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Abstract

We improve the existing results on the limiting behavior of the Cauchy problem
for a class of Carleman-like models with power-type interaction rate in the diffusive
scaling with data in the spaces LP, 1 < p < oo. The convergence result, which
has been carefully established before for exponents of the interaction rate o < 1, is
extended here to the range of exponents 1 < a < 4/3. In addition, we discuss the
problem of establishing a good theory in the still remaining range o € [4/3,2), by
introducing a modified kinetic system which admits an explicit self-similar solution.
The analysis of this solution clarifies the role of the exponent & = 4/3.

1 Introduction

We consider a class of a one-dimensional models for a gas composed of two kinds of
particles moving parallel to the x-axis with constant and equal speeds, of modulus ¢ > 0,
one in the positive z-direction with density wu(¢, x), the other in the negative z-direction
with density v(¢,z). A general version of such a model has the following form:

ou ou

e + Cor = k(u,v,z)(v —u)

5 5 (1)
v v

ot C% = k(u,v,z)(u —v),

where u = u(t,z), v = v(t,x), x € Q C R, t € (0,7], T > 0, and k(u,v,x) is a non-
negative function, called the interaction rate (also rate function or rate coefficient), that
characterizes the interactions between gas particles. The model is in local equilibrium
when u = v, a situation that will be obtained in the limit as we will see.

The case k(u,v,z) = u+ v was introduced by Carleman in the 1930’s as a simplified
model of the Boltzmann equation [1], and was subsequently studied by many authors
(for a survey on these models see, for example, [7] and [8]).
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If we scale the variables by means of a small parameter € > 0 in such a way that the
quotient a2/t is scaling invariant, one can easily show that System (1) is reduced to the
form 5 19 )

Ue Ue
——— = < k(Ue,ve,x) (Ve — 1
6t+€8x 52(87 e )(Ve = te)
ove  10v, 1
— ——— = —k(ue,ve,x)(ue — v reQCR, ¢t>0.
ot e Ox 62(66 (e —ve) - -
This scaling is particularly interesting because the limit e — 0% (called the hydrodynam-
ical limit), leads, at least formally, to diffusive type equations which can be viewed as
the Navier-Stokes equations of the fictitious gas. Hence the name of diffusive scaling.

Note that the new transport speed 1/¢ tends to infinity as ¢ — 0.

(2)

The model is supplemented with initial data u.(0,2) = uo(z) and v.(0,z) = vo(z).
Depending on the properties of the domain 2, also boundary conditions may be necessary.

The limiting process is as follows: we introduce two macroscopic variables, the mass
density p. and the flux j. defined by

. 1
Pe = Ue + Vg, Je = g(us_vs)- (3)

Typically, the rate has the form
ko (te, ve, ) = (ue + ve)*. (4)

In (4) a is a fixed constant (o = 1 in Carleman’s model). In this case, which is mostly
considered in the literature, System (2) is equivalent to the following macroscopic equa-
tions for the mass density and the flux

Ope  0je

ot Tar 0

9 o (5)
207)e Pe

< ot + ox
posed in (t,z) € (0,7] x  with initial data p.(0,2) = ug(z) + vo(x) and j.(0,z) =
[ug(w) — vo()]/e. If we are now allowed to disregard the term &2 3j./0t in the limit
e — 0, we formally arrive at the following nonlinear heat equation for the limit density

p = lime—0 pe:
%10 (1) )
ot  20x \p*0ox)’ (
with initial conditions p(0,x) = ug(z) + vo(x). This is called the diffusive limit. Much
more general forms of the rate function k¥ can be admitted in the study of this limit
process (see [10] and its references). For such general k the denominator p® in the limit
equation (6) becomes k(p/2, p/2,z). However, we will consider in this paper only rates
of the form k, as given in (4).

= _2p?j£7

The mathematical problem that we consider is to justify this limit process for different
choices of o and under suitable assumptions on the data. The same goal has been



the object of a number of papers, where information is given on the convergence of
pe = us + vz as € — 07 to a function p(t,z) which solves the nonlinear diffusive process.

In particular, Lions and Toscani [4] solved the case a € (—o0, 1] with integrable data
plus some regularity or decay conditions.

