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ABSTRACT

The reachability problem for Vector Addition Systems (VAS)
or equivalently for Petri Nets is a central problem of net the-
ory. The general problem is known decidable by algorithms
exclusively based on the classical Kosaraju-Lambert-Mayr-
Sacerdote-Tenney (KLMST) decomposition. This decom-
position is difficult and it just has a non-primitive recursive
upper-bound complexity. In this paper, we prove that if a
configuration is not reachable from an initial configuration,
there exists a semi-linear inductive invariant that proves this
property. We deduce an easy algorithm for deciding the
reachability problem based on two semi-algorithms. A first
one that tries to prove the reachability by fairly enumerating
the possible paths and a second one that tries to prove the
non-reachability by fairly enumerating semi-linear inductive
invariants. This algorithm is the very first one that does not
require the KLMST decomposition. In particular, this algo-
rithm is the first candidate to obtain a precise (eventually
elementary) upper-bound complexity for the VAS reachabil-
ity problem.

1. INTRODUCTION

Vector Addition Systems (VAS) or equivalently Petri Nets
are one of the most popular formal methods for the represen-
tation and the analysis of parallel processes [E] The reacha-
bility problem is central since many computational problems
(even outside the parallel processes) reduce to the reachabil-
ity problem. Sacerdote and Tenney provided in [L(] a par-
tial proof of the decidability of this problem. The proof was
completed in 1981 by Mayr and simplified by Kosaraju
@] from @, . Ten years later [, Lambert provided a more
simplified version based on [[f]. This last proof still remains
difficult and the upper-bound complexity of the correspond-
ing algorithm is just known non-primitive recursive. Nowa-
days, the exact complexity of the reachability problem for
VAS is still an open-problem. Even an elementary upper-
bound complexity is open. In fact, the known general reach-
ability algorithms are exclusively based on the Kosaraju-
Lambert-Mayr-Sacerdote-Tenney (KLMST) decomposition.

In this paper, we prove that if a configuration is not reach-
able from an initial configuration, there exists a semi-linear
set or equivalently a formula in the Presburger arithmetic

that denotes an inductive invariant proving this prop-
erty. We deduce an easy algorithm for deciding the reach-
ability problem based on two semi-algorithms. A first one
that tries to prove the reachability by fairly enumerating
the possible paths and a second one that tries to prove
the non-reachability by fairly enumerating semi-linear in-
ductive invariants. This algorithm is the very first one that
does not require the KLMST decomposition. In particu-
lar, this algorithm should be a good candidate to obtain
a precise (eventually elementary) upper-bound complexity
for the VAS reachability problem. Note [ﬂ] that in general,
reachability sets are not semi-linear. Semi-linear inductive
invariants are obtained by over-approximating reachability
sets by semi-linear sets. In fact, we observe that reachability
sets can be precisely over-approximated by semi-linear sets.

Outline of the paper: In section E, the non-reachability prob-
lem for VAS is reduced to the existence of separators (a pair
of inductive invariants). In section E we introduce the class
of semi-pseudo-linear sets, a class of sets that can be pre-
cisely over-approximated by semi-linear sets. In section E,
reachability sets are proved semi-pseudo-linear. Finally in
section Pl we show the existence of semi-linear separators
proving the non-reachability of a pair of configurations. In
order to simplify the presentation of this paper, the inde-
pendant parts of sections | and || with the remaining of the
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paper are presented in some sub-sections. That means the
reader may safely skip these sub-sections in order to read
other sections of the paper.

2. VECTOR ADDITION SYSTEMS

In this section, the non-reachability problem for Vector Ad-
dition Systems is reduced to the existence of separators.

Reachability (s € N", V = (X, n,T) a VAS, s’ € N")
repeat forever
fairly select o € ¥~
ifs Sy s
return ‘‘reachable”
fairly select ((x),%’(x)) formulas in FO (N, +, <)
if (¥(x),9’(x)) denotes separator for ({s}, {s'})
return ‘‘unreachable”

¢

A Vector Addition System (VAS) is a tuple V = (X,n,0)
where ¥ is a non-empty finite alphabet, n € N is the dimen-
sion and § € ¥ — Z" is the displacement function. A con-
figuration is a vector in N™. The binary relation —y where
a € X over the set of configurations is defined by s %y s’
if and only if s’ = s + d(a). Given a word 0 = a1...ax
of & € N elements a; € ¥, we denote by Z»y the binary
relation over the set of configurations equals to the concate-
nation a—ln; a—kw if £ > 1 and equals to the identity
binary relation if £ = 0. We also denotes by —v the reach-
ability binary relation over the set of configurations defined
by s —y s’ if and only if there exists ¢ € ¥* such that
s 5y s’. Given two sets S, S’ of configurations, we denote
by post};(S) and pre3,(S’) respectively the set of reachable
states from S and the set of co-reachable states from S’ for-
mally defined by:

post),(S) ={s'€N" |Is€ S s—ys'}

prep,(S)={seN" |3 €85 s—ys'}

The reachability problem for a tuple (s, V,s’) where s, s’ are
two configurations of a VAS V consists to decide if s —y s'.
This problem can be reformulated by introducing the defi-
nition of separators. A pair (S,S’) of configuration sets is
said separable if post},(S) N pre},(S’) = 0. Naturally, a pair
(s,s) is in the complement of the reachability relation —
if and only if the pair ({s},{s’}) is separable. A separa-
tor for a pair (S,9’) of configuration sets is a pair (I,1")
such that I NI’ = @ and such that I is a forward invari-
ant post},(I) = I containing S C I and I’ is a backward
invariant pre},(I') = I’ containing S’ C I’. Observe that
in this case (S,S’) is separable. As (post,(S), pre},(S’)) is
a separator for any separable pair (S,5’), we deduce that a
pair (S,5") is separable if and only if there exists a separator
(I, 1) for (S,9").

We are interested in separators definable in the decidable
logic FO (N, +,<). Note that a pair (¢ (x),?’'(x)) of for-
mulas in this logic denotes a separator (I,I’) if and only
if (x) A ¢’ (x) and the following formulas are unsatisfiable
for any @ € X. In particular we can effectively decide if

(1(x),%’'(x)) denotes a separator.

P(x) A x' =x+46(a)
P A X =x46(a)
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In this paper we prove that there exists a separator (I,1’)
definable in FO (N, +, <) for any pair (S,S’) of separable
sets definable in FO (N, +,<). We deduce that algorithm
Reachability(s,V,s’) decides the reachability problem. The
termination is guaranty by the previous result. Note [E] that
in general, the separator (post3,(S), pre},(S’)) is not defin-
able in FO (N, +, <) even if S and S’ are reduced to single
vectors S = {s} and S’ = {s'}. That means, this separa-
tor must be over-approximated by another separator (I,1")
definable in FO (N, +, <). Intuitively, the approximation is
obtained by observing that post},(S) N S’ and S N pre3,(S’)
are semi-pseudo-linear for any pair (S,S’) of sets definable
in FO (N, 4+, <), a class of sets that can be precisely over-
approximated by semi-linear sets.

