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Abstract

The reachability problem for Vector Addition Systems
(VAS) is a central problem of net theory. The general prob-
lem is known decidable by algorithms exclusively based
on the classical Kosaraju-Lambert-Mayr-Sacerdote-Tenney
decomposition. This decomposition is used in this pa-
per to prove that Parikh images of languages accepted by
VAS are semi-pseudo-linear; a class of sets that can be
precisely over-approximated by sets definable in the Pres-
burger arithmetic. We provide an application of this result;
we prove that if a final configuration is not reachable from
an initial one, there exists a Presburger inductive invariant
proving this property. Since we can decide with any deci-
sion procedure for the Presburger arithmetic if formulas de-
note inductive invariants, we deduce that there exist check-
able certificates of non-reachability. In particular, there ex-
ists a simple algorithm for deciding the general VAS reach-
ability problem based on two semi-algorithms. A first one
that tries to prove the reachability by non-deterministically
selecting finite sequences of actions and a second one that
tries to prove the non-reachability by non-deterministically
selecting Presburger formulas.

1 Introduction

Vector Addition Systems (VAS) or equivalently Petri
Nets are one of the most popular formal methods for the
representation and the analysis of parallel processes [2].
The reachability problem is central since many computa-
tional problems (even outside the parallel processes) reduce
to the reachability problem. Sacerdote and Tenney provided
in [9] a partial proof of the decidability of this problem.
The proof was completed in 1981 by Mayr [8] and sim-
plified by Kosaraju [6] from [9, 8]. Ten years later [7],
Lambert provided a more simplified version based on [6].
This last proof still remains difficult and the upper-bound
complexity of the corresponding algorithm is just known
non-primitive recursive. Nowadays, the exact complexity of

the reachability problem for VAS is still an open-problem.
Even an elementary upper-bound complexity is open. In
fact, the known general reachability algorithms are ex-
clusively based on the Kosaraju-Lambert-Mayr-Sacerdote-
Tenney (KLMST) decomposition.

In this paper, by using the KLMST decomposition we
prove that Parikh images of languages accepted by VAS
are semi-pseudo-linear, a class of sets that can be precisely
over-approximated by Presburger sets, or equivalently by
semi-linear sets [3]. We provide an application of this re-
sult; we prove that if a final configuration is not reach-
able from an initial one, there exists a Presburger induc-
tive invariant proving this property. Since we can decide
with any decision procedure for the Presburger arithmetic if
Presburger formulas denote inductive invariants, we deduce
that there exist checkable certificates of non-reachability.
In particular, there exists a simple algorithm for deciding
the general VAS reachability problem based on two semi-
algorithms. A first one that tries to prove the reachability by
non-deterministically selecting finite sequences of actions
and a second one that tries to prove the non-reachability by
non-deterministically selecting Presburger formulas. Note
[5] that in general, reachability sets are not definable in
the Presburger arithmetic. Presburger inductive invariants
are obtained by observing that reachability sets are semi-
pseudo-linear.

Outline of the paper: In Section 2 we introduce the class
of Vector Addition Systems (VAS). In section 3 we intro-
duce a dimension function used in the sequel. In Section 4
we provide properties satisfied by additive sub-monoids of
integer vectors. In section 5 we introduce the class of semi-
pseudo-linear sets. In section 6 Parikh images of languages
accepted by VAS are proved semi-pseudo-linear. Finally in
section 7 we deduce that if a final configuration is not reach-
able from an initial one, there exists a Presburger inductive
invariant proving this property.



2 Vector Addition Systems

In this section Vector Addition Systems are recalled.

Some notations. We denote by Q,Qy,Z,N respec-
tively the set of rational values, non-negative rational val-
ues, the set of integers and the set of non-negative inte-
gers. The components of a vector x € Q™ are denoted by
(x[1],...,x[n]). The sum x + y of two vectors x,y € Q"
is naturally defined component wise. An alphabet is a non-
empty finite set . The set of words over X are denoted
by ¥*. The empty word is denoted by e. The concatena-
tion of two words o1 and o5 is simply denoted by o;05.
Moreover the concatenation of n > 1 times a word o is
denoted by ¢”. We denote by ¢” the empty word. The
number of occurrences of an element ¢ € X in a word
o € X* is denoted by |o|,. Functions in ¥ — Z" are
called displacement functions. These functions are natu-
rally extended to functions ¥* — Z" satisfying d(¢) = 0
and 6(0) = Zle d(a;) for any word ¢ = aj...a of
k > 1 elements a; € . A Parikh image of a language
LC¥isaset X = {(|0]ays---,|0la,) | 0 € L} where
ai,-..,a, is a finite sequence in X.

~

Figure 1. A Vector Addition System.

A Vector Addition System (VAS) is a tuple V = (X, n, 0)
where ¥ is an alphabet, n € N is the dimension, and § :
Y. — Z" is the displacement function. A configuration is a
vector in N™. The binary relation =, where a € ¥ over
the set of configurations is defined by s %, s’ if and only
ifs'"=s+4d(a). Let k > 1. Givenaword o = ay .. .ay of
elements a; € X, we denote by 2>, the concatenation —-y,

- 2%, 1. We also denote by -y, the identity binary relation
over the set of configurations. We also denote by —y, the
reachability binary relation over the set of configurations
defined by s =, s’ if and only if there exists o € ¥* such
thats 7, s'. The reachability problem for a tuple (s, V,s')
where (s, s’) are two configurations of a VAS V consists to
decide if s =y, s’. The language accepted by such a tuple
(s,V,s) is the set L(s,V,s') = {0 € ¥* | s T s’}
Given two sets S, S’ of configurations, the set posty,(S) of
reachable configurations from S and the set pre3,(S”) of co-

reachable configurations from S’ are formally defined by:
posty,(S) ={s' €N" |Is€ S s 5y s’}
prel(S) = {seN" |3’ €5 s 5y 8’}

Example 2.1 AVASV = (X,n,d) with¥ = {a,b}, n = 2,

d(a) = (1,1) and 6(b) = (—1,—2) is depicted in Figure 1.

Observe that s ﬁiv s’ withs = (0,2) and s’ = (1,0).
Note that post,({s}) = {x € N? | x[2] < x[1] + 2} and
prej,({s'}) = {x € N* | x[2] > 2(x[1] — 1)}.

(0,0,0)
/""\/—\/ -
(-1,1,00(p) ( q>;> (2,-1,0)

N (0,0,1)

Figure 2. A VASS taken from [5].

Example 2.2 Recall [5] that sets post3,(S) and pre3,(S’)
are definable in the Presburger arithmetic FO (N, +, <)
when S and S’ are definable in this logic and n < 5. More-
over from [5] we deduce an example of 6-dim VAS V and a
pair of configurations (s,s') such that neither post},({s})
nor pre,({s'}) are definable in the Presburger arithmetic.
This example is obtained by introducing the class of Vec-
tor Addition Systems with States (VASS). Let us recall [5]
that n-dim VASS can be simulated by (n + 3)-dim VAS. In-
formally, VASS are VAS equipped with control-flow graphs.
Let us consider the VASS depicted at Figure 2. This VASS
has a loop on state p and another loop on state q. Intuitively
iterating loop on state p transfers the content of the first
counter to the second counter whereas iterating the loop on
state q transfers and multiply by two the content of the sec-
ond counter to the first counter. The third counter is incre-
mented each time we come back to state p. In [5] the set of
reachable configurations from (p, (1,0,0)) is proved equal
o ({p} x {x € N* | x[1] +x[2] < 220}) U ({g} x {x €
N3 | x[1] + 2x[2] < 2¥BIF1Y). From this VASS we easily
deduce a 6-dim VAS V and a pair of configuration (s,s’)
such that neither post3,({s}) nor prej,({s’) are definable
in the Presburger arithmetic.

3 Dimension

In this section, we recall the classical (mass) dimen-
sion function. We associate to any set X C Z" the se-
quence (7 )gen defined by the following equality (note that
In(0) = —oo by convention):

_ (X N {=k,..., k}"])
In(2k + 1)

Tk



Observe that 7 is either —oo or a real value such that
0 < rp < n. We denote by dimy,(X) and dimy (X) re-
spectively the limit-inf and the limit-sup of (rg),en. In this
paper we consider the dimension function dim = dimp.
Note that the other choice is also possible since the sets con-
sidered in this paper satisfy dimy, (X) = dimy (X).

Let us show some immediate properties satisfied by the
dimension function. Observe that dim(X) = —oo if and
only if X is empty. The dimension function is monotonic
dim(X;) < dim(X3) for any X; C X,. Moreover it
satisfies dim(X; U X5) = max{dim(X7),dim(X3)} and
dim(X; + X2) < dim(X3) 4+ dim(X5). In particular
dim(v + X) = dim(X) for any v € Z".