Subsequently, Salvarani and Vézquez [10] improved the result of [4], in the case
|a| < 1, by considering only L!-data and studied the cases a > 1 with integrable data
by using a special way of approximation (lifting approximation). They showed that, for
« > 2, the diffusive limit is trivial, since it reflects the nonexistence properties for the
target equation, cf. [11]. On the other hand, for 1 < o < 2, while the limit should solve
the expected diffusive problem with the same initial data, the mathematical properties
of the differential operators are worse for o > 1 than for |a| < 1, and the same strategy
used in [10] to prove convergence in the strong way of the space C([0,T]; L'(R)) cannot
be applied. A main problem is the failure of the maximum principle, which is heavily
used in [10].

The object of this note is to show that in the subrange 1 < a < 4/3 compactness
methods still apply under mild restrictions on the data and allow to prove that the
semigroup generated by the hyperbolic problem still converges to the diffusive limit
without any prior approximation of the data. Thus we extend the work done in [4]
and [10] for @ < 1. We remark that the subrange analyzed in this work corresponds to
consider equation (6) in the regime of very fast diffusion [12].

The method we use is based on the uniform control (with respect to ) of a Lyapunov
functional which is bounded from below only in the subrange 1 < o < 4/3. Thus, our
method of proof can not be extended to values of the parameter oo which are greater or
equal than 4/3.

To clarify the numerology which is behind this diffusive limit, in the second part of the
paper we introduce a modified kinetic system that, while preserving all the mathematical
properties of System (1), admits an explicit exact solution, which is shown to have a
bounded support for all values of . The analysis of the behavior of this solution as
e — 0 allows to enlighten the different properties of the diffusive limit in terms of the
different values of the parameter «.

To conclude this introduction, it is worth to mention that also the first initial-
boundary value problem for System (1), with non-homogeneous boundary conditions,
has been investigated in [9], [3] by means of entropy methods. The main difference here
is that, due to the presence of non-vanishing boundary conditions, the approach requires
to use a relative entropy functional with respect to some suitable reference profile.

In more details, the main result of the paper is summarized in Theorem 4, Section 4.
The proof requires various estimates which are the core of Section 3. Finally, Section 5
tries to give an answer to the problem of establishing a solid theory in the still remaining
range « € [4/3,2), by introducing a modified kinetic model.



2 Preliminaries

This section collects some basic properties of System (2), that will be the starting point
of the study about the diffusive limit of the model.

We will restrict to consider initial conditions which satisfy the properties listed in
the following

Definition 1 Consider System (2) with o € (1,4/3), posed for (t,x) € (0,T] x R, with
initial condition uc(0,x) = ugp(x), ve(0,z) = vo(x). The initial data (ug,vo) are said to
be admissible if and only if

1. ug and vy are nonnegative functions a.e. in R and are of class L*°(R);

2. there exists a positive constant 6 with (o —1)/(2(2 — a)) < 6 < 1/4 such that

/(uo +v0)(1 + 2%)° dz < C5 < .
R

Remark It is immediate to see that the existence of d requires that (o — 1)/(2(2 — «)) <
1/4, which holds true exactly when a € (1,4/3). We remark moreover that any admis-
sible initial condition (ug,vg) is of class L'(R) N L= (R). Indeed, we have that

o + voll gy < /(uo +up)(1 + 22)) da.
R

An important consequence of the properties of the functions which are admissible
initial data in the sense of Definition 1 is given by the following lemma:

Lemma 1 Let (ug,vo) be admissible initial conditions for System (2), with o € (1,4/3).
Then the integral

/(ug_a + 03 da
R

is finite.

Proof: We perform the computations only for ug. We note that, for v > 0:

2—a a—1
/ug—a dz < </ up(1 + 22)7/ (=) dw) </(1 +2?)1/1=e) dx) . (7
R R R

The first integral in the right-hand side of inequality (7) is finite, by definition of ad-
missible initial data, by choosing v/(2 — a) = § < 1/4. Then, the last integral in the
right-hand side of (7) is finite if v > (o — 1)/2. This requirement is satisfied whenever §
lies in (o — 1)/(2(2 — a)) < 6 < 1/4. Hence the thesis follows. O

Next, we specify the sense of the solution we consider. We have:



Definition 2 A weak solution of System (2) with admissible initial data ug,vy > 0 is
a pair of functions (u,v) € C([0,T]; L (R)) N L.((0,T) x R), T > 0, such that the

loc
equation is satisfied in the sense of distributions and the initial data are recovered in the

sense of traces.

