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SURFACE TENSION IN THE DILUTE ISING MODEL. THE WULFF
CONSTRUCTION.

MARC WOUTS

ABSTRACT. We study the surface tension and the phenomenon of phase coexistence for the Ising
model on Z2¢ (d > 2) with ferromagnetic but random couplings. We prove the convergence in
probability (with respect to random couplings) of surface tension and analyze its large deviations
: upper deviations occur at volume order while lower deviations occur at surface order. We study
the asymptotics of surface tension at low temperatures and relate the quenched value 77 of surface
tension to maximal flows (first passage times if d = 2). For a broad class of distributions of the
couplings we show that the inequality 7¢ < 79 — where 7¢ is the surface tension under the
averaged Gibbs measure — is strict at low temperatures. We also describe the phenomenon of
phase coexistence in the dilute Ising model and discuss some of the consequences of the media
randomness. All of our results hold as well for the dilute Potts and random cluster models.
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A considerable amount of work permitted to understand on a rigorous basis the phenomenon
of phase coexistence in models of statistical mechanics like the Ising model. Phase coexistence
in the Ising model was first described in the pioneer work [20], in the two dimensional case and
at low temperatures. The construction was then simplified [87] and extended up to the critical
temperature |28, 29, B0], still in the two dimensional case. The generalization to higher dimensions
was achieved later thanks to the L!-approach [5, B, [TT]. The interested reader will find pedagogical
presentations of the problem and the methods in the course [I0] and the review [6].

The present work is concerned with the phenomenon of phase coexistence for the dilute model
with random (ferromagnetic) couplings. The random couplings model either rare defects in the
media, either intrinsic randomness. As an example, quenched alloys made of magnetic materials
have intrinsic randomness since the strength of the interaction between two spins depends on the
nature of the two corresponding atoms.

In order to describe rigorously the phenomenon of phase coexistence in presence of phase
coexistence, we followed the same plan as in the above mentioned works. In a first step we
established a coarse graining for the model [E4]. In a second step — the present one — we study
surface tension. The combination of these tools allow us describe the phenomenon of phase
coexistence in the presence of random media.

Before we turn to the presentation of the model and of our results, we would like to stress two
consequences of the media randomness on the phenomenon of phase coexistence: first, it is the
case that the shape of crystals are smoother than in presence of uniform couplings. Second, we
give an insight to the expected localization phenomenon of the crystal which is determined by the
realization of the media under averaged Gibbs measure.

The organization of the paper is as follows. In Section [l below we introduce the model and give
a complete summary of our results on surface tension, its low temperature asymptotics (maximal

flows) and phase coexistence. Proofs and intermediate results are given in the three corresponding
Sections B B and @

1. THE MODEL AND OUR MAIN RESULTS

1.1. The dilute Ising model. The canonical vectors of R< are denoted (ei)i=1..q and for any
r=Y 1 wie; = (z1,...,2q) € R? we consider the following norms on R%:

d d 1/2
d
(1.1) lally =) leal,  ellz = (Z w?) and - [zloc = max [
i=1 i=1

Given x,y € Z¢ we say that x,y are nearest neighbors (which we denote x ~ y) if they are at
Euclidean distance 1, i.e. if ||z — y||2 = 1. To any domain A C Z¢ we associate the edge sets

(1.2) EA) = {{z,y}:z,ye A and z ~y}
(1.3) and EY(A) = {{z,y}:xEA,yEZd and z ~y}.

We consider in this paper the dilute Ising model on Z% for d > 2. It is defined in two steps :
first, the couplings between adjacent spins are represented by a random sequence J = (J.).c E(z4)

of law P, such that the (J.).c E(z4) are independent, identically distributed in [0,1] under P. Then,
given A C Z? a finite domain and a spin configuration o € X7, where

EXZ{O’ZZd—>{i1}:0’221,VZ’¢A},
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we let
(1.4) H{t (o) = — > Jooz0,
e={z.y}€E¥(A)

the Hamiltonian with plus boundary condition on A. The dilute Ising model on A with plus
boundary condition, given a realization J of the couplings, is the probability measure ul‘(’Jr on ZX
that satisfies

B,
(1.5) T {o}) = ZA 7 — T exp <§H;\]+(U>> , Yoexy

where 3 > 0 is the inverse temperature and Z;\]; is the partition function

(1.6) Zih =Y exp (-%H}ﬂ@) :

UEEX
Consider
o J+
(1.7) mg = lim Bug® (oo)
the magnetization in the thermodynamic limit, where A y is the symmetric box Ay = {-N,...,N}¢

and E the expectation associated with P. When mg > 0 the boundary condition has an influence
on the spins at an arbitrary distance. In the region mg > 0 we say that the Ising model has
two phases because the structure of the spins under EMX’JF (the plus phase) is not the same as
the structure of the spins under Eu}{ﬁ (the minus phase), where u;(’f corresponds to the minus
boundary condition.

It is shown in [I] that the dilute Ising model undergoes a phase transition at low temperature
when the random interactions percolate. In our settings, this means that the critical inverse
temperature

(1.8) Be=inf {8 >0:mg >0},
which is never smaller than 2" — the critical inverse temperature for the pure Ising model (J = 1)
— is finite if and only if P(J. > 0) > p.(d) where p.(d) is the threshold for bond percolation on Z.
The aim of the paper is to understand the mechanism of phase coexistence in the dilute Ising
model, hence we will consider in the following a distribution P of the couplings such that P(J, >
0) > pc(d) and an inverse temperature 3 > (.. However, some of our results hold on a possibly
stronger assumption 5 > ﬁc > (. where ﬁc is the critical inverse temperature for slab percolation
— see ([CIA) below — as this assumption allows us to use the renormalization framework of [44].

1.2. The Fortuin-Kasteleyn representation. The study of surface tension for the dilute Ising
model will be led under the random-cluster model that corresponds to the measure u . We call

Q={w:E (2% — {0,1}}

the set of cluster configurations on E(Z), and for any w € Q and E C E(Z%) we call w|g the
restriction of w to F, defined by

(@5)e = we feekE
lEJe =N 0 else.

The set of cluster configurations on E is Qp = {wg,w € Q}. Given a parameter ¢ > 1 and an
inverse temperature 3 > 0, a realization of the random couplings J : E(Z¢) — [0, 1], a finite edge

set E C E(Z%) and a boundary condition m € Qg. we consider the random cluster model @ﬁ%’q
on Qg defined by

(1.9) T ({w}) = Z]MHp (1—pe)t=2 x ¢“5@) Vwe Qg

eckE
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where p. = 1 — exp(—3J,), CE(w) is the number of clusters of the set of vertices in Z¢ attained

by F under the wiring w V 7 such that (w V 7). = max(we, 7), and Zg%’q is the renormalization

constant making @}EI’%Q a probability measure.

For convenience we use the same notation for the probability measure @é%q and for its

expectation. Most often we will take either m = f, where f is the free boundéry condition :
fe = 0,Ve € E° or m1 = w where w is the wired boundary condition : w, = 1,Ve € E°. When
the parameters ¢ and [ are clear from the context we omit them. Given R a compact subset

of R? (usually a rectangular parallelepiped) we denote by <I>'7]2’7r the measure q)gzrfzmz 4y On the

cluster configurations on F (R N Z4), where R stands for the interior of R. In particular, for any
g,h : Q — R the quantities @7]27; (g9) and @ég(h) are independent under P.

The connection between the dilute Ising model ,uIJ\'E and the random-cluster model was made
explicit in [22]. Counsider the joint probability measure

1 O=w We —We
U Ueeh == TT 0™ (1-p)' ™ ¥(ow) € B x oy
AB  ecEw(A)

where p. = 1 — exp(—fJ,), 0 < w is the event that o and w are compatible, namely that w. =
1= 0, =0y, Ve={z,y} € E¥(A), and ZX’E is the corresponding normalizing factor. Then,

i. The marginal of \IIIJ\'E on the variable ¢ is the Ising model MX’JF,

ii. Its marginal on the variable w is the random-cluster model @éz‘;\? 5 with wired boundary
condition w and parameter ¢ = 2.

iii. Conditionally on w, the spin o of each connected component of A for w (now cluster) is
constant, and equal to +1 if the cluster is connected to A°. The spin of all clusters not
touching A€ are independent and equal to +1 with a probability 1/2.

iv. Conditionally on o, the edges are open (i.e. w, = 1 for e = {x,y}) independently, with
respective probabilities p.ds, s, -

According to point 4 and 4ii we can study surface tension for the Ising model under the Fortuin-
Kasteleyn representation. This representation allows to study at the same time the surface tension
and the phenomenon of phase coexistence for the dilute Ising model (¢ = 2), but also for dilute
percolation (¢ = 1) and for the dilute Potts model (q € {3,4,...}).

An important benefit of the representation is that it makes possible the use of the comparison
inequalities for the random cluster model. We say that a function f : Qg — R™T is increasing if,
for all w,w’ € Qp one has w <q w’ = f(w) < f(w’) where <q stands for the product order on Q.
It was shown in [2] that:

i. For any h: Qg — R™ increasing, @é_’},’q(h) is a non-decreasing function of J, 3 and 7.
ii. (FKG inequality) For any g, h : Qg — RT increasing,

J,m, J,m, Jm,
(1.10) (I)Eﬁq(gh) 2 @E,ﬁq(g)q)E,gq(h)'
iii. (DLR Equation) For any E' C E and v’ € Qpr,

J,m, JmVw',
(1.11) 575" (lwip =) = D5lps 5"

Finally, let us recall the assumption of slab percolation, that is the basis for a renormalization
framework in the dilute Ising model [#4]. When d > 3, we say that slab percolation occurs under
E@é’f’q if, for large enough H,

. . Jf w
(1.12) ol it EeRS (o &y) >0

where S,y is theslab Sy, iy = {1,...,L}4 " x{1,... H}. When d = 2, we say that slab percolation
occurs when there exists x : N* — N* with imy_,o k(IN)/N = 0 such that

(1.13) lim E@é’f (there is an horizontal crossing for w) > 0.
N-—co Nor(N)
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The critical inverse temperature for slab percolation is

(1.14) B. = inf {B > 0 : slab percolation occurs under E@g’f’q} ,

it satisfies 3, > B, where 3, is the critical inverse temperature for phase transition in the dilute
Ising (resp. Potts) model. We believe that BC and 3. do coincide. Upper bounds on Bc are derived
in 4] from the argument of [I]. The technical assumption 3 > 3, allows us to use a coarse
graining, which is a fundamental tool at the moment of defining the local phase of the dilute Ising
model (see Theorem 5.7 in [44], or Section H below).

1.3. Surface tension. One of the main issue we address in this paper is the behavior of surface
tension and the influence of the random couplings. We consider the surface tension in large
rectangular parallelepiped oriented along some direction n € S9!, where S%~1 is the set of unit
vectors of R4, The other axes of the parallelepiped are represented by S € S,,, where

d—1
Sp = {Z[:l:l/Q]uk; (u1,...,uk—1,n) is an orthonormal basis of Rd}
k=1

is the set of d — 1 dimensional hypercubes of side-length 1, centered at 0, orthogonal to n. € %1
Finally, we call 2 € R? the center of the rectangular parallelepiped and L, H its side-lengths, and
denote finally by

(1.15) Ry ru(S,n)=x+LS+[-H,Hn

the rectangular parallelepiped centered at x, with basis = + LS and extension 2H in the direction
n (see Figure[l]). The discrete version of R is R = R NZ? and the inner discrete boundary of R is

aﬁ:{yeﬁ:ﬂzeZd\ﬁ,ZNy}.

For any R as in (CIH) we decompose R into its upper and lower parts 9t R = {y € R :
(y—z) n>20tand 0 R={yc R : (y — ) -n < 0}.

FIGURE 1. The rectangular parallelepiped Ry 1, u(S,n).

In the context of statistical physics, the surface tension is the excess free energy per surface unit
due to the presence of an interface. The surface tension in R thus quantifies the probability of
observing the plus phase in the upper part of R and the minus phase in the opposite part under
the measure 3 with free boundary condition. It is more convenient to formulate the definition
under the random cluster model, where we translate the event of phase coexistence into an event
of disconnection.

Definition 1.1. Let R be a rectangular parallelepiped as in ([CIH). The event of disconnection
between the upper and lower parts of OR is

(1.16) Dr = {w €N TR G a*fz}
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and the surface tension in R is
1 w
(1.17) h = — 7 log %Y (DR).

We denote by J™" and J™& the lowest and largest values of the couplings according to the
support of P, that is to say :

Jmn — nf{d > 0:P(J, < \) > 0}
and J"* = sup{A > 0:P(J. > A) > 0}.

We also denote by T{gi“ (resp. TR®) the value of the surface tension in R corresponding to the

constant couplings J = J™* (resp. J = J™3*). We have:

Proposition 1.2. Let R be a rectangular parallelepiped as in (LI3), with L,H > 2v/d. The

surface tension T;é is a non-decreasing function of J and (. It is a non-increasing function of H.

With probability one under P,
0 < TR™ () < TR () < TR™(N) < caB ™
where cq < oo depends on d only.

As in the uniform case [36], surface tension is sub-additive (see Theorem EZTI), and this implies
convergence in probability of 73 (n).

Theorem 1.3. There exists Tg(n) > 0, the quenched surface tension, such that, for all 3 > 0 and
nec 841,

Nliinoo Téo,w,w(s,n) =714(n) in P-probability

whatever is S € Sy, and 6 > 0.

Similarly, the surface tension for the constant couplings J™» and J™#* also converge and we
denote by 7™ (n) and 7% (n) their respective limits.