N
4 4

Figure 3. Dimension of some sets.

Example 3.1 Let Xo = {(0,0)}, X; = {x € N? |
x[1] = x[2]} and X» = {x € N? | x[2] < x[1]} be the
sets depicted in Figure 3. As |Xo N {—k,...,k}?| = 1,
|1 XiN{=k,....,k}*| =k+1,and | Xo N {~k,...,k}?*| =
1(k +1)(k + 2) we get dim(Xo) = 0, dim(X;) = 1 and

4 Monoids

A sub-monoid of (Z™,+) is simply called a monoid in
the sequel. In this section we provide some properties satis-
fied by the monoids.

Additional notations. Given a function f : £ — F
where E, F are sets, we denote by f(X) = {f(z) | x € X}
for any subset X C E. This definition naturally defines sets
X1 + X5 where X1, Xo C Q™. With slight abuse of nota-
tion, {x1} + X5 and X; + {x2} are simply denoted by
x1 + X5 and X7 + x5. The total order < over Q is extended
component-wise to the partial order < over Q" satisfying
x < x' if and only if x[i] < x/[{] forany 1 < i < n.
The set of minimal elements for < of a set X C N" is de-
noted by min(X). As (N", <) is a well partially ordered
set, note that min(X) is finite and X C min(X) + N" for
any X C N"™.

The monoid generated by a set X C Z" is denoted by
X* = {0} U{SF x| k> 1x € X}. A finite set
P C 7" is called a set of periods. A monoid is said finitely
generated if it can be generated by a set of periods.

\OOOOOC‘/'
o

o o O
O OO0 O with
o o

N

pP1 =

olo P2 =

Figure 4. Monoid P* with P = {p1,p2}.

Example 4.1 Figure 4 depicts the monoid P* generated by
the set of periods P = {p1,pa2} where p1 = (1,1) and

P2 = (_1: ]-)
4.1 Dimension

In this section, dimensions of monoids are characterized
by introducing the class of vector spaces.

A vector space V of Q™ is a subset V' C Q" that contains
the zero vector 0 € V/, that is stable by addition V+V C V
and that is stable by product Av € V for any A € Q and
for any v € V. Observe that for any set X C Q" the set
V={0}U{Xl_ Axi | k>1X €Qx; € X}is the
unique minimal for the inclusion vector space that contains
X. This vector space is called the vector space generated by
X. Recall that for any vector space V of Q™ there exists a fi-
nite set B C V that generates V. The minimal for < integer
d € N such that there exists a finite set B that generated V'
is called the rank of V' and it is denoted by rank(V"). Note
that for any set X C Q" there exists a finite set B C X
such that the vector space V' generated by B is equal to the
vector space generated by X and such that | B| = rank(V).

Proposition 4.2 We have dim(M) = rank(V') where V is
the vector space generated by a monoid M.

The previous Proposition 4.2 shows that dim(M) is an
integer for any monoid M.

4.2 Interiors

We introduce interiors of monoids in this section. This
definition is used in the sequel to define the class of semi-
pseudo-linear sets. The interior of a monoid M is the set
Z(M) of vectors a € M such that for any x € M there
exists an integer N > 1 such that Na € x+ M. We denote
by Z(M) the interior of M.

Example 4.3 Let us consider the vectors p; = (1,1) and
p2 = (—1, 1) depicted in Figure 4. The monoids {p1,p2}*
and {p1}* and their interiors are depicted in Figure 5.

The following Lemma 4.4 characterizes the set Z(P*)
where P is a set of periods.
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Figure 5. On left monoid M. On right its inte-
rior Z(M).

Lemma 4.4 Let P = {p1,...,Pk} be a set of periods with
k € N. We have Z(P*) = {0} if k = 0 and Z(P*) =
N((Q\{0})p1 + -+ (Q+\{0})pk) if k > 1.

5 Semi-pseudo-linear Sets

A set L C Z" is said linear [3] if there exists a vector
b € Z" and a finitely generated monoid M C Z" such
that L = b + M. A semi-linear set S C Z" is a finite
union of linear sets L; C Z™. Recall [3] that sets defin-
able in FO (Z, +, <) are exactly the semi-linear sets and
sets definable in FO (N, 4, <) also called Presburger sets
are exactly the non-negative semi-linear sets.

We introduce in this section the class of pseudo-linear
sets and semi-pseudo-linear sets. Intuitively, pseudo-linear
sets are sets that can be precisely over-approximated by lin-
ear sets, and a semi-pseudo-linear sets are finite unions of
pseudo-linear sets. We provides properties satisfied by these
sets in Sections 5.2 and 5.3.

]
0000000
o

2
)
00000000

ooox

000000000000 0000
0000000000000 0000
000000000000 000000

x[2]=0

Figure 6. On top a pseudo-linear set, on bot-
tom a linearization.

A set X C Z" is said pseudo-linear if there exists b €
Z" and a finitely generated monoid M C Z" such that X C
b + M and such that for any finite set R of interior vectors
of M, there exists x € X such that x + R* C X. In this
case, M is called a linearizator for X and the linear set
L = b + M is called a linearization of X. A semi-pseudo-
linear set is a finite union of pseudo-linear sets.

Example 5.1 The set X = {x € Z? | 0 < x[2] < x[1] <
2"[2]} is depicted in Figure 6. Observe that X is included
in the linear set L = 0 + M where M = {x € 7% | 0 <
x[2] < x[1]}. Note that M is the monoid generated by
P ={(1,1),(1,0)}. The interior of M is equal to Z(M ) =
{x € 72| 0 < x[2] < x[1]}. In particular for any finite set
R C Z(M) there exists x € X such that x + R* C X. We
deduce that X is pseudo-linear, M is a linearizator for X
and L is a linearization of X.

Remark 5.2 Any linear set L = b + M is pseudo-linear :
M is a linearizator for L and L is a linearization of L.

Remark 5.3 A pseudo-linear set X is non empty. Let M
be a linearizator for X, Lemma 4.4 shows that Z(M) is non
empty. In particular there exists a vector a € T(M). As X
is pseudo-linear there exists x € X such that x + {a}* C
X. Therefore X is non-empty.

5.1 Dimension

From Proposition 4.2 we deduce that dimensions of
semi-linear sets are integral values. As expected, the di-
mension of a pseudo-linear set is equal to the dimension of
any linearization.

Lemma 5.4 We have dim(X ) = dim(L) for any lineariza-
tion L of a pseudo-linear set X C Z™.

5.2 Pseudo-linear set images

In this section, the class of pseudo-linear sets is proved
stable by linear function images. A function f : Z" — VA
is said linear if there exists a matrix A € Z™*" and a vector
v € Z" such that f(x) = Ax + v for any x € Z".

Proposition 5.5 Images X' = f(X) of pseudo-linear sets
X by a linear function f are pseudo-linear. Moreover the
linear set L' = f(L) is a linearization of X' for any lin-
earization L of X.

5.3 Pseudo-linear intersections

In this section we prove that linearizations L, Lo of
two pseudo-linear sets X7, Xo with an empty intersection



X7 N X5 = ) satisfy the strict inequality dim(L; N L) <
dim(X; U X3). Note that even if X; N Xy = (), the inter-
section Ly N Ly may be non empty since Ly, Lo are over-
approximation of X7, Xs.

]
0000000
o

000000 x[1] = 242

Figure 7. Two pseudo-linear sets with an
empty intersection.

Example 5.6 Let us consider the pseudo-linear set X
described in Example 5.1 and a linearization L =
{(1,1),(1,0)}* of X. These two sets are depicted in Fig-
ure 6. We also consider the linear set X' = (8,2) +
{(1,0), (3, =1)}*. Sets X and X' are depicted together
in Figure 7. Note that L' = X' is a linearization of the
linear set X'. Observe that X N X' = Qand LN L' # 0.
The set LN L' is depicted in gray in Figure 7. Observe that
LnL ={(8,2),(11,1),(14,0)} + {(1,0)}*. Therefore
dim(L N L") = 1. Since dim(X) = dim(X') = 2 we have
dim(L N L) < dim(X U X).

We say that two linear sets L1, Lo have a non-degenerate
intersection if dim(L1) = dim(Ly N Ly) = dim(La).

Lemma 5.7 Let L1 = by + My and Ly = b + M, be
two linear sets with a non-degenerate intersection. There
exists finite sets Ry C Z(My) and Ry C Z(M>) such that
(x1 + R}) N (x2 + R3) # 0 for any (x1,%2) € Ly X Lo.

