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W = {W (x, y), (x, y) ∈ R2}
�
»Uº¿õ&»M¼¿º�¹;·&µ&¹;´�µ �#´�³���·\¶�¹;· ¼¿õ&»n»6º º¿õ.¹;º%¶�¼

¹u²n»6·�º�»6´�»nµ)�½¹;Ã&¼�¼¿¶�¹;·`ñ\´�³�²n»n¼�¼�¶¸·&µ\»=÷\»nµ���¾
R2 ��¶¸º¿õ ¹�²n³qÄc¹;´¿¶�¹;·&²n»Bò Ã\·&²6º¿¶�³c· ôJ¶¸Äp»6· ��¾

E(W (x1, y1)W (x2, y2)) =
1

4
(|x1| + |x2| − |x1 − x2|)(|y1|+ |y2| − |y1 − y2|).

ø�ýQ�

� õ\¶�¼�µ\»=í&·\¶¸º¿¶�³c·�¶�¼�ôJ¶¸Äp»6· ¶¸· ¹H²n»6´¿º�¹;¶¸·�²n³�³c´�µP¶¸·.¹;º�»½¼�¾>¼¿º�»6À�ð\¼(¹n¾
(O′,X ,Y)

�:"�Ã\ñ\ñ,³J¼�»
º¿õ.¹;º�¶¸·&¼¿º�»�¹cµ ³;ò

W (x, y)
ð��#»½³h�&¼�»6´¿Äp»

Yθ,a,b(u, v) = W (x(u, v), y(u, v))
��õ&»6´�»

{

x(u, v) = (u − a) cos(θ) + (v − b) sin(θ)
y(u, v) = −(u − a) sin(θ) + (v − b) cos(θ),

¼�³Hº¿õ.¹;º�º¿õ&»M²n³�ÄJ¹;´¿¶�¹;·&²n»Uò Ã\·&²6º¿¶�³c· ³;ò
Yθ,a,b

¶�¼�ôJ¶¸Äp»6·"��¾

E(Yθ,a,b(u1, v1)Yθ,a,b(u2, v2))

=
1

4
(|x(u1, v1)| + |x(u2, v2)| − |x(u1, v1) − x(u2, v2)|)

× (|y(u1, v1)| + |y(u2, v2)| − |y(u1, v1) − y(u2, v2)|) .
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� � · ñ\´�¹c²6º¿¶�²n»Jð�º¿õ\¶�¼�À-»�¹;·&¼Mº¿õ.¹;º�¶�ò���» ��¹;·�ºHº�³

À-³>µ\»6ï�¹�ñ\õ&»6·&³cÀ-»6·&³c· ��¶¸º¿õ º¿õ&»uõ&»6ï¸ñ ³;ò�º¿õ&»�¼¿º�¹;·&µ&¹;´�µ �#´�³Q��·\¶�¹;·*¼¿õ&»n»6ºBò ³c´n��õ\¶�²�õ
��»�µ\³u·&³cº�ö�·&³Q� º¿õ&»B²n³>³c´�µP¶¸·.¹;º�»�¼¿¾P¼¿º�»6À ��õ&»6´�»B¶¸º�¶�¼�µ\»=í&·&»nµ�ð���»BÀMÃ&¼�º#¶�µ\»6·�º¿¶�ò§¾0º¿õ&»
Ã\·\ö>·&³���· ñ.¹;´�¹;À-»6º�»6´�¼

θ
ð
a
¹;·&µ

b
�

�B¼�¶¸ï¸ï¸Ã&¼�º¿´�¹;º�»nµs��¾ � ¶¸ôJÃ\´�»HýJð�º¿õ&»B¼¿º�¹;·&µ&¹;´�µ��#´�³���·\¶�¹;· ¼¿õ&»n»6º
W