3. SEMI-PSEUDO-LINEAR SETS

In this section we introduce the class of pseudo-linear sets
and semi-pseudo-linear sets. We show that a pseudo-linear
set X can be precisely over-approximated by a semi-linear
set S called a linearization of X. We also introduce a mono-
tonic function dim : (P(Z"),C) — ({—0,0,...,n}, <) that
associates to any set X C Z" a dimension dim(X). We
prove that a linearization S of a pseudo-linear set X satisfies
dim(S) = dim(X) and linearizations S, S2 of pseudo-linear
sets X1, X2 with an empty intersection X1 N X2 = 0 satisfy
dim(S1 N'S2) < max{dim(X1),dim(X32)}.

We first associate a dimension to sets X C Z". The dimen-
ston dim(X) of a non-empty set X C Z" is the minimal
integer d € {0,...,n} such that:
X —k,... "
o X0 (e
k>0 (14 2k)?

< +o00

The dimension of the empty-set set is denoted by dim(0) =
—o00. Let us observe some immediate properties satisfied by
the dimension function. First of all, we have dim(X) < 0 if
and only if X is finite. The dimension function is monotonic
dim(X:) < dim(X32) for any X7 C X>. Moreover it satisfies
dim(X; U X3) = max{dim(X1),dim(X2)} and dim(X; +
X7) < dim(X1) 4+ dim(X2). In particular dim(v + X) =
dim(X) for any v € Z" and for any X C Z".

Now, we introduce the pseudo-linear sets. A set of periods
is a finite set P C N". We denote by P* = ZpEP Np

and by PT = > per(N\{0})p. Note that 0 € P* for any

set of periods P even if P = () whereas P = ( in this
case. A set S C Z" is said linear if there exists a vector
b € 7" and a set of periods P C Z" such that S =b + P*.
A semi-linear set is a finite union of linear sets. Recall
that sets definable in FO (Z, N, +, <) are exactly the semi-
linear sets and sets definable in FO (N, +, <) are exactly the
non-negative semi-linear sets [E] A set X C Z" is said
pseudo-linear if there exists b € Z™ and a set of periods
P C 7" such that X C b + P* and such that for any finite
set Py C Pt there exists x € X such that x + P§ C X.



In this case, P is called a linearizator of X and X + P~
is called a linearization of X. Observe that if X C N"
is a non-negative pseudo-linear set then a linearizator P is
also non-negative. In particular the linearization X + P*
is also non-negative. The following lemma m shows that a
linearization is semi-linear. A semi-pseudo-linear set is a
finite union of pseudo-linear sets.

LEMMA 1. For any b € Z", for any set of periods P C
7", and for any X C b+ P*, there exists a finite set B C X
such that X + P* = B+ P*.

PROOF. Let us consider a sequence p1,...,pa € Z" de-
noting elements in P = {p1,...,pa}. The function [ :
N? — b + P* defined by f(x) = b+ Y%, x[i]p; is surjec-
tive. In particular the set H = f~'(X) satisfies f(H) = X.
Since (N%, <) is a well partially-ordered set, we deduce that
Ho = min(H) is finite and H C Ho + N%. We deduce that
f(H) C B+ P* with B = f(Hp). From Ho C H we get
f(Ho) C f(H). We have proved that X C B + P* where
B C X. Therefore X + P* =B+ P*. [

All other results and notations introduced in this section
are not used in the sequel. The reader may safely skip the
remaining_of this section to read the other ones. In sub-
section we introduce a geometrical characterization of
the pseudo-linear sets based on vector spaces, groups and
cones. This characterization is used in the next sub-section

to prove results presented in the introduction of this
section.

3.1 Geometrical Characterization

In this sub-section, we provide a geometrical characteriza-
tion of the pseudo-linear sets based on vector spaces, groups
and cones.

Some notations : Given two vectors a, x € Q™, we denote by
(o, x) the usual dot product (a,x) = > 1, afi|x[i]. Given a
vector x € Q", we denote by ||z||_ = max; |x[d]|.

A wvector space V- C Q" is a set of the form V = Qvy +---+
Qva where vi,...,vaq € Q". In this case V is called the vec-
tor space generated by vi,...,va. A set V C Q" is a vector
space if and only if V' is the set of rational solutions x € Q" of
a conjunction of equality constraints \;_, (a;,x) = 0 where
aj € Q™. In the sequel V denotes a vector space.

A V-group G C Z" is a set of the form G = Zg1 +- -+ 7gq
where g1,...,84 € Z" generates the vector space V. In this
case G is called the group generated by g1,...,8a. A set
G C 7" is a V-group if and only if G is the set of integral
solutions x € Z" NV of a conjunction of modular constraints
/\f:1 (aj,%x) € m;Z where oy € Z" and m; € D\I\{(g This
characterization is used in the following Lemma This
lemma shows that the intersection G = G1 N G2 of two V-

groups G1, G2 is a V-group.

LEMMA 2. For any vector v € V and for any V-group G
the set (N\{0})v contains a vector in G.

PROOF. Let us consider a sequence a1, ...,ax € Z™ and
a sequence mi,...,mi € N\{0} such that G is the set of
solutions x € Z" NV such that /\f:1 (o, %) € m;Z. There
exists A € N\{0} such that Av € Z". The product m =
m1 ... my shows that mAv € G. [

A V-cone C C Q" is a set of the form C = Q4r1 +--- +
Q4+rgq where r1,...,rq € Q" is a sequence that generates
the vector space V. A sequence azi,...,ax € V\{0} is said
V -satisfiable if there exists a vector v € V satisfying the
strict constraints /\5:1 (aj,v) > 0. Aset C CQ"isa V-
cone if and only if C is the set of solutions x € V of a
conjunction of half-space constraints /\;7:1 (aj, %) > 0 where
ai,...,ax € V\{0} is V-satisfiable. A vector vo € V is
said attractor for a V-cone C if (x + Q4+vo) NC # O for any
x € V. Observe that any V-cone has at least one attractor
and 0 is an attractor if and only if C' = V. Attractor vectors
can be easily characterized. Let us consider a V-cone C' that
is generated by a sequence ri,...,rq and defined by a V-
satisfiable sequence aa,...,ax € V\{0}. We observe that
the following two sets are equal to the set of attractors:

k
(Q:\{0})rs + -+ (@:\{0h)ra = {v € V'| A (a3,v) > 0}

LEMMA 3. Let vo be an attractor of a V-cone C. There
exists an attractor in v+ Nvg for any v € V.

PROOF. Let us consider a V-satisfiable sequence a1, . . ., ax
that defines the V-cone C. As wvg is an attractor we have
(aj,vo) > 0for any j. Thus there exists A € N larger enough
such that (aj, v + Avg) > 0 for any j. Therefore v 4+ Avg is
an attractor for C. [

The following two Lemmas @ and E provides an equivalence
between sets of the form P* where P is a set of periods that
generates a vector space V and sets of the form GNC where
G is a V-group and C' is a V-cone.