Proposition 5.8 Let L1, Lo be linearizations of pseudo-
linear sets X1, Xo C Z™ with an empty intersection X1 N
X5 = (. We have:

dim(L1 N Lg) < d1m(X1 U Xg)

Proof : Let us consider linearizations L1, Lo of two pseudo-
linear sets X7, X such that dim(L; N Lg) > dim(X;UX>)
and let us prove that X; N X5 # ().

We first show that L;, Lo have a non-degenerate inter-
section. Lemma 5.4 shows that dim(X;) = dim(L;) and
dim(X3) = dim(Lsy). Observe that dim(X; U X3) >
dim(X1) since X1 C X7 UX5. From dim(X;) = dim(Ly)
and dim(L; N Ly) > dim(X; U X3) we deduce that
d1m(L1 n LQ) > dlm(Ll) As L1 N Ly C Ly we also

have dim(L; N Ly) < dim(Lp). Therefore dim(L; N
Ls) = dim(Ly). Symmetrically we deduce the equality

As L1, Ly are two linear sets, there exists by, by € 7"
and two finitely generated monoids M, M, such that L; =
b1 + M7 and Ly, = bs + Ms. As the linear sets L, Lo
have a non-degenerate intersection, Lemma 5.7 shows that
there exist finite sets (Ry, Ra) C Z(M;) x Z(M>) such that
(x1+R})N(x2+ R5) # 0 forany (x1,x2) € L1 x L. As
Ly, Ly are linearizations of the pseudo-linear sets X7, X5
there exists (x1,x2) € X7 X X5 such that x; + R} C X,
and x2 + Ry C Xs. From (X1, X5) C (Lq, Lo) we deduce
that (x1,x2) € L1 x La. In particular (x1 + R}) N (x2 +
R3) # (. We have proved that X; N X5 # (). O

6 Parikh Images

Let V be a VAS and let s, s’ be two configurations. In
this section, we prove that Parikh images of L(s,V,s’) are
semi-pseudo-linear. In sub-section 6.1 we recall the clas-
sical Kosaraju-Lambert-Mayr-Sacerdote-Tenney (KLMST)
decomposition. This decomposition is used in the next sub-
section 6.2 to establish the semi-pseudo-linearity of Parikh
images of L(s, V,s’).

6.1 The KLMST decomposition

We recall the KLMST decomposition by following nota-
tions introduced by Lambert [7].

We first extend the set of integers Z with an additional el-
ement T. The addition function + : Z x Z — Z is extended
to the totally-defined functionin (ZU{T}) x (ZU{T} —
(ZU{T}) satisfying 1 + 2o = Tifx; = Torazg = T.
With slight abuse of notation we denote by T — x the ele-
ment T whenz € Z.

In the sequel, the element T is either interpreted as a
“very large integer” or a “don’t care integer”. More for-
mally, we denote by N+ the set N U {T}. The total order
< over N is extended over N1 by ;1 < x5 if and only if
29 =TV (z1,22 € NAz1 < o). The equality = over N
is also extended to a partial order < over N1 by 21 < x9 if
andonly if 23 = T V (21,22 € N A 21 = x2). Intuitively
element T denotes a “very large integer” for the total order
< whereas it denotes a “don’t care integer” for the partial
order <.

We also extends the semantics of VAS. A vector in N
is called an extended configuration of V. With slight abuse
of notation, the binary relation —, where a € ¥ is ex-
tended over the set of extended configurations by x -y, x/
if and only if X’ = x + 0(a). Let & > 1. Given a word
0 = aj...a of k elements a; € ¥, we denote by in;



the concatenation —5y, - -- —%,,. We also denote by Sy
the identity binary relation over the set of extended config-
urations. Given an extended configuration x we denote by
x sy, if there exists an extended configuration x such that
x 2, x’ and symmetrically for any extended configuration
x’ we denote by 2y, x’ if there exists an extended config-
uration x such that x 2y, x'.

Additional notations. A graph G is a tuple G =
(Q,%,T) where Q is a non-empty finite set of state, ¥ is
an alphabet, and 7" C @ x X X (@ is a finite set of tran-
sitions. Given a state ¢ € @ we denote by < ¢,T >
the set of transitions 7' N ({¢} x ¥ X Q). Symmetri-
cally, given a state ¢/ € @ we denote by < T,q' > the
set of transitions 7N (Q x ¥ x {¢'}). A path 7 is a
word m = tq...t; of k € N transitions ¢; € T such that
there exists qg,...,qx € Q and aq,...,a; € X such that
ti = (g¢j—1,aj,q;) forany 1 < j < k. In this case we say
that 7 is a path from qqo to qi labelled by o = a; .. . a; and
we denote 7 by qo L qi or simply qo LG qr. When
the states qo and gj, are equal, the path 7 is called a cycle
on this state. In this following we simply denote by || the
sequence (|7|¢)ter that counts the number of occurences of
transitions ¢t € T"in 7.

A graph vector G = (Q,X,T) for V is a strongly con-
nected graph such that () € N7 is a non-empty finite set of
extended configurations, and 7" C @ x X x @ is a finite set
of transitions (¢, a,q’) such that ¢ %, ¢’. Note that ¢, ¢’
are two extended configurations in the previous relation.

A marked graph vector M = (m,x,G,x’,m’) for V
is a tuple such that G = (Q, X, T) is a graph vector for V,
such that x, x’ are two states in @ satisfying x = x’ (we
use both notations x and x’ for the same element in order
to keep results symmetrical), and such that m, m’ are two
extended configurations satisfying m <x, m’ <x’ and both
the following symmetrical conditions (i) and (i’):

(i) there exists a cycle § = (x —»¢ X) such that m —>,
and such that m + §(w) > m and §(w)[i] > 0 if
m[i] € Nand x[{] = T, and

(i’) there exists a cycle 8’ = (x’ w—/>g x') such that w—/m
m’ and such that m’ — §(w’) > m’ and —6(w’)[i] > 0
ifm'[i] e Nand x'[{]] = T.

A marked graph vector sequences (MGVS) U for

(s,V,s') is a sequence U = Mopai M; ...apMj that al-

ternates elements a; € X and marked graph vectors M; =

(mj,xj,Gj,xJ’.,mg) such that my = s and m; = s’
In the sequel we denote by 0; = (x; w—J>Gj x;) and

9;- = (Xj i>Gj xj) cycles satisfying conditions (i) and (i’)
for each marked graph vector M.

The language accepted by a MGVS U is the set L(U)
of words of the form 0 = ogai07 ... a0 such that there

exists a cycle 7; = (x; ig_}. x}) and such that there exist
sequences (sj, s}); of configurations pair such that s; < m;
and st < me for any 0 < j < k and such that :

g0 /a1 g1 / / af Ok /
So —y Sg —v S1 —yY Sy1...8c_1 —V Sk —V Sk

Observe that L(U) C L(s, V,s’) since (sg, s ) = (s,8').

Now, we associate integers sequences to accepted words
and we show that they are solutions of a linear system.
We still use notations introduced in the previous paragraph.
We denote by (1u;.): the sequence |7;|. The sequence
§ = (sy; (1,t)t,8;); indexed by 0 < j < k is said as-
sociated to 0. We observe that ¢ is a non-negative inte-
gral solution of the linear system given in Figure 8 where
d(t) denotes &(a) for any transition ¢ = (g, a,q’). This
linear system is called the characteristic system of U.The
homogeneous form of the characteristic system, obtained
by replacing constant terms by zero is called the homoge-
neous characteristic system of U. In the sequel, a solu-
tion of the homogeneous characteristic system is denoted
by o = (S0, (1t0,j,¢)¢: 50,3’ );. The homogeneous charac-
teristic system of U is also given in Figure 8.

foralll <j <k
sj_1 +d(a;) = s;

foralll <j <k

/ — .
S0,j—1 = S0,j

forall0 < j <k forall0 <j <k
si+ > 1500(t) =] S5+ > 10,3,:0(t) = So

teT; teT;

forall0 < j <k, 1<i<n
sj[é) = m;[i] if m;fi] € N

si[é] = mj[4] if mj[i] € N

forall0 < j <k, 1<i<n
Soyj[i] = Oifmj[i] €N
so ;[ = 0if mj[i] € N

forall0 < j <k, q; € Q;

Do mie=

forall0 < j <k, q; € Q;

Z Ho,j,t =

te<T,q;> te<T,q;>
§ Mgt § Ho,j,t
te<q; T> te<q; T>

Figure 8. On left the characteristic system. On
right the homogenous characteristic system.

