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ABSTRACT

The reachability problem for Vector Addition Systems (VAS)
or equivalently for Petri Nets is a central problem of net the-
ory. The general problem is known decidable by algorithms
exclusively based on the classical Kosaraju-Lambert-Mayr-
Sacerdote-Tenney (KLMST) decomposition. This decom-
position is difficult and it just has a non-primitive recursive
upper-bound complexity. In this paper, we prove that if a
configuration is not reachable from an initial configuration,
there exists a semi-linear inductive invariant that proves this
property. We deduce an easy algorithm for deciding the
reachability problem based on two semi-algorithms. A first
one that tries to prove the reachability by fairly enumerating
the possible paths and a second one that tries to prove the
unreachability by fairly enumerating semi-linear inductive
invariants. This algorithm is the very first one that does not
require the KLMST decomposition. In particular, this algo-
rithm is the first candidate to obtain a precise (eventually
elementary) upper-bound complexity for the VAS reachabil-
ity problem.

1. INTRODUCTION

Vector Addition Systems (VAS) or equivalently Petri Nets
are one of the most popular formal methods for the represen-
tation and the analysis of parallel processes [E] The reacha-
bility problem is central since many computational problems
(even outside the parallel processes) reduce to the reachabil-
ity problem. Sacerdote and Tenney provided in [L(] a par-
tial proof of the decidability of this problem. The proof was
completed in 1981 by Mayr and simplified by Kosaraju
ﬂ] from @, H] Ten years later [E], Lambert provided a more
simplified version based on [[f]. This last proof still remains
difficult and the upper-bound complexity of the correspond-
ing algorithm is just known non-primitive recursive. Nowa-
days, the exact complexity of the reachability problem for
VAS is still an open-problem. Even an elementary upper-
bound complexity is open. In fact, the known general reach-
ability algorithms are exclusively based on the Kosaraju-
Lambert-Mayr-Sacerdote-Tenney (KLMST) decomposition.

In this paper, we prove that if a configuration is not reach-
able from an initial configuration, there exists a semi-linear
set or equivalently a formula in the Presburger arithmetic

that denotes an inductive invariant proving this property.
We deduce an easy algorithm for deciding the reachability
problem based on two semi-algorithms. A first one that tries
to prove the reachability by fairly enumerating the possible
paths and a second one that tries to prove the unreacha-
bility by fairly enumerating semi-linear inductive invariants.
This algorithm is the very first one that does not require
the KLMST decomposition. In particular, this algorithm
should be a good candidate to obtain a precise (eventually
elementary) upper-bound complexity for the VAS reacha-
bility problem. Note that in general, reachability sets
are not semi-linear. Semi-linear inductive invariants are ob-
tained by observing that reachability sets can be precisely
over-approximated by semi-linear sets.

Outline of the paper: In section E, the unreachability prob-
lem for VAS is reduced to the existence of separators (a
pair of inductive invariants). In section E we introduce the
class of semi-pseudo-linear sets, a class of sets that can be

recisely over-approximated by semi-linear sets. In section
E, reachability sets are proved semi-pseudo-linear. Finally
in section | we show the existence of semi-linear separators
proving the unreachability of a pair of configurations. In
order to simplify the presentation of this paper, the inde-
pendant parts of sections and with the remaining of the
paper are presented in some sub-sections. That means the
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reader may safely skip these sub-sections in order to read
other sections of the paper.

2. VECTOR ADDITION SYSTEMS

In this section, the unreachability problem for Vector Addi-
tion Systems is reduced to the existence of separators.

Reachability (s € N", V = (2,n,T) a VAS, s’ € N")
repeat forever
fairly select o € ¥~
if s in; s’
return ‘‘reachable”
fairly select (1(x),%’(x)) formulas in FO (N, +, <)
if (¥(x),1’'(x)) denotes separator for ({s}, {s'})
return ‘‘unreachable”

Some mnotations : As usual we denote by Q,Q4+,7Z,N re-
spectively the set of rational values, non-negative rational
values, the set of integers and the set of non-negative inte-
gers. The components of a vector x € Q™ are denoted by
(x[1],...,x[n]). Given a function f : E — F where E, F are
sets, we denote by f(X) = {f(z) | x € X} for any subset
X C E. This definition naturally defines sets X1 + X2 where
X1,X2 C Q™. With slightly abusing notations, {x1} + X3
and X; + {x2} are simply denoted by x1 + X2 and X; + xa2.
The total order < over Q is extended component-wise to the
partial order < satisfying x < x’ if and only if x[i] < x'[7]
for any 1 < ¢ < n. The set of minimal elements for <
of a set X C N” is denoted by min(X). As (N",<) is a
well partially ordered set, recall that min(X) is finite and
X Cmin(X) + N" for any X C N™.

A Vector Addition System (VAS) is a tuple V = (X,n,6)
where ¥ is a non-empty finite alphabet, n € N is the dimen-
sion and § € ¥ — Z" is the displacement function. A con-
figuration is a vector in N™. The binary relation — where
a € ¥ over the set of configurations is defined by s <y, s’
if and only if 8" = s+ §(a). Given a word o = ai...ax
of & € N elements a; € ¥, we denote by 2 the binary
relation over the set of configurations that is equal to the
concatenation a—1>v a—kw if £ > 1 and that is equal to
the identity binary relation if £ = 0. We also denote by
—y the reachability binary relation over the set of configu-
rations defined by s —y s’ if and only if there exists o € ¥*
such that s ©y, s’. Given two sets S, 8" of configurations,
we denote by post},(S) and pre},(S’) respectively the set of
reachable states from S and the set of co-reachable states
from S’ formally defined by:

post),(S) ={s' €N" |Is€ S s—ys'}

prep,(S)={seN" |3 €85 s—ys'}

The reachability problem for a tuple (s, V,s’) where s,s’ are
two configurations of a VAS V consists to decide if s —y s'.
This problem can be reformulated by introducing the defi-
nition of separators. A pair (S,S’) of configuration sets is
said separable if post},(S) N pre},(S’) = 0. Naturally, a pair
(s,s’) is in the complement of the reachability relation —y
if and only if the pair ({s},{s’}) is separable. A separa-
tor for a pair (S,9’) of configuration sets is a pair (I,1")

such that 7 NI’ = @ and such that I is a forward invari-
ant post},(I) = I containing S C I and I’ is a backward
invariant pre},(I') = I’ containing S’ C I’. Observe that
in this case (S,S’) is separable. As (post3;(S), pre},(S’)) is
a separator for any separable pair (S, S’), we deduce that a
pair (S, S") is separable if and only if there exists a separator
(1,1 for (S,9").