By applying the strategy of Section 2 in [4], it is easy to obtain that the following
property holds:

Proposition 1 Let (ug,vo) admissible initial data for System (2).Then

lue (t, Moy + lve(t, )o@y < luollZoy + 1ol

for all p such that 1 < p < 400 and for allt > 0. Moreover,
ot () + vt Dy = I + vollZ -
The following theorem is proved in [10]:

Theorem 2 Let 0 < wug(x),vo(z) € LS. (R). Then the initial value problem for Sys-

loc

tem (2) admits a unique solution uc(t,x),v:(t,x) € C([0,00); LS (R)). Moreover, this
solution is non-negative.

3 Control of the flux

From now on, we will suppose always that « € (1,4/3).

The core of the paper is the proof of a uniform estimate of the L?-norm of the flux,
which is based on the control of an entropy functional of System (2), defined as

H,(ug,ve) = — /R(ug_a + 027 da. (8)

The following result holds:

Proposition 3 Let (ue,v:) be a solution of the scaled discrete velocity system (2) with
admissible initial data (ug,vo). Then there exists a positive constantY =Y (e, ug, vg, T, §) >
0 such that the current j. = (ue — v:)/e satisfies

1720 2207y xr) <Y

for each € > 0. Moreover, there exists a positive constant W = W (a, up,vo,T,9) > 0
such that

/(1 + 220 (ue 4 vo) dz < W.
R

Proof: We consider the time evolution of the entropy. We obtain easily that

d 2 —«
Ha(usave)

T =3 / P2 (ve —ue)(ui™® — vl *)dz <0
R

5



since (ve — ue)(ul=® —vl=%) > 0 for any a € (1,2).

We observe now that, when u., v. > 0

pe (ve — us)(u;_a - ”;_a) = —pg (ue — v:)

and by Lagrange’s theorem there exists 6 € [0, 1] such that

11—« 11—«
Oy — )28 TV
pg (UE UE) Us _ 'Ug
(ue +v:)

(eus + (1 — H)UE)Q 2 (O[ - 1)(“5 — U5)2-

When u. and/or v. = 0, an estimate of the time derivative of the entropy through the
current is immediate.

We have hence deduced that

4
dt

(o = 1)(ue — 05)2

Hy(ug,v:) < —(2—a)(a—1) /Rja2 dx 9)

for all non-negative solution (ug,v:) of System (2).

We now need to give an estimate of the mass which is lost at infinity, which we obtain
by controlling some moment of the density.

We introduce therefore a parameter ¢ € (0,1/4) and study the time evolution of the
moment of order 24:

d

dt Jw

(1+22)%(ue + ve) do = — /R(1 + x2)6% de = 25/Rx(1 + 22 Y de.  (10)

Then, by using the elementary inequality 2ab < ca® + b?/c, ¢ > 0, we have

x 52 x?
20 | ——5—=jedx < i2d — | =7 dz.
/R(1+£C2)16]8 x_C/Rjg T+ B /R(1+$2)225 T

Since § € (0,1/4), then the integral

.',172
I(SZ/RWdl’<+OO

and hence, we can conclude, by choosing ¢ = (2 — a)(a — 1) /2, that

262
2—a)(a—1)

D10+ 22 (e + v2) + Ho(te, 0.)] da < ;(2—04)(1—04)/Rﬁd:r+

Is.
dt Jn o

We then integrate the previous inequality with respect to ¢ in (0,7), with 7" > 0. We
deduce that
276>

H(ue, ve) < H(uo,vo) + 2-a)a—1)

Is



where

H(t) = H(ue, v.) = /R[u 22 (e + 02) + Hoa(ue, 2] da

We observe that
H(ug,vo) = /[(1 + 9:2)5(u0 + o) + Hq(ug, vo)] dz < 400
R

because the data are admissible.