The sub-additivity is of much help for controlling the order of deviations from the quenched
value of surface tension Tg (n). Upper large deviations happen at a volume order hence they have
no influence on the phenomena we study here:

Theorem 1.4. For any e >0 and § > 0,
1
lim]\fup N log P (T7J20,N,5N(S,n) > 1(n) + E) < 0.

We will be more concerned with lower large deviations. These are possible when 7™ (n) <
79(n). The inequality is known to be strict only in two specific cases: when J™" = 0 and 3 > 3.,
it is the case that 7™"(n) < 79(n) because 7™ (n) = 0, while the coarse graining [#4] implies:

Proposition 1.5. Assume 3 > f3.. For any n € 41, r9(n) > 0.

When P(J, > J™1) > p.(d) and S is large enough, the strict inequality 7™ (n) < 79(n) also
holds, cf. Corollary [CT4 below.

When lower large deviations occur, they have at most surface order. It is another consequence
of sub-additivity that:

Theorem 1.6. For everym € S1 and 3 >0, 7 > 7™ (n), the limit

. 1
(1.18) I,(r) = hgfn = logP (T7J20,N,5N(S,n) < 7‘)

exists in [0,+00) and does not depend on § > 0, nor on S € Sy,. I is continuous, convexr non-
increasing, and I, (1) =0 for T > 74(n).
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surface | volume N
order order ;
I,
0 - T
0 TT”’”L ,7_(] TTVL(L(L'

FIGURE 2. Large deviations of surface tension.

For convenience, we extend the definition of I,, letting

[ 400 for T < T™in(n)
(1.19) %“){1mwmhv+d at 7 =7""(n).

In order to show that lower deviations are exactly of surface order, we need to prove that I,
is positive on the left of 7¢. We developed an argument based on measure concentration coupled
with a control of the length of the interface. In the case of the Ising model at low temperatures
we could establish a first control:

Theorem 1.7. Assume q = 2 and J™" > 0. Then, for 3 large enough there exists ¢ > 0 such
that, for all ™ >0,

(1.20) In(t%(n) —7) = cr?.
In the general case a careful adaptation of the method yields:
Theorem 1.8. For every n € S, for Lebesgque-almost all 3 > 0,

Isn(75(n) —7)

- > 0.

(1.21) lim sup

r—0t r

These quadratic lower bounds on the rate function generalize common controls for directed

polymers models [I6, 8], which were introduced in order to represent interfaces in the two-

dimensional Ising model with random couplings at low temperatures |27, [I6]. Its is probable

however that the quadratic order in the former Theorems is not optimal in two dimensions, as the
comparison with directed polymers suggests that

(1.22) hwm%ﬂrvwwam5:§

r—0
This scaling has been established rigorously for the zero-temperature limit of directed polymers:
last passage percolation, for a geometric distribution of the passage times, see Theorem 1.1 and
(2.23) in [31].
Some of our results on phase coexistence and on the dynamics of the dilute Ising model [45]
require that lower large deviations are actually of surface order. An easy but important consequence

of Theorem [[LY is:

Corollary 1.9. The lower large deviations are of surface order when 3 +— Tg (n) is left continuous.
Hence the set

(1.23) N = {ﬂ >0:3nc S and r > 0 such that Ign(Th(n) —1) = 0}

1s at most countable.
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We end the presentation on surface tension with the definition of the surface tension under the
averaged Gibbs measure. It is the Fenchel-Legendre transform of I,,

(1.24) ™(n) = inf {7 + In(7)}
TE
which coincides with the surface tension under an average of Gibbs measures:
. 1 Jw A _
(1.25) () = lim ——— logE <[¢7QN (DRN)} > A>0,n €S9

where RY = R v sn(S,n), as shown in Proposition Z2 The particular case A = 1 corresponds
to the usual notion of surface tension under the averaged measure (or annealed surface tension)
and we denote 7%(n) = 7*=!(n).

The asymptotics of 7% /A as A — 0 or +oo are given in Proposition EZ3 An important question
about the surface tension under the averaged Gibbs measure is whether the random media is able
to turn Jensen’s inequality

(1.26) ™ (n) < Mi(n)

into a strict inequality. A partial answer to this question is given in the next Section. Let us
explicit the connection between the strict inequality 7*(n) < A\7%(n) and the asymptotics of I,, on
the left of 79(n): the opposite of the slope of I, on the left of 77(n) is exactly

(1.27) an:sup{/\>0:7A(n):)\'rq(n)},

with the convention that sup () = 0.
Finally, as in the non-random case, the homogeneous extension of each of these notions of surface

tension 79, 7*, 7™ and 7™ are convex and continuous (Proposition Z7).

1.4. Low temperature asymptotics. The low temperature asymptotics of surface tension
permit to give a more precise insight into the properties of surface tension in random media. First
we need to introduce the concept of mazimal flow through the capacities .J, where J = (J¢)cecp(za)
is the family of random couplings introduced in the former section. Here we give only a brief
overview of maximal flows. The reader is invited to consult [33] B2] for a pedagogical introduction.
Recent results on maximal flows, including large deviations, can be found in [42, B9, &7].

We will use an analogy for describing maximal flows. Imagine a liquid which has to cross a
lattice made of tubes with limited capacity. Then, the maximal flow, in a given direction, is the
quantity of liquid that can flow through the lattice, per unit of surface.

Given a rectangular parallelepiped R as in (LIH) and I C E(7A€), we consider the event that w
is closed on I:

Zr={w.=0,Ve e I}.
We say that I is an interface for R if Z; C Dr and Ve € I, Zp (.} £Dg. In other words, I is
an interface for R if the disconnection on I is enough for disconnecting TR from 0~ R and if
there is no superfluous edge in I. This notion of interface corresponds to the geometrical notion
of interface if, to the edges of I we associate their dual d — 1 dimensional facets.

According to the max-flow min-cut Theorem [7], the maximum flow from 8~ R to TR by the
edges of capacities J. is also the flow through the interface of minimal capacity. We use this
characterization for our definition. Given a rectangular parallelepiped R = R, 1. u(S,n) as in
([CTH) we call Z(R) the set of interfaces for R and define the maximal flow in R, for a realization
J of the media, as

1
1.2 S =— inf -
2 R T 1 2

This quantity has the same properties as surface tension since it is as well sub-additive. In
particular, the maximal flow in Ro n,sn(S,n) converges in P-probability, upper deviations occur
at volume order and lower deviations occur at surface order HIl [15]. We will make use of the
following results:
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Theorem 1.10. There exists u(n) € [0,400), the mazimal flow for the distribution P in the
direction n € S, such that, for any 6 >0 and S € Sy,

M%IZO,N,JN(nas) e w(n) in P-probability.
1t is positive if and only if P(J. > 0) > p.(d). Furthermore,
(1.29) Ty < ()
and the inequality is strict when P(J, > J™) > p.(d).

The convergence of the maximal flow is a consequence of the sub-additivity. It is shown in [46]
that the maximal flow is 0 when P(J, > 0) < p.(d), while its positivity was established in [I3],
under the conjecture that the critical threshold for percolation and slab percolation do coincide,
proved later on in [26]. The inequality (C29) is easily obtained from the remark that minimal
interfaces have cardinal of order N~!||n|;. When P(J. > J™") > p.(d), for small £ > 0 there
is a percolating net of edges with values J, > J™® + ¢ [26, B8], which is responsible for the strict
inequality. See also Proposition 4.1 in [39].

It turns out that the maximal flow determines the asymptotics of the quenched value of surface
tension at low temperatures. Precisely, we show that:

Proposition 1.11. Let P be a product measure on [0,1]% such that P(J. > 0) = 1. Then, uniformly
over n € S471,
75(n)

(1.30) lim 5 = p(n).

Clearly, ([L30) also holds in the case P(J. > 0) < pc(d) since 73(n) < Bu(n) = 0 (cf. Lemma
B and Theorem [LIM). When P(J, > 0) > p.(d) a renormalization argument allows us to prove
that:

Proposition 1.12. Assume that P(J, > 0) > p.(d). Then,

q
(1.31) lim inf T";n)

> 0,
B——+oo

uniformly over n € S471,

On the other hand, the surface tension under the averaged Gibbs measure is asymptotically
determined by J™in:

Proposition 1.13. For all product measure P on [0,1]¢ and all X\ > 0, uniformly over n € S4~1,

A
. T3 (n)
(1.32) lim 3

= AJ™0| 7|
B—+o0
In the case J™® = 0 and P(J. > 0) = 1, an equivalent to TE‘ (n) is given in Proposition B2
These asymptotics have consequences on the shape of the crystals under both the quenched and
the averaged Gibbs measure (see Proposition below). They also immediately imply that the
inequality TE‘ (n) < A7§(n) is strict at low temperatures in a number of cases:

Corollary 1.14. Assume that P(J. > J™") > p.(d). Then, for any X\ > 0 there is 3 < oo such
that

(1.33) m3(n) <Ati(n), VneSTLVE> B

In particular if J™® = 0 and if there is still a phase transition (i.e. P(J. > 0) > p.(d)), then
the inequality is always strict at low temperatures.

One consequence of (L33 is the strict inequality Tgﬁ“ (n) < 75(n) under the same assumptions
than in the Corollary, as A\75"™(n) < Té\(n) (Proposition EZ3).

Let us conclude on a comparison with the directed polymer model in 1 + 1 dimensions: for the
latter model, it was proved recently [I7] that the Lyapunov exponent is positive at all 5 > 0, which
corresponds in our settings to the strict inequality Tg(n) = Té‘:l < Tg (n).
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1.5. Phase coexistence. We describe finally the phenomenon of phase coexistence in the dilute
Ising model. Phase coexistence occurs when both the plus and the minus phase are present at the
same time and occupy (distinct) regions of the domain. This phenomenon does not occur naturally
in the Ising model. One way of obtaining phase coexistence is by conditioning the measure u on
the event that the overall magnetization

1
(1.34) ma == >0
Al =

is smaller than m < mg. Under this conditional measure, we will show that the two phases do
coexist and that the minus phases occupies a fraction of the volume v such that (1 — 2v)mg = m.
Furthermore, the shape U of the region containing the minus phase is deterministic : if 7 is the
surface tension of the model, the observed shape minimizes the surface energy

FU) = /aU T(n)ds

under the volume constraint Vol(U) > v, and this implies that U is a translated of v*/?W where
W is the renormalized Wulff crystal associated to 7:

(1.35) W=XMzeR 2 -n<r(n),Vne s}

where A > 0 is chosen such that VolV) = 1.
Before we state our results, let us recall that A7 stands for the at-most-countable set of 3 at
which lower large deviations for surface tension are possible at less than surface order (Corollary

CI) and fJ. is the slab percolation threshold (CIA). Another important notation is
_ . : J,f . Jow
(1.36) Nf{BZO.ngnooE(I)AN #J\[lgnooEtl)AN}

the set of 8 such that infinite volume averaged FK measures are not unique. N is at most countable
(Theorem 2.3 in [A4]).

We denote by W2 (resp. W?*) the Wulff crystal associated with the surface tension 79 (resp.
) as in ([[34), and v = a? the fraction of the volume occupied by the minus phase. The Wulff
crystal aW of volume v fits into the unit box [0, 1] only if o diam., (W) < 1, where

diamy, (A) = sup ||z —ylle, ACRL
T, yeEA

Our first theorem concerns the cost of the lower large deviations for the magnetization. In the
sequel, Ay = {1,...,N}9,

Theorem 1.15. Assume 3 > (. with 8 ¢ N'. Then, for all 0 < o < 1/ diamae (W),

1 J+ [ A d . .
(1.37) N1 log iy 0 <m—gN <1-2«a ) e —FU(aW?) in P-probability.

Then we describe the geometry of the two phases. We consider a mesoscopic scale K € N* and
define the magnetization profile M as

Mg 0,14 — [-1,1]
1.38
( ) €z — % ZZEANﬁAi(m) Oz
where
) B Nuxq Nzxg s d
(1.39) z(m)—([K],,[K]) and A; =Ki+{1,...,K}“

Hence, unless x is too close to the border of [0,1]¢, Mg (x) is the magnetization in a block of
side-length K that contains Nz. Theorem 5.7 in [#4] provides a strong stochastic control on Mg
when G > ﬁc. In particular, when K is large enough, at every x the probability that Mg (x) is
close to either mg or —mg is close to one under the averaged measure Eui}j Hence Mg /mg
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describes the geometry of the phases in the Ising model: it is close to one on the plus phase region,
close to minus one on the minus phase region.
We need a few more notations. To U C R? Borel measurable, we associate the profile

1 ifx¢U

, d
(1.40) xv:z€R »—>{ 1 else

and denote by [|.|[r: the norm of the L'-space L' ([0,1]%;R). We also consider the set of vectors
2z such that the translate z + U fits into [0, 1]%:

(1.41) TU)={zeR*:2+U C[0,1]%}.

Our second theorem describes the geometrical structure of the two phases when they coexist:

Theorem 1.16. Assume that 3 > 3. and 3 ¢ N. For all 0 € a < 1/diame(W9) and € > 0, for
any K large enough one has

Mg

— — Xz4+aWsa
mg

MAN
<e

Lt mp

1.42 li YO inf
( ) Ngnoou N (zeTl(r;Wq)

<1—2ad):1

in P-probability (P-a.s. when 8 ¢ N7).

Note that, although we state our theorems for the Ising model, they could easily be adapted to
the Potts model with random interactions, or to random-cluster models, as the two fundamental
tools for the study of phase coexistence, the coarse graining [44] and the study of surface tension,
were developed in the more general setting of the random-cluster model (¢ > 1) with random
couplings.