Naturally there exists non-negative integral solutions &
of the characteristic system that are not associated to ac-
cepted words. In particular even if there exists non-negative
integral solutions of the characteristic linear system we can-
not conclude that £ (i) # ). However, under the following
perfect condition [7], we can prove that £ (1) # (.

A MGVS U is said perfect [7] (equivalent to the 6-
condition of [6]) if its characteristic system has an inte-



gral solution and if there exists a non-negative rational solu-
tion (s j, (10,5,t)¢S0,;"); of its homogeneous characteris-
tic system satisfying the following additional strict inequal-
itiesforany 0 < j <kand1 <i<mn:

e sg i) > 0if m;[¢] =T, and
® sg;[i] > 0if mi[i] = T, and

® Lo, > Oforanyt € Tj.

Let us recall without proof the fundamental decomposi-
tion theorem.

Theorem 6.1 (Fundamental Decomposition[7]) For any
tuple (s, V), s'), we can effectively compute a finite sequence
of perfect MGVS Uy, . .. U, for (s,V,s') such that:

L(s,V,8') = L) U...ULU)

In the remaining of this section, we assume that U/ is a
perfect MGVS. We show that there exists a non-negative
integral solution ¢ of the characteristic system and a non-
negative integral solution &y of the homogeneous charac-
teristic system that explains why L(U) # 0. These two
solutions & and &g are respectively defined in Lemma 6.2
and Lemma 6.3.

Lemma 6.2 There exist a sequence (m;); of cycles m; =
e " and Y ;
(xj —>q,; xj) and a sequence (sj,s;); of configurations
pairs such that § = (s;, || s;); is solution of the charac-

. w’
teristic system of U and such that s; 2, and Ly sg for
any 0 < j <k

Lemma 6.3 There exist a sequence (m_;); of cycles mo ;j =

(x; m»gj x;) and a sequence (o j, 8 ;); of configura-
tions pairs such that §o = (so j, |0, + 70 ;] + |05],50 5);
is a solution of the homogeneous characteristic system, such
that soj + 0(w;) > 0 and so; — 0(w;) > 0O for any
0 < j < k, and such that for any 1 < i < n and for
any 0 < j <k:

e sgj[i] > 0ifand only if my[i] = T.
® sg ;i > 0if and only if mj[i] = T.
e (soj + d(wy))[i] > 0ifand only if x;[i] = T.

* (so;

— 8(w}))[i] > 0if and only if x}[i] = T.
Let us fix notations satisfying both Lemma 6.2 and
Lemma 6.3. We now provide technical lemmas that prove

together that £(U/) # (). These lemmas are also used in the
next sub-section 6.2.

Lemma 6.4 For any ¢ > 0 we have:

ws
Sj + CSo,j —J>y sj + C(SoJ + 5(wJ))

(w))®
S+ clsh — (w})) o

/ I
j Sj + CSo

Lemma 6.5 There exists co > 0 such that for any ¢ > cq:

sj+ c(s0g +0(w;))  —ay sj+ elsh — 6(w)))

J

Lemma 6.6 There exists ¢’ > 0 such that for any ¢ > c':

o

s+ c(s{,’j —s(wh)) Ly

j sj + c(soy — 0(w)))

J
Now, let us consider an integer ¢ > 0 satisfying ¢ >
co and ¢ > ¢’ where ¢y and ¢’ are respectively defined by
Lemma 6.5 and Lemma 6.6. Note that we have proved the
following relation:
s + cs0, wo§ o (w)) SJ{ " CSE),j
Therefore there exists a word in £ (/) associated to & + c&p.
In particular we have proved that £(Uf) # (.

6.2 Parikh images of perfect MGVS

Parikh images of £ (U/) are proved pseudo-linear for any
perfect MGVS U for (s,V,s’). From Theorem 6.1 we
deduce that Parikh images of L(s,V,s’) are semi-pseudo-
linear.

Let us consider a perfect MGVS U for (s, V,s’):

/ / / li
(m(]»XOv G07X03 mO)valv ceey O, (mk,Xk, Gk,xk, mk)

We denote by H the non-negative integral solutions of the
characteristic system of ¢/ and we denote by H' the subset
of H corresponding to sequences & associated to words in
L(U). Observe that Parikh images of L(I{) are images by
linear functions of H'. From Proposition 5.5 it is sufficient
to prove that H' is pseudo-linear. We are going to prove that
the set Hj of non-negative integral solutions of the homo-
geneous characteristic system is a linearizator for H’. First
of all observe that Hj is a monoid finitely generated since
Hy = P§ where Py = min(H\{0}).

Let us consider £ € H and &, € Hj satisfying the fol-
lowing Lemma 6.7. Observe that H' C H implies that H’
is included in the linear set £ — &g + Hy.

Lemma 6.7 There exists £ € H and &g € Hy such that
o+ H C £+ H,.



Now, let us consider a set Ry = {{1,...,&a} included
in the interior of Hy. We are going to prove that there ex-
ists ¢’ € H’ such that ¢ + R C H'. We first prove the
following lemma.

Lemma 6.8 For any & = (sij, (1tij,t)t, Sg,j)j interior vec-

tor of Hy there exists a cycle m; ; = (X; igj X;) such
that (p; j+)e = |m ;| forany 0 < j < k.

Now, let us fix notations satisfying both Lemma 6.2 and
Lemma 6.3.

Lemma 6.9 There exists ¢; > 0 such that for any 0 < j <
kandc > ¢;:

Sj + C(SO,j + 5(103)) —+ Si,j

Ti,j
%

sj 4 c(soj + 0(w;)) + 81 5

Now, let us consider an integer ¢ > 0 such that ¢ > ¢,
¢ >cd and ¢ > ¢ forany 1 < i < d where ¢, ¢, ¢; are
respectively defined in Lemma 6.5, Lemma 6.6 and Lemma
6.9. From these lemmas and Lemma 6.4 we deduce that
for any sequence ni,...,ng € N we have the following
relation:

d
Sj + ¢So,j + E niSi,j
i=1

2y C <11 ng __c NAY:
“’j0'1,j~~-<7d,j‘70,j‘71(“’j)

%

d
St +csh : + E n:sh .
J 0,j 121,
i=1

We have proved that there exists a word in £(Uf) associated
with € + c&o + Zle n;&. Let & = £ + c&o. We deduce
that &’ + R§ C H'. Thus H' is pseudo-linear and Hy is a
linearizator for H'. That means Parikh images of L (/) are
pseudo-linear for any perfect MGVS U for (s, V,s’). From
Theorem 6.1, we get the following Theorem 6.10.

Theorem 6.10 Parikh images of L(s,V,s’) are semi-
pseudo-linear.

7 Easy Algorithm With Separators

In this section, we prove that if a final configuration is not
reachable from an initial one, there exists a Presburger in-
ductive invariant proving this property. Since we can decide
with any decision procedure for the Presburger arithmetic if
formulas denote inductive invariants, we deduce that there
exist checkable certificates of non-reachability. We deduce

a simple algorithm for deciding the general VAS reacha-
bility problem based on two semi-algorithms. A first one
that tries to prove the reachability by non-deterministically
selecting finite sequences of actions and a second one that
tries to prove the non-reachability by non-deterministically
selecting Presburger formulas.

The reachability problem can be reformulated by intro-
ducing the definition of separators. A pair (S, S”) of config-
uration sets is called a separator for V if (S x S")N Z5y,= (.
Naturally, a pair (s,s’) is in the complement of the reach-
ability relation ~y, if and only if the pair ({s}, {s'}) is a
separator.

Let us introduce the inductive separators. We first define
the following sets for any pair (.5, S”) of configurations sets
and for any action a € X:

post$,(S) ={s' eN" |Fs€ S sy '}
pref,(S) ={seN"|3s' € 5’ sy 8’}

A set I C N is called a forward invariant if post$,(I) C I
forany a € X. A set I’ C N" is called a backward in-
variant if pre},(I') C I' for any a € ¥. Observe that a
pair (I,I") of configurations sets such that I NI = @, T
is a forward invariant and I’ is a backward invariant is a
separator. Such a separator (I,1') is said inductive. As
(post3,(S), pre};(S”)) is an inductive separator for any sep-
arator (S, 5”), we deduce that separators are included into
inductive separators.

We are interested in inductive separators definable in the
Presburger arithmetic FO (N, +, <). Let us consider a pair
(1(x), 9'(x)) of Presburger formulas denoting a pair (1, I")
of configurations sets. Note that (I, I') is an inductive sepa-
rator if and only if ¢)(x) A’ (x) and the following formulas
are unsatisfiable for any a € 3.

