extensible relations). Let U be a relation on X.
The following conditions are equivalent.

(1) U is k-extensible.
(i) clk(U) is a k-extension of U.
(iii) U is transitive and P x,y,2,t € X such that

Uy z Wy (5.2)
x Yt 2Ut.

For instance, if we consider the relation U = {(z,y), (y,2)} on X = {z,y, 2} given
above, we have xUy, y Uy, x ¥z and yUz and thus, we recover that U has no k-extension.
One can also check that the relation ”|” ("divide”) (on X = [r]) defined by x | y if and
only if "z divide y” (i.e. £ € Z) has no x-extension. Indeed, the elements 3,9,2,4 satisfy
319,219,314 and 2| 4.

Proof. Clearly (ii) = (i).

(i) = (iii): Suppose U has a k-extension S. Then

(a) U is transitive: Indeed, let z,y,z € X and suppose xUy and yUz. We want to
show that xUz. Suppose x ¥z, then since S is a k-extension of U and yUz, it
follows that ySx and x $y. We thus have Uy and x gy, which is impossible since
U CS. Thus zUz.

(b) Bz,y,2,t € X satisfying Uy, z Py, 2Ut and z Pt: Indeed, suppose the contrary.
Then, zUy and z Py imply that xSz, while zUt and = Ut imply that = $z. We
thus have xSy and x gy, which is impossible.

(ili) == (ii): Suppose U satisfy (iii). We want to show that H := ¢l (U) is a k-extension
of U, that is for any x,y, z satisfying xUy and z [y, we have xtHz and z Ax. Let x,vy, 2
satisfying xUy and z WJy. First, by definition of H, we have xHz. It then remains to show
that z Ax. Suppose the contrary, i.e. zHx. We distinct two cases:

(a) zUx: since U is transitive and zUy, we have zUy, which contradicts z Py.
13



(b) z Pz and zHz: by definition of H, there exists ¢ such that zUt and x Jt. We thus
four elements =z, y, z, t satisfying zUy, z Py, x ¥t and zUt, which contradicts (iii).

O
The following proposition gives some properties of the k-closure.

Proposition 5.3. Let U be a k-extensible relation on X. Then,

o cl.(U) is the smallest k-extension of U (by inclusion), i.e. every k-extension of U
contains cl,(U).
e cl.(U) is a bipartitional relation.

Proof. The first assumption is evident by definition of ¢l (U). Set H := ¢l (U). We claim
that H is transitive. Indeed, let x,y, z € X satisfy xtHy and yHz. We want to show that
xHz. We distinct four cases:

(i) Uy, yUz: then, by transitivity of U, we have xUz and thus 2Hz (since U C H).

(ii) Uy, y ¥z and yHz: then by definition of H, there is ¢ € X such that yUt and
z J0t. By transitivity of U, we have xUt. We thus have xUt and z Jt, which imply,
by definition of H, that zHz.

(iii) Py and zHy, yUz: then by definition of H, there is ¢ € X such that zUt
and y Ut. Suppose x Uz, then the elements z,t,y, z satisfy «Ut, y Ut, z Uz, yUz,
which contradict (5.3). We thus have Uz, and in particular, zHz.

(iv) x Yy and zHy, y ¥z and yHz: by definition of H, there exist t,v € X such that
2Ut, y Ut, yUv and z Pv. Suppose x v, then the elements z,t, y, v satisfy xUt,
y Wt, x Pv y Pv, which contradict (§.3). Thus we have xUv, and since z Pv, we
have by definition of H that zH z.