The fact that we consider K large but finite is a slight improvement with respect to former
works. In general, one can take any K = Ky such that 1 < Ky < N because on the one hand,
M, is close to the local mean of Mg as Ky > 1, and this local mean is close to .+ because
the K n-blocks intersecting NO(z + aW) contribute to a negligible volume as Ky < N.

Let us conclude this paragraph on a first consequence of the presence of random couplings :
the limit shape of the droplet at low temperatures is smoother. In the case of the pure Ising
model, the Wulff crystal converges to the unit hypercube [+1/2]¢ as the temperature goes to zero.
Here, W1 converges to the Wulff crystal associated with the maximal flow g when P(J, > 0) =1
(Proposition B3). Little is known on the crystal W* associated to the maximal flow u. Yet, as
discussed in Section B4l an argument by Durrett and Liggett [21] shows that W* is not a square
when, for instance, d = 2,

P(J.=1/2)=p and P(J.=1)=1-p
with pe < p < 1, where p, is the critical threshold for oriented bond percolation.

1.6. Phase coexistence under averaged Gibbs measures. Now we consider the issue of phase
coexistence under averaged Gibbs measures, that is, when phase coexistence is imposed on both the
spin configuration and the random couplings. Before we go further, we would like to remark that
averaged Gibbs measures do not have the physical meaning of the quenched measure: in quenched
ferromagnets, the disorder is frozen and thus cannot be influenced by the spin configuration itself.
However, the analysis presented here gives an insight on the phenomenon of localization which can
occur in models with media randomness.

First we remark that the cost for phase coexistence is here determined by the surface tension
A
T(n):

Theorem 1.17. For all A > 0 and 0 < a < 1/ diam., (W),

A
(’u[J\; (mAN <1 —2ad)) ] — —.7-'”\(aW>‘).
mg

1
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The inequality 7 < A7? at low temperatures (Corollary [CT4)) implies that
]_—/\(WA) < ]:A(Wq) < )\]:q(WQ)’

in other words the cost for phase coexistence is strictly smaller under the averaged Gibbs measure
than under the quenched Gibbs measure. One can go further and analyze the cost for reducing
the cost for phase coexistence under averaged Gibbs measures: the functional

J(f) = ilil()){fA(WA) —Afrel0,00], fER

is the rate function for lower deviations of the cost for phase coexistence. If WM™ and F™? stand
respectively for the Wulff crystal and the surface energy associated to 7™, then J is infinite on
the left of F™(WW™in) finite on the right of ™ (W™min) and zero on the right of F4(WW4), and:

Corollary 1.18. For any f # F™B(W™) and a > 0 small enough,
<1- 2ad> > —adlf) = a7t T(f).

. 1 1 J,+ ma
h]{]n W lOg]P) <W lOg/j/AN ( m;]

Upper deviations for the cost of phase coexistence, on the other hand, happen at volume order
(cf. the proof of Proposition ELT4).
The shape of crystals under averaged Gibbs measures is as well determined by the surface tension
A
T(n):

Theorem 1.19. For any 0 < a < 1/diam., (W?*=!) and € > 0, for any K large enough one has

(1.44) lim (Euf)( inf M
N—o0 N z€T (aWr=1) || Mg

MA N
mg

<e€
Ll

— Xagawr=1 <1-— 2ad> =1
This result extends in fact to all A > 0, at the price however of heavier notations, because
E[(MX;‘()))‘] is not a measure when \ # 1:

Theorem 1.20. For any A > 0, any 0 < a < 1/diam. (W?*) and € > 0, for any K large enough
one has

m

A
ngeand nf:;V <1—2ad)) }

I+ (:
E |:(:U/A: (lnfzeT(aW)‘) H%—f; = Xz4aw>
lim

—00 m A
: o[ G -2 |

We conclude the summary of our results with a description of a phenomenon of localization.
First, let us characterize the typical value of the surface tension 73 under the averaged measure,
conditioned to phase coexistence. For any 8 > 0,\ > 0 and n € %!, this value stands between

(1.45) 47 (n) inf {7 >0:I(7) + A\ =71(n)}
(1.46) and #MF(n) = sup {r>20:L(r)+ = T’\(n)} .

=1.

The equality 7>~ (n) = #M*(n) holds whenever there is at most one 7 at which the slope of I,
equals A, that is, for all but at most countably many values of A > 0. Note also that the strict
inequality 7*(n) < Ar%(n) implies 7% (n) < 79(n). We also consider a similar quantity for the
quenched value of surface tension:

(1.47) 79(n) =inf {7 : I, (r) =0}

which coincides with 7%(n) for all n € S9! for all but at most countably many 3 > 0, see
Corollary [CI

Our last Theorem describes the value of the surface tension 77/ conditionally on the position of
the crystal: we prove that the typical value of surface tension is 79 outside the boundary of the
crystal, while on the boundary it is reduced to #*. When 7*(n) < A\7%(n) for some n € S?~!, the
location of the Wulff crystal under averaged Gibbs measures is thus determined by the realization
of the media: the boundary of the crystal coincides with the place where surface tension is reduced.
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Theorem 1.21. Let A > 0,0 < a < 1/diamoo(W/\) and z € T(aW?). Consider h,d,v > 0 and a
parallelepiped rectangle R = Ry psn(n,S) C (0,1)? as in (LI3). Call RN = NR + 2n(R) where
2n(R) € (=1/2,1/2]% is chosen such that the center of RN belongs to Z¢. For e > 0 small enough
and K large enough,
A
<<))]

)]

E {(,uf\: (TéN € A and ‘ S

Nlm
— 00
2 [t (2 v,

when

i. RNz+adW* =0 and A= [F(n) —7,79(n) + 1]
1. or x € z + a@WA n is the outer local normal to z + aW?> at x, h is small enough and

A= [tM"(n) —~, 70T (n) +7].

1.7. Acknowledgments. During the elaboration of this work I enjoyed numerous stimulating
discussions with Thierry Bodineau. Most of the results presented here were obtained during a
PhD Thesis at Université Paris Diderot [E5]. T am also grateful to Marie Theret and Raphaél
Rossignol for useful and pleasant discussion about maximal flows and concentration.

2. SURFACE TENSION

As announced in the former Section, surface tension is a fundamental tool for understanding
the mechanism of phase coexistence. It quantifies the free energy per surface unit of an interface
separating the plus and minus phases in the dilute Ising model. In this Section, we prove the
convergence of surface tension in dilute models and study its large deviations.

2.1. Sub-additivity and convergence. In many aspects the surface tension for the dilute Ising
model is similar to the one of the Ising model with deterministic couplings. It has the crucial
property of being sub-additive, as in the uniform case [36]: this is shown in Theorem EIl below.
We present here the proof of Proposition [L2 Theorem Bl and finally Theorem We also
explain why surface tension is positive under the assumption that 8 > 3, (Proposition [CH).
Proof (Proposition[[J). The surface tension 73 is a non-decreasing function of J and 3 because
Dr is a decreasing event while the measure @5]2 stochastically increases with p = 1 — exp(—3J.).

Now we consider H' > H and call R = R, 1 u(S,n) and R' = Ry 1 g(S,n). In view of the
DLR equation and of the monotonicity of <I>'7]2’7r along 7, the measure @}]éfu restricted to E(R) is
stochastically smaller than <I>3]2’w. On the other hand, it is clear that Dz C D, and because Dx
is a decreasing event we conclude that

5" (Dr) < 25 (Dr) < @52 (Dr/),

which shows that TR is a non-increasing function of H.

It is clear from the definition that Tm‘“ > 0. The inequality 73 min T;é < 7R is a consequence
of the monotony in J. We conclude Wlth the upper bound on T;?ax Because of the monotony in H
we can take H = 2v/d (which ensures that disconnection is still possible). We have: TR < TR
where R’ = Rz, L2 \/3(8 ,n). It is enough to close all the edges of R’ to realize the disconnection in

R’. The DLR equation, combined with the monotonicity of CD'{]:}HX’W along the boundary condition
7 yields:

o “ max | E(R)|
TR < — 27— log H <I> ({we =0}) = g™ T
eEE(R’)
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Finally, |E(7/€\’)| is not larger than 2d times the cardinal of R/, which is itself not larger than the
volume of V =, % (z +[0,1]%) C Ry ;1 sva3va(S,n). Consequently,

(L n 2\/8) 6V
a1

Jmax

Trr < BJT x 2d x

< BIR 5 6 x 29432,
0

Now we address the issue of sub-additivity. It is a fundamental tool not only for proving the
convergence of surface tension, but also for establishing the large deviations principles in the next
Section.

Theorem 2.1. Consider n € S% 1, 8,8 C S, and H,l > 2Vd, L > 4Vdl. Let R =
ROLHJF\/E/Q(S, n). There is a collection (R;)iec of rectangular parallelepipeds R; = R, 1,u(S’,n)
that are disjoint subsets of R, centered at z; € 72, with

(2.1) e (Lo (L d71|C|<1
' “\TTT)S\L S

such that, for any J : E(R) — [0,1]:

1 l 1
2.2 7<= J — 4=
( ) ™ |C|i€ZCTRi+6Cd<L+l)

where cq < 00 is a constant that depends on d only.

Let us make a few comments on this Theorem. First, a key feature of the sub-additivity as
formulated in Theorem BTl is the independence of the Tiéi under P since the R; are disjoint. Note
that as well, the 7'7{1_ have the same law as the R; are all centered at lattice points. Three error
terms appear in Theorem EZIl Their origins are as follows (see also Figure Bl):

i. the term ¢4/l stands for the cost of disconnection in the middle section of R between adjacent
Riv
ii. the term Beyl/L represents the cost of disconnection in the area not covered by the R;
iii. and the increase of H by v/d /2 for R with respect to the R; is a consequence of the requirement
that the R; be all centered at lattice points.
The last error term could be avoided for rational directions m € S?~1, yet (as the two others) it
will soon disappear when we take the limit H — oo.

{LKS , 0\\

R, Lﬂ*m

FIGURE 3. The rectangular parallelepiped R and the collection (R;);cc in Theorem 1
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The reader will notice that the use of the FK representation permits to give a relatively short
proof of Theorem Tl
Proof (Theorem PZT]). We begin with the definition of z; and C. We call (e} )r=1..q—1 the edges
of 8" and €/, = m, so that (e},)x—=1...4 is an orthonormal basis of R%. For all i = (i)g=1...4—1 € Z%~!
we define z; as the unique point of Z¢ such that

d—1 o 1 1\¢
(l + \/g) ;zkek €z + [5, 5)
and call
C={iez"":R;C R}
letting
R = R01L1H+\/3/2(8,n> and Rz = RZi,l’H(S',n).

We proceed with the proof of ) first. We call H,, the hyperplane of R? orthogonal to n that
contains 0 and remark that the orthogonal projections of z; + 1S’ (for all i € C) on H,, are disjoint
and all included in LS. Hence their total surface |C|I¢~1 does not exceed the surface of LS, namely
L1, and the upper bound in () follows. Reusing the previous notations we call

d—1
zi = (l + \/&) Zikeﬁc, Vie 741
k=1
so that z, € H,,. We consider then
C’:{ieZd”:z{-—i—(l—i—\/ﬁ)S’CLS}.

In view of the inequality d(z;, z)) < v/d/2 it follows that z; + 1S’ C R, for all i € C’, hence C’ C C.
On the other hand, for any i € Z4~! such that 2/ + (I + vd)S' N (L — 2v/d(l + Vd))S # 0 we have

i € C’', hence
d—1
L—2
< x/E(l+\/8)> <iel<c

14+ Vd

> (asad)”

\/E ! d—1
<1 - 2\/&Z>

and

WV

l
1(d1)<\/a+2\/3%>

WV

0
which yields the lower bound for ([Z1I). We pass now to the proof of (2) and call

£= {e e ER)\ |J E(R:) : d(e, Hn) < @}

ieC
where d(e, Hy,) stands for the shortest distance between one extremity of e and H,,. The inclusion

<ﬂ D&) [({we =0,Ve € £} C Dy

ieC
holds: consider w that belongs to the left-hand side and let ¢ an w-open path issued from ITR.

Every times c enters some Ri by the upper boundary 8*7@, it also exits by the same upper boundary
since w € sz_. As ¢ cannot use the edges of £ it is not able to cross the middle hyperplane H,,

elsewhere than in the R;, and in particular it cannot reach O~ R. Since the Dy, as well as the
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{we. = 0} are decreasing events, the DLR equations and the monotonicity along the boundary
condition for ®/ imply that

o2(Dr) = [ 9%V (D) x [] 205 {we = 0})

ie€C ecé
(2.3) > J[®x"(Dr.) x exp (—BIE])
ieC

as <I>J ({we =0} =1-p. =exp(—BJ.) > exp(—3). We proceed then with an estimate over the

cardlnahty of & we call F' = {:I: €74 3y, {x,y} € 5} the set of extremities of some e € £ and
remark that |£] < d Vol (V) where V = J,crz +[0,1]%. We have

V C R07L+2\/3,3\/3/2(San) while V' N Rzi,l—2\/3,oo(8/7n) =0, ViecC,

hence

1< S0 () e -2vi) ) < (L4

in view of the lower bound in (I]). Taking logarithms in @3) and dividing by —L¢~! we obtain

the inequality
d—1
L < i ZTJ + cqf3 iwLl
RSA\L R A

ieC
and (Z2) follows from the upper bound in (Z1I).