Moreover,

2—«
H(t) > /(1 + x2)5uE dx — </(1 + 1‘2)%5 d:z:) Kg“l—{—
R R

2—«
/R(l + %)% da — (/R(l + 22)%v, dac) Kot

K5 = /(1 + 22)0@=)/(=a) gy > 0.
R

where

It is straightforward to see that, for any o € (1,4/3), there exists § € (0,1/4) such that
K is finite.
Hence, we can deduce that there exists 7 € R (non necessarily positive) such that

H(t) > n for all t > 0: indeed, we have that n = 2m, where m is the (unique) minimum
for the function f(y) =y — y2_O‘K§‘*1, for y > 0, that is

m=[2— )/ (2 - q)@-)/ (=D,

We hence deduce a posteriori that

1 : 276>
52 —a)(a— DlljellZ2 o) xRy < o ls +H(0) = H(D),

that gives a bound (uniform with respect to ¢) for the L?-norm of the flux j..

Finally, we use Cauchy-Schwarz inequality to obtain that

T 5 12 T s 1/2
/(; /]R.’E(]. +x2) _1j£ dxdt S ”j52HL2((07T)><]R) </0 /le(]_ +ZC2)2 -2 dl‘dt) )

Since ¢ € (0,1/4) and j. is bounded in L?((0, T') x R), the right-hand side of the previous
inequality is bounded; we hence obtain from Equation (10) a bound (uniform with respect
to ) for the moment of order 2. O



4 The nonlinear diffusion limit

The strategy of passing to the limit is classical. In the sequel, we will use various
relatively compact sequences. When we will say that a sequence converges to a limit, we
will mean that there exists a subsequence which converges to the limit.

The proof uses the bounds of Propositions 1 and 3 in order to deduce some properties
of compactness.

Thanks to Proposition 1, by Banach-Alaoglu theorem, there exists p € L>((0,T); L*(R))
such that p. — p in L>((0,T); L*(R)) weak*.

Moreover, thanks to Proposition 3, again by Banach-Alaoglu theorem, there exists
j € L*((0,T) x R) such that j. — j in L?((0,7) x R).

Note that, since a > 1,

12 Gell72(0myxmy < 102t M 7% @y el 220,10y < w0 + v0ll 7% @y llell72 (0. 7y -

Since the problem is nonlinear, weak convergence is not enough to pass to the limit;
strong convergence is needed. We will obtain it by using a well knonw result of compen-
sated compactness. Consider the vector fields

De = (psaje) and g = (—[)5752]}:)-
By Propositions 1 and 3, both vector fields satisfy
pe and ¢ are bounded in L*([0, T] x R; R?).

Summing the first two equations in the scaled generalized Carleman system (2) shows
that

. 8P5 6]5
d = =0
Wtz Pe ot + ox
while 9 9
J P .
curly » ge = 5287; + a; = —2p Je.

We then obtain that
div¢ . pe and curl; , ¢ bounded in L2([O, T] x R).
By compensated compactness (the div-curl lemma in [6]), we find that
Perge = —p2+e22 sp.q=p

in the sense of distributions on (0,7") xR as ¢ — 0. Because of Proposition 3, this implies
that p2 — p? in the sense of distributions, which implies in turn that the family p. is
relatively compact in L%([0,T] x R) strong thanks to the argument of [5], Section 4.

Therefore we can pass to the limit in System (5). However, it is known [2] that the
target equation (6) does not have uniqueness of solutions in the range o € [1,2). By
proposition 1, we can characterize our limit as the unique maximal solution of Equation
(6), which conserves the mass.

We have hence proved the following result:



Theorem 4 Let (ug,vg) be admissible data for the generalized Carleman system. For
each € > 0, let (ue,v:) be the solution of the scaled Carleman system (2) with admissible
initial condition and let o € (1,4/3).

Then, in the limit as € — 0, the macroscopic density

pe =us +v.—p in L ((0,T) x R)

for allp € (1,400) where p is a generalized solution of (6) when o € (1,4/3), with initial
conditions p(0,x) = ug(x) + vo(z).