We are interested in separators definable in the decidable
logic FO (N, +,<). Note that a pair (¢ (x),%’'(x)) of for-
mulas in this logic denotes a separator (I,I’) if and only
if 1 (x) A ¢’ (x) and the following formulas are unsatisfiable
for any a € X. In particular we can effectively decide if
(1(x),%’'(x)) denotes a separator.

P(x) A X =x+0(a)

x A p(x')
P'(x) A X' =x+8a) A

(%)

-

In this paper we prove that there exists a separator (I,1")
definable in FO (N, +, <) for any pair (S,S’) of separable
sets definable in FO (N, 4, <). We deduce that algorithm
Reachability(s,V,s’) decides the reachability problem. The
termination is guaranteed by the previous result. Note [{]
that in general, the separator (post},(S), pre};(S’)) is not de-
finable in FO (N, +, <) even if S and S’ are reduced to single
vectors S = {s} and S’ = {s'}. That means, this separa-
tor must be over-approximated by another separator (I,1")
definable in FO (N, +, <). Intuitively, the approximation is
obtained by observing that post},(S) N S’ and S N pre},(S')
are semi-pseudo-linear for any pair (S,S’) of sets definable
in FO (N, 4+, <), a class of sets that can be precisely over-
approximated by sets definable in FO (N, +, <).

3. SEMI-PSEUDO-LINEAR SETS

In this section we introduce the class of pseudo-linear sets
and semi-pseudo-linear sets. We show that a pseudo-linear
set X can be precisely over-approximated by a linear set
L called a linearization of X. We also introduce a mono-
tonic function dim : (P(Z"),C) — ({—09,0,...,n}, <) that
associates to any set X C Z" a dimension dim(X). We
show that dim(X; UX3) = max{dim(X1), dim(X2)} for any
X1,X2 C 7Z™. Essentially, in this section, we prove that
any linearizations L1, Lo of pseudo-linear sets X1, Xo with
an empty intersection X; N Xz = 0 satisfy dim(Li N Lg) <
max{dim(X1),dim(X2)}.

We first associate a dimension to sets X C Z"™. The dimen-
ston dim(X) of a non-empty set X C Z" is the minimal
integer d € {0,...,n} such that:
X —k,... "
POk B}
k>0 (14 2k)?

< 400

The dimension of the empty-set set is denoted by dim(@) =
—o00. Let us observe some immediate properties satisfied by
the dimension function. First of all, we have dim(X) < 0 if
and only if X is finite. The dimension function is monotonic
dim(X1) < dim(X32) for any X; C X2. Moreover it satisfies
dim(X; U X3) = max{dim(X1),dim(X2)} and dim(X; +
X2) < dim(X1) 4+ dim(X2). In particular dim(v + X) =
dim(X) for any v € Z" and for any X C Z".



Now, let us recall the definition of semi-linear sets. A monoid
M of Z™ is a subset M C Z™ that contains the zero vector
0 € M and that is stable by addition M + M C M. Given
any subset X C Z", observe that X* = {Zle xi | k€
N x; € X} is the unique minimal for the inclusion monoid
that contains X. It is called the monoid generated by X. A
finite set P C Z" is called a set of periods. A set L C 7"
is said linear [E] if there exists a vector b € Z" and a set
of periods P C Z"™ such that L = b + P*. A semi-linear
set S C Z™ is a finite union of linear sets L; C Z™. Recall

that sets definable in FO (Z, +, <) are exactly the semi-
linear sets and sets definable in FO (N, +, <) are exactly the
non-negative semi-linear sets.

The definition of semi-pseudo-linear sets requires the defini-
tion of attractors of a monoid. Given a vector x in a monoid
M, we observe that x + M is a subset of M. We are inter-
ested in vectors a € M such that for any set x + M where
X € M there exists an integer NV € N such that Na € x+ M.
More formally, an attractor of a monoid M is a vector a € M
such that (Na) N (x+ M) # 0 for any x € M. We denote b
A(M) the set of attractors of M. The following Lemmaﬁ
characterizes the set A(P*) where P is a set of periods. In
particular, this lemma shows that A(P*) is non empty.

LEMMA 1. We have A(P*) = {0} if k =0 and A(P*) =
PO ((Q\{0})p1 + -+ + (Q+\{0})px) if k = 1 for any set
of periods P = {p1,...,Pxk}-

PROOF. Since the case k = 0 is immediate, we assume
that k& > 1. Let us first consider an attractor a € A(P™).
As 25:1 p; € P* and a € A(P”), there exists N € N

such that Na € (Zle pj) + P*. Let p € P* such that
Na = 25:1 pj + pP.- As p+a € P*, there exists a sequence
(Nj)1<j<k of elements in N such that p +a = 25:1 N;pj.
Combining this equality with the previous one provides a =
o1 Traps Thus a € (Qe\{0)p1 + -+ (@ \{0})px.
Conversely, let us consider a € P* N ((Q+\{0})p1 + - +
(Q+\{0})px). Observe that there exists an integer d > 1
large enough such that da € (N\{0})p1 + --- + (N\{0}) px.
In particular for any x € P* there exists N € N such that
Ndaex+P*. O

EXAMPLE 1. Let P = {(1,1),(1,0)}. The monoid gener-
ated by P is equal to P* = {x € N? | x[2] < x[1]}, and the
set of attractors of P* is equal to A(P*) = {x € N* | 0 <
x[2] < x[1]}.

A set X C Z" is said pseudo-linear if there exists b € Z™
and a set of periods P C Z" such that X C b+ P* and such
that for any finite set R C A(P*) there exists x € X such
that x+ R* C X. In this case, P is called a linearizator of X
and the linear set L = b + P” is called a linearization of X.
A semi-pseudo-linear set is a finite union of pseudo-linear
sets.

EXAMPLE 2. The set P ={(1,1),(1,0)} is a linearizator
of the pseudo-linear set X = {x € N? | x[2] < x[1] < 2x[2}.
Moreover P* is a linearization of X.

All other results and notations introduced in this section
are not used in the sequel. The reader may safely skip
the remaining of this section to read the other ones. In
sub-section we characterize the dimension of linear sets
and pseudo-linear sets. This characterization is used in the
next sub-section to prove that linearizations Li, La of
two pseudo-linear sets X, X2 with an empty intersection
X1 N Xz = 0 satisfy the strict inequality dim(L; N Lz) <
max{dim(X;),dim(X2)}.