We conclude with a word on the structure of the sequence (Tjéi)iec. The R; are disjoint by
construction, hence so are the edge sets £ (7%1), hence the 77{1_ are independent. They are identically
distributed as the R; are all centered at lattice points, P being translation invariant as a product
measure. O

Now we establish the convergence for surface tension and prove Theorem [[3l The proof of this
Theorem is based on the sub-additivity of surface tension. We do not apply directly Kingman’s
sub-additive Theorem [34] as we want to show that 7¢ does not depend on S, nor on é.

Proof Taking the expectation E in the sub-additivity inequality [Z2) we get

l 1
J J
ETROvaHJr\/E/Z(‘Sv") S ETRo,z,H(‘S",n) + Bca (E + 7) .

Applying limsup;_, .., then liminf; .., and taking the decreasing limit in H we obtain

Jm TS BT, sy S Jim B inf BT, s

which proves that

(2.4) 74 (n) = lim hmmfIETR (S = im hmsupETR L (Sm)

—oo L—oo H—oo 1,00

exists and does not depend on S € S,,.
We prove now the convergence 733 — 7%(n) in P-probability, where RN = R n sn (S, n). The

sub-additivity Z2) yields: for any § > 0 and N 1arge enough,

< L 1
TRN = RoNH+f/2(S n) S |C| ZC =L, H + Bea N T
1€

Taking limsupy_, ., and applying the strong law of large numbers give:

' Bea
lim sup T7J3N < ]ET%U,L,H(Svn) +

P-a.s.
N—oo L

and after liminf;_,, and limy_. ., we see that, for all S € S,, and § > 0,

2.5 limsup7iny < 74(n) P-as.
R

N—o0
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On the other hand, the sub-additivity [Z2) is also responsible for the convergence of IET% ~: remark
that

N 1
J
ETRO Lsngvap(Sm) S < Erpn + fea (L + N) )

hence limsup;, _, . followed by liminfy_. . give:

(2.6) Ti(n) < 1}\I]Ii>iglof ET%N.

Together with [£3) and (EZH), the boundedness of 73y ensures the convergence in probability. [

Let us sketch now a proof of Proposition [[3, namely that the quenched surface tension 77(n)
is positive for any 3 > BC: thanks to the renormalization argument of [44], one can compare the
surface tension 7% = 7*=! under the averaged Gibbs measure to the surface tension of high density
site percolation, which is positive. The claim follows as 7¢ > 7% by Jensen’s inequality.

2.2. Upper large deviations. Due to the presence of the random couplings, surface tension can
fluctuate around its typical value. The sub-additivity permits to study the order of the cost of
large deviations. First, we examine upper deviations and prove Theorem [L4 The proof is based
on the following argument: we split Ro n,sn(S,n) into ¢N rectangular parallelepipeds R; with
finite height H. In order to increase T7J20,N,5N( s,m) ONC has to increase surface tension in each R;,

but the cost of increasing one Téi is already of surface order by sub-additivity.

Proof (Theorem[[dl). As a first step towards the proof we estimate the cost for upper deviations
of surface tension in a rectangular parallelepiped of fixed height, using the sub-additivity of 7.
From the definition of 7%(n) at {Z3) it follows that for any H large enough,

. J 13
thsup ]ETRU,L,H(S,n) <7in) + r

Given such an H we fix [ large enough such that ETR i (Sm) S 74(n) 4+ ¢/3 and c48/1 < €/4,
where ¢g refers to the constant in the sub-additivity equatlon With the notations of Theorem Bl
we have:

J
(2.7) 7'720LH+\f/2 |C|; R., LH(Sn)+ +ﬁcd

and the T%zi,l,H(Svn) are i.i.d. variables of mean not larger than 77(n) + /3. Hence, Cramér’s
Theorem tells that

<|C|Z TR., 1 n(sm) = T (1) + E) < exp(—¢|C|)

ieC
for some ¢ > 0. Reporting in (Z7) proves that for any & > 0, for any H large enough:
1
(2.8) h?ljolip Ta1 log P (TRO pn(Sm) = THM) + 5) <0

— that is, the cost for increasing T7'£0 L H(Sm) is of surface order. We fix such an H and decompose
now the rectangular parallelepiped R = Ro n,sn5(S,n) in the direction n. Precisely, we let

d
T =2 <H+ %) in, YieZ and R;=TR- N1H+\/g/2(5,n)-

T,

We call G the set of i € Z such that R; € R and consider, for all i € G, ; the point of Z¢ such
that #; € z; + [~1/2,1/2)? and let

Ri = Rmi,Nf\/E,H(S’ n)



18 MARC WOUTS

The rectangular parallelepipeds R; are disjoint subsets of R = Ro,n,sn(S,n), all centered at

lattice points. Furthermore, if we call £,4 the set of edges in E(R) with one extremity at distance
at most v/d from the lateral boundary of R, we have:

wE UDRi and w, =0,Ve€ &y = w € Dxi.
1€G
Hence the DLR equation yields:
‘I)%Ig’w (Dr) = I;fleagx @fz’w (we =0,Ve € &1y and w € Dg,)
> e A8l x max @Y (w € Dg,) .
1€G ‘
As [Elat| < cad N9~ we conclude finally to the inequality

(2.9) < cd55+m15177‘é_.
1€ ’

Inequality @) states that in order to increase significantly 7, one must increase each 77 . Yet,
the cost for increasing one of the 7'7{1_ is of surface order (), and the 7'7{1_ are independent variables.
Hence for any ¢ > 0 such that cgd3 < e,
. 1
lim sup Na logP (T7J20,N,5N($,n) >79(n) + 25) < 0.
N—o00

As Té (Sm) decreases with d, the claim follows for arbitrary § > 0. O
0,N,6 N s

2.3. Lower large deviations. Contrary to upper deviations, lower large deviations occur at
surface order. Here we consider the rate function I, for lower large deviations. The fact that
deviations occur at the same order as the disconnecting event defining surface tension is responsible
for the distinct behavior of surface tension under quenched and averaged measures. Explicit bounds
on the rate function I,, will be derived in Sections E20 and EZ6l
Proof We begin with the definition of the rate function Ir in a rectangular parallelepiped
R = Ro,r,u(S,n) as the surface cost for reducing 77{ to 7:
1 J

Ig (1) = = log P (77'{ < 7‘) .
According to Proposition L2 Iz, , , (s.n) (T) is a non-increasing function of 7 and H. Hence the
limit
(2.10) I(s.n) (1) = lim inflimsup Ix, , ,(sn) (T +€) € [0, 00]

e—0t H L T

exists — we introduce the parameter € > 0 in order to compensate for the error terms in Z2). It is
clearly a non-increasing function of 7. We prove now that it is also convex in 7 and that it does not
depend on § € Sp: let 8’ €Sy, € > 0 and v € [0,1]. Using the notations R =Ry, 1 5. /q/2(S,n),
Ri =R, 1.u(S,n) and C of the sub-additivity Theorem (Theorem EZTI), we have
1 2
VP PR G L1
TRE T +—7" +te+Pea| -+

R X |C| |C| ﬁ d L I

if C! LI C? is a partition of C such that
! if i € C!
_ J < T +¢e U1

(2.11) R S\ 2 4e ifiec?

The probability for realizing condition (ZI1l) equals
exp (7|Cl|ld_1IR0’l,H(S’,n) (7'1 —+ E) — |62|ld_1IRg,L,H(S’,n) (T2 + E))
and letting |C!|/|C| — « and L — oo we see that

0,L,H+\/E/2(37”1) (aTl + (1 - O‘>7_2 + 2+ 6Cd/l) <
alr,, y(s'm) (TH+€) + (1= )Ry, ystm) (T2 +2).

(2.12) limsup; Ir
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Taking the superior limit in [, then the limit in H, then £ — 0" we obtain
I(S,n) (047'1 + (1 — CY)TQ) < aI(S’,n) (Tl) + (1 — a)I(Sfﬁn) (7‘2)

which proves both the independence of I(s ) with respect to S (take a = 1) and the convexity
along 7. We let now I, = I(s ) and postpone the proof of (LIY) for a while. The continuity of
I, on the interior of the domain of finiteness of I,, is a consequence of its convexity. Hence we
examine the domain of finiteness of I,. Let first 7 < 7™ (n). If ¢ > 0 is small enough, the event
TéO,L,H(sﬂl) < 7+ ¢ < 7M1 (n) has a probability zero and consequently, I,,(7) = +o0o. The second

easy regime is 7 > 79(n): from Proposition [[4 we infer that limyz,_, o P(Téo pmsm STHE) =1

provided that H is large enough and this implies I,,(7) = 0. If at last 7 > 7™%(n), there is H
such that

min

. J

thsup TRoL.1(Sm) < T
We will prove that, for § > 0 small enough we still have:
(2.13) limLsup T7J20,L,-;6(S,n) < T.

If we let R = Ro,r,m(S,n) and differentiate along ¢, we obtain

aT’}éminJr(; B Z 87-7%
85 N aJe J_Jmin+6
c€E(R) =
yet, Z2Z2) and Proposition 28 indicate that for any J € 7,
L=t or]
B oJ.

min Fy

min 4 g T
Ro,r,z(Sm)’

As a consequence, TR‘ is a ¢qBH-Lipschitz function of §. The same is true for lim sup;,

thus ([ZT3)) holds true for 6 > 0 small enough. Now we write, for any L large enough:

1
IRO,L,H(S,n) (T) = 7Ld_1 log P (T%OYL,H(S,n) < T)
1 min b
<~ logP (Je <amm 40, Vee B (Roru(S.m)))
< cgH x (—logP(J, € [J™® Jmin 1 §]))
which is finite thanks to the definition of J™®. This ends the proof that I,(r) < oo, for any
T > 7 (p),

We address at last the convergence (LIH). The inequality I'r, \ ;x(S.m) (7) < IRg y g (Sm) (T)
when N§ > H yields an upper bound on the superior limit:

limj\fup IRy nosn(Sm) (T) < i%f limLsup IRo 1 1(8m) (T) < In(77) = In(T)

for all 7 > 7™%(n), thanks to the continuity of I,,. For the lower bound we use the sub-additivity
of surface tension. Applying I2) with o = 1,1 = N, H = ¢N yields: for any ¢ > 0 and N large
enough,

lim sup I ) (T4 36) < Irg y sw(sm) (T+E)
L

0,L,6N+\/3/2(S’n
and replacing 7 + € with 7, we obtain after the limits N — oo and ¢ — 0" the lower bound

I.(7) < 1imNinf IR nosn(Sim) (), VreR.
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2.4. Surface tension under averaged Gibbs measures. The rate function [,, can be analyzed
through a dual quantity: the surface tension under the averaged Gibbs measure defined at ([CZ).
The duality of Fenchel-Legendre transforms for convex functions (Lemma 4.5.8 in [I8]) implies
that \ — 7*(n) is concave and that
(2.14) I, (1) = sup{7*(n) — A7}.

A>0
As we said at (CZH), 7 (n) can be interpreted as the surface tension under an average of <I)'7]2’w.
Indeed, if we let

(2.15) ™

1 w A 1 _
~ a7 logE ({@{é (DR)} ) =~ a7 logE (exp (AL 7))

for any rectangular parallelepiped R of side-length L as in ((CIH), then Varadhan’s Lemma yields:

Proposition 2.2. For any A > 0 and n € S, for any sequence of rectangular parallelepipeds
RN =Ronsn(S,n) with§ >0 and S € Sy, the quantity T%N converges to 7 (n):

(2.16) 1i]{]nT7A2N =7(n).
Thus, the limit does not depend on § > 0 nor on S € S,,.

We defined at (CZZ) the value 72(n) of the surface tension at which I, (7) becomes zero. Below
are some immediate consequences of the definition of 7*(n) at (CZ) together with (ZIH), which
allow to sketch the graph of A — 7*(n) on Figure B

Proposition 2.3. The following inequalities hold:

(2.17) MM () < M (n) < AFY(n), YneSTLA>0
while:
A A
(2.18) 0 i) ana T pmingy) oy e gi-1

A a0t A Ao+too
Hence, 7*(n) is positive if and only if ¥(n) > 0. Furthermore:

A .
(2.19) T (n) N Tli%l+ I, (1) € [0, 00].

FIGURE 4. The graph of A — 7*(n) in the case of dilution (7™ = 0 and I,,(0) <
o0, left) and distributions with 7™® > 0 (right).

Another important yet classical fact is the convezity of surface tension [36]. The proposition
below is a consequence of the weak triangle inequality for 7 (see [36] or [I0] for the uniform case,
or Appendix 2.5.2 in H5)]).

Proposition 2.4. Let f2 be the homogeneous extension of ¢ to R%, namely:
x|t (z/||x if z € R\ {0
ity = { PP EED i B}

ifx =0,

and let f* (resp. f1) be the homogeneous extension of ™ (resp. 7%) to R%. Then, f4, f* and f4
are convex and 79, 7 and 79 are continuous on S,
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2.5. Concentration at low temperatures. In this Section and the next one we establish
respectively Theorems [ and In both cases we use concentration of measure theory, which
is a very efficient tool for analyzing the fluctuations of product measures. In the case of polymers
or even spin glasses it yields relevant bounds on the probabilities of deviations, see [35] for a
review. Concerning the Ising (or random-cluster) model with random couplings, its application
to the deviations of surface tension requires a control over the surface of the interface, and this is
the point where the proofs of Theorems [ and differ: at low temperatures one can control
rather easily the length of the interface, while under the only assumptions of Theorem [C¥ the same
control is not immediate.

The surface tension 7*(n) under averaged Gibbs measure plays an important role here, as well
as the modified measure E) defined at ([ZZ5) below. We will obtain lower bounds on 7*(n), which
correspond to lower bounds on I, (7) by EI4).