"=x+446(a) A
+d(a) A

Y (x)
' (x)

In particular we can effectively decide if (¢ (x),’'(x))
denotes an inductive separator. That means pairs
(¥(x),1(x")) of Presburger formulas denoting induc-
tive separators provide checkable certificates of non-
reachability for any pair (s, s’) of configurations satisfying

(¥(x), ¥(x)).

In the following we prove that Presburger separators
are included in Presburger inductive separators. We de-
duce that the following algorithm Reachability(s,V,s’) de-
cides the reachability problem. The termination is guar-
anteed by the previous result. Note [5] that in general
(post3,(S), pre};(S)) is not Presburger (see also Exam-
ple 2.2). That means, this inductive separator must be



)

w

over-approximated by another inductive separator. Intu-
itively, the approximation is obtained by observing that
for any Presburger sets S, S’ of configurations, the sets
post},(S) N S" and S N pre3;(S”) are semi-pseudo-linear.
This property is proved in section 7.1. In the next section
7.2, we provide an induction to compute Presburger induc-
tive separators.

Reachability( s, V,s’)
repeat forever
non deterministically

select o € X*
ifs 5y s
return ‘‘reachable’
non deterministically select (¢ (x),’(x))
formulas in FO (N, +, <)
L5 (), ' (x)
inductive separator for ({s},{s'})
return ‘‘unreachable’

7.1 Reachability sets

We prove that post},(S)N.S” and SNpre3,;(S’) are semi-
pseudo-linear for any semi-linear sets S, S” C N™.

Since semi-linear sets are finite unions of linear sets we
only prove this result for the special case of two linear sets
S =s+Pand S = s+ (P')* where s,s’ € N" and
where P, P’ are two sets of periods of N™. We consider two
alphabets ¥ p, X p/ disjoint of ¥ and a displacement func-
tion ¢ defined over & = X p U X U X p/ that extends § such
that:

P={(a)|acXp} ={-0(a) |a €Tp}

We consider the VAS V = (£,n,6). Intuitively, since
6(Xp) € N™and 6(Xp) € —N", words in L(s,V,s’)
can be reordered into words in (X5X*3%,) N L(s, V, 8').

Let us consider the displacement functions f and f' de-
fined over X by:

~Jo(a) ifaezp
fla) = {0 otherwise
—6(a) ifa € Xp
/ _
f (a) N {0 otherwise

Lemma 7.1 We have post};(S)NS" =s'+ f'(L(s,V,s'))
and S Npre},(S') =s+ f(L(s,V,s)).

Observe that sets s’ + f/(L(s,V,s')) and s +
f(L(s,V,s')) are images by linear functions of Parikh im-
ages of L(s,V,s’). Theorem 6.10 shows that Parikh images
of L(s, V,s’) are semi-pseudo-linear. From Proposition 5.5
we deduce the following theorem:

Theorem 7.2 For any semi-linear sets S, S" C N™, the sets
post,(S) N S" and S N prei,(S’) are semi-pseudo-linear.

7.2 Induction with domains

Given a pair (S,.5") C (N™,N™) of disjoint sets, the set
D = N"\(SU.S’) is called the domain of (S, S’). Note that
there exists inductive separators with non-empty domains.
However, a separator with an empty domain is necessary
inductive.

A Presburger inductive separator that over-approximate
a Presburger separator (Sp,.S)) is obtain inductively. We
build a non-decreasing sequence (S, S});>o of Presburger
separators starting from the initial Presburger separator
(So,.55) such that the dimension of the domain D; =
N"\(S; U S}) is strictly decreasing. In order to obtain
this sequence, observe that it is sufficient to show that for
any Presburger separator (.Sp, .S,) with a non-empty domain
Dy, there exists a Presburger separator (S, S") 2 (So,.S))
with a domain D such that dim(D) < dim(Dy).

Remark 7.3 (5,5") C (N™ N") is a separator if and only
ifposty;(S)Npre}; (S”) = 0 if and only if post3,(S)NS" = 0
if and only if S N pre3, (S') = 0.

We first define a set S’ that over-approximates S, and
such that (Sp,.S’) is a separator. As Sy and Dy are Pres-
burger sets, Theorem 7.2 shows that post3;(So) N Dy is
equal to a finite union of pseudo-linear sets X1, ..., Xj. Let
us consider some linearizations L, . .., Ly of these pseudo-
linear sets and let us define the following Presburger set S”.

k
S’ = S U (Do\( U

We observe that post3,(So) NS’ = 0 since post},(So) N
Sy = 0 and post;(Sy) N Dy C Ule L;. We have proved
that S contains Sj and (Sp, S7) is a separator.

Now we define symmetrically a set S that over-
approximates Sy and such that (S,5’) is a separator. As
Dy and S’ are Presburger sets, Theorem 7.2 shows that
Dy N pre};(S’) is equal to a finite union of pseudo-linear
sets X7,...,X},. Let us consider some linearizations
Ly, ..., L, of these pseudo-linear sets and let us define the
following Presburger set S.

o
S = 5o U (Do\( U L))

=1

Once again, note that S N pre},(S’) = (). Thus S contains
So and (S, S") is a separator.



Let D be the domain of the separator (S,S’). From

Do = N"\(Sp U S}), we get the following equality.

D=Don| |J &;nLy)

1<j<k

1<5" <k’
From X, X7, C Doy we get dim(X; U X7,) < dim(Dy).
As X; C posty;(Sop) C posty,(S) and X7, C prej,(S”) and
(S,8") is a separator, we deduce that X; and X7, are two
pseudo-linear sets with an empty intersection. Proposition
5.8 provides dim(L; N L) < dim(X; U X7,). We deduce
dim(D) < dim(Dy).

Since the dimension of non-empty Presburger sets are
non-negative integers (see Proposition 4.2), we have proved
the following theorem.

Theorem 7.4 Presburger separators are included in Pres-
burger inductive separators.

8 Conclusion

Thanks to the classical KLMST decomposition we have
proved that Parikh Images of languages accepted by VASs
are semi-pseudo-linear.

As application, we have proved the termination of a
simple algorithm for deciding the reachability problem for
VAS. Even tough the proof of termination is based on the
classical KLMST decomposition, the complexity of the al-
gorithm does not depend on this decomposition. In fact,
the complexity depends on the size of the minimal pair of
Presburger formulas denoting an inductive separator when
({s},{s’}) is separable and the size of a minimal o € ¥*
such that s 75, s’ otherwise. This algorithm is the very first
one that does not require the KLMST decomposition for its
implementation.

We left as an open question the problem of computing
a lower bound and a upper bound of the size of a pair of
Presburger formulas denoting an inductive separator. Note
that the VAS exhibiting a large (Ackermann size) but fi-
nite reachability set given in [4] does not directly provide
a lower-bound for this size since inductive separators can
over-approximate reachability sets.

We also left as an open question the problem of adapting
Counter Example Guided Abstract Refinement approaches
[1] to obtain an algorithm for the VAS reachability problem
with termination guaranty. In practice, such an algorithm
should be more efficient than the enumeration-based algo-
rithm provided in this paper.

Acknowledgment: We thank Jean Luc Lambert for a fruit-
ful discussion during a Post-doc in 2005 at IRISA (INRIA
Rennes, France) and for his work on semi-linear VAS.
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A Proof of Proposition 4.2

Proposition 4.2 We have dim(M) = rank(V') where V is
the vector space generated by a monoid M.

Proof : Since M C Z" NV it is sufficient to prove that
dim(M) > rank(V) and dim(Z™ N V) < rank(V). Let
us denote by ||x||,, = max{|x[1][,...,|x[k]|} the usual
oo-norm of a vector x € Q. As M generates the vector
space V/, there exists a sequence my,...,mg € M with
d = rank(V) that generates V. Since the case d = 0 is
immediate we assume that d > 1. We denote by f : Q% —
V the rational linear function f(x) = Zle x[i]m;.

Let us first prove that dim(M) > d. By minimality of
d = rank(V') note that f is injective. In particular the car-
dinal of f({0,...,k}?) is equal to (1 + k). Observe that a
vector m in this set satisfies |[m|| < & Z?:l ||my||, and
m € M. We deduce that dim(M) > d.