O

Let V be a bipartitional relation on X and (By,..., B),(f1,...,0k) be the biparti-

tion associated to V' (see Definition [L.1). Suppose the block B; consists of the integer
i1,72, . ..,4p. It will be convenient to write ¢(B;) for the sequence c(i1), ¢(i2), . . ., ¢(i,) and
m(B;) = my for the sum c(iy) + c(i2) + ... + ¢(ip). In particular, (C(mBll)) will denote the
el elia) ctely))
c(i1),c(i2),...,c(ip)
Proposition 5.4. Let U be a k-extensible relation. It follows that H = cl,(U) is a
bipartitional relation. Let (By,...,Bg), (01, ...,0k) be the bipartition associated to H.
Then,

multinomial coefficient (

S ) c(l)+c(2)+...+c(r)} ﬁ( m )qm(cggl))_ (5.3)

weR(e) myme, s ymi - Jy oy \elBr)
More generally, Equation (53) hold for each relation H satisfying (1) H is a k-extension
of U and (2) H is bipartitional on X.
Proof. 1t is just a combination of Theorem [[.§, Proposition and Proposition 2.1
in [ O
6. PROOF OF THEOREM

Theorem [L.§ lead to the following question: Given a total order S on X, which are the

relations U on X such that S is a k-extension of U?
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Proposition 6.1. Let U be a relation on X. The following conditions are equivalent.

(i) The natural order ”>7 is a k-extension of U.
(ii) There exists a map g : X — X U{oo} satisfying g(y) > y for each y € X such
that

zUy < x> g(y).
Moreover, if U satisfy the condition (i), the map g is unique and defined by
o(y) = { min({z : xUy}), if Iz such that xUy;

0, otherwise.

Proof. (i) = (ii): Suppose ">" is a k-extension of U and let y € X. Then, define
9(y) € X U {oo} by

e g(y) = min({z; 2Uy}) if 3z € X satisfying zUy,

e g(y) = 0o otherwise.

It is clear that g(y) > y for each y € X because U C” > 7. Let z,y € X. By definition
of g(y), we have zUy = = > ¢(y). Now, suppose = > ¢(y). Since x € X, it follows that
g(y) < oo and thus, there exists z € X such that zUy. We can take z = g(y). Suppose
x YPy. Since zUy and z Jy and 7 > 7 is a k-extension of U, we then have z = g(y) > x
which contradicts the fact that z > g(y). It then follows that xUy. We thus have proved
that z > ¢g(y) = 2Uy.

(ii) = (i): Let x,y, z € X satisfying xUy and z Py. It follows from (ii) that x > g(y)
and z < ¢g(y), and thus z > z. We thus have proved that ” > " is a k-extension of U.
O

The proof of the following result is left to the reader.

Lemma 6.2. The k-extensibility on X 1is transposable by order isomorphism.

In other words, if S and T are two total orders on X and h is the unique order isomor-
phism h : (X, S) — (X, T), i.e h is a permutation of X and xSy < h(x)Th(y). Then S
15 a k-extension of a relation U on X if and only if the total order T is a k-extension of

the relation V :="h(U)” defined by xVy < h=(x)Uh~1(y).

Combining the above Lemma and Proposition p.I], we get immediately the following
result.

Proposition 6.3. Let S be a total order on X and U be a relation on X. We denote by
f be the (unique) order isomorphism from (X,” >") to (X,S). The following conditions
are equivalent.
(i) S is a k-extension of U.
(ii) There exist an unique map g : X — X U {oo} satisfying g(y) >y for each y € X
such that

2Uy & f(x) > g9(f(y)).

Clearly, Theorem [I.g is an immediate consequence of Theorem [I.§ and Proposition [6.3.
15



7. APPLICATIONS: NEW MAHONIAN STATISTICS

In this section, we give some examples of mahonian maj-inv statistics on X* which can
be derived from the results obtained in this paper. Such statistics are entirely character-
ized in Theorem [[.§ and Theorem [[.9.

Let gx, k € [1,00[, be the maps X +— X U {oo} defined for z € X by
gr(x) = |kx + 1] .x(kx < r) 4+ co.x(kz > 7).

Clearly, for each z € X, we have gi(z) > x. By applying Corollary (or Theorem [.9
with f = Id), we obtain immediately the following result.

Proposition 7.1. The statistics stat,, , k € [1,00], defined for w = x1z2...2, € X* by
n—1

stat,, (w) = Z i.x(

i=1

Z;

Sk + Y X(k:z%>1)

xA
i+1 1<i<j<n J

are mahonian on X*.

Note that stat,, = inv and stat, = maj. Now for each B C X, let Hp : X — X U{o0}
be the map defined for z € X by Hg(z) = (z+1).x(z € B, x # r)+o0o.x(x ¢ Borx =r).
Since Hg(x) > z for each x € X, we obtain by applying Corollary the following result.