In these two sub-sections, vector spaces are used. A wvector
space V of Q" is a subset V C Q™ that contains the zero
vector 0 € V, that is stable by addition V +V C V and
that is stable by rational product Av € V for any A € Q
and for any v € V. Observe that for any set X C Q"
the set V. = {35  Aixi | k € N X € Q x; € X} is the
unique minimal for the inclusion vector space that contains
X. This vector space is called the vector space generated
by X. Recall that for any vector space V of Q™ there exists
a finite set X C V that generates V. The minimal for <
integer d € N such that there exists a finite set X that
generated V is called the rank of V and it is denoted by
rank(V).

3.1 Dimension of (pseudo-)linear sets

In this section, we prove that the dimension of a pseudo-
linear set X is equal to the rank of the vector space V' gen-
erated by any linearizator P of X.

We first prove the following Lemmas E

LEMMA 2. We have dim(M) = rank(V') where V is the
vector space generated by a monoid M.

PROOF. Since M C Z" NV it is sufficient to prove that
dim(M) > rank(V) and dim(Z" N V) < rank(V). Let us
denote by ||x||_ = max{|x[1]|,..., |x[k]|} the usual co-norm
of a vector x € Q™. As M generates the vector space V
recall that there exists a sequence mi,...,mg € M with
d = rank(V) that generates V. Since the case d = 0 is
immediate we assume that d > 1. We denote by f: Q% — V
the linear function f(x) = 27:1 x[i]m;.

Let us first prove that dim(M) > d. By minimality of d =
rank(V') note that f is injective. In particular the cardinal
of £({0,...,k}%) is equal to (1 + k)%. Note that a vector m
in this set satisfies ||m||_ < kY%, |lm;||_, and m € M.
We deduce that dim(M) > d.

Now, let us prove that dim(Z" N V) < d. Since for any
matrix, the rank of the column vectors is equal to the rank

of the line vectors, there exists a sequence 1 < j; < --- <
ja < n such that the linear function g : Q" — Q% defined
by g(x) = (x[j1],-..,x[ja]) satisfies h = go f is a bijective

linear function. In particular we deduce that for any v €
7" NV Nn{—k,...,k}" there exists a vector x = g(v) €
{—k,...,k}* such that v = foh~'(x). Therefore |Z"NV N
{=k,...,k}" < (1 +2k)* for any k € N. We deduce that
dim(Z"NV)<d. 0O



LEMMA 3. For any pseudo-linear set X C 7", we have
dim(X) = rank(V') where V is the vector space generated by
any linearizator P of X.

PRrROOF. Let P be a linearizator of a pseudo-linear set X
and let V' be the vector space generated by P. Note that
there exists a vector b € Z" such that X C b + P*. From
LemmaE we have dim(b + P*) = rank(V). In particular
dim(X) < rank(V). Conversely, let us consider an attractor
a € A(P”*) and observe that R = {a}U(a+P) C A(P"). As
X is pseudo-linear, there exists x € X such that x + R* C
X. Note that the vector_space generated by R is equal to
V. Thus, from Lemma P we deduce that dim(x + R*) =
rank(V). In particular dim(X) > rank(V). We have proved
the equality dim(X) = rank(V). O

3.2 Pseudo-linear setsintersection

In this section we prove that linearizations Li, La of two
pseudo-linear sets X1, X2 with an empty intersection X; N
X2 = 0 satisfy dim(L; N L2) < max{dim(X1),dim(X2)}.

We first characterize the intersection of two linear sets.

LEMMA 4. For any set of periods Pi, P> there exists a set
of periods P such that P N Py = P*. Moreover, for any
bi,b2 € Z", there exists a finite set B C Z" such that
(b1 + P)N(b2+ Py) =B+ (P NPFy).

PROOF. Let us consider an enumeration pj 1, ..., Pik; of
the k; > 0 vectors in P; where ¢ € {1,2}. If k1 = 0 or
if ko = 0 then P{ = {0} or P; = {0} and the lemma is
immediate. Thus, we can assume that ki, k2 > 1.

Let us consider the set X of vectors (A1,A2) € NP1 x NP2
such that by + > ¥1, M[jlp1; = b2 + 252, Aa[j]pa,j. Let
us also consider the set Xo of vectors (A1, \2) € NP1 % INF2
such that 25;1 Mljlpi; = Zfil A2[j]pz,;.- Observe that
X = Z 4 Xo where Z is the finite set Z = min(X) and
Xo = Zj where Zj is the finite set Zo = min(Xo\{0}).

Let us denote by B the finite set of vectors b € Z" such that
there exists (A1, A2) € Z satisfying by + Zf;l A1ljlp1,; =
b=b2+ Zfil A2[j]p2,;- Let us also denote by P the finite
set of vectors p € Z" such that there exists (A1,A2) € Zo
satisfying YL, Mi[jlpis = P = Y52, A2[jlp2;. Remark
that (b1 + P )N(bz+Py) =B+ P"and PfNP; =P*. O

In order to prove the following proposition, we introduce
the definition of groups. A group G of Z" is a monoid of Z"
such that any element admits an inverse —G C G. Observe
that for any set X C Z", the set G = X* — X* is the unique
minimal for the inclusion group that contains X. This group
is called the group generated by X. Now, let us consider the
group G = M — M generated by a monoid M and observe
that a vector a is an attractor of M if and only if for any
g € G there exists N € N such that g+ Na € M.

LEMMA 5. For any vector v € V where V' is the vector
space generated by a group G, there exists an integer d > 1
such that dv € G.

PROOF. A vector v € V can be decomposed into a sum
v = Zle Aigi with k € N, \; € Q and g; € G. Let us
consider an integer d > 1 such that d\; € Z and observe
that dv € G. [

Now, we prove the main result of this section.

PROPOSITION 1. Let L1, L2 be linearizations of pseudo-
linear sets X1, X2 C Z" with an empty intersection X1 N
Xo = 0. We have:

dim(L; N L2) < max{dim(X1),dim(X2)}

PROOF. Let L1, Lo be linearizations of two pseudo-linear
sets X1, X2 C Z". For the moment, we do not assume that
X1 N Xz is empty. There exists some linearizators Pi, Py of
the pseudo-linear sets X1, X2 and vectors b1, b2 € Z" such
that L1 = by + P and L = b + P35 are linearizations of
X1, X2. Let us denote by Vi, V2 the vector spaces generated
by Pi, P;. Lemma E shows that dim(X;) = rank(V1) and
dim(X3) = rank(V2). From Lemma H( there exists a set of
periods P and a finite set B C Z" such that P N Py =
P* and L1 N Ly = B + P*. Observe that if B = 0 the
proposition is immediate. Thus, we can assume that there
exists b_€ B. Let V be the vector space generated by P.
Lemma E shows that dim(B+ P*) = rank(V). Observe that
V C Vi N Va. Thus, if there exists j € {1,2} such that V is
strictly included in Vj then rank(V) < rank(V;) and in this
case dim(L1 N L) < max{dim(X1),dim(X2)}.