We note that the previous theorem gives also a way to prove the existence of a
solution for the target equation (6) — something which could be proven in a simpler way
by using the standard theory on fast diffusion equations.

5 A semiformal approach to numerology

The method of the previous Sections, which allows to prove our main Theorem 4, requires
that o € (1,4/3). Indeed, the control on the L?-norm of the flux obtained in Proposition
3 depends on the entropy functional (8), which is bounded from below only in this range
of the parameter «.

In addition, in the remaining range o € [4/3,2), it is known that the maximal solution
of the target equation p, which can be uniquely characterized by the conservation of the
mass, has a behavior, when || — 400, which does not allow to deduce that the integral

/ P (t, x) dx
R

is finite [2]. Hence, the lack of control on the moments of the solution of the target
nonlinear diffusion makes our argument, which is based on the time evolution of the
entropy functional (8), inapplicable in that range.

On the other hand, while our method of proof cannot be extended to cover the remain-
ing unstudied range o € [4/3,2), there are no essential obstructions to prove a similar
result by using different techniques. Like it happens in the target hydrodynamic equa-
tion, which is a nonlinear diffusion, the knowledge of an exact solution would certainly
help to understand the limiting process. Unfortunately, despite the famous Carleman
model, where existence of self-similar solutions has been discovered many years ago [§],
when a # 1 System (2) does not exhibit self-similar profiles for the densities.

A simple modification of System (2), however, allows to obtain exact solutions, with-
out affecting both the properties of the solution at a kinetic level, and the convergence
proofs to hydrodynamics, when available.

Let us multiply the collisional part of System (2) by the function of time o(t) =
(1 +t)~1. We obtain the new system
Ous  10u. o(t) o
£ = ?(UE + 'UE) (’Ug - ug)

ot Teor

(11)
v 10v t
5~ 2 = e+ 0 (e v

9



where x € Q@ C R, t > 0. We remark that, for Carleman model, & = 1: hence o(t) = 1
and System (11) coincides with (2).

Moreover, since in a bounded interval of time, ¢ < T, the function o(t) remains
uniformly bounded both from below and above, the existing results on System (2),
a < 4/3, remain valid also for System (11).

The corresponding macroscopic equations for the mass density and the flux now read

Op | Dje

ot T or O

(12)

dj ap

20)e e

ot | ou

As before, equations (12) are posed in (¢,z) € (0,7] x R with initial data p-(0,z) =
uo(x) +vo(x) and je(0,2) = [ug(z) — vo(x)]/e. Again, if we are allowed to disregard the
term 2 3j. /Ot in the limit £ — 0, we obtain that the limit density p = lim._.q p. satisfies

the nonlinear diffusion
op 1 0 (10
—=—— ==, (13)
ot 20(t) 0z \ p* Oz

with initial conditions p(0,z) = ug(x) + vo(x). Hence, the modified System (11) has a
diffusive limit which is nothing but the diffusive limit of System (2), suitably scaled in
time. In fact, if we now rescale the time in such a way that 7/(t) = o~1(¢), the new
unknown p(7,x) = p(t, z) satisfies

op 10 (10p
or 20z <ﬁ0‘83:)’ (14)

= —20(t)p Je-

namely equation (6). Note that the time rescaling 7/(t) = o~!(¢) implies that the new
time 7(t) is

1 —«
T(t) = G- a) (1+1)27 + const.

This scaling does not change the time direction only for a@ < 2. This is another way to
show that a meaningful diffusive limit can be obtained only when the parameter « is
strictly less than 2.

One of the advantages of working with System (11) is that, similarly to Carleman’s
system, we can look for self-similar profiles. To this aim, for given functions of time ()
and 7(t) let us define new densities (i, )) by the position

ety z) = 7(175)“ <T(t), ,yz’;)> L w(t) = V(lt)v <T(t), 7&) .

It is only matter of simple computations to show that, taking vy(¢t) = 1+ ¢ and 7(t) =
log~y(t) the pair (U(T,y), V(7,y)) satisfies the system
ou 1ou ot

5oy = T vy w—u)+ )

Jy
(15)

o U4V U-Y) gy(yv)-

10



Note that, since v(0) = 1, 7(0) = 0 and the new initial densities (¢4(0,(0)), V(0,4(0)))
coincide with the old ones (ug(x),vo(x)).