Proposition 7.2. The statistics staty,, B C X, defined for w = z125...7, € X* by

n—1
stat g, (W) :Zi.x(:ci > Tig1, Tyl € B) + Z x(z; > xj, z; ¢ B)
i=1 1<i<j<n

are mahonian on X*.

For instance, if B = {even numbers < r}, then the statistic staty, defined for words
W =2x1%y...T, € X* by

n—1
stat g, (W) :Zi.x(:pi > Tit1, Tip1 1S even) + Z X(x; > z;, z; is odd)
i=1 1<i<j<n
is mahonian on X*.
More generally, for A, B C X, Let Uy p be the relation on X defined by

(v,y) eUsp<==ax €A, yec Bandz > y.

Suppose (z,y), (y,2) € Uap. By definition of Uy g, we have x,y € A, y,z € B and
x> yandy > z Inparticular, z € A, z € Band « > z, i.e. (z,z) € Ugp. It follows that
Ua p is transitive. Now suppose there exist z,y, z,t € X such that (z,v),(z,t) € Uap
and (z,t), (z,y) ¢ Uap. By definition of Uy g, we have x,z € A, y,t € B and © > vy,
z<y,x <t,z>t In particular, v <t and x > t, which is impossible. It then follows
from Proposition p.3 that Uy p is a k-extensible relation on X. Let S4 g and S’AB be the
relation defined on X by

Sap={(r,y) € X*|z € A, y ¢ AyU{(z,y) € A’z >y}

Shp = SapU{(z.y) € (A9 |z > y}.
16



Then the reader can check that S’A7 g and Sy p are two k-extensions of Uy g. Suppose
A = {ay,a9,...,a;}~. It is then easy to see that S, p is a bipartitional relation and
its associated bipartition is the pair composed by the partition ({a1}, {a2}, ..., {ar}, A°),
and the null vector 0 = (0,0, ...,0,0).

Set stata p = majy, , + inVISA,B\UA,B and stat’y 5 1= majy, , + inV/S’A’B\UA,B' By defini-
tion, the statistics stats p and stat;"B are defined on words w =z ...x, € X* by

n—1
stata p(w szwl>xl+1,xleA T € B) + Z X(z; > x5, v, € A, x; € A\ B)
1<i<j<n
+ Z X(z; <zj,z;, € A, x; € B\A)+ Z X(z; € A, z; ¢ AUB),
1<i<j<n 1<i<j<n
stat)y p(w) = stat p(w) + Z x(z; >z, xiandz; ¢ A).

1<i<j<n

Applying Theorem [[.§ and Proposition p.4, we obtain the following result.
Proposition 7.3. The statistic stat'y g is mahonian on X* and for each c,
T geant - (m(AC)) { (1) +c(@)+--+c(r) } .
wiRle c(A°) ) le(ar), c(az), . .., clag), m(A) ],

For instance, if £ ={even integers < r} and O ={odd integers < r}, then the statistics
statp o and stat’Ep are defined for w=x,...2, € X* by

n—1
statp o(w g i.x(z; > wiy1, x; even, ;41 odd) + E x(z; > xj, x;and z; even)
1<i<j<n
+ E x(z; <z, x;even, x; odd),
1<i<j<n
n—1
statEO g i.x(z; > w1, x; even, x4 odd) + E x(z; < xj, z;even, z; odd)
1<i<j<n

+ Z x(z; > z;, x;and x; have the same parity ).

1<i<j<n

It then follows from Proposition [/ that the statistic stat; , is mahonian and the gener-
ating function of statg o on each R(c) is given by

statp,o(w) _ c(1)+e(3)+...+¢(2 [%1 +1)
Z ! ( c(1),¢(3),...,c(2[5 ) )
" { c(1) + ¢(2)

1 +1
c(2),c(4),...,c(2]%]), c(1)
17
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In particular, if S, is the symmetric group of order r, then
Z qstatE’o(o) _ (\‘T + IJ) % [T]q! )
o€ S 2 [( LTTHJ)]Q'
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