Now, let us prove that dim(Z"™ N'V') < d. Since for any
matrix, the rank of vector space generated by the column
vectors is equal to the rank of the vector space generated
by the line vectors, there exists a sequence 1 < j; < -+ <
jq < m such that the linear function g : Q" — Q< defined by
g(x) = (x[j1], .. ,x[ja]) satisfies h = g o f is a bijective
linear function. In particular we deduce that for any v €
Z" NV N{=k,...,k}"™ there exists a vector x = g(v) €
{—k,...,k}4 such that v = f o h~!(x). Therefore |Z™ N
VN{—k,...,k}"| < (1+2k)?forany k € N. We deduce
that dim(Z" NV) < d. O

B Proof of Lemma 4.4

Lemma 4.4 Let P = {p1,...,px} be a set of periods with
k € N. We have Z(P*) = {0} if k = 0 and Z(P*) =
P ((Q\{0H)p1 + - + (Q+\{0})px) if k > 1.

Proof : Since the case £k = 0 is immediate, we as-
sume that £ > 1. Let us first consider an interior vector
a € I(P*). As Z§=1 p; € P* andka € Z(P*), there
exists N > 1 such that Na € (3_;_,p;j) + P*. Let
p € P* such that Na = Zlepj +p. Asp € P*,
there exists a sequence (IV;)1<;< of elements in N such
that p = Zle N;p;. Combining this equality with the
previous one provides a = Z?Zl %pj. Thus a €
(Q+\{0})p1 + - - + (Q+\{0})pk. Conversely, let us con-
sidera € P* N ((Q4\{0})p1 + -+ + (Q4+\{0})px). Ob-
serve that there exists an integer d > 1 large enough such
that da € (N\{0})p1 + - - - + (N\{0} ) px. In particular for
any x € P* there exists N > 1 such that Nda € x + P*.

(]
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C Proof of Lemma 5.4

Lemma 5.4 We have dim(X) = dim(L) for any lineariza-
tion L of a pseudo-linear set X C Z™.

Proof : There exists b € Z™ and a linearizator M for X
such that L = b + M. From X C L we deduce that
dim(X) < dim(L). Let us prove the converse. Let us
consider an interior vector a € Z(M). Since M is finitely
generated, there exists a set of periods P such that M = P*.
Observe that R = {a} U (a + P) is a finite subset of
Z(M). As X is pseudo-linear, there exists x € X such
that x + R* C X. Note that the vector space generated by
R is equal to the vector space generated by P. Thus, from
Proposition 4.2 we deduce that dim(R*) = dim(P*). As
dim(x+ R*) = dim(R*) and dim(b+ P*) = dim(P*) we
deduce that dim(x + R*) = dim(L). Since x + R* C X
we deduce that dim(L) < dim(X). O

D Proof of Proposition 5.5

Proposition 5.5 Images X' = f(X) of pseudo-linear sets
X by a linear function f are pseudo-linear. Moreover the
linear set L' = f(L) is a linearization of X' for any lin-
earization L of X.

Proof : Let us consider a linear function f : Z" — z"
defined by a matrix A € Z"*"" and a vector v € Z" . Let
us consider a pseudo-linear set X C Z™. As X is pseudo-
linear, there exists a linearizator M of X and a vector b €
Z" such that X C b+ M. As M is finitely generated there
exists a set of periods P such that M = P*. We are going
to prove that L' = f(L) is a linearization of X' = f(X).
Let us consider b’ = f(b) and P = {Ap | p € P}
and observe that L' = b’ 4+ (P’)*. In particular L’ is a
linear set. Since X C L we deduce that X’ C L’. Let us
consider a set ' = {r{,...,rq’} included in the interior
of (P)*. Asr} € (P')* there exists p; € P* such that
r; = Ap;. Lemma 4.4 shows that r{ is a sum of vectors
of the form \; , Ap over all p € P where \;, > 0Oisa
rational value. There exists an integer n; > 1 large enough
such that n;A; p, € N\{0} for any p € P. We deduce that
i = ) .pep n;\; pP 1s a vector in P*. Moreover, form
Lemma 4.4 we deduce that r; is in the interior of P*. Let
us consider the set R of vectors r; + k;p; where k; is an
integer such that 0 < k; < m;. As r;j is in the interior of
P* and p; € P* we deduce that r; + k;p; is also in the
interior of P*. We have proved that R C Z(P*). As Lis a
linearization of X, there exists x € X such that x + R* C
X. We deduce that f(x)+AR* C X'. Letus consider x’ =
fx)+ A(Z?zl r;) and let us prove that x’ + (R')* C X'.
Consider v/ € (R')*. There exists a sequence (u})1<i<d
of integers in N such that v/ = ¢  //r]. The Euclid



division of u; by n,; shows that p} = k; 4+ n;u; where p; €
Nand 0 < k; < n;. From n;r, = Ar; we deduce that
X +1/ = f(x)+ AL (ri+kips)+ Y, pir;). Observe
that r; + k;p; and r; are both in R. We have proved that
x'+1r' € f(x)+ AR*. Since f(x) + AR* = f(x + R*)
and x + R* C X we deduce that f(x) + AR* C X’'. Thus
x4+ (R')* C X'. We have proved that L' is a linearization
of X'. O

E Proof of Lemma 5.7

A sub-group of (Z™,+) is simply called a group in the
sequel. Note that G = X* — X* is the group generated by
X C Z". Now, let us consider the group G = M — M
generated by a monoid M and a € Z". Observe that a €
Z(M) if and only if for any g € G there exists an integer
N > 1suchthatg + Na € M.

Lemma E.1 For any vector v.€ V where V is the vector
space generated by a group G, there exists an integer d > 1
such that dv € G.

Proof : A vector v € V can be decomposed into a sum
v = Zle Aigiwithk € N, \; € Qand g; € G. Let us
consider an integer d > 1 such that d\; € Z and observe
that dv € G. O

Lemma E.2 ([3]) For any set of periods P, P; there exists
a set of periods P such that P{ N Py = P*. Moreover, for
any by, bg € 7™, there exists a finite set B C Z"™ such that
(by + Pf)N(bs + Py¥) = B+ (P} N Py).

Proof : Let us consider an enumeration pj 1, ..., Pik; Of
the k; > 0 vectors in P; where ¢ € {1,2}. If k; = 0 or
if ko = 0 then P; = {0} or P5 = {0} and the lemma is
immediate. Thus, we can assume that k1, ko > 1.

Let us consider the set X of vectors (A1,A2) €
NFt x NE2 such that by + Y5, Miljlpry = bz +
Zfil A2[j]p2,;. Let us also consider the set X of vec-
tors (A1, A2) € NF x N¥2 such that 251:1 Mljlpiy =
252:1 A2[j]p2,j. Observe that X = Z + X, where Z is the
finite set Z = min(X) and Xy = Z§ where Zj is the finite
set Zo = min(Xo\{0}).

Let us denote by B the finite set of vectors b € Z"
such that there exists (A1,\2) € Z satisfying by +
S Maljlp1g = b = by + 352, Xa[j]p2;. Let us also
denote by P the finite set of vectors p € Z" such that there
exists (A1,A2) € Z satisfying Z?;lAl[j]pl’j =p=
> A2[j]p2,j. Remark that (by + Py) N (b + Py)
B+ P* and P} N Py = P*.

Ol
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Lemma 5.7 Let Ly = by + M; and Ly = ba + M be
two linear sets with a non-degenerated intersection. There
exists finite sets Ry C Z(M;) and Ry C I(Ms) such that
(x1 + R}) N (x2 + R3) # 0 for any (x1,%x2) € L1 X Lo.

Proof : As My, M, are finitely generated, there exists some
sets of periods P, P, such that M; Pl and My = Ps.
From Lemma E.2 there exists a set of periods P and a finite
set B C Z" suchthat PFNPy = P*and LyNLy = B+P*.
Note that L; N Ly = § is not possible since in this case
dim(Ly N Lg) = —oo. Thus there exists a vector b € B.

Let us denote by V7, V, V the vector spaces generated re-
spectively by Py, P, P> and let us prove that V; =V = V5.
Proposition 4.2 shows that dim(L;) = Vi, dim(L1 N Ly) =
rank(V') and dim(Lg) = rank(V2). From dim(L; N Lg) =
dim(L,) we deduce that rank(V) = rank(V;). Moreover
as P* C Pf" wededuce that V' C V;. The inclusion V' C V;
and the relation rank(V') = rank(V;) prove together that
V = V;. Symmetrically we deduce that V' = V5.

We denote by G, G, G2 the groups generated respec-
tively by Py, P, P,. Note that the vector spaces generated
by G1,G, G4 are equal to V1, V, V.

Let a be an interior vector of P* and let us prove that
ac€Z(Pf)NI(Py). Letj € {1,2}. Note thata € P* C
P;. Letp € Z(P}). Since —p € V and V is the vector
space generated by GG, Lemma E.1 shows that there exists
an integer d > 1 such that —dp € G. From a € Z(P*) we
deduce that there exists N > 1 such that —dp + Na € P*.
From P* C P; we deduce that a € %(dp + P}). From
p € Z(P;) and Lemma 4.4 we geta € Z(F}).