LEMMA 4. For any V-group G and any V-cone C there
erists a set of periods P such that G N C = P*. Moreover
for any set of periods P such that G N C = P*, the sets V,
G and C are respectively the vector space, the group and the
cone generated by P.

PRrROOF. Let us first prove that there exists a set of pe-
riods P such that G N C = P*. Let us consider a se-
quence ri,...,rx that generates C. From Lemma E, we
can assume that ri1,...,rx € GG. Let us consider the finite
set B={beGnC||Pbl, < Z:f:1||rj||oo}7 the finite
set R = {r1,...,rk} and the set of periods P = B U R.
Since P C GNC and G N C is stable by addition we have
P* C GNC. For the other inclusion, note that for any
x € GNC, from x € C we deduce that there exists a se-
quence Ay, ..., A\r € Q4 such that x = Z;:1 Ajrj. Note that
Aj = z; + pj with z; € N and 0 < p; < 1. We deduce that
x=b+r with b= Z?Zlujrj and r = Zk

j=12iTj. Observe



that b € B and r € R*. Thus x € P* and we have proved
that GNC = P~.

Now let us consider a set of periods P such that GNC = P*
and let us consider the sets V', G’ and C’ respectively the
vector space, the group and the cone generated by P. Let us
provethat V=V G=G and C =C’. From PCV, P C
Gand PC Cweget VCV,G CGandC CC. Let us
show that G C G’. Let us consider a sequence g1,...,g4 €
G that generates the group G. Let us consider a vector
vo € V that is attractor for C. Lemma E shows that vo € G
can be assumed. From Lemma E we deduce that there exists
an integer A € N such that g; + Avo is an attractor for any
1 <7 < d. In particular gi+Ave € GNC' C P*. Asthe group
generated by {gi +Avo | 1 <i < d} is equal to G we deduce
that G C G’. As the vector space generated by G' and G’ are
equal to V and V', we also deduce that V C V'. Finally, let
us show that C C C’. Let us consider a sequence ry,...,rq
of vectors that generates C'. From Lemma ], we can assume
that r; € GNC. Therefore r1,...,rq € GNC C P*. Thus
the cone generated by P contains C' and we have proved
that C C C'. O

LEMMA 5. For any set of periods P C 7™ there exists
a vector p € P* such that the group G and the cone C
generated by P satisfy:

p+(GNC)C P CGNnC

PROOF. Let us consider a sequence p1,...,pd € Z" and
let P ={p1,...,pa}. We denote by G and C respectively
the group and the cone generated by P. From P* C G
and P* C C we deduce P* C GNC. Let us consider r €
GNC. Asr € C there exists A1,...,Aq € Q4+ such that
r= 25:1 A;jp;. Note that A\; = z;+p; with z; € Nand 0 <
p; < 1. In particular r € b+P* where b = Z?Zl w;p;j- Note

that b € B where B = {b € G | b, < X7, [Ipsllo.}-
Observe that for any b € G, there exists b4, b_ € P* such
that b = by — b_. Let us consider p = >, zb- and
observe that p+ B C P*. From GNC C B+ P* we get
p+(GNC)CP. O

A cone Cj is said properly included in a V-cone C if it is
generated by attractor vectors of C'. Observe that in this
case any vector v € Cp\{0} is an attractor vector for C.

PROPOSITION 1 (EQUIVALENT CHARACTERIZATION). A
set X C 7" is pseudo-linear if and only if there exists b €
7", a vector space V. C Q", a V-group G, a V-cone C such
that X C b+ (GNC) and such that for any cone Coy properly
included in C there exists x € X satisfying x+(GNCop) C X.
Moreover in this case for any linearizator P for X, the sets
V', G and C are respectively the vector space, the group, and
the cone generated by P.

PROOF. Let us first consider a set X C Z" such that
there exists b € Z", a vector space V C Q", a V-group G,
and a V-cone C such that X C b+ (GNC) and such that
for any cone Cj properly included in C' there exists x € X

satisfying x + (G N Cy) C X. We consider a V-satisfiable
sequence i, ...,ax € V\{0} defining C. Let us prove that
there exists a linearizator P for X. From Lemma E, there
exists a finite set P C G N C such that P* = GNC. From
X C b+ (GNC) we deduce that X C b+ P*. Next,
consider a finite set Py C Pt. Note that any vector in Py is
attractor for C. In particular the cone Cy generated by Py is
properly included in C. We deduce that there exists x € X
such that x + (G N Cp) C X. Observe that Py C G N Co
and thus Py € G N Cp and we deduce that x + Py C X.
We have proved that X is pseudo-linear. Conversely, let
us consider a pseudo-linear set X and a linearizator P for
X. There exists a vector b € Z" such that X C b + P*.
We denote by V' the vector space generated by P, we also
denote by G the V-group generated by P and we denote by
C the V-cone generated by P. As P* C G N C we deduce
that X C b+ (GNC). Let us consider a cone Co properly
included in C. Note that if P is empty then Cp = {0} and
the property is immediate. Thus, we can assume that P # ()
and in this case there exists p; € P'. Lemma H shows
that there exists a finite set R such that GNCy = R*. By
replacing R by R\{0} we can assume that R C (GNCy)\{0}.
Note that any vector r € R is an attractor for C. Thus
there exists A € N\{0} such that A\r € P*. As R is finite
we deduce that there exists a uniform A € N\{0} such that
AR C PT. Let Py = ARU{p+}U(p+ + P). As P, C P
and P is a linearizator for X, there exists xo € X such
that xo + P5 € X. Note that the group generated by P,
is equal to G and the cone generated by Py contains Cp.
From Lemma | we deduce that there exists po € Py such
that po + (G N Co) C Py. From xo + Py C X we get
x+ (GNCh) C X where x = Xo + po. We have proved that
for any cone Cy properly included in C there exists x € X
satisfying x + (G N Co) C X.

Finally, let us consider a linearizator P for X, a vector space
V CQ", a V-group G, a V-cone C such that X C b+ (GN
C) and such that for any cone Co properly included in C
there exists x € X satisfying x + (G N Cp) C X, and let
us consider the sets V', G’, C’ respectively equals to the
vector space, the group and the cone generated by P. We
are going to prove that V =V’ G =G and C=C'. As P
is a linearizator for X, there exists b’ such that X C b’4+ P*.
Let us consider an attractor vo for C. From Lemma [, we
can assume that vo € G. For any v € G N C observe that
vo+V € G is an attractor for C. Therefore Cp = Q4 (vo+vV)
is properly included in C'. Thus there exists x € X such that
x+(GNQ+ (vo+v)) C X. From X C b'+P* we deduce that
x—b' +N(vo+v)C P*. Thusvo+veV vo+ved
and vo + v € C'. We deduce that vo + (GNC) C V|
vo+ (GNC) C G and vo+ (GNC) C C'. From Lemma
E we have V C V', G C G’ and C C C’. Since the other

inclusion are immediate, we are done. [

3.2 Dimension

Thanks to the geometrical characterization provided in the
previous sub-section, we prove in this one that a linearization
S of a pseudo-linear set X satisfies dim(S) = dim(X) and
linearizations Si1,S2 of pseudo-linear sets Xi, X2 with an
empty intersection X7 N Xy = 0 satisfy dim(S1 N S2) <
max{dim(X1), dim(X2)}.