¶�¼#µ\»=í&·&»nµ@¶¸·0º¿õ&»
Ã\·\ö>·&³���· ²n³�³c´�µP¶¸·.¹;º�»u¼¿¾P¼¿º�»6À

(O′,X ,Y)
ð,º¿õ&»�²�¹;·&³c·\¶�²�¹;ï�²n³�³c´�µP¶¸·.¹;º�»u¼¿¾P¼¿º�»6À ³;ò4º¿õ&»

¼¿º�¹;·&µ&¹;´�µ �#´�³Q��·\¶�¹;·0¼¿õ&»n»6º�ð�¹;·&µ-¶�¼�³h�&¼�»6´¿Äp»nµ�º¿õ\´�³cÃ\ôJõ
Yθ,a,b

¶¸·�¹;·0¹;´��\¶¸º¿´�¹;´¿¶¸ï¸¾�²�õ&³J¼�»6·
²n³>³c´�µP¶¸·.¹;º�»�¼¿¾P¼¿º�»6À

(O,U ,V)
� � õ&»�º¿´�¹;·&¼�ò ³c´¿À�¹;º¿¶�³c·*ò§´�³cÀ

(O,U ,V)
º�³

(O′,X ,Y)¶�¼�¹�´�³cº�¹;º¿¶�³c· º¿õ\´�³cÃ\ôJõ ¹;· ¹;·\ôJï�»
θ
¹.�,³cÃ\º�º¿õ&»�³c´¿¶¸ôJ¶¸·

O
òó³cï¸ï�³���»nµ"��¾0¹�º¿´�¹;·&¼¿ï�¹;º¿¶�³c·�³;ò

Äp»n²6º�³c´
(a, b)

ð.¼�³Hº¿õ.¹;º�¶¸º�¶�¼ ¹HµP¶¸´�»n²6º�¶�¼�³cÀ-»6º¿´¿¶�²Mº¿´�¹;·&¼�òó³c´¿À�¹;º¿¶�³c·��

O

O’
b

β

v A

B

+

a           u  

’

x(t)

 y(t)

y

x θ

β−θ

U

V

X

Y

open set

M(t)

quadrant II : x < 0 and y > 0

quadrant III : x < 0 and y < 0

quadrant IV : x > 0 and y < 0

quadrant I : x > 0 and y > 0

� ¶¸ôJÃ\´�»-ý�� � ¼�³cÀ-»6º¿´¿¶�²Uº¿´�¹;·&¼�òó³c´¿À�¹;º¿¶�³c· ³;ò�º¿õ&»U²n³>³c´�µP¶¸·.¹;º�»M¼¿¾P¼¿º�»6À

� · º¿õ\¶�¼Bñ.¹;ñ
»6´�ðP��»�¹;´�»M¶¸·�º�»6´�»n¼¿º�»nµ ¶¸· º¿õ&»u»n¼�º¿¶¸À�¹;º¿¶�³c· ³;ò�º¿õ&»Mñ.¹;´�¹;À-»6º�»6´M¹;·\ôJï�»
θº�³côp»6º¿õ&»6´���¶¸º¿õ`º¿õ&»Bñ.¹;´�¹;À-»6º�»6´�¼�³;ò/º¿õ&»Bº¿´�¹;·&¼¿ï�¹;º¿¶�³c·

a
¹;·&µ

b
ð�ò ´�³cÀ"³c·&»B´�»�¹;ï¸¶
	q¹;º¿¶�³c·�³;ò

º¿õ&»½´�¹;·&µ\³cÀ í.»6ï�µ
Yθ,a,b

³h�&¼�»6´¿Äp»nµ ³c· ¼�³cÀ-»�³cñ,»6· ¼¿Ã��&¼�»6º�¶¸· º¿õ&»M²n³>³c´�µP¶¸·.¹;º�»M¼¿¾P¼¿º�»6À
(O,U ,V)

� � · ò�¹c²6º�ð��,»n²�¹;Ã&¼�»
Yθ,a,b

¶�¼U¹;ï¸À-³J¼¿º�¼¿Ã\´�»6ï¸¾ »nÂ�Ã.¹;ï�º�³
0
³c· º¿õ&»u¹$÷\»n¼B³;ò�º¿õ&»