Rather than making the assumption that the product measure P satisfies a logarithmic Sobolev
inequality as in [5]', we use general bounds on product measure (Corollary 5.8 in [35]). The
author thanks Raphaél Rossignol for pointing out this improvement. The proof of Theorem [ is
made of four steps, the first three being common with the proof of Theorem

The first step consists in relating the derivative of the surface tension 7 (n) in a rectangular
parallelepiped R as in ([CIH), with a basis of side-length L, to the entropy of the positive function
exp(f) where

fr=—=AL
We recall that the entropy of a positive measurable function f with E(flog(1+ f)) < oo is
(2.20) Entp(f) = E(flog f) — E(f)log E(f).

With these notations, it is immediate that:

Lemma 2.5. For any A > 0,

(2.21)

_ﬁ(ﬁ) _ 1 Ente(exp(fn))
OX A N2LA-1 E (exp (fr))

As a second step we study the quantity
d-19.J
g_L 87’71.
¢ B 0Je
The proposition below provides an interpretation of a/ as the probability that the disconnecting

interface due to the event Dg passes through the edge e. We prove also, and this is crucial for our
construction, that the actual value of J, does not influence too much that of a!:

(2.22) a

Proposition 2.6. For any e, a/ is a C* function of the Jo.. For any J € [0, 1]E(Zd), one has

1
(2.23) af = (PR" (we) ~ 5" (welPR)) o S >0
together with the following inequalities:
(2.24) 0< a;{ <1 and sup a;{ <eé? i}lf a'g.
Je e

The controls (Z24)), together with Corollary 5.8 in [35], permit to establish the third step. Given
a rectangular parallelepiped R as in ([IH) and A > 0, we introduce the probability measure Py
that to any bounded measurable h : J — h(J) € R gives expectation

exp (—)\Ld’lﬁé)
E exp (—)\Ld_lez) '

(2.25) Ey(h(J)) =E <h(J)

1Usual measures such as dilution P(Je € {0,1}) = 1, or J. with positive density on [0,1] do satisfy a logarithmic
Sobolev inequality, cf. [35] or Theorems 4.2, 6.6 and Section 6.3 in [12].
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Proposition 2.7. Denote mp = E(J.). For any A > 0, we have both

Entp(exp(f,\)) < 2 ﬁ2eﬁ(1+)‘) E, (ZeeE(ﬁ) ag)

E(exp(fa) 4 L1l

(2.26)

The second majoration leads to Theorem [[§ while the first one yields Theorem [] after a last
step: using Peierls’ argument we show that, in the Ising model (¢ = 2) with couplings J. > & > 0,
the length of the interface is of order N¢~1.

Proposition 2.8. Let ¢ = 2 and ¢ > 0. There ezists cq < oo such that, for 3 large enough, for
R =RYN =Ronsn(S,n) with § € (0,1), for any realization J of the random couplings such that
Je =2 € and N large enough,

Cd nrd—1
2.27 al < SN
227 > < &

ecE(RN)
We give now the proofs of all the propositions, followed by that of Theorem [

Proof (Proposition ZZH). The fact that a/ is a C> function of J.s is a consequence of the same
property for 73, the quantity @féw (Dr) being always positive. We introduce next a few notations:
we let

(2.28) wi (W) = H <1pi—ep> ¢“r ™) and Z%(A):Zw%(w)
c€E(R) ¢ weA

for any w € Q) and A C Qp 5, see @) for the definition of C* . (w). For all J with J, > 0,

E(R)
we have
dlog w (w) —ﬁ&
0Je U pe
and as a consequence, for all J with J, > 0,
19 Z% (D
al = —= og M
p o ZR(QEU%))
1 w w
- (9% (we) — 5" (we|DR) ) -

Under this formulation, the FKG inequality and the bound <I>'7]2’w (we) < pe imply that 0 < af <1
for any J € J with J. > 0, and the inequality extends by continuity to the whole of 7. We now
calculate the derivative of ag along J, for J. > 0 and obtain, as

0 |R" (WA | _ 8 5" (welA) @Y (welA)?
9Je De Pe p? ’
that, for any J € J with J, > 0,

(st 4]

(9]6 - pe pe

This implies in particular that

da?
0Je
<ef inf 7, cjo,1] al follows. O

< fal

and the comparison sup ; (o 1) al

Proof (PropositionZ). According to Corollary 5.8 in [B5] and to the Mean Value Theorem, we
have

2
E ((SUPJee[o,u 3—’}2) eXP(SUPJee[O,u f/\))
E (exp (fx))

Entp(exp(fa)) 1
Eew(f)) S 4 2

e€E(R)
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It is clear that
O

0Je
On the other hand, Proposition Zf yields

= —\3a.

sup (a/)? < sup af <ef inf af

J.€[0,1] J.€[0,1] Je€[0,1]
and
sup exp(fa) < ePrinf exp(fa),
Je€[0,1] J.€[0,1]
hence
Entp(exp(f,\)) < /\262@ﬁ(1+)\) Z B ( i a'] « ianee[O,l] exp(f)\)>
E (exp (f))) 4 Je€l0,1] ¢ E (exp (f2))

e€E(R)
and the first bound follows. For the second one, remark that as we take infimums over J, we in
fact obtain a quantity that is independent of J,. Thus

Entp(exp(fa)) < 232801420 Z E ( Je f g " inf 7 cjo,1) exp(fA))
E (exp (1)) 4 . \mp Je€f0.1] E (exp (f1))
e€E(R)
)\2626B(1+)\) ;
o AP .
NS 4m[p> E,\ ZA Jeae
e€E(R)
which ends the proof as
197 1 J
R E
T patEs | D e
e€E(R)
([l
Proof (Proposition Z¥). As R = Ry = Ro,n,sn(S,n) is centered at the origin, we consider
Z}g = {O’ZZd — {1} :0, = 1,Vm¢7€\57€}
+ . L d . o 1 ifz-n 2 0 S S
Xz = {O’.Z H{:I:l}.oz{_l olse Ve ¢ R\ OR

the set of spin configurations on R with plus or mixed boundary conditions. The correspondence
between the random-cluster representation (with ¢ = 2) and Ising model gives

1 7+
77% = ——log =&~
Nd-1 Z}éi

J+ g
5 = Z exp ) Z A Je00y
cext e={z,y}eE(R)
and Z5F = Z exp ﬁ Z Jeo0
R 2 X Yy ’
GEE% e={z,y}€E(R)
leading thus to
(2:29) al = M%]iJr(Uﬂcay) - N{éi(‘fﬂcay)a Ve ={z,y} € E(ﬁ')

where ,uféi is the Ising model on R with mixed boundary condition (plus on 8“‘7@, minus on 6_7@).
We consider now an interface I for R as in Section [[2l We recall that it is a minimal set of edges
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such that connections from 8*R to &~ R through E(7A€) \ I are impossible. We consider I the
upper part of the interface I:

IT={z:3yeZ:{z,y} el and z o Rin E(R)\ I}

and define symmetrically the set I~. We call then Sy the event that I is the spin interface between
OTR and O~ R under the measure ;L'{z’i:

_ +
S[{U€E7iz: o(@) =+1,vz €I }

olx)=-1,Ve eI~

Conditionally on Sy, the restriction of u;léi to the upper (resp. lower) parts of R equals the Ising
measure with uniform plus (resp. minus) boundary condition. Hence, for any {z,y} ¢ I we have

J,+ J,
(2.30) pR (020y|S1) 2 MR+(UzUy)7
and consequently

(2.31) Sooal < > RS x 2/l

e€E(R) I interface

Thus it remains only to bound the average interface length, in the Ising sense, under u}gi. We
remark that u'{z’i (Sr) can also be written as

Z7]2<FI exp (fﬂ D eer Je)

I+
pR(S1) = JE
ZR

where Z;;TI stands for the partition function associated to the set of configurations with plus

boundary condition on I, I~ and on OR. Thanks to the assumption J. > € and to the remarks
that

J,+ J,+
NI

and Zféi > ZEtexp (—B|877A€|) )
we have
ppt(Sr) < exp (—Be|l] + BeaN ")

as 0 < 1. We conclude with a Peierls estimate and bound the number of interfaces of cardinal
n = 2cgN91/e by (cq)":

2cqNa-1 d—1
J < LCdiY n —PBen+pPBcqgN
Yoo < BT
e€E(R) n>2cqNd—1/e

The second term goes to 0 with N — oo for 3 large enough. O
Proof (Theorem [L7). The combination of Lemma ZH Propositions B and implies that in
the setting of Theorem [,

NG AN

ON \U A 4 Jmin
for 3 large enough, R = RY = Ro nsn(S,m), § € (0,1) and N large enough. Integrating over A
we obtain, as limy g+ 7 /A = E73, the inequality
2 B(1+N)
A > A\E J _ >\2cdﬂ‘37.
™ ™R 4 Jmin
Letting N — oo gives
) cdﬁ2eﬁ(1+/\)
4Jmin
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and the duality formula ([ZT4) yields the claim with ¢ = cqJ™® /(32 exp(243)), for large enough 3.
0

2.6. Concentration in a general setting. We give now the proof of Theorem [C8 which is
based on Herbst’s argument, together with the controls of Lemma EZH and Proposition Bl We
will then give the proof of Corollary [CA

First we give an immediate consequence of the duality formula (ZI4):

Lemma 2.9. Assume that
™ (n) — A\t(n)

(2.32) lim sup 5 > —c for some c € [0, 0].
A—0+ A
Then,
. In(r?(n) —7r) _ 1
(2.33) limsup =50 > - € [0, 0.

Proof (Theorem [[H). Given § > 0 and S € Sy, we denote RY the rectangular parallelepiped
RN = Ro,n,sn(n,S) and introduce

1 [ OrAn dN
P.B3 _1 . . . - RN “an
K, 1&%5&“}?3?; )\/0 a5 N € [0, 0]
In view of Theorem and Proposition we have
™ (n) = Ari(n) = lim 7py — AE7gy

A N
_ . a TRN /
- NIE%OA/O W( X )d’\

as ET%N = limy_ o+ T%N/)\ for any N finite. Lemma B8 and Proposition X7 yield, for any ¢ > 0:

A — A4 2,6(1+¢) 1 [ ory dN
lim sup M > —L liminf liminf — RY A
A—0+ A2 dmp  A—0t N—oo A Jy OB N
62eﬁ(1+€)
= L KEA

4m[p=
and an immediate application of Lemma 2 gives, after the limit ¢ — 0, the lower bound:

Ign(ti(n) —r
(2.34) lim sup pun ﬁ(2 ) ) > mPPB.
r—0+t r ﬂzeﬂKﬁ
The lower bound is positive when KE# < co. In order to show that this is the case for Lebesgue
almost all 3, we evaluate the integral of KL% on some interval [3;, 32]. For any § > 0 and S € S,
Fatou’s Lemma and Fubini Theorem imply that
B

B2 GT%IN d}\/
B N

61 A—0t N—oo )

2 1 A
KE’BdB < liminfliminf—//
Ao Jg

A

N N

1 T -7

= liminfliminf—/ B2 Ry PLRN gy
A—0+ N—oo 0 N

The convergence as N — oo is uniformly dominated (by Jensen’s inequality and Proposition [[2
0< 7'7/\2N < Acgf3) hence we finally obtain

ﬁZ 1 A 7-)\/ n _TA/ n

KEPdB < liminf < / T5,(m) ~75,(n) , AN
ﬁl )\4>0Jr 0 )\

(2.35) = 75,(n) =75 (n).

in view of ([ZIX). In particular, KE# is finite for Lebesgue almost all 3 > 0. O

N
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We would like to make a remark on K-, In view of Corollarym for Lebesgue almost every
B1, B2 with B1 < B2 one can replace 74, (n)f | (n) in @33) with 75, (n)—7§ (n). As a consequence,
whenever Tg(n) is derivable on some interval KEAB < 87’5( )/ 03 for Lebesgue almost every /3 in

that interval.
Proof (Corollary [[d). We denote by

() = lim 7 (n)

the left limit of 7§(n). For any 7 € R, 8+ I,(7) is non-decreasing hence 7§(n) (defined at ((LZD))

does not decrease with 3. According to Theorem [LR, 7§(n) coincides with Tﬁ( n) for almost all 3,
hence

75-(n) < 75(n) < 75(n),VB >0
hence the left continuity of 75(n) at a particular 8 implies that 75(n) = 75(n), in other words

that lower deviations are (at least) of surface order. This is the first part of the claim. Now we
consider

{ﬁeR* In € 51l (n) £ in )}
and prove that D is at most countable. The homogeneous extension of Tg, (n) to R? is convex as
the pointwise limit of the f3__, hence Tg, (n) is a continuous function of n € S9~1. Consequently,
for any dense sequence (1, )nen in S971, we have
D C U {BER+ G(nn) # 74 (nn)}
neN
which is at most countable. g

3. LOW TEMPERATURES ASYMPTOTICS

Here we study the low temperature asymptotics of surface tension and prove the results presented
in Section [L4l We begin with upper bounds on surface tension which hold in all generality, and
then establish lower bounds with the help of Peierls arguments.

3.1. Upper bounds on surface tension. Relevant upper bounds on surface tension are easily
established:

Lemma 3.1. Let P be a product measure P on [0,1]%, n € S¥=! and A\ > 0. Then,
(3.1) M) < Buln)
1
2 d 73 < log ————
(32) ond T)m) <l xdog g
Proof We begin with the proof of [BIl) and consider a rectangular parallelepiped R. With the
notations of Section [[4 for all interface I € Z(R), the DLR equation yields

%Y (Dr) = 5" (Z1) H@ e =0) —eXp( ﬁZJ)

ecl ecl

and consequently Tﬂ r < Bk, which implies (&) taking R = RY = Ro n,sn(S,n) and N — co.
Similarly, in view of the definition (ZIH) we have

1 w A
R < —FlogE (H <I>{J’e} (we =0) )

ecl
< |11 log !
= Ld-1T° Eexp (—A\BJ.)
which yields ([B2) if we choose for I the interface of smallest cardinal in Z(R), which has a cardinal
approximately ||n|/;L4~1. O
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3.2. Quenched surface tension and maximal flows. We present here the proof of Proposition
[CTT which is based on a control of the length of the interface, using a Peierls argument, and then
the proof of Proposition [LT2 which uses a renormalization argument.