So we can assume that Vi3 =V = V2. We prove in the sequel
that X; N X2 # 0 providing the proposition. We denote
by G1,G, G2 the groups generated respectively by Pi, P, P».
Note that the vector spaces generated by G1, G, G2 are equal
toVi =V =Va.

Let a be an attractor of P* and let us prove that a € A(P}).
Note that a € P* C P;. Let p € A(P}). Since —p € V
and V is the vector space generated by G, Lemma [ shows
that there exists an integer d > 1 such that —dp € G. From
a—dp € G and a € A(P*) we deduce that there exists
N € N such that a — dp + Na € P". From P* C P} we
deduce that a € H;N(dp + P;). From p € A(P;) and
Lemma [| we get a € A(P}).

Let R; = {a} U(a+ P;). From a € A(P}), Lemmalﬂ
shows that R; C A(P;). As X is pseudo-linear, there exists
x; € X, such that x; + R} C X;. From b,x; € b; 4+ P; we
deduce that x; —b € G;. As the group generated by R; is
equal to Gy, there exists rj, rj € R} such that x;4r; = b+rj.

As V is the vector space generated by G; and ry € Rs C
Vo =V, Lemma ﬂ shows that there exists an integer di >
1 such that diry € Gi1. As a € A(Pf), there exists an
integer N1 > 0 such that diry + Nia € P;. As Pf C



R} — Na, we deduce that there exists an integer Ni > 0
such that diry + (N1 + Ni)a € Ri. We denote by rj this
vector. Symmetrically, there exist some integers d2 > 1 and
Na, N3 > 0 such that the vector dorj + (N2 + N3)a denoted
by ry is in R5. We get:

X1 411+ (do — 1)1y + 1] + (N2 + Nj)a
=b +dory +dirh + (N1 + N7 4+ Na + Nj)a
X2 412 + (di — 1)ry + 15 4+ (N1 + Ny)a
=b +diry + dory + (N2 + N3 4+ N1 + Nj)a

We have proved that this last vector is in (x1 + R7) N (x2 +
R3). In particular X1 N X2 # 0. O

4. REACHABILITY SETS

In this section we prove that post},(S)NS" and SNpre}, (S')
are semi-pseudo-linear for any semi-linear sets S, S’ C N".
All other results and notations introduced in this section
are not used in the sequel. The reader may safely skip the
remaining of this section in order to read the other ones.
In sub-section we recall the classical Kosaraju-Lambert-
Mayr-Sacerdote-Tenney (KLMST) decomposition. This de-
composition is used in the next sub-section @ to establish
the semi-pseudo-linearity of the reachability sets.

4.1 Languages Accepted

The language accepted L(b,V,b’) by a tuple (b, V,b’) where
(b,b’) are two configurations of a VAS V is the set of words
o € ©* such that b <y b’. In this section we recall the
KLMST decomposition by following notations introduced
by Lambert [E]

We first extend the set of non-negative integers N with an
additional element T. In the sequel, this element is either
interpreted as a “very large integer” or a “don’t care integer”.
More formally, we denote by Nt the set NU {T}. The total
order < over N is extended over Nt by z1 < z2 if and only
if z2 = TV (z1,22 € NAz1 < 22). The equality = over
N is also extended to a partial order < over Nt by z1 < x2
if and only if zo = T V (21,22 € N A z1 = z2). Intuitively
element T denotes a “very large integer” for the total order
< whereas it denotes a “don’t care integer” for the partial
order <. Given a sequence (z;j);>0 in N, we denote by
r = lim;— 4o x; the element x = T if for any » € N there
exists 79 > 0 such that z; > r for any ¢ > ip and the element
x € N if there exists i9 > 0 such that x; = x for any i > 4.
When z = lim; 4o z; exists we say that (z;);>0 converges
toward x.

We also extends the semantics of VAS. A vector in N% is
called an extended configuration of V. The addition function
+:Zx Z — Z is extended to the totally-defined function in
(ZU{TH x (ZU{T} = (ZU{T}) satisfying 1 + 2 = T
if &1 = T or 3 = T. With slightly abusing notations,
the binary relation 2, where a € X over the set of ex-
tended configurations is defined by x <y x’ if and only if
x' = x+ 6(a). Given a word 0 = a1...ax of k € N ele-
ments a; € ¥, we denote by 2>y the binary relation over
the set of extended configurations that is equal to the con-

catenation —Lsy, .- - a—kn; if £ > 1 and that is equal to the

identity binary relation if £ = 0. Given an extended config-
uration x we denote by x Ty, if there exists an extended
configuration x’ such that x 2y x’ and symmetrically for
any extended configuration x” we denote by 2y, x’ if there
exists an extended configuration x such that x Zy x'.

Next we recall some elements of graph theory. An alphabet
3 is a non-empty finite set. We denote by 3 the set of finite
words over . A graph G is a tuple G = (Q,%,T) where
Q@ is a non-empty finite set of states, ¥ is an alphabet, and
T C Q x X xQ is a finite set of transitions. A path m is
a word m = ¢1...tx of k € N transitions ¢; € T such that
there exists qo,...,qx € Q and a1,...,ar € ¥ such that t; =
(¢j-1,aj,q;) for any 1 < j < k. In this case we say that 7 is
a path from qo to gx labelled by o = a1 ...ax and we denote
7w by g0 5¢ qr or simply go —¢ qrx. Given a transition
t € T, we denote by |r|: the number of occurrences of ¢ in
7. When qo = qi, the path 7 is called a cycle. Let us recall
the following lemma.

LEMMA 6 (EULER CYCLES). Let G = (Q,%,T) be a
strongly connected graph. For any sequence (ut)ter of in-
tegers pe > 0 satisfying the following equality for any state
qgo € Q, there exists a cycle w such that |w|s = pt for any
transition t € T':

S owe Y

t=(q,a,q0)ET t'=(qo,a,q9")ET

A graph vector G = (Q,%,T) for V is a graph such that
@ C N% is a non-empty finite set of extended configurations,
and T C Q x X x @ is a finite set of transitions (x, a,x’) such
that x =y x’. Even if the proof of the following lemma is
immediate by induction over the length of o, it is central in
the KLMST decomposition. In fact a path x S x’ implies
the relation x Sy x’.

LeEMMA 7 (GRAPH VECTOR PATHS). For anyx —y X/,
for any sequences (Xc)ecen and (x.)cen of extended config-
urations that converge toward x = limc— o0 Xc and x' =
lime o0 X5, there exists co € N such that X Ziy and
Ly XL, for any ¢ > co.