²�¹;·&³c·\¶�²�¹;ï�²n³>³c´�µP¶¸·.¹;º�»�¼¿¾>¼�º�»6À�ð��#»-¹c¼�¼¿Ã\À-»�º¿õ.¹;º
Yθ,a,b

¶�¼�³h�&¼�»6´¿Äp»nµ ¶¸· ¹;· ¹;´��\¶¸º¿´�¹;´¿¾
·&³c· Äc¹c²6Ã&³cÃ&¼�³cñ
»6· ¼�»6ºB³;ò

R2 ��õ\¶�²�õ µ\³>»n¼B·&³cº%¶¸·�º�»6´�¼�»n²6ºM¹;·�¾ ¹$÷P¶�¼�³;ò�º¿õ&»u²�¹;·&³c·\¶�²�¹;ï
²n³>³c´�µP¶¸·.¹;º�»�¼¿¾P¼¿º�»6À"� � õ&» »n¼¿º¿¶¸À�¹;º¿¶�³c·�¶�¼-²�¹;´¿´¿¶�»nµ�³cÃ\º}��¶¸º¿õ2º¿õ&»`õ&»6ï¸ñ�³;ò�Â�Ã.¹cµP´�¹;º¿¶�²
ÄJ¹;´¿¶�¹;º¿¶�³c·&¼�� ì »n¼¿Ã\ï¸º�¼�ò§´�³cÀ ��¹$÷Pº�»6´uø�ý � � ��� ¹;·&µ�¶¸º�¼�ôp»6·&»6´�¹;ï¸¶
	q¹;º¿¶�³c·&¼B¶¸·� �»6´¿´¿¶¸· ø�ý � � ���
¹;´�»n��¶�µ\»6ï¸¾@Ã&¼�»nµ �

%



� � é/,�è�æ ,�å,ë�ê�� ,�æ
ë ,�å!ë�ç ä�.

� ·Xº¿õ\¶�¼-ñ.¹;ñ,»6´�ð���» ³c·\ï¸¾ ²n³c·&¼¿¶�µ\»6´-Â�Ã.¹cµP´�¹;º¿¶�²�Äc¹;´¿¶�¹;º¿¶�³c·&¼�¹;ï�³c·\ôY¼�»6ôJÀ-»6·�º�¼�ð�ï¸¶¸öp»`º¿õ&»
¼�»6ôJÀ-»6·�º

[A,B]
³;òuï�»6·\ôJº¿õ

L > 0
� � õ\¶�¼ ¼�»6ôJÀ-»6·�º ¶�¼@¶¸·&²6ï¸Ã&µ\»nµ ¶¸· º¿õ&» ³cñ,»6· ¼�»6º

ñ\´�»6Ä>¶�³cÃ&¼¿ï¸¾ À-»6·�º¿¶�³c·&»nµ ¹;·&µY¶�¼M´�»6ñ\´�»n¼�»6·�º�»nµ ¶¸· � ¶¸ôJÃ\´�» ýJða��õ&»6´�»
A
¶�¼�º¿õ&»0ñ,³c¶¸·�ºu³;ò

²n³>³c´�µP¶¸·.¹;º�»n¼
(u, v)

¶¸·
(O,U ,V)

� � »6º
β
µ\»6·&³cº�»0º¿õ&»`¹;·\ôJï�» �
»6ºV�#»n»6· ~Ou

¹;·&µ ~AB
�

� ¹c²�õXñ
³c¶¸·�º
M(t) = (x(t), y(t))

�
»6ï�³c·\ôJ¶¸·\ô º�³
[A,B]

ð	��õ&»6´�»
(x(t), y(t))