A basis of a vector space V is a sequence vi,...,vq € V
such that for any v € V there exists a unique sequence
A1, ..., Ad € Q such that v = 27:1 A;jvj. Any vector space
V generated by a set X has at least one basis vi,...,vq €
X. The integer d is unique and it is called the rank of
V. It is denoted by rank(V). Since Z" NV is a V-group
and C = V is a V-cone, the following Lemma [ shows in
particular dim(Z" N V') = rank(V).

LEMMA 6. We have dim(G N C) = rank(V) for any V-
group G and for any V -cone C.

PROOF. Let us first prove that dim(G N C) > rank(V).
From LemmaE there exists a set of periods P that generated
the vector space V and such that GNC = P*. As P gen-
erates V, there exists a basis p1,...,pa € P of the vector
space V with d = rank(V'). In particular, the function f :
N? — P* defined by f(x) = 3¢, x[i]p; is an injective func-
tion. We deduce that the cardinal of f({0,...,k}?) is equal
to (1 + k)% Moreover, note that a vector y in this set sat-
isfies |ly||.. < kX%, |Ipill.. We deduce that dim(P*) > d
and we have proved that dim(G N C) > rank(V).

Now, let us prove that dim(G N C) < rank(V). Since G N
C C Z" NV it is sufficient to prove that dim(Z" NV) <
rank(V). Let us consider a basis vi,...,vaq of V with d =
rank(V). Let us consider the function f : Q" — V. Since
for any matrix, the rank of the column vectors is equal to
the rank of the line vectors, there exists a sequence 1 < j; <

- < ja < n such that the linear function g : Q" — Q¢
defined by g(x) = (x[j1],-..,%[ja]) satisfies h = go [ is a
bijective linear function. In particular we deduce that for
any v € Z" NV N{—k,..., k}" there exists a vector x =
g(v) € {—k,...,k}? such that v = f o h~'(x). Therefore
[Z" NV A {—k,...,k}"] < (1+2k)? for any k € N. We
have proved that dim(Z"™ N V) < d and we deduce that
dim(GNC) <rank(V). O

We now provide the following technical Lemma ﬂ

LEMMA 7. Let G be a V-group and let c1,...,c, € Q. A
sequence i, ...,ax € V\{0} is V-satisfiable if and only if:

dim({x € G | (aj,%x) > ¢;}) = rank(V)

x>

Jj=1

PROOF. Let G be a V-group, let ci1,...,¢cx € Q and let
ai,...,ax € V\{0}. We denote by X the set X = {x €
G | /\f:1 (aj,%) > ¢;} and we denote by C = {x € V|

/\f:1 (ag,x) > 0}. As X C G, Lemmaﬂproves that dim(X) <

rank(V).

Assume first that a1, ..., ax is V-satisfiable and let us prove
that dim(X) > rank(V'). There exists a vector vo € V such
that (aj,ve) > 0 for any j. From Lemma J] we can assume
that vo € G. Note that there exists A € N larger enough
such that Avg € X. In particular X is not empty and there
exists xo € X. Now, let us observe that xo + (GNC) C X.
From lemma E we get dim(X) > rank(V).

Next, assume that a1,...,ax € V\{0} is not V-satisfiable
and let us prove that dim(X) < rank(V). Naturally with-
out loss of generality, we can assume that a5 € Z™. Note
that if X is empty then the relation is immediate. Thus,
we can assume that X is non empty and in this case there
exists xo € X. Observe that if x € X\(x0 + (G N (C))
there exists 1 < j < k such that (aj,x) € Z; where Z; =
{¢j,...,{(aj,x0) — 1}. In particular we have proved the fol-
lowing inclusion:

XC(xo0+(GNC) |J X

1<j<k

z2€Z;
where X;. = {x € Z" NV | (o4,x) = z}. Since C is not a
V-cone, it is included in a vector space Vp strictly included
in V. Lemma E shows that dim(xoe + (Z" NV)) < rank(V)
and in particular dim(xo + (G N C)) < rank(V). Let us
prove that dim(Xj.) < rank(V). Naturally if X;. = 0
then dim(Xj.) < rank(V). Otherwise there exists xj, €
Xj,.. Note that in this case Xj . = xj,, + (Z" N'V;) where
V; = {x € V| {a5,x) = 0}. As o5 € V\V; we deduce
that Vj is strictly included in V. Thus rank(V}) < rank(V).
Lemma E provides dim(Xj ;) < rank(V). We have proved
that dim(X) < rank(V). O

We deduce the following Corollary .

COROLLARY 1. Let G be a V-group, vi,v2 € V and let
C = C1 NCy where C1 and Ca are two V-cones. We have
dim(G N (v1 + C1) N (vz + C2)) = rank(V) if and only if C
is a V -cone.

PROOF. Let aj1,...,aik € V\{0} be a V-satisfiable se-
quence defining the V-cone C; for any ¢ € {1,2}. Note that
x € vi+ C; & x —v; € (. Moreover, as v; € V we have
vi+V = V. Therefore, we have the following equality where
Ci,j = <Oéi,j7Vi>:

k;
vi+Ci={xeV |\ (aisx)>ci;}

j=1

From lemma ﬂ we are done. []

LEMMA 8. Let P be a linearizator for a pseudo-linear set
X, and let V be the vector space generated by P, let G be the
V-group generated by P and let C be the V-cone generated
by C. We have:

dim(X) = dim(X+P*) = dim(P*) = dim(GNC) = rank(V)

PRrROOF. Since X C X + P* we get dim(X) < dim(X +
P*). As there exists b € Z" such that X C b+P”* we deduce
that X+ P* C b+ P*. Thus dim(X +P*) < dim(P*). From
P* C GNC we deduce that dim(P*) < dim(G N C). From
Lemma E we get dim(GNC') = rank(V). Observe that there
exists a V-cone Cy properly included in C'. As X is pseudo-
linear, Proposition [l| shows that there exists x € X such
that x + (GN Cy) C X. From Lemma ﬁ we deduce that
dim(G N Cp) = rank(V'). Therefore rank(V) < dim(X). We
have proved that dim(X) < dim(X + P*) < dim(P*) <
dim(G N C) <rank(V) < dim(X). O



We deduce the following Proposition E

PROPOSITION 2. A linearization S of a pseudo-linear set
X satisfies dim(X) = dim(S).