A marked graph wvector for V is a tuple (m,x,G,x’,m’)
where G is a graph vector, x,x’ are two states of this graph
vector, and m < x and m’ <x’ are two extended configura-
tions.

A marked graph vector sequences (MGVS) for (b,V,b’) is
an alternating sequence of marked graph vectors for V and
actions of the following form where mo = b and mj = b':

/ ! / !
U = (mo, X0, Go, Xg, Mg), a1, ..., ak, (Mk, Xk, Gk, X, my)

The language accepted by a MGVS U is the set L (U) of words
of the form opai101 . .. arok such that for any 0 < j < k there

g
exists a path x; —J>Gj x_g and there exists two configurations
s; <mj and sj < mj such that:

g0 / ay o1 / / Qg Ok /
S0 —™yY Sg —VY S1 —V S1...8k_—1 —V Sk —>V Sk



We observe that L(U) C L(b,V,b’) since (so,sy) = (b, b’).

We now associate a characteristic linear system to a MGVS
U. Denoting by p;,: the number of occurrences of a transi-
tion t € T in the path x; cr—]>G]. x; we get a non-negative se-
quence (pj,¢): indexed by t € T;. We also obtain a sequence
¢ of the form & = (s, (145,¢)¢, s3); indexed by 0 < j < k said
associated to o. We observe that £ is a non-negative integral
solution of the following linear system called the character-
istic system of the MGVS U where xx(¢) = 1 if ¢ = x and
where xx(¢) = 0 otherwise:

foralll1 <j <k

si_1 + 0(a;) =s;j

forall0 <j <k

sj + Z

t=(q,a,q’)ET;

115.00(a) = sj

forall0<j<kandforal 1<i<n

si[é) = mji] if m§[i) € N

for all 0 < j <k and for all ¢; € Q;

@)+ > = Xt (45) + S

t=(q,a,q;)€T t'=(q;,a,q')ET

Naturally there exists non-negative integral solutions & of
the characteristic system that are not associated to an ac-
cepted word. In particular even if there exists non-negative
integral solutions of the characteristic linear system we can-
not conclude that £(U) # 0. However, under the following
perfect condition, we can prove that L (U) # 0.

The homogeneous form of the characteristic system, ob-
tained by replacing constants by zero is called the homo-
geneous characteristic system of U. In the sequel, a solu-
tion of the homogeneous characteristic system is denoted by

o = (s0,j, (10,4,t)t,85.0")5-

A perfect MGVS U is an MGVS such that the graph Gj
is strongly connected and x; = fo for any 0 < j < k, the
characteristic system has an integral solution, there exists a
non-negative rational solution &0 = (so,j, (140,j,¢)t,S0,;'); of
the homogeneous characteristic system satisfying the follow-
ing additional inequalities where 0 < j < kand 1 <i < n:

e so;[f] > 0if m;[i] =T, and
e su;[i] > 0if mj[i) =T, and

® [i0,5,t > 0 for any t € T}.

and such that for any 0 < j < kand 1 <i<mn:

e there exists a cycle 0; = (x; ij—m;j xj) such that

m; in; and such that m;+6(w;) > m; and §(w;)[i] >
0 if m;[i] € N and x;[i] = T, and

e there exists a cycle 0 = (x] ij—mj xj) such that 25
mj and such that mj — 6(w}) > mj and —6(w})[i] > 0
if mj[i] € N and x;[i] = T.

In the sequel, even if x5 = xj for any 0 < 5 < k, we still use
both notations x; and x;j in order to keep results symmetri-
cal. Let us recall without proof the fundamental decompo-

sition theorem.

THEOREM 1  (FUNDAMENTAL DECOMPOSITION[ED. For
any tuple (b, V,b’), we can effectively compute a finite se-
quence of perfect MGVS U, ...,U; for this tuple such that:

L(b,V,bl) =LU)U...ULl)

In the remaining of this section, we associate to a perfect
MGVS U, a non-negative integral solution £ of its charac-
teristic system and a non-negative integral solution &o of
its homogeneous characteristic system that explains why
LU) # @. This two solutions £ and & are respectively
defined in Lemma [ and LemmaEE. These two lemmas are
independent of each other and can be read in any order.

LEMMA 8. There exists a non-negative integral solution
& = (s, (j,t)e,85); of the characteristic system of a perfect
MGVS such that p;e >0 for any 0 < j <k andteT; and

. W,
such that s;j 295y and —sy sj for any 0 < j < k.

PrOOF. The definition of perfect MGVS requires that
there exists an integral solution & = (sj, (1,¢)¢,85); of its
characteristic system. This solution is non-necessary non-
negative. However, there exists a non-negative rational so-
lution &o = (So,j, (10.5,t)t, 80 3); of the homogeneous charac-
teristic system satisfying the perfect MGVS condition. Nat-
urally, by replacing o by a sequence in (N\{0})& we can
assume that &g is a non-negative integral solution also satis-
fying the perfect MGVS condition. Now, just observe that
there exists an integer co > 0 large enough such that £ +coéo
is a non-negative integral solution of the characteristic sys-
tem satisfying p;+ + copo,j,¢ > 0 for any ¢ € T; and for
any 0 < j < k. Moreover, as lime—4oo(Sj + cSo0,j) = m;

(o
and lime—. 100 (S} 4 ¢S j) = mj, the relations m; —>y and

iw rn; and Lemma ﬁ shows that there exists an integer ¢

) o
large enough such that s; + csoj —y and —-y s} + csp ;.
Therefore £ + c£o is a non-negative integral solution of the
characteristic system satisfying the lemma. [l

LEMMA 9. There exists a non-negative integral solution
€0 = (so.j, (Ho,5,t)t,S05); of the homogeneous characteristic
system of a perfect MGVSU such that pio,5,0 > 0;]:+05]: for
any 0 < j <k andt €T}, and such that for any 0 < j <k
and 1 <1< n:

e sgj > 0 and so ;7] > 0 if and only if m;[i] = T.
e sg; >0 and sg ;[i] > 0 if and only if mjli] = T.



e soj+ 6(w;) > 0 and (so,; + d(w;))[i] > 0 if and only
if x;[d =T.

e sp; — 6(wj) > 0 and (so; — 6(w}))[i] > 0 if and only
if x3[i] =T.

PRrROOF. Let &0 = (So,j, (10,5,¢)t,S05); be a non-negative
rational solution of the homogeneous characteristic system
satisfying the perfect MGVS condition. By replacing &o by
(N\{0})&o we can assume that &o is a non-negative integral
solution satisfying the perfect condition. We are going to
prove that there exists an integer ¢ € N large enough such
that c€o satisfies the lemma.