Proof (Proposition [[T]). Given a rectangular parallelepiped R, we have

% (Dr) < > ®R(Z)< Y, [[ee”"
IEI(R) I€I(R) el

We decompose the sum according to the length of the interface: for any ¢ > ||n|1,

BDx) < Y Ml
IEI(R)ﬂI\<ch*1
(3.3) Y MR

TET(R):|I|zcLd—1

The first term is not larger than

(caq)™" " exp (—BLY )

and the expectation of the second one is

1 cL4™1
E ‘I‘ _BZEEI Je < - 00X E —BJe
Z e 1 — cqqE(e=Pe) [cagE(e )]
I€Z(R):|I|=cL3—1
if pg = caqE(e=P7¢) < 1, which is the case for 8 large as P(J. = 0) = 0 < (cqq)~!. For any such
0, applying Markov’s inequality we obtain, for any € > 0:

1

P He=BTcer e > (pg)-o)cL’™!
> q'le e (ps) T

TIET(R):|I|>cLd~1

)ach’l_

x (ps

Hence (B3)) shows that, for J typical under P — up to large deviations of surface order —
% (Dr) < (caq)™ " exp (~BLY i) + (pg) 1=
which proves that
1
75(n) > min (ﬁu(n) — clog(cqq), clog %)

for any B > 0 such that pg < 1. The lower bound is optimal for

_ Bu(n)
log(cqq) +log -

which is negligible with respect to 5 in the limit § — 400, as log(1/pg) — +oo. The limit ([C30)
follows — the uniformity over n € S d—1 ig g consequence of the fact that p is bounded. If Jyi, > 0,
then we even have, for some C' < oo, that for 3 large enough (independent of n € S%~1),

m4(n) = Bu(n) - C.
O

Proof (Proposition [LT2). The proof for (L3 exploits a renormalization argument similar to
the one used in [I4]. As P(J. > 0) > p.(d), for small enough ¢ > 0 it is still the case that
P(J. > €) > p.(d). We say that e € E(Z?) is open for J if J. > ¢, and consider the connected
components for these definition of open edges. A block BX = Ki+ {1,...,2K}¢ (i € Z%) of
side-length 2K, is said good when, in BX,

i. there is a unique connected component of diameter larger or equal to K

ii. and this connected component touches all the faces of the block.
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The work of Pisztora [B8] together with the knowledge that, in the case of independent bond
percolation, the slab percolation threshold coincides with the threshold for percolation [26] imply
that the sequence of random variables

U l{The block B is good }

stochastically dominate a site percolation process of parameter p close to one, provided that K is
large enough. Provided that p (hence K) is large enough, a Peierls argument shows that there is
a probability 1 — exp(cN?~1) (for some ¢ > 0, for N large enough) that no K-block interface in
RN = Ro.n.sn(S,n) contains less than half of good blocks.

Given a suitable K we now establish a lower bound on the quenched surface tension. Consider a
realization J of the couplings with the property that no K-block interface in RY = R n sn(S,n)
contains less than half of good blocks. For any such J, the event of disconnection requires the
choice of a block surface of cardinality at least (N/K )91, and that, in each good block, at least one
edge with J, > € be closed. Hence: for N large and J typical up to surface order large deviations,

w n _ l—¢e)n
q);]éz\] (DRN) < Z (Cd) [chdqe ﬁa}( €)
nz(N/K)4-1
leading to 74 > [(1—¢)Be —log (2K )] /K~ for large enough 3. The claim follows. O

3.3. Surface tension under the averaged Gibbs measure. Under the assumption P(J, >
0) = 1, we establish a lower bound on 7‘5‘ (n) which is equivalent to the upper bound:

Proposition 3.2. Assume that P(J. > 0) = 1. Then, uniformly over n € S¢71,
1
A4 2 > (1 —0p_00(1 log ————.
(34) ) > (1= opme()) x i x log g

Before we address the proof of Proposition B2 let us remark that Proposition is a clear
consequence of Lemma Bl and Proposition
Proof (Proposition B2). Remark that for any I C Z(R),

o (21) <[] 25! (we =0) < [ qe?.
ecl ecl
If A < 1, the inequality (3, z;) < Y, 27 for non-negative x; yields
A
e (Dr)* < | Y V(20| < Y eR" (2
IET(R) I€T(R)
hence

E[(@'fi”(%)ﬂ < Y [[d'Be

IeZ(R) e€l

Z (qAEe—)\ﬁJe)m

I€EZ(R)

As Ee=*e — 0 as f — oo under the assumption P(J, > 0) = 1, the Peierls argument gives a
relevant lower bound : there is ¢4 depending only on the dimension d, such that the number of
interfaces of cardinal n in Z(R) is not larger than (cq)™. Hence,

E [((I){Z’w (DR)))\:| < Z (quAEe—kﬁJe)n
n2zmin;ez(r) 1|
1
1 — cgq*Ee—ABJe

_ min I
% [cquEe )\B.]E} 1ez(r) |
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for 3 large enough, thus

1
(3.5) 5 = |In|l x (1ogm —(1+X)logcq — )\logq)

for all A < 1 and 3 large enough. If A > 1, Minkowski’s inequality yields:

[E {(%w (Dm)ﬂ " Iezz(m {E [(@a’éw (Zﬁ)AH N
< > Hq[I%ze*w«fe}l/A
I€T(R)e€l

and we conclude similarly that B3) holds again for all A > 1 and S large enough. The claim (B
follows from the divergence limg_, | o, log(1/Ee~*%7¢) = 400 under the assumption P(J, > 0) = 1,

and the convergence is uniform in n € S9! as [EH) holds for any 3 large enough independent of
n. U

3.4. Limit shapes at low temperatures. The limit shape of Wulff crystals ([33) are
immediately inferred from the uniform limits for surface tension. The Proposition below is a
consequence of Proposition [LT for the first point, Lemma Bl and Proposition B2 for the second
one:

Proposition 3.3. Let P be a product measure on [0, 1] with P(J, > 0) = 1.

i. The Wulff crystal W1 converges to the Wulff crystal WW* associated with the mazimal flow p.
ii. For any \ > 0, the Wulff crystal W converges to the hypercube WI-In = [+1/2]¢,

We remarked above that the maximal flow determines the limit shape of the crystal in the
(quenched) dilute Ising model as the temperature goes to zero, while the crystals under the averaged
Gibbs measure converges to the unit hypercube.

Let us explain how the result of Durrett and Liggett |21] for site first passage percolation can
be used to show that WW* is not in general an hypercube. We consider d = 2 and P such that

(3.6) ]P’<Je%>p and P(J,=1)=1—p

with pe < p < 1, where p, is the critical threshold for oriented bond percolation. In the two
dimensional case, one can also interpret u(n) as the limit ratio over N of the time needed for
reaching the position Nn', if to every edge e we associate a passage time J.. If n belongs
to the cone of oriented percolation (modulo the symmetries of the lattice Z?) one can reach the
position Nn' following a directed path with all edges (except finitely many at the origin) satisfying
Je = 1/2. Hence, in those directions,

1
u(n) = 3]l

However, the argument of [21] (applied to bond in place of site first passage percolation) shows
that when n is close enough to the axis, one has to use edges J. = 1 with a positive frequency,
thus p(n) > ||n||1/2 for those directions. The reciprocity formula

7(n) = it;gTzn
x

for Wulff crystals, where W™ = {z: 2z -n < 7(n),Vn} is the un-normalized Wulff crystal for 7,
shows that W* is not a square as p(n) is not proportional to ||7||1.
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4. PHASE COEXISTENCE

4.1. Profiles of bounded variation and surface energy. The coarse graining for the dilute
Ising model (Theorem 5.10 in [A4]) implies that at every position, the local magnetization Mg is
close to £mg with large probability. In order to describe the geometrical structure of the phases,
we estimate the probability that Mg /mg be close, in L!-distance, to a given Borel measurable
function w : [0,1]¢ — {#£1}. As a first step towards the description of phase coexistence, we define
here the set of profiles we consider, define surface energy and the associated isoperimetric problem.

In the following, £¢ stands for the Lebesgue measure on R% and H?~! for the d — 1 dimensional
Hausdorff measure, which gives to any Borel set X C R? the weight

HIL(X) = Jim, ‘;‘j:ll inf {Z[diam(Ei)]dﬂ : S;telgdiam(Ei) “6XcC U E}
iel i€l
where the infimum takes into account finite or countable coverings (E;);cr, and cg—1 is the volume
of the unit ball of R¢~1. The L!-distance between two Borel measurable functions u, v : [0,1] — R
is

[lu — vl 2 :/ lu — v|dL?,
[0,1]¢

and the set L! is
{u:]0, 1] — R Borel measurable, ||u|| ;1 < 0o}

In order that L' be a Banach space for the L'-norm, we identify u : [0,1]% — R with the class of
functions v : ||u—v|| 1 = 0 that coincide with u on a set of full measure. We also denote by V(u, 9)
the neighborhood of radius § > 0 in L! around u € L.

For the study of phase coexistence, we have to consider virtually any u € L' taking values in
{£1}. Before we can define the surface energy for such profiles, a description of the boundary of
these profiles is necessary. It is done conveniently in the framework of bounded variation profiles
(Chapter 3 in ). Given a Borel subset U C R?, the variation (or perimeter) of U is

P(U) = sup{/Udivded,f € c (R4, [-1, 1])} € [0, o]

where C°(R?, [—1,1]) is the set of C> functions from R? to [—1, 1] with compact support, and div
the divergence operator:
of of

To U C R Borel measurable, we associate u = xrr as in (CZ0) and define the set of bounded
variation profiles BV as follows:

BV = {u=xu : U C (0,1)% is a Borel set and P(U) < o0} .
Bounded variations profiles u = xy € BV have a reduced boundary 0*u and an outer normal
n" : 0*u — S971 with, in particular, H?"1(0*u) = P(U).
This allows us to define the surface energy of bounded variation profiles. As the outer normal
n" defined on 0*u is Borel measurable, we can consider

(4.1) fq(u):/ (nY)dH* (z), Vue BV
o*u
and
(4.2) FMu) = / M (nY)dH (),  Yu € BV,VA> 0.
*u

where 77 (resp. 7*) stands for the quenched surface tension of the dilute Ising model (resp. surface
tension under the averaged Gibbs measure), see Theorem [ and (C2Z4]). Because the homogeneous
extension of the surface tensions 7¢ and 7* are convex (Proposition E4), F¢ and F* are lower
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semi-continuous with respect to the L'-norm. See Chapter 14 in [I0] or Theorem 2.1 in [3]. For
commodity, when u = xy € BV we also denote by F4(U) (resp. F*(U)) the surface energy of u.

When surface tension is positive, the level sets of 79 and F* are compact since, for all a > 0,
the set

(4.3) BV, ={u=xv € BV:P{U) <a}
is itself compact for the L'-norm, cf. Theorem 3.23 in [A]. Consequently, 7 and F* are good rate
functions.

Let us conclude with a word on the solutions to the isoperimetric problem of finding the u € BV
such that

(4.4) / wdl? < L and F9(u) is minimal ?
[0,1]¢ mg

The renormalized Wulff crystal W7 ([L33) is known to be the solution to the same problem without
the constraint that U C (0, 1)9. Precisely, the solutions to U C R? Borel set with

LYU)=1 and F(U) minimal
are the translates of WY, as the homogeneous extension of 77 is convex (Proposition ZZl) — see [40],
[24] and [25].
For m < mg not too small, W? determines as well the optimal profiles in the cube EZ).
Consider o > 0 with

(4.5) ad = % <1 - m%) .

The quantity a? is precisely the least volume of U corresponding to v = xy € BV with f[o 1] udl? <
m/mg. If some translate of WV fits into the unit cube [0,1]%, that is if a diam.,(W?) < 1, then
T (aW1?) defined at (L) is not empty and therefore the infimum of F9(u) for u € BV with
f[0,1]d udL? < m/mg is exactly F4(aWW?). As a consequence, for all o satisfying a diame, (W) < 1
the optimal phase profiles correspond to the translates of aWW? that belong to [0, 1]¢, which are
the z+ oW, for z € T(aWV?). The same remains true if we replace F¢ and W? with F* and W?,
for any A > 0.

4.2. Covering theorems for BV profiles. Covering theorems play an essential role in the study
of phase coexistence, as they allow to pass from the macroscopic scale (the phase profile u) to the
microscopic scale (the dilute Ising model). We give first two definitions:

Definition 4.1. Let u € BV, 7 : S4~1 [0, o] continuous, § > 0 and R a rectangular parallelepiped
as in (CIH), included in [0,1]%. We say that R is 6-adapted to u and 7 at = € 9*u if the following
holds:

i. If n = nY is the outer normal to u at x, there are S € S,, and h € (0, §] such that, if R C (0,1)¢
(we say that R is interior), then
R =z + hS + [£0h]n,

and if R N 9[0,1]¢ # () (we say that R is on the border), then z € [0, 1]%, n is also the outer
normal to [0,1]¢ at = and
R =z + hS + [—6h,0n.

ii. We have
H(*uNOR) =0,
1 — *
‘1 hd—lHd G uﬂR)‘ <,
and

1

— r(n")dH* | <.
hd_l /é?*uF‘IR ( )

7(n) -
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iii. If x : RY — {£1} is the characteristic function of R defined by

+1 if(z—2)-n>=0
X(z){ -1 els(e ) vz eRY,

then )
R

Definition 4.2. Let u € BV, 7 : S471 = [0, 00| continuous and § > 0. A finite sequence (R;)i=1...n
of disjoint rectangular parallelepipeds included in [0, 1]¢ is said to be a é-covering for 0*u and T if
each R; is d-adapted to u and 7 and if

(4.6) Hi! (a*u\ O R) < 6.