¹;´�»�º¿õ&»
²n³>³c´�µP¶¸·.¹;º�»n¼½³;ò

M(t)
¶¸·

(O′,X ,Y)
ðeõ.¹c¼�º¿õ&»�òó³cï¸ï�³���¶¸·\ô�ñ.¹;´�¹;À-»6º¿´¿¶�²�´�»6ñ\´�»n¼�»6·�º�¹;º¿¶�³c·

¶¸·
(O′,X ,Y)

ð\òó³c´
t ∈ [0, 1]

~O′M(t) = ~O′A + t ~AB

⇐⇒

{

x(t) = (u − a) cos(θ) + (v − b) sin(θ) + Lt cos(β − θ)
y(t) = −(u − a) sin(θ) + (v − b) cos(θ) + Lt sin(β − θ).

# ¶¸º¿õ&³cÃ\º�´�»n¼¿º¿´¿¶�²6º¿¶�³c·eð��#»�À�¹n¾H¶¸À�ñ
³J¼�»
θ ∈ [0, π

2 [
� � ·&µ\»n»nµ�ð�º¿õ&»�²�¹;·&³c·\¶�²�¹;ï!²n³>³c´�µP¶¸·.¹;º�»

¼¿¾P¼¿º�»6À
(O′,X ,Y)

¶�¼-¹;º�À-³J¼¿º�¹;º�¹;·2¹;·\ôJï�» π
2

³;òBº¿õ&» ²6Ã\´¿´�»6·�º�²n³>³c´�µP¶¸·.¹;º�»�¼¿¾P¼¿º�»6À
(O,U ,V)

��� ·\ï¸¶¸öp»
θ
ð>º¿õ&»U¹;·\ôJï�»

β
¶�¼�¹uñ.¹;´�¹;À-»6º�»6´�Ã\·&µ\»6´ ³cÃ\´�²n³c·�º¿´�³cï�ð\ï¸¶¸öp»

L
ð
u
¹;·&µ

v
ð
¹;·&µ~�#»H²�õ&³>³J¼�»

β
¶¸·

[0, π
2 ]
� � õ�Ã&¼�º¿õ&»Mñ\´�³�²n»n¼�¼

Z
¶¸·&µ\»=÷\»nµ ��¾

[0, 1]
¹;·&µ µ\»=í&·&»nµ

��¾
Z(t) = W (x(t), y(t))

øóþ��
¶�¼�º¿õ&»U´�»n¼�º¿´¿¶�²6º¿¶�³c· ³;ò

W
º�³Hº¿õ&»½¼�»6ôJÀ-»6·�º

[A,B]
�

# »½¼�»6º
{

x = x(0) = (u − a) cos(θ) + (v − b) sin(θ)
y = y(0) = −(u − a) sin(θ) + (v − b) cos(θ),

��õ&»6´�»
(x, y)

¹;´�»Uº¿õ&»½²n³>³c´�µP¶¸·.¹;º�»n¼ ³;ò
A
¶¸·

(O′,X ,Y)
�

� ·-º¿õ&»�·&»=÷Pº� �¹;´�¹;ôJ´�¹;ñ\õeð&��» µ\»=í&·&» º¿õ&» Â�Ã.¹cµP´�¹;º¿¶�²�ÄJ¹;´¿¶�¹;º¿¶�³c·&¼#¹;ï�³c·\ô�º¿õ&» ¼�»6ôJÀ-»6·�º
[A,B]

� �B¼ ��» ��¶¸ï¸ï�¼�»n»M¶¸·� �¹;´�¹;ôJ´�¹;ñ\õ %�� þPð,º¿õ&» �
»6õ.¹nÄ>¶�³c´�³;ò�º¿õ&»n¼�»�Â�Ã.¹cµP´�¹;º¿¶�²�Äc¹;´¿¶�¹��
º¿¶�³c·&¼ ��¶¸ï¸ï�µ\»6ñ
»6·&µ ³c· º¿õ&»uÂ�Ã.¹cµP´�¹;·�ºB³;ò