First of all, observe that for any ¢ > 1 and for any 1 < ¢ < n,
we have:

e c¢sg,; > 0 and csg j[i] > 0 if and only if m;[i| = T

e ¢sg; > 0 and csg;[i] > 0 if and only if mj[i] =T

Let us consider 1 < ¢ < n and let us prove that there exists
an integer ¢; > 0 such that for any ¢ > ¢; we have (cso,; +
d(w;))[i] > 0 and (cso,j + 6(w;))[é] > 0 if and only if x;[i] =
T. Note that m;[i] < x;[i] thus either m;[i] = x;[i] € N, or
(my;[i], x;[¢]) € N x {T}, or m;[i] = x;j[¢] = T. We separate
the proof following these three cases. Let us first consider
the case m;[i] = x;[i] € N. As mj;[i] € N and & is solution of
the homogeneous characteristic system, we get so;[i] = 0.

Moreover the cycle 0; = (x; ﬂ%g xj) shows that x; +
d(wj;) = xj. From x;[i] € N we deduce that d(wj;)[i] = 0. In
particular (cso,j+d(w;))[i] = 0 and we have proved the case
m;j[i] = x;[i] € N by considering ¢; = 0. Let us consider
the second case (mj[i], x;[i]) € N x {T}. As in the previous
case, since mj[i] € N we deduce that sg j[¢{] = 0. Note that
the perfect condition shows that §(w;)[¢] > 0 in this case.
In particular for any ¢ > 0 we have (cso,; + 0(w;))[¢] > 0
and we have proved the case (mj[i],x;[i]) € N x {T} by
considering ¢; = 0. Finally, let us consider the case m;[i] =
x;[i] = T. As my[i] = T we deduce that sg;[i]] > 0 in
particular there exists an integer ¢; > 0 large enough such
that (cso,j + d(w;))[¢] > 0 for any ¢ > ¢;. We have proved
the three cases.

Symmetrically, for any 1 < i < n, there exists an integer
¢; > 0 such that for any ¢ > ¢} we have (cso j—0(wy))E] >0
and (csg ; — 6(w;))[¢] > 0 if and only if xj[i] = T.

Finally, as po,5,t > 0 for any ¢t € T; and for any 0 < j <k,
we deduce that there exists an integer ¢ > 0 large enough
such that cpo,j,c > |0;]¢ + |0;/]¢ for any ¢t € T for any 0 <
j < k. Naturally, we can also assume that ¢ > 1, ¢ > ¢; and
c > ¢, for any 1 < i < n. We deduce that c€o satisfies the
lemma. [

Now, let us consider a perfect MGVS U and let us fix two

tuples & = (sj, (115,¢)¢,87); and &o = (s, (1g..1)1,S0,5); sat-
isfying respectively Lemma f and Lemma As pje >0

for any ¢t € T; and Gj is strongly connected Lemma E

shows that there exists a cycle m; = (x; —>G ;) such that
wjt = |mj|¢ for any t € T;. Note that we have s_,+5(aj) =sj

Moreover, as ftj,: — |9]‘|t + 10/ > 0 for any t € T; we also
deduce that there exists a cycle mo,; = (X; ﬂ@j xj) such
that |mo,j|c = po,j,c — (|05]¢ + 10,7 |¢) for any t € T;. Note that
we have soj + §(w;) + 6(00,5) + (w}) = s 5.

In the sequel We provide technical lemmas that prove to-
gether that L (U (). These lemmas are also used in the
next sub- sectlon

LEMMA 10. For any ¢ > 0 we have:

w

J
Sj +¢Soj —V

8(w;))

sj + ¢(so,5 + 0(w;))
(w))e
A2

1 1 / 1
sj +c(so; — Sj + ¢So 5

PROOF. Since the two relations are symmetrical, we just
prove the ﬁrst one. The choice of ¢ satisfying LemmaE shows

that Sj 23, ,. The conditions S0,j > 0, so,; + d(w;) > 0 and

Sj ‘—n; with an immediate induction on the integer ¢ > 0
provides the required relation. []

LEMMA 11. There exists co > 0 such that for any ¢ > co:

c

Loy sj+ (s — 0(w)))

sj + c(so,; + d(wj))

PROOF. Let us recall that x; = x{. We denote by u the
vector in {0,1}" satisfying ufi] = 1 if x;[i] = T = x{[i]
and satisfying u[i] = 0 otherwise. From the choice of &o
satisfying Lemma [}, we observe that s¢,j + 6(w;) > u and

So,j — 0(wj) > u. Note that lime— joo(sj + cu) = xj. As
X;j UO—’]>G]. xj, Lemma ﬂ proves that there exists an integer

co > 0 such that s; + cou UO—JW Now, let us consider
integers ¢ > 1 and ¢’ > 0 such that ¢ + ¢ > ¢ and let us
prove the relation:

sj + c(so,j + 0(w;)) + ¢ (so,j — 6(wj))
705,
sj+ (¢ = 1)(s0,5 + 0(w;)) + (¢ + 1)(so,; — 6(w}))

From so; + 0(w;) > u and sg ; — 6(wj) > u we deduce that
c(s0,;+8(w;))+ (sp;—0(w))) > (c+c')u > cou. Thus, the
previous relation directly comes from s; + cou 1)’—]9\; and
so0,j + 6(w;) + 0(00,5) + 6(w;) = sp;. Now, an immediate

induction provides s; + c(so; + 6(w;)) SRRy sj + c(sgj —
§(wj)) for any ¢ > ¢o. O

LEMMA 12. There exists ¢ > 0 such that for any ¢ > ¢ :

sj+c(soy — 0(w))) v sf+ (s — (w)))



PROOF. As lime— 400 (sj+c(sp;—0(w}))) = x§ and x; icj
xj, Lemma [] proves that there exists ¢’ > 0 such that
2 (sj+c(so ;—6(w}))) for any ¢ > ¢'. Since sj+6(0;) = s]
we are done.

Now, let us consider an integer ¢ > 0 satisfying ¢ > ¢ and
¢ > ¢ where co and ¢’ are respectivelly defined by Lemma,
E and Lemma @ Note that we have proved the following
relation:

c ¢ /e
wjo'oyjo'j(wj)

! !
Sj+cSoj ————————Vv 8j+CSp;j

Therefore there exists a word in L (U) associated to & + c€o.
In particular we have proved that L(U) # 0.

4.2 Semi-pseudo-linear Reachability Sets
In this section post},(S) N.S" and S N pre};(S’) are proved
semi-pseudo-linear for any semi-linear sets S, S’ C N™.