As usual in these cases, let us look for stationary solutions (U(y),V(y)) of System
(15). Let us work in terms of the macroscopic quantities

R(y) =U(y) + V(y), J(y) == U(y) = V(y))-

The pair (R, J) of stationary mass and flux satisfies the system

dJ d
@ = @(QR)
1dR 2 _. d

The first equation implies that J = yR + ¢, ¢ € R. Let us choose the constant ¢ = 0. By
substituting J = xR in the second equation, we obtain an ordinary differential equation
for the unknown R

d
I [(1- EQyQ)R] = —2yRTL,

It can be easily seen that the positivity of the solution requires |ey| < 1. By assuming
R =0 in the remaining set |ey| > 1, and defining

Gly) = (1 —-y*)Ry), eyl <1,
we obtain that G satisfies

1 dG 2y

e A 16
Goz—‘rl dy (1 _ €2y2)o¢+1’ ( )

which can be easily solved integrating from 0 to y to give, for a > 0

-1/
Gly) = [A + 6% ((1 T 1)] )

Connecting things, and denoting by x(g) the characteristic function of the set £ C R,
we obtain that, for a > 0 the steady mass is

1 -1/
R = A0 S0 -] e ()
while the flux reads
£ 2. 2\« 1 2 2\« e
Joy) =y [A(l —e7y")* + ;2(1 - (I—-¢e%y")") X(lyl<1/e)> (18)

We remark that the constant A has to be chosen in such a way that || RS |1 ) = 1.

11



Going back to the original variables, we found for System (11) the exact solutions

a1 —1/a
ot )_L i—l- A—l 1— ez’ : (19)
oot ®) =777 1 22 2 T+ X(lal <(1+1)/2)s
—1/a
. T 1 1 ex \?2
Joo(t, ) = m = + <A - 82) (1 - (1 +t> > ] X(|jz|<(14t)/e)- (20)

The pair (pS,(t, z), j5 (t, z)) of exact solutions is compactly supported, and the support
growths at the rate (1 + ¢)/e. It is remarkable that these solutions have a jump at the
extremal points of the support. In fact, while pS_ (¢, z) = 0 for x > (1 + t) /¢,

62/04

li € (t,z) = .
xa[(fftﬂ/s]fp”(’x) L+t

Thus, for any fixed e the solution represents a shock-like solution expanding with time.
Due to the fact that this solution has bounded support, however, for a fixed value of the
scaling parameter ¢, all moments stay bounded. Analogously, the flux j5  is bounded in
any LP-space, p > 1.

On the other hand, as € — 0, pS,(t, ) converges to the Barenblatt-like profile

1 az? \ "V
poolt2) = 17 (A+ (1+t)2>

which has unbounded support, and only a finite number of moments bounded. In par-
ticular, the uniform L2-boundedness of the flux j_(¢,)) is lost in the limit as soon as
the function

T ax? —1/a
Joolt: ) = (2 <A+ <1+t>2)

does not belong to L?(R). Clearly this happens when o > 4/3. To go over this barrier
we need to control the flux in LP(R), with p > 2. This can not be done through the
entropy production, and the entropy strategy fails.

It is also interesting to remark that if o < 0, the solution G to equation (16) satisfies

_ 1 _
Gy =A-50-0-2)"),
and positivity is guaranteed only if

_ _ 2\—1/«a
y2§1 (1 — Ae) '

g2

In this case the steady solution of the form

1 2 2\~ 1\]Ye
S-y) T+ (A5 X(lyl<Ce)
2 )

R (y) =
% (¥) T

12



where

9

€ — min {1/& (1 —(1- A52)71/a)1/2 } |

It turns out that, for e sufficiently small, € < g,

(1— (1 — Ae?)~V/e)'?
c = . < C < +o0.

In this case the steady solution is continuous on the whole real line, while the support
stays bounded as e converges to 0. From this we recognize the finite speed of spreading
of the support for the mass poo(t, ).
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