We define Ry and Ry by R; = {a} U (a+ P;) for j €
{1,2}. From a € Z(P}), Lemma 4.4 shows that R; C
I(Pj*). Let us consider x; € L; and xo € Lo and let us
prove that (x3 + R}) N (x2 + R3) # 0.

From b, x; € bj + P; we deduce that x; — b € Gj.
As the group generated by R; is equal to G, there exists
rj,r; € I such thatx; + 15 = b +1j.

As V is the vector space generated by G andr, € RS C
Vo =V, Lemma E.1 shows that there exists an integer d; >
1 such that diry € G1. As a € Z(Py), there exists an
integer N1 > 1 such that diry + N1a € Pf. As P} C
R7 — Na, we deduce that there exists an integer Ny > 0
such that dirh + (N7 + Ni)a € R}. We denote by r} this
vector. Symmetrically, there exist some integers do > 1,
Ny > 1and NJ > 0 such that the vector dary + (N2 + Nj)a
denoted by r} is in R5. We get:

X1+ 11+ (dy — 1)1y + 17 + (No + Nj)a
=b +dor] + diry + (N1 + Nj + Ny + Nj)a
X2 +r2 + (di — 1)ry + 15 + (N1 + Ny)a
=b+diry + dory + (N2 + Ny + Ny + Nj)a



We have proved that these vectors are equal. Therefore

(x1+ R}) N (x2 + R3) # 0. O
F Proofs of Section 6

The following lemma is used in the sequel.
Lemma F.1 (Euler Cycles) Let G = (Q,X,T) be a

strongly connected graph. For any sequence (u)icr of in-
tegers i > 0 satisfying the following equality for any state
qo € Q, there exists a cycle 7 such that |w|; = . for any
transitiont € T':

>

t'=(qo,a,q’)ET

t=(q,a,90)€T

He = 157

Given a sequence (x;);>0 in N1, we denote by x
lim; oo @; the element x = T if for any » € N there
exists 79 > 0 such that z; > r for any ¢ > ¢g and the el-
ement x € N if there exists ig > 0 such that x; = x for
any ¢ > ig. When z = lim;_, ., x; exists we say that
(x:)i>0 converges toward x. Even if the proof of the fol-
lowing lemma is immediate by induction over the length of
o, it is central in the KLMST decomposition. In fact a path
x L x’ implies the relation x 2, x’.

Lemma F.2 (Graph vector paths) For any x 2, x/, for
any sequences (X¢)cew and (XL)cen of extended configu-
rations that converge toward x = lim¢_, 1 oo Xc and x’

lime—, 4o XL, there exists ¢co € N such that x. sy and
Zsy X!, for any ¢ > cq.

Lemma 6.2 There exist a sequence (m;); of cycles m; =
. 93 / d A ti
(x; =, Xj) and a sequence (sj,s;); of configurations
pairs such that § = (s;, || s;); is solution of the charac-

. wj wj
teristic system of U and such that s; —y and —>v s for
any0 < j <k

Proof : The definition of perfect MGVS requires that
there exists an integral solution § = (s, (1),t)¢,8}); of
its characteristic system. This solution may be nega-
tive. However, there exists a non-negative rational solution
o = (S0, (10,5,t)t,8p j); of the homogeneous character-
istic system satisfying the perfect MGVS condition. Natu-
rally, by replacing &g by a sequence in (N\{0})&o we can
assume that g is a non-negative integral solution also sat-
isfying the perfect MGVS condition. Now, just observe
that there exists an integer ¢y > 0 large enough such that
&+ cpép is a non-negative integral solution of the character-
istic system satisfying j1; + +copo, 5, > Oforany ¢ € T} and
for any 0 < j < k. Moreover, as lim._, ;oo (sj + ¢S0j) =

. . g4
my; and lim, . | o (8] + csfy ;) = mj, the relations m; —>y,
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and iv me and Lemma F.2 shows that there exists an in-

teger ¢ > cg large enough such that (s; + cso ;) iv and

’

Y (s + csgj)-

By replacing £ by £ + ¢o&o, we can assume that ¢y = 0.
As pj; > 0 forany t € T and G is strongly connected,

Lemma F.1 shows that there exists a cycle 7; = (x; lcj
x}) such that y; ; = ||, for any ¢ € Tj. O

Lemma 6.3 There exist a sequence (g ;); of cycles mg ;j =
(xj MG]. x}) and a sequence (o j,Sq ;); of configura-
tions pairs such that §o = (so j, |0;] + |70, + 10;],80 ;)
is a solution of the homogeneous characteristic system, such
that soj + 0(w;) > 0 and so; — o(w}) > 0 for any
0 < j < k, and such that for any 1 < v < n and for
any 0 < j <k:

e sgjli| > 0ifand only if m;[i] = T.
e sq;li] > 0ifand only if mj[i] = T.
o (soj+0(w;))i] > 0ifand only if x;[i] = T.

® (so; —d(wj))[i] > 0ifand only if x;[i] = T.

Proof : Let §o = (S0, (f10,j,t)t,Sp j); be a non-negative
rational solution of the homogeneous characteristic system
satisfying the perfect MGVS condition. By replacing &g by
(N\{0})&o we can assume that £ is a non-negative integral
solution satisfying the perfect condition. We are going to
prove that there exists an integer ¢ € N large enough such
that cg satisfies the lemma.

First of all, observe that for any ¢ > 1 and for any 1 <
1 < n, we have:

e csgj > 0and csg ;[i] > 0if and only if m;[i] = T.

® csq; > 0and csg [i] > 0 if and only if mj[i] = T.

Let us consider 1 < ¢ < n and let us prove that there
exists an integer ¢; > 0 such that for any ¢ > ¢; we have
(cso,j+6(w;))[i] > 0and (csg j+d(w;))[é] > 0if and only
if x;[9] = T. Note that mj;[:] < x;[i] thus either m;[i| =
Xj[i] € N, or (mj[i],xj[i}) € N x {T}, or l’n_][l] = Xj[i] =
T. We separate the proof following these three cases. Let us
first consider the case m;[i] = x;[i] € N. As m;[i] € N and
&o 1s solution of the homogeneous characteristic system, we
get s 5i] = 0. Moreover the cycle §; = (x; —>¢, Xj)
shows that x; + §(w;) = xj. From x;[i] € N we deduce
that 6 (w;)[é] = 0. In particular (csg ; + 6(w;))[i] = 0 and
we have proved the case m;[i] = x;[i] € N by considering
¢; = 0. Let us consider the second case (m;[i], x;[i]) € Nx
{T}. As in the previous case, since mj;[i] € N we deduce
that sg ;[¢] = 0. Note that the perfect condition shows that



d(wj)[i] > 0 in this case. In particular for any ¢ > 0 we
have (csgj + 6(wj;))[i] > 0 and we have proved the case
(my[d], x;[¢]) € N x {T} by considering ¢; = 0. Finally, let
us consider the case m;[i]| = x;[i] = T. As m;[i] = T we
deduce that sg ;7] > 0 in particular there exists an integer
¢; > 0 large enough such that (¢sgj + 6(w;))[é] > 0 for
any ¢ > c¢;. We have proved the three cases.

Symmetrically, for any 1 < ¢ < n, there exists an integer
¢; > O such that for any ¢ > ¢; we have (esg ;—6(wj)))[i] >
0 and (csg ; — d(w;))[i] > 0 if and only if x;[i] = T.

Finally, as po,,¢ > 0 for any ¢ € T} and for any 0 <
7 < k, we deduce that there exists an integer ¢ > 0 large
enough such that cp j,+ > |6;|¢ + |0;|¢ for any ¢ € T} for
any 0 < 5 < k. Naturally, we can also assume that ¢ > 1,
¢ > ¢ and ¢ > ¢ forany 1 < i < n. Let us replace {o by
co. As w1 — |01 +165:|¢ > Oforany t € T;, Lemma F.1

shows that there exists a cycle my ; = (x; m’cj x}) such
that [oj1: = po,5,0 = (10;]¢ +105]¢) forany ¢ € Ty~ T

Lemma 6.4 For any ¢ > 0 we have:

w$

—y  sj+csoj + 6(w;))
(w))°
AL

Sj + CSo,j

s; + c(sp j — 0(w})) Sj + S0 ;

Proof : Since the two relations are symmetrical, we just
prove the first one. The choice of ¢ satisfying Lemma 6.2

shows that s; ﬂw. The conditions sg; > 0, sgj +
(w;) > 0 and s; —5, with an immediate induction on
the integer ¢ > 0 provides the required relation. (I

Lemma 6.5 There exists co > 0 such that for any ¢ > cq:

c

sj+ c(s05 +0(wy))  —v s+ e(spy — o(w)))

Proof : Let us recall that x; = xj{. We denote by u the
vector in {0, 1}" satisfying ufi] = 1if x;[i] = T = x;]4]
and satisfying u[i] = 0 otherwise. From the choice of &g
satisfying Lemma 6.3, we observe that sg; + 6(w;) > u
and sp ; — 0(w}) > u. Note that lim,— ;o (sj + cu) = x;.