Let us reduce our problem to the forward case with § =
{b} and S’ = b + Z* where b,b’ € N and Z C N" is
a set of periods. Since post},(X) = pre’,,(X) for any set
X C N" where =V = (3,n, —J), the problem reduces to
prove that post},(S) N S’ is semi-pseudo-linear. Note also
that a semi-linear set is a finite union of linear sets. As
posty,(L1U...ULy) = post},(L1)U...Upost},(Ly), we have
reduced the problem to prove that post},(L) N L’ is semi-
pseudo-linear for any linear sets L,L’. Let us consider a
linear set L = b + P* where b € N” and P C N” is a finite
set of periods. Without loss of generality we can assume
that P N3 = (. Let us consider the VAS Vp = (Xp,n,dp)
where Xp = X U P and dp extends 0 by dp(p) = p for
any p € P. We observe that post},(L) = post},,({b}). In
particular we can assume that L = {b}. We have proved
the proposed reduction.

So, let us consider two configurations b,b’ € N", a set of
periods Z C N" and let us prove that post};({b})N(b'+ Z*)
is semi-pseudo-linear. We can assume that Z NY = (. As
expected, we consider the VAS Vz = (Xz,n,0z) obtained
from V by considering the alphabet ¥z = ¥ U Z and the
displacement function §z that extends 0 by dz(z) = —z for
any z € Z. The displacement function ¢ is also extended
into another displacement function still denoted by § and
defined by d(z) = O for any z € Z. Observe that we have
the following equality:

post},({b}) N (b" + Z*) = (L (b, Vz,b"))

From Theorem ﬂ, it is sufficient to prove that (L (U)) is
pseudo-linear for any perfect MGVS U for (b,Vz,b’). So
let us consider such a perfect MGVS U of the following form
(note that I1,...,lp € XU Z):

/ / / /
U= (m07x07G07X07m0)7ll7 ey lk7 (mk7xk7Gk7xk7mk)

Intuitively, the linearizator P of §(L(U)) is obtained from
the homogeneous characteristic system of /. We denote by
H the non-negative integral solutions of the characteristic
system and we denote by Hy the set of non-negative integral

solutions of the homogeneous characteristic system. Observe
that H = min(H) + Ho and Ho = min(Ho\{0})".

Given a solution & = ((s;);, (145,t)4.t, (s);) of the character-
istic system and a solution o = ((so.3);, (10,5,¢)4.t, (S0.5)5)
of the homogeneous characteristic system, we consider the
vectors Bo(&o) and B(€) defined by the following equalities:

BEO =0+ Y, pd()
0<j<k
t=(q,l,q") €T}
Boo) = D nosud(l)

0<j<k
t=(q,l,q')ET}
We observe that §(o) = B(§) if € is associated to a word
o € LU). Thus 6(LU)) C B(H).

We are going to prove that the following set of periods P is
a linearizator for 6(L(U)):

P = Bo(min(Ho\{0}))

LEMMA 13. There exists £ € H and & € Ho such that
o+ H C ¢+ Ho.

PrOOF. As the MGVS U is perfect the set H is non
empty. Let us consider the set I of components i such that
&[] is independent of £ € H. As the MGVS is perfect we de-
duce that for any integer ¢ > 0 there exists £ € H such that
&[i] > cfor any ¢ ¢ I. As min(H) is finite, we deduce that
there exists & € H such that £ > ¢’ for any ¢’ € min(H). In
particular o = Zg,emn(H)(g — &) is in Hy. Let us prove
that &0 + H C & + Hy. Consider ¢ € H. By definition of
min(H), there exists £/ € min(H) such that £ < ¢”. The
definition of &o shows that & — (£ — ¢”') is equal to a sum
of terms (¢ — ¢’) indexed by ¢’ € min(H)\{¢"’}. Therefore
o— (£—¢") e Ho. As ¢" —¢" € Hy we have proved that
the sum of & — (£ — &) and £” — ¢ is also in Ho. Note
that this sum is equal to &o — £ + £”. We have proved that
o+ ¢&" € £+ Hy. Therefore o + H C €+ Hy. [

Let us consider £ € H and & € Hy satisfying the previous
lemma and let us apply 8 to the inclusion & + H C £+ Ho.
We deduce that 5o(€o) + B(H) C B(§) + Bo(Ho). Since
Bo(Ho) = P* and 6(L(U)) C B(H), we have proved the
following inclusion:

S(LU)) € B(E) — Bo(&o) + P~

Now, let us consider a set Ro = {£1,...,£a} of attractors of
Hy. We are going to prove that there exists a vector x such
that x + Bo(Rgy) C 6(L(U)). We first prove the following

lemma.

LEMMA 14. For any fi = ((Si,‘j)j7 (lh’,j,t)j,h (S )J) attrac-

/
ij
tor of Ho there exists a cycle m;,; = (x;j %—’]@j xj) such that
Wi gt = |mijle for any t € Tj and any 0 < j < k.



ProOF. Since U is perfect, for any ¢ € T}, there exists a
solution &o = (So,j, (10,5,¢)t,803); in Ho such that po5,: > 0.
As Hp is the monoid generated by min(Ho\{0}), for any
t € Tj there exists £o € min(Ho\{0}) satisfying the same
property. Lemma [| shows that & = (sij, (fij,)e,Si;); is
a sum over all solutions o € min(Ho\{0}) of terms of the
form Ao where A > 0 is a rational value that naturally
depends on . In particular we deduce that p; j,: > 0 for
any t € Tj and for any 0 < j < k. Lemma E shows that there
exists a cycle m; ; = (x; %Gj xj) such that pu; ;¢ = |mi ;e
foranyt € T and any 1 < j <k. [

Now, let us consider a solution ¢ of the characteristic system
and a solution & of the homogeneous characteristic system
satisfying respectively LemmagE and Lemma {9

LEMMA 15. There exists ¢; > 0 such that for any 1 < j <
k and c>c¢;:

sj +c(so,5 + 0z(w;)) + i
0'17]

—>y,

sj + c(s0,5 + 0z (wy)) + si 5

PROOF. As limc— yoo(sj + ¢(soj + 0z(w;))) = x; and
T4 4 . .
x; —Lq ; Xj, Lemma ﬂ proves that there exists an integer

¢i > 0 such that (s;+c(so,;+0z(wj))) ﬂwz for any ¢ > ¢;
and for any 0 < j < k. Ass;j > 0and s;;+6(0i;) =sij; >0
we deduce the lemma. [

Now, let us consider an integer ¢ > 0 such that ¢ > co,
c>c and ¢ > ¢; for any 1 < i < d where co,c,c; are
respectivelly defined in Lemma [11|, Lemma 14 and Lemma

. From these lemmas and Lemma E we deduce that for
any sequence ni,...,nqg € N we have the following relation:

d
Sj + ¢So,; + E NiSij
=1

co™l  o"d g o€ () )\C
wj‘71,j‘“‘7,1,j‘71‘70,g(w])

Vz
d
S‘; + csg,j + Z nis;’j

i=1
We have proved that there exists a word o € L(U) associated
with £ 4+ cfo + Zle n;&i. By applying [ to the previous
tuple, we deduce that d(c) = x + Z?zl niBo(&) where x =
B(&) + ¢Bo(0). We have proved the following inclusion:

x+ Bo(Ro) € 6(L())

The following lemma shows that P is a linearizator of 6 (L (U)).