The Vitali covering theorem (Theorem 13.3 in [I{]) is especially well adapted to our purpose.
Given a Borel set £ C R?, we say that a collection of sets I is a Vitali class for E if, for each
x € E and § > 0, there is U € Y with 0 < diam U < ¢ containing x.

Theorem 4.3. [Vitali] Let E C R? be H?'-measurable and consider U a Vitali class of closed
sets for E. Then, there is a countable disjoint sequence (U;)ier in U such that

etther Z(diam Ui)d*1 =00 or H! (E\ U Uz-) =0.

iel i€l
The Vitali Theorem allows us to state a short proof of the following:

Theorem 4.4. For any u € BV, 7: 8%~ [0, 00| continuous and &, h > 0, there is a §-covering
(Ri)i=1..n for 0*u and 7.

Before we give the proof of Theorem EAl we recall a property of the reduced boundary (see
Theorem 3.59 in []):

Lemma 4.5. Let u € BV. For all x € 0*u, for all § € (0,1), all S € Spu one has
li 1
B0 hd—1

Proof (TheoremBd)). We design a set E that has zero H%~!-measure and such that the collection
of closed rectangular parallelepipeds
Us = {R é-adapted to u and 7 at x € 9*u \ E}

is a Vitali class for 0*u \ (F). This is enough to prove the claim: thanks to the Vitali
covering Theorem, this implies the existence of a countable disjoint sequence (R;);ecs of d-adapted
rectangular parallelepipeds with either

Z(diamRi)d_l =00 or HI! (8*u\ UR1> =0.

i€l i€l

H! (a*u N Rm,h,,;h(s,ng)) ~ 1.

The first case is in contradiction with the inequalities 1/h¢'H4 1 (0*uNR;) > 1 — 6 and
H1 (0*u) < oo, hence the second is realized and the Theorem is proved.

We define the set E by its complement in 0*u: 0*u \ E is the set of all € 9*u such that, for
all § € Spu, the following holds:

i. If z € 9]0, 1]¢, then n is the outer normal to [0,1]¢ at z.
ii. The set {h >0:H"! (0*uN IRy nsn(S,n%)) > 0} is at most countable.
1.

iii. limy_, o+ hdl,l HA-1 (a*u OR%;L,M(S,ng)) =

v im0t 521 Soeuniz, o (8mey T(RE)AHITE = T(n).
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V. limhaw # meth(sh(s,’n;) ‘Xz,ng - U’ dﬁd = 0.
This definition for E implies that Us is a Vitali class of closed sets for 9*u \ E. We conclude the
proof of Theorem B4l showing that E has zero H? '-measure, and more precisely that each of
conditions (i)-(v) is true for (at least) H? !-almost all z € 9*u:
i. This condition holds for all z € *u because of the inclusion U C (0,1)?if u = xy, cf. Theorem
3.59 in [4].
ii. Since the volume of 9*u is zero, (ii) holds for all x.
ili. Condition (iii) holds for all € 0*u in view of Lemma 3
iv. It is a consequence of the strong form of the Besicovitch derivation theorem (Theorem 5.52 in
[A]) together with Lemma BT, that condition (iv) holds for H4~!-almost all 2 € 9*u.
v. Condition (v) holds for all # € 9*u, cf. Theorem 3.59 in [].
d

4.3. Lower bound for phase coexistence. Here we establish lower bounds for the probability
of phase coexistence. In view of the applications, in particular to the control of the dynamics [43]
or Chapter 4 in 5], we establish it for a large class of profiles, that include Wulff crystals and
shapes with C! boundary.

Proposition below relates the probability of an event of disconnection along the boundary
of a given profile to the surface tension 77, for a given realization of the media. In Proposition EE0
we show that conditionally on this event of disconnection, phase coexistence has large probability.
Then we state in Proposition EET0 a lower bound on the probability of phase coexistence for both
quenched and averaged measures.

Given some region U C (0,1)%, N € N* and § > 0, we consider 5(1]\/,5 the set of edges at distance
at most Nv/dd from NOU:

eNo = {e € E¥(Ay), d(e, NOU) < N\/&a}
(see Figure H) and call
,DN’S* cQ . V.TEAN\NU,QEANQNUWIth
UvoTAW SR AN ST Y g /N, OU) > V/dS and d(y/N,0U) > /ds

the event that disconnection occurs around OU. In order to be able to control the probability of
Dg"s, we introduce the following definition:

Definition 4.6. We say that a profile u = xy is regular if
i. U is open and at positive distance from the boundary 9]0, 1]% of the unit cube,
ii. QU is d — 1 rectifiable and
iii. for small enough 7 > 0, [0,1]¢\ (OU + B(0,r)) has exactly two connected components.

We recall that £ C R? is a d — 1 rectifiable set if there exists a Lipschitzian function mapping
some bounded subset of R¥~! onto E (Definition 3.2.14 in [2Z3]). It is the case in particular of the
boundary of non-empty Wulff crystals (Theorem 3.2.35 in [23]) and of bounded polyhedral sets.
It follows from Proposition 3.62 in [4] that any u = xy regular belongs to BV and that U = 9*u
up to a H% l-negligible set, so that the covering Theorem applies as well to OU. Assumption (ii)
in Definition EE6 has the following consequence:

Lemma 4.7. Let u = xuy € BV be a regular profile. Then, for any § > 0, for any Jd-covering
(Ri)i=1..n of u, one has

lim sup LIV \ UL, R:i) +B(0,r))

r—0 r

< 26.

Proof Clearly, the set
E=0U\JR;

i=1
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is a closed, d—1 rectifiable set. Thus, the d—1 Minkowski content of E equals the d— 1 dimensional
Hausdorff measure of E (Theorem 3.2.39 in [23]). In other words:
d
lim LY(E+ B(0,r))
r—0 2r
and the claim follows. O

=H"N(E) <6

Before we state Propositions and EE9 we give one more notation. The analysis of surface
tension has been done for rectangular parallelepiped centered at lattice points. Changing the
center of the parallelepipeds does not modify the behavior of surface tension, but this would have
led to heavier notations. We prefer to proceed to a small adjustment here: given a macroscopic
rectangular parallelepiped R C (0,1)¢ and N € N*, we let

(4.7) RY = NR + zn(R)

where zy(R) € (—1/2,1/2]¢ is chosen such that the center of RY belongs to Z<. Still, for any
finite collection (R;)i=1..n, of disjoint rectangular parallelepipeds in (0,1)% and large enough N,
the collection (RY);—1. ., is disjoint and included in (0, N)<.

Proposition 4.8. Consider a regular w = xy. For any § > 0 and any §-covering (R;)i=1..n for
u, we have

1 n
(48) T log @R (D) > = Yl — s
=1

for any N large enough, where ¢ < oo depends on d and u.

Proposition 4.9. Assume § > Bc and 3 ¢ N, and let w = xy regular. For any e > 0, for small
enough 6 > 0 there are K € N* and ¢ > 0 such that, for large enough N:

1
w=T on 55’6) <= — e_c‘/ﬁ> < e_c‘/ﬁ.

(4.9) P ( inf 6\1/,(7;” (% e V(u,e) 5

WEDSJ’ mp

Proof (Proposition EY)). To realize the event of disconnection Dg’a, it is enough to realize all
the D~y and to close all the edges that are at distance less than 1 + v/d from

(GU\ LnJ 7?4) U CJ Oat R
1=1 1=1

where Ot R stands for the lateral boundary of R, that is the faces of R that are parallel
to the orientation n of R. Thanks to Lemma BT and Definition Bl there are at most
ScaN* =1 (14 H*1(OU)) such edges for large enough N. An immediate application of the DLR
equation yields [EX). O

N

A Ly-block

(||

A K-block

u

FIGURE 5. The scales K and Ly.

Proof (Proposition EEJ). In order to obtain the claim for a mesoscopic scale K that does not
depend on N, we proceed to a coarse grained analysis at two characteristic scales K and Ly =
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[V/N]. Given K € N*, we consider (A;, Aiery,, i the (K, K)-covering of Ay as in Definition 5.1
in [44] as well as the phase indicator
(¢i)i€]AN,K

given by Theorem 5.10 in [44], for the tolerance . We call F = {0,1}"*%¥ the set of site
configurations on the index of blocks I, k. In order to apply the stochastic domination Theorem
5.10 (iv) in [#4], we will define an increasing function f : F' — {0, 1} with the appropriate properties.
First, we need to describe the L y-blocks: we call (Aj, A}) ey  the (Ln, Ly)-covering for Iy i
as in Definition 5.1 in [@4]. Then we let

J = {j €Iy :Vie N EY(A)NEY’ = (z)}

and
I=JA,
jeJ
Given p € F a site configuration on I5, x and j € J, we say that the Ly-block A; is good if
there is a crossing cluster of open sites for p in A;, of density at least 1 — . Then we define
f:F —{0,1} letting
f(p) = l{For all j € J, A; is good}'

Clearly, f is an increasing function. We prove now that its expectation is close to 1 under high-
parameter site percolation. Consider Bé the site percolation process on I of density p € (0,1).

According to Theorem 1.1 in [T9], for large enough p < 1 there is ¢ > 0 such that, for large enough
N, for all j € J:

B! ({A; is good}) >1—exp (~2¢L4Y)

and consequently (the cardinal of .J is bounded by N9), for p < 1 close enough to 1, for large
enough N,

B;(f) >1—exp (fcx/ﬁ).

Consequently, the stochastic domination for (|¢;|)ier, , . (see Theorem 5.10 (iv) in [4]) yields the
same lower bound on the expectation of f((|¢;|)icr): for large enough K (depending on 4), there
is ¢ > 0 such that, for any IV large enough:

(4.10) Einf U7, (f ((il)ser)

w =T Oon Ew(AN) \ U Ew(A;)> 2 1-— e—cx/ﬁ.
iel

The event that f ((|¢i|);c;) = 1 gives a control on the magnetization. For large enough N, the

blocks (A;)ier cover a fraction of Ay that is close to 1 —£4 (OU + B(0, cg6)) o 1. This and the

—0t
properties of (¢;)ier,, , (Theorem 5.10 (i) and (ii) in [#4]) imply that, for small enough d > 0, for
large enough N:
Mg M

fF((iDier) =1= s © V(u, ) or o
We now consider a boundary condition 7 € Dg’a. Because of the w-disconnection, the spin of the
clusters touching some A; C NU with ¢ € I has a symmetric distribution under the conditional
measure

€V(1,e).

L ( ‘f ((I¢i]);e;) =1 and w = 7 on 5[1]%6) _

Hence, one has

: I+ (M N5
lnfﬂ'EDg’J Uis s (m—;{ € V(u,s)‘ w=moné&; )

: J, N,5
> dint s WiT 5 (£ ((0iD)ier) | =7 on €57°)



36 MARC WOUTS

The claim follows as ([@IM) implies, as &)° € E¥(Ax) \ Uier E*(A]), that

P < Emf \I’/(;,r,ﬁ (f ((I6i1)ser) ‘w =7 on 55’6) <1- eC/Q\/N> e /2N,

The final formulation of the lower bound for phase coexistence is the following:

Proposition 4.10. Assume 3> (3, and 8 ¢ N. For any 0 < a < 1/ diams(W9) and € > 0 there
erists K € N* such that,

—00

1
(4.11) liminf —— Na= logu (% € V(XZ0+an,E)) = —FUXawa) P-a.s.
mg

where zg = (1/2,...1/2). Similarly, for any X >0 and 0 < o < 1/ diam,, (W?),

1
(4.12) liminf —— = 7 logE

— 00

M A
<M.1<1:;r (m—ﬁ € V(Xzo-i—aw)‘ve))) ] = 7f)\(XaW)‘)'

Proof Let U = zy + aW9. According to Theorem 3.2.35 in [23], OU is rectifiable, hence the
profile w = xy is regular. Let €, > 0. Thanks to Theorem 4 there exists a d-covering (R;)™,
adapted to the profile yy and 7. Proposition EE] applies and gives, for § > 0 small enough:

M _ s [ M
'u!J\:zr (m—; € V(XUaE)) > inf \IIIJ\’N’Jr ( ;( €V(xv,e)lw=m on 511]\/,6)

WEDg’S

(4.13) X exp (Ndl <i hd—t JN + cm))

i=1
where ¢ < oo depends on d and u. An important remark is that the two factors are independent
under the product measure P. Proposition I3 yields:

(4.14) P ( lggv \I//J\;V” T+ (%? e V(XU,€)|w =7 on 5575) < _> < e—cx/ﬁ.
TE

We prove first (1)) and consider v,£ > 0. If 6 > 0 is small enough, Theorem [ tells that the
P-probability that T%N > 79(n;) + 7 for some i € {1,...,n} decays like exp(—cN?) where ¢ > 0.