As x; %Gj xg, Lemma F.2 proves that there exists an
integer ¢ > 0 such that s; + cou mn;. Now, let us
consider integers ¢ > 1 and ¢ > 0 such that ¢ + ¢/ > ¢
and let us prove the relation:

sj + c(so,j + 0(w;)) + ¢ (sg j — o(w}))

70,5

1%
sj+ (¢ = 1)(so,j + 0(w;)) + (¢ +1)(so 5 — 6(wj))
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From sqj + 6(w;) > uand s ; — 6(w}) > u we deduce
that ¢(so; + d(w;)) + c’(s()d. = 0(w})) > (c+c)u >
cou. Thus, the previous relation directly comes from s; +
cou %V and soyj+5(wj)+5(007j)+5(w;) = Sé),j' Now,

ol .
an immediate induction provides s;+c(so j+0(w;)) —Zsy

sj + c(sg; — d(w})) for any ¢ > co.

Lemma 6.6 There exists ¢’ > 0 such that for any ¢ > c':

sj+c(spy —0(w))  —>v  sj+clspy —0(w)))

J

Proof : As limc—>+oo(S§ + c(spj — 5(w3))) = XJ’. and

(o .
Xj —'7>Gj xJ’., Lemma F.2 proves that there exists ¢/ > 0

such that —%y, (sj + c(sp; — 6(wj))) forany ¢ > ¢’. Since
sj + d(o;) = sj we are done. O

Lemma 6.7 There exists ¢ € H and & € Hy such that
o+ H C £+ H,.

Proof : As the MGVS U is perfect the set H is non empty.
Let us consider the set I of components 7 such that £[7] is
independent of £ € H. As the MGVS is perfect we deduce
that for any integer ¢ > 0 there exists & € H such that
&[i] > cforany i ¢ I. As min(H) is finite, we deduce that
there exists £ € H such that > ¢’ forany ¢’ € min(H). In
particular {0 = > ¢ ¢ in(rr) (€ — &) is in Ho. Let us prove
that §g + H C £ + Hy. Consider £’ € H. By definition
of min(H), there exists " € min(H) such that " < ¢”.
The definition of &, shows that §g — (§ — ) is equal to
a sum of terms (§ — &’) indexed by &' € min(H)\{¢"'}.
Therefore {o — (£ — &) € Hy. As &’ — & € Hy we have
proved that the sum of g — (£ — &) and £ — ¢ is also
in Hy. Note that this sum is equal to &g — & + £”. We have
proved that g + & € £+ Hy. Therefore £g + H C £+ H,.

([l

PN

Lemma 6.8 For any & = (sij, (1tijt)t, Si,j)j interior vec-
. Ti,j

tor of Hy there exists a cycle m; j = (Xj —>¢,

that (pi j1)e = |m ;| forany 0 < j < k.

/
x}) such

Proof : Since U is perfect, for any ¢t € T}, there ex-
ists a solution o = (So,j, (K0,j,t)t-Sg j); in Ho such that
tojt > 0. As Hy = Py, for any t € Tj there ex-
ists g € Py satisfying the same property. Lemma 4.4
shows that & = (sij, (/,Ll-’j’t)hs{’j)j is a sum over all so-
lutions &g € Py of terms of the form A¢y where A > 0 is
a rational value that naturally depends on &y. In particu-
lar we deduce that ; ;; > O for any ¢ € T} and for any
0 < j < k. Lemma F.1 shows that there exists a cycle

mi; = (X5 ﬂ)Gj x}) such that p; j; = |m; ¢ for any
t€Tjandany 1 < j <k O



Lemma 6.9 There exists c; > 0 such that forany1 < 53 < k
and ¢ > ¢;:

sj +c(soj + 0(w;)) + sijj

Ti,j
%

sj + c(soj + 0(w;)) +si;

Proof : As lim. 4 (sj + c(soj + 6(w;))) = xj and
X;j mgj xj, Lemma F.2 proves that there exists an in-
teger ¢; > 0 such that (s; + c(soj + 0(w;))) 249, for
any ¢ > c¢; and forany 0 < j < k. Ass;; > 0 and
si,j +06(0i;) = si; > 0 we deduce the lemma. O

G Proofs of Lemma 7.1

Additional notations : A shuffle of a pair (u, v) of words
is a word of the form wujvy...urvy where k > 1 and
U1, v1,. .., U, Vg are words satisfying u = wy ...uy and
v =1 ...vx. Given two languages L1, Lo C 3* we define
L1]]L4 the set of shuffle of pairs (u,v) € L1 x Lo. Observe
that the shuffle operator is associative since (£1]]L2)||L5 =
L1HL2||£/3 for any Ll, LQ, Lg Q 3.

We first prove the following lemma.

Lemma G.1 Let (s,s’) be a pair of configurations of a VAS
V = (X,n,0). Let us consider uj,us,v1,v2 € X* and
U1U2aV1 V2

a € X such thats ———y, s'.

U1aU2V1V2 /

o ifd(a) > 0thens ————y, 8.

U1U2V1aAV2 ’

e ifd(a) <O0thens ——y, s

Proof : We only consider the case §(a) > 0 since the other
case is symmetrical by replacing (s, V,s’) by (s’,—V,s)
where —V = (£, n, —9).

Let us consider the three configurations x, y, z such that
s 2y x By y By oz 2%, 8 Since 6(a) > 0
we deduce x’ = x + d(a) is a configuration and it satisfies
x 5y x'. Moreover as X’ > x and x —>, y we deduce
that there exists a configuration y’ such that x’ —2, y'.
Observe that y’ = x’ + §(ug). Since x’ = x + §(a) we
deduce that y' = x + §(uga). As z = x + §(uga) we have

proved that y’ = z. Therefore s ——="1%2,,, &', O

The following lemma formally explains why words in
L(s,V,s’) can be reordered into words in (X5X*¥%,) N
L(s,V,s’). Note that in this lemma u||v||u’ denotes the set
of words {u}|[{v}||{u}.
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Lemma G.2 Forany (u,v,u’) € £} x £* x X}, we have:

(ul|v|[u') N L(s, V,8") # 0 <= uvu’ € L(s,V,s)

Proof : Since uvu’ € (u||v||u’) we deduce that uvu' €
L(s,V,s’) implies (ul|v||u’) N L(s,V,s’) # (. The con-
verse is obtained by observing that 6(Xp) C N" and
5(Xpr) € —N™ and by applying Lemma G.1 O
Lemma 7.1 We have post},(S)NS’ = s'+6p/(L(s,V,s))
and S Npre},(S') =s+0p(L(s,V,8)).

Proof : Let us consider ¢’ € post3;(S) N S’. There exists
c € Sandaword v € ¥* such that ¢ -y, ¢’. In particular
c Sy c. Since S = s + P* we observe that there exists a
word u € ¥} such that s l)f; c. Symmetrically since S’ =

s’ + (P')* there exists u’ € X%, such that ¢/ “=y; s’. We
have proved that uou’ € L(s,V,s). Note that f'(uvu’) =
—6(v). From s’ = ¢’ + 6(v) we have proved that ¢’ € s’ +
f'(L(s,V,s")). Conversely, let us consider a vector ¢’ €
s’ + f'(L(s,V,s')). There exists a word ¢ € L(s,V,s’)
such that ¢/ = s’ + f/(o). Thanks to Lemma G.2 we can
assume that 0 = vvu’ withu € %, v € ¥* and v’ € X%,.
Let us consider the two configurations ¢, ¢’ such that s %,

c by u—/n; s’. Since u € £} we deduce that ¢ € .S and
since v’ € ¥}, we get ¢’ € S’. Moreover from v € X* we
deduce ¢ -y, c’. We have proved that ¢’ € post,(S) NS’
Thus post,(S) N S" = 8"+ f/(L(s,V,s')). Symmetrically
we deduce S N pre},(S') = s+ 6p(L(s, V,s)). O