Finally, we get the proof of the following Proposition E

PRrROPOSITION 3. Let Si,S52 be linearizations of pseudo-
linear sets X1,Xo C Z" with an empty intersection X1 N
X2 = 0. We have:

dim(S1 N S2) < max{dim(X),dim(X>2)}

PrOOF. Let j € {1,2} and let us denote by P; a lin-
earizator for X; such that S; = X; + P;/. Let us con-
sider the vector space V; generated by P;, the Vj-group
G, generated by P; and the Vj-cone C generated by P;.
From proposition [| there exists a vector b; € Z" such that
S; C by + (G; N Cj). From lemma H we get dim(S;) =
dim(X;) = rank(Vj). Let us consider the set Z = S; N Ss.
Note that if (b1 + G1) N (b2 + G2) = 0 then Z = () and the
proposition is proved. Thus, we can assume that there exists
b1z € (b1 +G1)N(b2+G2). Note that this set is then equal
to bi2 + G where G = G1 N G2. Note that G is a V-group
with V = Vi NV2 and b; — b1z € V for any j € {1,2}. If
Vi # Va2 then rank(V) < max{rank(V1),rank(V2)} and we
get the proposition. Thus we can assume that Vi3 = V5. In
this case Vi = V = V5 and we have proved the following
inclusion:

Z Cbiz+ (GN (b1 —biz +Ci)N(bz —biz + Cb))

We deduce that dim(Z) < rank(V). Assume by contradic-
tion that dim(Z) = rank(V). From Corollary [If we deduce
that C = Ci1 N C2 is a V-cone. Thus, there exists a V-
cone Cy properly included in C. Let j € {1,2}. As Cj is
properly included in C and C' C C; we deduce that Cy is
properly included in Cj. Thus, there exists x5 € X, such
that x; + (G; N Co) C X;. From xj € X; we deduce that
Xj € bj+G;. In particular x;4+G; = bj+G; and x;—bj € V.
Thus (X1 +Gl) N (X2 + Gg) = (b1 +Gl) N (b2 +Gg) Since
this last set is equal to b1z + G, we have proved that the
following set Zp is included in X; N Xo:

Zo = b1z + (G N (x1 — b1z + Co) N (x2 — b1z + (o))

From x; — b; € V and b; — bi2 € V we deduce that x; —
bi2 € V. From Corollary ﬂ, we deduce that dim(Zy) =
rank(V). In particular Zo # () and we get a contradiction
with X1NXe,=0. O

4. REACHABILITY SETS

In this section we prove that post},(S)NS" and SNpre}, (S')
are semi-pseudo-linear for any semi-linear sets S, S’ C N".
All other results and notations introduced in this section
are not used in the sequel. The reader may safely skip the
remaining of this section in order to read the other ones.
In sub-section we recall the classical Kosaraju-Lambert-
Mayr-Sacerdote-Tenney (KLMST) decomposition. This de-
composition is used in the next sub-section @ to establish
the semi-pseudo-linearity of the reachability sets.

4.1 Languages Accepted

The language accepted L(b,V,b’) by a tuple (b, V, b’) where
(b,b’) are two configurations of a VAS V is the set of words
o € ¥* such that b <y b’. In this section we recall the
KLMST decomposition by following notations introduced
by Lambert [E]

We first extends the set of non-negative integers N with an
additional element T. In the sequel, this element is either
interpreted as a “very large integer” or a “dontcare integer”.
More formally, we denote by Nt the set N U {T}. The
total order < over N is extended over Nt by x1 < x2 if
and only if zo = T V (z1,22 € NAz1 < x2). We also
introduce the partial order < over N+ by x1 <2 if and only
if 1 = 2 V22 = T. Intuitively the elements T denotes a
“very large integer” for the total order < whereas it denotes a
“dontcare integer” for the partial order <. Given a sequence
(zi)i>o in NT, we denote by = lim;_. 4 x; the element
x = T if for any r € N there exists ip > 0 such that z; > r
for any i > ip and the element x € N if there exists io > 0
such that x; = z for any i > io.

We also extends the semantics of VAS. A vector in NT is
called an extended configuration of V. The addition function
+:Z x Z — 7 is extended to the totally-defined function in
(ZU{T}H x (ZU{T} - (ZU{T}) satisfying 1 + 22 =T
if 1 = T or 2 = T. With slightly abusing notations, the
binary relation =y, where a € ¥ over the set of extended
configurations is defined by x “»y x’ if and only if x’ = x +
d(a). Given a word o = a1 ...ax of k € N elements a; € X,
we denote by 2y, the binary relation over the set of extended
configurations equals to the concatenation —y - - - 2k, if
k > 1 and equals to the identity binary relation if £ = 0.
Given an extended configuration x we denote by x Ty, if
there exists an extended configuration x’ such that x 2y
x’ and symmetrically for any extended configuration x’ we
denote by Ly x’ if there exists an extended configuration
x such that x 5y x'.

Next we recall some elements of graph theory. An alphabet
3 is a non-empty finite set. We denote by X* the set of
finite words over . A graph G is a tuple G = (Q,%,T)
where @ is a finite set of states, ¥ is a finite set of labels,
and T' C Q X ¥ x @ is a finite set of transitions. A path
mis aword m = t1...t; of k € N transitions t; € T such
that there exists qo,...,qx € @Q and a1,...,ar € ¥ such that
t: = (gj—1,a5,q;) for any 1 < j < k. In this case we say that
7 is a path from qo to qx labelled by o = a1 ...ar and we
denote m by qo 2> qx or simply o —¢ gr. When qo = qg,
the path 7 is called a cycle. Given a transition t € T, we
denote by |7|: the number of occurrences of ¢ in 7. Let us
recall the following lemma.

LEMMA 9 (EULER CYCLE). Let G = (Q, X, T) be a strongly
connected graph and let (jui)ier be a sequence in N\{0}.
There exists a cycle m in G such that || = pe for any

transition t € T if and only if for any state qo € QQ we have
the following equality:

> m= X

t=(g,a,90)€T t'=(q0,a,9")ET



A graph vector G = (Q, %, T) for V is a graph such that Q C

T is a finite set of extended configurations, and ' C QX X X
Q is a finite set of transitions (x,a,x’) such that x %y x’.
Even if the proof of the following lemma is immediate by
induction over the length of o, it is central in the KLMST
decomposition.

LEMMA 10 (GRAPH VECTOR PATHS). Let us consider a
path x 5 x' in a graph vector G for V. For any sequences
(xc)cen and (Xxg)een of extended configurations that con-
verge toward X = lime— 400 Xe and X' = lime— 400 XL, there
exists co € N such that xe -y and <y b for any ¢ > co.

A marked graph vector is a tuple (m, G,x, m’) where G is a
strongly connected graph vector, x is a state of this graph
vector and m, m’ < x are two extended configurations. A
marked graph vector sequences (MGVS) is an alternating
sequence of marked graph vectors and actions:

U= (m07G07X07m0/)7a17 e, Ok, (mk7Gk7xk7mi()

§_1 5y my)icj<p and mj = b,
The language accepted by a MGVS U is the set L (U) of words
of the form ooai . ..aror such that for any 0 < j < k there

satisfying b = mg, (mj

o
. J . .
exists a cycle x; ——a; Xj and there exists two configurations

s; <m; and sj < mj such that:

90 /o al / A Tk /
So —V Sg —V S1...Sk—1 —V Sk —V Sk

We observe that L(U) C L(b,V,b’) since (so,sy) = (b,b’).