(O′,X ,Y)
¶¸·~��õ\¶�²�õ º¿õ&»u¼�»6ôJÀ-»6·�º

[A,B]
¶�¼

µ\»=í&·&»nµ �

�	��
 ��
�������������������
���� ���!�"�!# 
%$	�'&)('*"&)�+�
� ·�¹�í&´�¼�º�¼¿º�»6ñeð>��»%¹c¼�¼¿Ã\À-»�º¿õ.¹;º

x
¹;·&µ

y
¹;´�»�¼¿º¿´¿¶�²6º¿ï¸¾uñ,³J¼¿¶¸º¿¶¸Äp»>� � õ\¶�¼4À-»�¹;·&¼�º¿õ.¹;º4º¿õ&»

¼�»6ôJÀ-»6·�º
[A,B]

¶�¼ ¶¸·&²6ï¸Ã&µ\»nµ ¶¸· º¿õ&»½ñ
³J¼¿¶¸º¿¶¸Äp»MÂ�Ã.¹cµP´�¹;·�º�ø Â�Ã.¹cµP´�¹;·�º � ³;ò � ¶¸ôJÃ\´�»�ýQ��³;ò
º¿õ&»u²�¹;·&³c·\¶�²�¹;ï�²n³�³c´�µP¶¸·.¹;º�»H¼¿¾P¼¿º�»6À

(O′,X ,Y)
¹;·&µ º¿õ.¹;º�¶¸ºBµ\³>»n¼ ·&³cº�À-»n»6ºB¶¸º�¼U¹$÷P»n¼��

� · º¿õ&»uòó³cï¸ï�³���¶¸·\ô� �¹;´�¹;ôJ´�¹;ñ\õeð,��»|��¶¸ï¸ï�²n³c·&¼�¶�µ\»6´½º¿õ&»Hº¿õ\´�»n»�³cº¿õ&»6´M²�¹c¼�»n¼-ø
x < 0

¹;·&µ
y > 0

ø Â�Ã.¹cµP´�¹;·�º �@� �=ð
x < 0

¹;·&µ
y < 0

ø Â�Ã.¹cµP´�¹;·�º �G�@� �=ð/¹;·&µ
x > 0

¹;·&µ
y < 0ø Â�Ã.¹cµP´�¹;·�º �-, �=ð/.óû§ª�û4²n³c´¿´�»n¼�ñ,³c·&µP¶¸·\ô0º�³Hº¿õ&»U´�»n¼¿ñ
»n²6º¿¶¸Äp»Uº¿õ\´�»n»½³cº¿õ&»6´ Â�Ã.¹cµP´�¹;·�º�¼��

� »6º
n
�
»½¹uñ
³J¼¿¶¸º¿¶¸Äp»U¶¸·�º�»6ôp»6´���# »U¼�»6º�òó³c´

k = 1, 2, . . . , n

∆Zk = Z(k/n) − Z((k − 1)/n).

� »6º
Πn(1) =

{

0,
1

n
,
2

n
, . . . ,

n − 1

n
, 1

} �,»�º¿õ&»�´�»6ôJÃ\ï�¹;´�ñ.¹;´¿º¿¶¸º¿¶�³c·u³;ò
[0, 1]

¹;º�²n³c·&¼¿º�¹;·�º
¼�²�¹;ï�»

1/n
� # »�µ\»6·&³cº�»�Ã&¼¿¶¸·\ô

[nt]
º¿õ&»-ôJ´�»�¹;º�»n¼¿º�¶¸·�º�»6ôp»6´H¼¿À�¹;ï¸ï�»6´Mº¿õ.¹;·X³c´�»nÂ�Ã.¹;ï�º�³

�



nt
� � ³c´

t ∈ [0, 1]
ðP�#»�µ\»=í&·&»�º¿õ&»MÂ�Ã.¹cµP´�¹;º¿¶�²uÄc¹;´¿¶�¹;º¿¶�³c·&¼

Vn(t;β, u, v, L)
³;ò

Z
¹;ï�³c·\ô

Πn(t) =

{

0,
1

n
,
2

n
, . . . ,

[nt]

n

} ¹c¼�òó³cï¸ï�³���¼

Vn(t;β, u, v, L) =

[nt]
∑

k=1

(∆Zk)
2 .