Hence, with P-probability at least 1 — e=<YN/3 we have

1 M 0
N 1ogu1‘(’:’r <m—§ € V(XzoJraW’vE)) > Z R (ng) +7) — ¢f6
i=1

2 *fq (Xan) - 5
for small enough § > 0 and v > 0. Borel-Cantelli Lemma ensures that P-almost surely,
M
hm lnf log <m—K € V(XzoJraW"aE)) P 7‘7:q(Xan> 75
B

and (EEIT) follows letting & — 0. We conclude with the proof of [IJ), take A > 0 and denote
here U = zg+aW?>. Again, there exists a d-covering (R ), adapted to the profile xy and 7. For
N large enough, the R are disjoint and hence the 7. .N are independent under P. Consequently,

for N large enough and A > 0, @I3) and EI4) give

E[<ui’§ (A,;l—;(GV(XwE)»A] > XHEQXP( AN )

X exp (— Nd 1055).




SURFACE TENSION IN THE DILUTE ISING MODEL. THE WULFF CONSTRUCTION. 37

In view of Proposition Z2 this means

< iy (AT:—;( € V(XUa5>>))\] Zhd LA (ng) — Ao

and the claim follows as § — 0. O

1
1}\1{11 inf —— N 7 logE

4.4. Upper bound for phase coexistence. Here we address the opposite problem of providing
an upper bound on the probability of phase coexistence along a given phase profile. Our analysis
follows the same line as [5, [6], [[T]. The cost of phase coexistence is easily related (Proposition ELTTI)
to another notion of surface tension {@IH), that uses a L!-characterization of phase coexistence.
Then the L'-notion of surface tension is related to a percolative definition of surface tension with
free boundary conditions, with the help of the minimal section argument (Proposition EET2). As
in the uniform setting [T1], the surface tension with free boundary condition differs very slightly
from the usual notion of surface tension (Proposition ELT3).

The L'-definition of surface tension is as follows. Given § > 0, a rectangular parallelepiped
R C [0,1]¢ as in Definition Bl (i) and K, N € N* we define

1
4.15 FIOK ] L
(4.15) INR = TNy o8 Sgg e

<204 (R))

Ll(R)

Ja

where x is the characteristic function of R as in Definition B (iii), and p=, the Gibbs measure

on NR with boundary condition . We have:

Proposition 4.11. Let u € BV, 6§ > 0 and assume that (R;)i=1..n i a 0-covering for u. Then,
for any € > 0 small enough, any K, N € N* one has:

1 . Mg b
(416) WlOgﬂ//{’; (m—ﬂ S V U 9 ) Zhd Lz ] K.
Proof For € > 0 small enough, the implication
ﬂEV(UE :>‘——u <OLYR:), Vie{l,...,n}
me L1(Ry)
holds. Thanks to (iii) in Definition BTl for such £ we have
& EV(U E):> &_Xi <2(S£d(Ri), ViE{l,...,n}.
mg mg L1(Ry)

Now, the Gibbs property for u A * implies that

M M
Ay <—m§ € V(u, 6)) < gt (‘ — X

mg

< 20LYRy), Vi € {1,. n}>

< 26L4Ry)
LY(R,)

thanks to ([EIH), and the claim is proved. O

LY (Ri)

o (T e Mk
= Hay | U@ —mg Xi

< exp (—hfled 17']{,%[()

Using the minimal section argument as in [5] one can compare the L!-surface tension to the
surface tension under free boundary condition in R = R, 1 g (S,n), defined as

N 1 J
(4.17) = 741108 ol (Dr)

where R = Re..H /2(8 ,n) is a rectangular parallelepiped twice finer than R.
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Proposition 4.12. Assume 3 > (. with (3 ¢ N. Then, there exists cq5 € (0,00) with
lims_, ca,s = 0 such that, for any R as in Definition [I1] (i), for any é > 0, if K is large enough
then:

1
(4.18) lim sup — log P (fﬁf <Ay - cd,a) <0.
N N
We do not detail here the proof of Proposition EET2 as it is easily adapted from [5]. Then, the
argument of [IT] let us quantify the influence of the boundary condition on the value of surface
tension:

Proposition 4.13. Assume 3 > BAC and B ¢ N. Let R be a rectangular parallelepiped R as in
Definition [I1) (i), with § € (0,1). Then,

1
(4.19) lim sup — log P (Fhv < T~ —cad) <0
N
where cq < oo depends on d only.

We cannot afford to give here the proof of Proposition EET3 as the generalization to the random
case of the argument of [II] makes it far too long. However, no new ingredient needs to be
introduced with respect to the original construction [I], and the interested reader can consult the
PhD thesis 5] for a complete development of the proofs of both Propositions and

The consequence of the three last Propositions, together with Varadhan’s Lemma, is a lower
bound on the probability of phase coexistence along a given profile under quenched and averaged
measures:

Proposition 4.14. For all § > ﬁc with B ¢ N, for every u € BV and &, X\ > 0, there exists € > 0
such that, for K € N* large enough,

M
. J+ K
(4.20) hm]\fup N1 log puy' 0 <m—g € V(u,s)) < —FUu) + €

in P-probability (and P-almost surely if 3 ¢ N7) and

. 1 g+ [ Mk g A
_ : N S < - :
(4.21) hm]\fup a1 logE {,uAN ( e € V(U,E)):| < —FMu)+ €

Proof We fix § € (0,1) and a d-covering (R;)i=1...n for u as in Definition We examine first
the quenched convergence: according to Propositions EET2 and there is ¢ > 0 such that

(4.22) P (%]‘\],%f( > ThN — Cds — cdé) >1—exp(—cN?Y), Vi=1...n

for K and N large enough. On the other hand, for any € > 0 small enough Propositions EETT] yields
1 T MK = —1~J,0,K
Na-T loguA’;r (m—g € V(u,s)) < - th 1TN’R’1_
i=1
and hence, for K and N large enough,
1 M SIvh
N1 1ogu1‘(’;r <m—;( S V(u,s)) < - Z h? ! [TéN —Cd5 — cd5]
i=1
with P-probability greater than 1 — nexp(—cN<%). This implies [E20) for § > 0 small enough
J

in view of the convergence 75y — 79(n;) in P-probability (Theorem [[3) or of the almost-sure

convergence if 8 ¢ Ny (Corollalry[]:ﬁ). We examine now the averaged convergence: consider A > 0
and again, a 0-covering (R;);=1...n for u. For K, N large enough and £ > 0 small enough we have

E ([uﬁ (= eviws)] A)
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< EeXp( Z)\hNd 1z J6K>

< nexp(—eN?) +Eexp< Z)\hNd 177&;)

X exp ()\ Z h‘ii_lNd*1 (ca,s + cd6)>

i=1
in view of [@2J). Varadhan’s Lemma (Proposition [Z2) yields: for any £ > 0 small enough, any K
large enough,

T

l

< Zhd 1[ (nl)fcd(;fcd(ﬂ
=1
and the conclusion follows for ¢ > 0 small enough. O

4.5. Exponential tightness. The last step towards the proofs of Theorems [LTH and [CTAl is the
exponential tightness property. Note that the compact set BV, was defined at (3.

Proposition 4.15. For any 0 > B. with 3 ¢ N, there exists C > 0 and for every § > 0, for any
K € N* large enough one has

. 1 J,+ MK c
(4.23) hm;up Na-T log gy o (m—g ¢ V(BV,,9) > < —Ca.

The proof of Bodineau, Ioffe and Velenik given in [6] applies as well in the present case.

4.6. Proofs of Theorems to Theorems [CTH and [CI6 are consequences of the
large deviations estimates (Propositions EEI0 and EETdl) together with the exponential tightness
(Proposition EETH) in view of the compactness of BV,. The case of averaged Gibbs measures
(Theorems [T [CTA and [C2T) presents complete similarity with the non-random case and for this
reason we focus here only on the quenched case. Furthermore, the proof of Theorem [CTH is similar
to that of Theorem [LTH which is the reason for which we give the proof of (CZ42) ouly.

Proof (First half of Theorem [[TH). First we establish the lower bound

1 MA N d
. < - 2 —F1 aWi ), - .
(4.24) hnjlvmf N - log e ( > 1- 2« FXawad), P-almost surely

The proof goes as follows: for any o’ > «, for small enough € > 0 one has

MK ma
— € V(Xzotarws, ) = —
mg mg

<1-—2a%

hence, Propositionm gives: for any o’ > «,

lim mf 1og <mAN <1- 2ad) > —FUXawa), P-almost surely.
N mg

The lower bound (E:ZE) follows if we let o/ — a.
Now we establish the following upper bound: for any ¢ > 0, there is § > 0 such that

N o<1 —2a%
mg

1og,uJ+ §7§ U V(Xazt+awa, €)
€T

1
lim su
N PNaT

(4.25) < —FI(Xaws) — 0
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in P-probability (P-almost surely if 5 ¢ N7). To begin with, we choose a > 0 so large that Ca in
Proposition EETH is larger than 2F9(xawa) + 2. Thanks to Markov’s inequality, this implies that,
for any v > 0, for large enough K,

. 1 J,+ MK
(4.26) hmj\fup N1 log puy (m—ﬁ ¢ V(BVa,7)> < =F¥(Xawa) — 1,

P-almost surely (see [3)) for the definition of BV,). Cousider n > 0 and let

F=<ueBV,: u<1—2ad+n and u ¢ UV(XI+an,E)

d 2
[071] IGTC?

For v > 0 small enough, for large enough N the event

MA N
mg

<1-2a%

Mg
— ¢ V(Xaz+aws,€) and
me zga ’

implies that

M M
T ¢ V(BVa,7) or T
mg mg
The probability of the first event is under control {E26) for any v > 0 (and large enough K), hence
we focus on the probability of the second one. Given £ > 0, applying Proposition EET4 we obtain
g:u€BVi—e(u) € (0,£) such that, for any u € BV and any K large enough:

e V(F,7).

. 1 J,+ M
27 - ’ pL < —F4
(4 2 ) hjl\r[nsup a1 1og,uAN ( € V(’U,,E(u))) X (u) + f

in P-probability (P-almost surely if 3 ¢ A7). The set BV, is compact for the L'-norm, thus it
can be covered by a finite union BV, C J; V(u;,e(u;)) with u; € BV, @ = 1...n. Since the
right-hand side term is open, for v > 0 small enough we still have

n

V(BVa,7) C | Vl(wi,e(w).

i=1

We consider (u});=1..; the subsequence of the u; such that V(u;,e(u;)) intersects V(F, ). Thanks
to the inclusion

and to [EZT7), we have: for small enough +, for large enough K:

. 1 J,+ MK .
1 1 T —— e V(F, < - f F
M SUP g7 108 My ( My ( 7)) wenvitd o) (u) +¢
in P-probability (P-almost surely if 8 ¢ N7). Yet, the limit as £ — 0 of the right-hand side is
bounded from above by — inf,ecp F4(u) where

F = ueBVa:/

g
’U/<1—2ad+2 and u V(za ‘la_) P
[0,1]¢ " ¢ U Xoaw 4

zeTd

for any n > 0. Yet, —inf,cp F9(u) is strictly smaller, in the limit n — 0, than —F9(xawe) since
the solutions to the isoperimetric problem [4]) are excluded. Together with [ZH), this implies

[E23) and the conclusion ([CZ2)) follows from E24) and EZ3). O
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4.7. Localization of the Wulff crystal under averaged measures. One consequence of the
introduction of the random media is the localization of the Wulff crystal if the volume constraint
acts on the media as well: the surface tension appears to be reduced on the contour of the crystal.
Here we give the proof of Theorem [[LZ]] after a we state the following immediate consequence of
the lower large deviations described in Theorem [CG

Lemma 4.16. Let RY = Ro nsn(S,n) and v > 0, A= [#M"(n) — 7,7 (n) +4]. Then,

hm]\fup Nl 1ogE[ { 7J2NEAC} x exp (— AN 1TRN):| < (n).

Proof (Theorem [[LZ]). According to Theorems [[Td and [CZ0, it is enough to prove that

<) ]

(4.28) < —FMaW?).

1
li 7 logE
Neoo N-1°%%

J, . Mk
(,U/A; (TéN S AC and Hm—ﬂ — XZ+O¢W>‘

In the case that the parallelepiped R does not intersect the crystal z + «dW?, for § > 0 small
enough any d-covering (R;)i=1..n for z + aW? and 79 does not intersect R. For ¢ > 0 small
enough and K large enough Propositions EETT], and EET3 the definition of the d-covering and
the independence of 7' from the T]‘\],%K under the product measure P imply that the right-hand

side of [EZJ) is bounded from above by

1
FMaW) + o o (1)+ hmsup N - logP (T~ € A%)
which is strictly smaller than —F*(aWW?) for small enough &, as the last term is strictly negative.

Now we consider the case when the parallelepiped R is tangent to the crystal. For h > 0 small
enough, for € > 0 small enough, the strict inequality

M
7 logE sup [L/\ Tan € A° and H—K — Xatawr
UEE+ mg

1
Nd-

<Le€
L1(R)

(4.29) < - / ™ (n.)dH
(z+aWr)NR

holds according to Propositions and T3 and Lemma ET6 Let (R;)i=1..n be a n-covering
for z + oW and 7. Propositions EE11] and and the properties of the n-covering imply
that for € > 0 small enough (depending on 7)) and large enough K, the cost of phase coexistence
outside of R is bounded above by

lim sup ——
N

< 6)
LY(R)

< - Am)dH+ o (1).
A(z+aWAN\R n—0

Thus, choosing h > 0 small enough then € > 0 small enough and K large enough, the strict
inequality holds in ([EE28) and the claim follows. O

lim sup —— N T logE H sup u/\ (H — Xztawh
N P R;NR=0 Uez]\f\ﬁi
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