We now associate a characteristic linear system to a MGVS
U. Denoting by p;: the number of occurrences of a tran-
sition ¢t € T; in the cycle x; SEN X; we get a non-negative
sequence (pj,t);,+ indexed by 0 < j < k and ¢t € T;. We also
obtain a tuple & = ((s);, (8§);, (14,¢)4,c) said associated to
o. We observe that £ is a non-negative solution of the fol-

lowing linear system called the characteristic system of the
MGVS U:

forall1 <j <k
Sj_1 +0(a;) = s

forall0<j <k

s; + Z

t=(q,a,q")ET};

1,16(a) = s§

forall0<j<kandforalll<i<n
Sj[i] = mJ[z] if mJ[Z] eN
i[i] = m;[z] if m;[z] eN

S

for all 0 < j < k and for all ¢; € Q;

Z Mt = Z Hjer

t=(q,a,q;)€T t'=(qj,a,q')ET

Naturally there exists non-negative solutions £ of the charac-
teristic system that are not associated to an accepted word.
In particular even if there exists non-negative solutions of
the characteristic linear system we cannot conclude that
L(U) # 0. However, under the following perfect condition,
we can prove that L(U) # 0.

A MGVS U is said perfect if for any integer ¢ > 0, there
exists a non-negative solution ((s);, (sj)j, (1j,¢)j5.¢) of the
characteristic system of U such that for any 0 < j < k and
for any 1 <1i < n:

e sj[i] > cif my[i] = T, and
e sj[i] > cif mj[i] = T, and

® ¢ > cfor any t € Tj.

and such that for any 0 < j < k:

e there exists a cycle 6, = (x; igj xj) such that

m; 29, and such that m;+d(w;) > my and §(w;)[i] >
0 if m;[z] € N and x;[i] = T.

w’ ’

o there exists a cycle 07 = (x; —j>gj xj) such that iv
mj and such that mj —é(w}) > mj and —d(wj)[i] > 0
if mj[i] € N and x;[¢) = T.

Let us recall without proof the fundamental decomposition
theorem.

THEROEM 1 (FUNDAMENTAL DECOMPOSITION[E]). For
any tuple (b, V,b’), we can effectively compute a finite se-
quence of perfect MGVS U, ..., U, for this tuple such that:

ﬁ(bJJ,b’) = Q(Ul) U... UL(Z/{Z)

Let us now recall why L(U) # (0 for any perfect MGVS
U. The homogeneous form of the characteristic system, ob-
tained by replacing constants by zero, is called the homoge-
neous characteristic system of U. A solution of the homoge-
neous form is denoted by £o = ((s0,5);, (Sj,0");, (1t0,5,t)4,¢) in
the sequel.

LEMMA 11. There exists &0 = ((S0,4);,(S0,3)5, (H0,5,t)5,t)
a solution of the homogeneous characteristic system and for

any 0 < j < k there exists a cycle mo; = (xj io’—jﬁcj X;j)
and such that:

® po,5,0 = 105]¢ + |mo5le +105]¢ for any t € T,
e sgj > 0 and so j[¢] > 0 if and only if m;[i] =T,
e so;' > 0 and so ;' [i) > 0 if and only if mjfi] = T.

® sgj+ 6(w;) > 0 and (so,; + d(w;))[i] > 0 if and only
if xsli] =T,

e su; — 0(wj) > 0 and (so;’ — 6(w}))[i] > 0 if and only

PROOF. As U is perfect, for any integer ¢ > 0, there ex-
ists a solution €(c) = ((85(c)); (8}(¢));s (15 ()).) of the
characteristic system of U such that for any 0 < j < k:



o si(c)[i] > cif my[i] = T, and

e si(c)[i] > cif mj[i) =T, and

e uj+(c) > cfor any t € Tj.

Observe that £o(c) = ((s0,3(¢));, (80,5(¢))is (ko,j.t(c))j.e) de-
fined by &o(c) = &(c) — £€(0) is solution of the homoge-
neous characteristic system. Observe that there exists an
integer c¢o > 0 larger enough such that sg;(c)[i]] > 0 if
m;fi] = T, such that sg ;(c)[i] > 0 if mj[{] = T, and such
that |,uojt( )| > 10;]c + |0;/|¢ for any t € T; and for any
integer ¢ > cop.

Let us prove that we can also assume the following properties
for any ¢ > co:

. ?,j(c)er(wj) > 0 and (so,;(c)+d(w;))[] > 0if x;[i] =

® soi'(c) — 6(w)) > 0 and (so;'(c) — 6(w)))[s] > 0 if

Xj [7,] =T

The two conditions are symmetrical. Let us just show the
first one. Assume that x;[i] = T. Consider the case m;[i] €
N. The homogeneous characteristic system shows sg j(c)[i] =
0. Moreover, by definition of 0;, as m;[i] < x;[i] we get

d(wj)[é] > 0. Thus (so,j(c)+d(w;))[i] > 0 in this case. Now,
assume that m;[i] = T. In this case sg j(c)[i] > ¢—s0,;(0)[4].
Thus by replacing co by a larger integer, we can assume that
(so0,5(¢) + 6(w;))[i] > 0 for any ¢ > co.

Let us consider &0 = ((S0.j)s, (S0.5)5, (1t0,5,¢)5,¢) defined by
fixing ¢ = ¢o and formally given by & = £o(co). Observe
that if m; [Z] € N then So’j[i] = 0. Thus S0, >0 and S0, [Z] >
0 if and only if m;[i] = T. Symmetrically we deduce that
so,j’ > 0 and so;'[¢] > 0 if and only if mj[i] = T. Observe

also that if xj[¢] € N then sg;[i] = 0 and §(w;)[{]] = 0.
In particular (so; + 6(w;))[i] = 0. We deduce that sg; +
d(wj;) > 0 and we have (so; + d(wj;))[i] > 0 if and only if

X;j [2] = T. Symmetrically sg; — d( 0 and we have

(so,;’ — 6(w}))[é] > 0 if and only if x;[¢

]
w;)
| =

2
T.

From the Euler Lemma E, there exists a cycle mo,; = (X; MG].

xj) such that |mo |t = |po,j,t| —

7. O

(1651t + |657]¢) for any t €

As the MGVS U is perfect, Lemma E shows that there
exists a non-negative solution & = ((sj);, (s;');, (ij,t);,t) of
the characteristic system such that th > 1 for any 0 <

j < kand t € T; and such that s; ‘—w and U—w s
for any 0 < j < k Let O < j < k. From Lemma E there

exists a cycle m; = (x; —>G]. xj) such that p;¢ = |m;|¢ for
any ¢t € Tj. Let us observe that for any ¢ € N and for any
0 < j <k we have:

c

c Y
(s; + cs05) 0,5 (w5)
sj + CSo,j) —v S

v (sj + ¢so 5)

As lime— 4oo(sj+c(so,;+6(w;))) = x3, lemma E proves that
there exists an integer cop > 0 such that for any integer ¢ > co

we have (sj + ¢(so,; + d(w;))) 2,1, As € is a solution of the
characteristic system we get s; + 6(0;) = sj. Moreover, as
o is a solution of the homogeneous characteristic system we
get soj + d(wjoo jw)) = sg ;. In particular we deduce that
(85 +cs0,3) +cd(w;) +0(a5) = (85+csp 5) — cd(w)) — cd(00,5).
We deduce that for any ¢ > ¢p we have:

c c Iye
wjojoo’j(wj)
P C L SN

(sj + cso,5) v (sj + cso5)

Therefore there exists a word in L(U) associated to & + c&o
for any ¢ > cg. In particular we have proved that L(U) # 0.