# õ&»6·
[nt] = 0

ð���»�¼�»6º 0
∑

k=1

(∆Zk)
2 = 0

�

��»=òó³c´�»4ôJ¶¸Ä�¶¸·\ô�º¿õ&»�À�¹;¶¸·½´�»n¼¿Ã\ï¸º�¼e²n³c·&²n»6´¿·\¶¸·\ô%º¿õ&»�¹c¼¿¾>À�ñ\º�³cº¿¶�²4ñ\´�³cñ,»6´¿º¿¶�»n¼�³;ò
Vn(t;β, u, v, L)¹c¼

n → ∞
º¿õ.¹;º0òó³cï¸ï�³�� ò§´�³cÀ  �»6´¿´¿¶¸· ü¸ý��;ÿwðS��» ÀMÃ&¼¿º`²�õ&»n²�ö2º¿õ.¹;º@º¿õ&» ²n³qÄc¹;´¿¶�¹;·&²n»

ò Ã\·&²6º¿¶�³c·
r(t, t′) = E(Z(t)Z(t′))

³;ò
Z
¶�¼@²n³c·�º¿¶¸·�Ã&³cÃ&¼ ¶¸·

[0, 1]2
¹;·&µ õ.¹c¼@¼�»n²n³c·&µ

µ\»6´¿¶¸ÄJ¹;º¿¶¸Äp»n¼S��õ\¶�²�õ ¹;´�»�Ã\·\¶�ò ³c´¿À�ï¸¾��
³cÃ\·&µ\»nµ`òó³c´
t 6= t′

�
� ³c´ ñ,³J¼¿¶¸º¿¶¸Äp»

x1
ð
y1
ð
x2

¹;·&µ
y2
ðPº¿õ&»½µ\»=í&·\¶¸º¿¶�³c· ø�ýQ�#²�¹;·"�,»z��´¿¶¸º¿º�»6· ¹c¼

E(W (x1, y1)W (x2, y2)) = (x1 ∧ x2)(y1 ∧ y2),

¼�³Hº¿õ.¹;ºS�#»½µ\»nµPÃ&²n»�ò ´�³cÀ º¿õ&»Uµ\»=í&·\¶¸º¿¶�³c·Xøóþ��=ð\ò ³c´ ¹;ï¸ï
t, t′

¶¸·
[0, 1]

r(t, t′) = E(Z(t)Z(t′)) = (x + Lt cos(β − θ)) ∧ (x + Lt′ cos(β − θ))

× (y + Lt sin(β − θ)) ∧ (y + Lt′ sin(β − θ)).

# »Uµ\»6·&³cº�»�Ã&¼¿¶¸·\ô
r(m,m′)(t, t′)

º¿õ&»
m,m′ ��ñ.¹;´¿º¿¶�¹;ïeµ\»6´¿¶¸ÄJ¹;º¿¶¸Äp»U³;ò r

��¶¸º¿õ`´�»n¼¿ñ,»n²6º�º�³
t¹;·&µ

t′
����»6ñ
»6·&µP¶¸·\ô�³c·�º¿õ&»½¼�¶¸ôJ·�³;ò

β − θ
�#»Uõ.¹nÄp»½º�³-²n³c·&¼¿¶�µ\»6´�ºj��³-¼¿¶¸º¿Ã.¹;º¿¶�³c·&¼

•
"�¶¸º¿Ã.¹;º¿¶�³c·

1
�

0 ≤ β − θ ≤ π
2

�
� ò

t′ > t
ð>º¿õ&»6·

r(t, t′) = (x + Lt cos(β − θ))(y + Lt sin(β − θ))
¼�³uº¿õ.¹;º







r(2,0)(t, t′) = L2 sin(2(β − θ))

r(1,1)(t, t′) = 0

r(0,2)(t, t′) = 0,

¹;·&µ
r(0,1)(t, t′) = 0.