LEMMA 16. For any set of attractors R C A(P*) there
exists a finite set of attractors Ry C A(Ho) and a vector
r € R* such that:

r+ R C Bo(Ry)

PROOF. Let us consider a set R = {r1,...,rq} of attrac-
tors of P*. As r; € P*, there exists & € Hp such that
ri = (o(&). Lemma ﬂ shows that any ri € R is a sum
of vectors of the form ABy(&o) over all & € min(Ho\{0})
where A > 0 is a rational value that naturally depends on
£o. Thus there exists an integer N; > 1 large enough and
an attractor & of Hy such that N;r; = Bo(£}). Let us con-
sider the set Ro of solutions of the form & + ;& where \;
is an integer such that 0 < \; < N;. As &] is an attrac-
tor of Ho and & € Hp we deduce that & + \;&; is also an
attractor of Ho. We have proved that Rg C A(Hp). Let
us consider the vector r = Z?zl N;r; and let us prove that
r+ R* C Bo(Ry). Note that r = Go(X%, &). Consider
r’ € R*. There exists a sequence (u;)1<i<q of integers in
N such that r' = Zle wiri. The Euclid division of u; by
N; shows that u; = ,ug + N;\; where \; € N and p} is an
integer such that 0 < u; < N;. From N;r; = Bo(&) we de-
duce that r+r' = g (Zle i€l —&—Z?:l({; +p3&:)). Observe
that & and & + pi&; are both in Rg. We have proved that
r+ R C Go(R). O

Therefore, we have proved the following theorem:

THEOREM 2. For any pair S, S’ C N" of semi-linear sets,
the sets post},(S) NS’ and S N pre},(S') are semi-pseudo-
linear.

5. SEMI-LINEAR SEPARATORS

In this section we prove that there exists a semi-linear sep-
arator for any pair of semi-linear separable pair.

Given a pair (S,5’) of separable sets of configurations, the
set D = N™\(SUS’) is called the co-domain of (S,S’). Note
that a separable pair (5,S’) with an empty co-domain D
is a separator, and there exist separators with a non-empty
co-domain.

The semi-linear separator for a semi-linear separable pair
(S0, Sh) is obtain inductively. We build a non-decreasing
sequence (Sj,S55) >0 of semi-linear separable sets starting
from the initial semi-linear separable pair (So, Sj) such that
the dimension of the co-domain D; = N™\(S;US}) is strictly
decreasing. In order to obtain this sequence, observe that it
is sufficient to show that for any semi-linear separable pair
(So, Sp) of configuration sets with a non-empty co-domain
Do, there exists a semi-linear separable pair (.9, S") D (So, So)
with a co-domain D such that dim(D) < dim(Dy).

We first define a set S’ that over-approximates S} and such
that (So,S’) remains separable._ As Sy and Dy are semi-
linear, the main result of section E shows that post3,(So)NDo
is equal to a finite union of pseudo-linear sets Xi,..., Xy.
Let us consider some linearizations L1, ..., Ly of these pseudo-
linear sets and let us define the following semi-linear set S.

k
S" = So U (Do\(|J Ly))
j=1
We observe that posty, (So) NS’ = 0 since posty, (So) NSy =0
and post3;(So)NDy C Ule L;. Thus post},(So)Npre3, (S) =



() and we have proved that S’ contains Sj and (So,S’) is
separable.

Now we define symmetrically a set .S that over-approximates
So and such that (S, S’) remains separable. As Do and S’ are
semi-linear, the main result proved in section | shows that
Do Npre3,(S’) is equal to a finite union of pseudo-linear sets
Xi,...,X;,. Let us consider some linearizations L1, ..., L},
of these pseudo-linear sets and let us define the following
semi-linear set S.

k'

S = SoU(Do\(|J L}))

j=1

Once again, note that S N pre};(S’) = 0. Thus S contains
So and (S, S") is separable.

Let D be the co-domain of the separable pair (S,S"). From
Do = N™\(So U Sp), we get the following equality.

D =DonN U (leﬂL;é)

1<j1<k
1<j2 <K'

From Xj,, X}, C Do we get max{dim(Xj}, ),dim(X},)} <
dim(Do). As Xj;, C post},(So) C posty,(S) and Xj, C
pre},(S’) and (S,S’) is separable, we deduce that X;, and
X7}, are two pseudo-linear sets with an empty intersection.
From the main result proved in section J, we get dim(Lj, N
L) < max{dim(X},),dim(X},)}. We deduce dim(D) <
dim(Dy). We have proved the following theorem.

THEOREM 3. There exists a semi-linear separator for any
pair of semi-linear separable sets.

6. CONCLUSION

We have proved the termination of the algorithm Reachabil-
ity. Even tough the proof is based on the classical KLMST
decomposition, its complexity does not depend on this de-
composition. In fact, the complexity of this algorithm de-
pends on the size of the minimal pair of Presburger formulas
denoting a separator for a separable pair ({s},{s’}). This
algorithm is the wvery first one that does not require the
KLMST decomposition. In particular, this algorithm is the
first candidate to obtain a precise (eventually elementary)
upper-bound complexity for the VAS reachability problem.

We left as an open question the problem of computing a
lower bound and a upper bound of the size of a pair of Pres-
burger formulas denoting a separator for a separable pair
({s},{s'}). Note that the VAS exhibiting a large (Acker-
mann size) but finite reachability set given in does not
directly provide a lower-bound for this size since separators
can over-approximate reachability sets.

We also left as an open question the problem of adapting
such an algorithm to obtain a complete Counter Erample
Guided Abstract Refinement approach [[l] for the VAS reach-
ability problem based on interpolants [ff] for FO (N, +, <).

In practice, such an algorithm should be more efficient than
the enumeration-based algorithm provided in this paper.
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