4.2 Semi-pseudo-linear Reachability Sets
In this section we prove that post},(S)NS’ and SNpre,(S’)
are semi-pseudo-linear for any semi-linear sets S,.5" C N™.

We first reduce this problem to the forward case with S =
{b} and S’ = b + Z* where Z is a set of periods. Since
post},(X) = pre”,(X) for any set X C N" where =V =
(3, n,—4), the problem reduces to prove that post},(S) NS’
is semi-pseudo-linear. Note also that a semi-linear set is
a finite union of linear sets. As post},(X1 U ... U Xi) =
post},(X1) U ... U post},(Xy) for any Xi,..., Xi C N”, we
have reduced the problem to prove that post},(S) N S’ is
semi-pseudo-linear for any linear sets S,S’. Let us consider
a linear set S = b+ P* where b € N” and P C N" is a finite
set of periods. Without loss of generality we can assume that
PNX =0. Let us consider the VAS V' = (X', n,§’) where
¥ = XU P and ¢’ extends § by §(p) = p for any p € P.
We observe that post},(S) = post}, ({b}). In particular we
can assume that S = {b}. We have proved the proposed
reduction.

So, let us consider two configurations b,b’ € N", a set of
periods Z C N™ and let us prove that post},({b}) N (b’
Z™) is semi-pseudo-linear. We can assume that Z N X =
(. As expected, we consider the VAS Vz obtained from V
by considering the alphabet ¥ U Z and the displacement
function that extends 6 by 6(z) = —z for any z € Z. We
also consider the displacement function §z also defined over
YUZbydz(a)=0ifa € ¥ and dz(z) =z ifz € Z. Observe
that we have the following equality:

post’,({b}) N (b’ + Z*) = b’ + 82(L (b, Vz,b'))

From theorem ﬁl, it is sufficient to prove that dz(L(U)) is
pseudo-linear for any perfect MGVS U for (b, Vz,b’). So let
us consider such a perfect MGVS U of the following form:

Z/[ = (Ino,G’(),Xo,rné)),al7 e, Ak, (mk,Gk,xk,m{()

Given a solution & = ((s;);, (s})s, (14,¢)j,¢) of the character-
istic system and a solution o = ((s0.3);,(S0,3)5, (H0,5,t)j.¢t)
of the homogeneous characteristic system, we consider the
vectors Bo(€o) and B(€) defined by the following equalities:

BE) =dz(ar...ar)+ Y pez
zE”Z
0%5<k
t=(q,2,q')ET)

Boo)= Y

z€Z
0<j<k

t=(q,2,9") €T}

Ho,j,tZ



We observe that £ + & is a solution of the characteristic that for
system that satisfies 3(£ 4+ &o) = B(§) + Bo(&o). Moreover,
note that if £ is associated to a word o € L(U) then §z(c) =

B(E).

Intuitively, the linearizator P for §z(L(U)) is obtained from
the homogeneous characteristic system of U. Given a non-
negative integer h, recall that (D\lh, <) is a well-quasi partially-
ordered set. Thus any X C N" has a finite set min(X) of
minimal for < elements satisfying X C min(X) 4+ N". We
denote by Ho the non-negative solutions of the homogeneous
characteristic system. We consider the following set of peri-
ods:

any 0 < 7 < k we have:
d
Sj + ¢so,j + Z NiSry j

=1

ni

CH. nq c ’ye
w]ojo'rl’].‘“cr 'UU,J(w])

rq,J

v
d

! ! X !

Sj + CSo0,5 t Q) MiSr,

=1

We have proved that there exists a word o € L (i) associated
with € + c€o + Zle n:&r,;. By applying 8 to the previous
tuple, we deduce that §z (o)

ﬂ(g) + CﬁO(ﬁO) + Z?zl n;ri.

We have proved the following inclusion:

P = fBo(min(Ho\{0}))

Let us denote by H the set of non-negative solutions of the
characteristic system and let £ be any element in this set
(since the MGVS is perfect the set H is non empty). Note
that ¢ — ¢ is a solution of the homogeneous characteristic
system for any & € H. Naturally this solution is not neces-
sary non-negative. However, there exists &} and ¢_ in Hy
such that & — ¢ = ¢/ —¢.. As min(H) is finite we deduce
that & = Zg/emin(H) & is a tuple in Hg. Observe that
min(H) — &+ & C Ho. From H = min(H) + Ho, we deduce
that H C £ — &0+ Ho. From Hy = min(Ho\{0})* we deduce
the following inclusion:

8z(L(U)) C B(§) — fo(Eo) + P*

linear.

B(€) + cBo(o) + R C 02(L(U))

We have proved that P is a linearizator for 6z (L (U)). There-
fore, we have proved the following theorem:

THEROEM 2. For any pair S, S’ C N™ of semi-linear sets,
the sets post},(S) N.S" and S N prey,(S’) are semi-pseudo-

5. SEMI-LINEAR SEPARATORS

In this section we prove that there exists a semi-linear sep-
arator for any pair of semi-linear separable pair.

Given a pair (S,S) of separable sets of configurations, the

set D = N™"\(SUS’) is called the domain of (S,5"). Note
that a separable pair (S,S’) with an empty domain D is a

Let us consider a finite set R C P' and let ry,..
sequence in R such that R = {ry,..
the following lemma.

.,rq be a
.,ra}. We first prove

(SO7 S(’))

LEMMA 12. For any vector r € P there exists a non-
negative solution & = ((Sej)j, (St3)i, (tr.jt)st) of the ho-
mogeneous system and for any 0 < j < k there exists a

cycle mr; = (x; MG]. xj) such that:

separator.

The semi-linear separator for a semi-linear separable pair

is obtain inductively. We build a non-decreasing

sequence (Sj,S5});>0 of semi-linear separable sets starting
from the initial semi-linear separable pair (S, S)) such that
the dimension of the domain D; = N™\(S; U S}) is strictly
decreasing. In order to obtain this sequence, observe that it
is sufficient to show that for any semi-linear separable pair

(So, Sg) of configuration sets with a non-empty domain Dy,

® Lir it = |me |t for any t € T and for any 0 < j < k,

e r=10z(000-..00,k).

there exists a semi-linear separable pair (S,S") 2 (So, Sp)
with a domain D such that dim(D) < dim(Dy).

As Do and Sy are semi-linear, we deduce that post3,(So)N Do

PROOF. Let us consider & = ((sr,3);, (Sr3)5, (tr,j,¢)5,6) in
min(Ho\{0})" such that r = Bo(&). As U is perfect, we
deduce that pr ;¢ > 1 for any t € T;. Lemma J| shows that
there exists a cycle 7 ; = (x; Mcj xj) such that pr ;¢ =
|75 |¢ for any t € Tj. Note that 5o(&r) = 6z(0r,0...0r k). O

is equal to a finite union of pseudo-linear sets X1, ..
Let us consider some linearizators P, . .
linear sets and let us consider the following semi-linear set:

oy Xk
., Py for these pseudo-

k
S" =S, u(Do\(|J X; + P}))

j=1

Observe that posty,(So)NS” = 0. Thus post3, (So)Nprey; (S') =

Now, let us consider a solution ¢ of the characteristic system
and a solution & of the homogeneous characteristic system
satisfying the same properties that the ones given at the end
of the previous section. As lime— too(8j+ ¢(s0,; + d(w;)))
xj, lemma [L( proves that by replacing co by a larger integer,

we can assume that (s; + c(soj + 0(wj))) Ind, ) for any
¢ > cp, for any 0 < j < k and for any r € R. Let us consider
a sequence Nni,...,Nnqg € N and an integer ¢ > co. Observe

0 and we deduce that X; N pre},(S’) =0 for any 1 < j < k.
From the following Lemma
semi-linear set Z; C X; +
and such that (X; + P;) Npre},(S') C Z;. We consider the
following set:

, we deduce that there exists a
P} such that dim(Z;) < dim(X})

J

S= 58U J((X;+ P)\Z))

Jj=1



LEMMA 13. Let X be a pseudo-linear set, let P be a lin-
earizator for X, and let S’ be a semi-linear set such that
XNpre},(S") = 0. There exists a semi-linear set Z C X + P*
such that dim(Z) < dim(X) and such that (X + P*) N
pre}, (S') C Z.

PROOF. As X + P* is semi-linear, we deduce that (X +
P*)Nprey,(S’) is semi-pseudo-linear. Thus this set is equal
to a finite union of pseudo-linear sets X1, ..., X;. We denote
by P; a precise linearizator for X;. As X N pre},(S’) = 0
we deduce that X N X; = 0 for any 1 < j < k. Thus the
dimension of the semi-linear set Z; = (X +P*)N(X;+P}) is
strictly less than max{dim(X), dim(X;)}. From X; C X +
P* we also deduce that dim(X;) < dim(X + P*) = dim(X).
Thus dim(X;) < dim(X) and we get dim(Z;) < dim(X).
Denoting by Z = J; Z; we are done. [J

Observe that S Nprey,(S’) = 0. Thus posty,(S) Npre},(S') =
(¢ and we deduce that (5, S") is separable. The domain D of
this separable pair satisfies the following inclusion:

k
pclz
j=1

As X; C Doy we have dim(X;) < dim(Dyp). From dim(Z;) <
dim(X;) we get dim(Z;) < dim(Dy). Therefore dim(D) <
dim(Do). We have proved the following theorem.

THEROEM 3. There exists a semi-linear separator for any
pair of semi-linear separable sets.

6. CONCLUSION

We have proved the termination of the algorithm Reachabil-
ity. Even tough the proof is based on the classical KLMST
decomposition, its complexity does not depend on this de-
composition. In fact, the complexity of this algorithm de-
pends on the size of the minimal pair of Presburger formulas
denoting a separator for a separable pair ({s},{s'}). This
algorithm is the wvery first one that does not require the
KLMST decomposition. In particular, this algorithm is the
first candidate to obtain a precise (eventually elementary)
upper-bound complexity for the VAS reachability problem.
We left as an open question the problem of computing a
lower bound and a upper bound of the size of a pair of Pres-
burger formulas denoting a separator for a separable pair
({s},{s'}). Note that the VAS exhibiting a large (Acker-
mann size) but finite reachability set given in does not
directly provide a lower-bound for this size since separators
can over-approximate reachability sets.

We also left as an open question the problem of adapting
such an algorithm to obtain a complete Counter Erample
Guided Abstract Refinement approach [[l] for the VAS reach-
ability problem based on interpolants [ff] for FO (N, +, <).
In practice, such an algorithm should be more efficient than
the enumeration-based algorithm provided in this paper.

Acknowledgment: We thank Jean Luc Lambert for a fruit-
ful discussion during a Post-doc in 2005 at IRISA (INRIA

Rennes, France) and for his work on semi-linear VAS.

7. REFERENCES

[1] E. M. Clarke, O. Grumberg, S. Jha, Y. Lu, and
H. Veith. Counterexample-guided abstraction
refinement. In E. A. Emerson and A. P. Sistla, editors,
Computer Aided Verification, 12th International
Conference, CAV 2000, Chicago, IL, USA, July 15-19,
2000, Proceedings, volume 1855 of Lecture Notes in
Computer Science, pages 154-169. Springer, 2000.

[2] J. Esparza and M. Nielsen. Decidability issues for petri
nets - a survey. Bulletin of the European Association
for Theoretical Computer Science, 52:245-262, 1994.

[3] S. Ginsburg and E. H. Spanier. Semigroups,
Presburger formulas and languages. Pacific Journal of
Math., 16(2):285-296, 1966.

[4] M. Hack. The recursive equivalence of the reachability
problem and the liveness problem for petri nets and
vector addition systems. In 15th Annual Symposium
on Switching and Automata Theory, 14-16 October
1974, The University of New Orleans, USA, pages
156-164. IEEE, 1974.

[5] J. E. Hopcroft and J.-J. Pansiot. On the reachability
problem for 5-dimensional vector addition systems.
Theor. Comput. Sci., 8:135-159, 1979.

[6] R. Jhala and K. L. McMillan. A Practical and
Complete Approach to Predicate Refinement. In Proc.
of 12th Conf. on Tools and Algorithms for the
Construction and Analysis of Systems (TACAS’06),
volume 3920 of LNCS, pages 459-473. Springer, 2006.

[7] S. R. Kosaraju. Decidability of reachability in vector
addition systems (preliminary version). In Proceedings
of the Fourteenth Annual ACM Symposium on Theory
of Computing, (STOC 1982), 5-7 May 1982, San
Francisco, California, USA, pages 267-281. ACM,
1982.

[8] J. L. Lambert. A structure to decide reachability in
petri nets. Theoritical Computer Science,
99(1):79-104, 1992.

[9] E. W. Mayr. An algorithm for the general petri net
reachability problem. In Conference Proceedings of the
Thirteenth Annual ACM Symposium on Theory of
Computation, (STOC 1981), 11-13 May 1981,
Milwaukee, Wisconsin, USA, pages 238-246. ACM,
1981.

[10] G. S. Sacerdote and R. L. Tenney. The decidability of
the reachability problem for vector addition systems
(preliminary version). In Conference Record of the
Ninth Annual ACM Symposium on Theory of
Computing, 2-4 May 1977, Boulder, Colorado, USA,
pages 61-76. ACM, 1977.