�
� ò

t′ < t
ðpº¿õ&»6·

r(t, t′) = (x+Lt′ cos(β − θ))(y +Lt′ sin(β − θ))
¼�³Uº¿õ.¹;º







r(2,0)(t, t′) = 0

r(1,1)(t, t′) = 0

r(0,2)(t, t′) = L2 sin(2(β − θ)),

¹;·&µ

r(0,1)(t, t′) = L cos(β − θ)(y + Lt′ sin(β − θ)) + L sin(β − θ)(x + Lt′ cos(β − θ))
= L cos(β − θ)y + L sin(β − θ)x + L2t′ sin(2(β − θ))
= L(u − a) sin(α − θ) + L(v − b) cos(α − θ) + L2t′ sin(2(β − θ)).

•
"�¶¸º¿Ã.¹;º¿¶�³c·

2
�

−π
2 ≤ β − θ ≤ 0

�



�
� ò

t′ > t
ð�º¿õ&»6·

r(t, t′) = (x +Lt cos(β − θ))(y +Lt′ sin(β − θ))
¼�³Mº¿õ.¹;º















r(2,0)(t, t′) = 0

r(1,1)(t, t′) =
L2 sin(2(β − θ))

2
r(0,2)(t, t′) = 0,

¹;·&µ

r(0,1)(t, t′) = Lx sin(β − θ) +
L2t sin(2(β − θ))

2

= L((u − a) cos(θ) + (v − b) sin(θ)) sin(β − θ) +
L2t sin(2(β − θ))

2
.

�
� ò

t′ < t
ð�º¿õ&»6·

r(t, t′) = (x +Lt′ cos(β − θ))(y + Lt sin(β − θ))
¼�³½º¿õ.¹;º















r(2,0)(t, t′) = 0

r(1,1)(t, t′) =
L2 sin(2(β − θ))

2
r(0,2)(t, t′) = 0,

¹;·&µ

r(0,1)(t, t′) = Ly cos(β − θ) +
L2t sin(2(β − θ))

2

= L(−(u − a) sin(θ) + (v − b) cos(θ)) cos(β − θ)
L2t sin(2(β − θ))

2
.

� ¶¸·.¹;ï¸ï¸¾pð>¶¸·s�
³cº¿õ@¼�¶¸º¿Ã.¹;º¿¶�³c·&¼�º¿õ&»B²n³�ÄJ¹;´¿¶�¹;·&²n»Bò Ã\·&²6º¿¶�³c·
r(t, t′)

¶�¼#²n³c·�º¿¶¸·�Ã&³cÃ&¼�¶¸·
[0, 1]2¹;·&µ õ.¹c¼�¼�»n²n³c·&µ*µ\»6´¿¶¸ÄJ¹;º¿¶¸Äp»n¼ ��õ\¶�²�õ ¹;´�»�Ã\·\¶�ò ³c´¿À�ï¸¾ �
³cÃ\·&µ\»nµ òó³c´

t 6= t′
� � õ&»6· �#»

²�¹;· µ\»=í&·&»Hº¿õ&»�¼¿¶¸·\ôJÃ\ï�¹;´¿¶¸º}¾ ò Ã\·&²6º¿¶�³c·
αi

³;ò
Z
¶¸· º¿õ&»�¼¿¶¸º¿Ã.¹;º¿¶�³c·

i
ð
i = 1, 2

ð/µ\»=í&·&»nµ
òó³c´

t ∈ [0, 1]
��¾

αi(t;β, u, v, L) = lim
t′↗t

r(0,1)(t, t′) − lim
t′↘t

r(0,1)(t, t′).

� ´�³cÀ º¿õ&»½ñ\´�»6Ä�¶�³cÃ&¼%²�¹;ï�²6Ã\ï¸Ã&¼S��»M³h�\º�¹;¶¸·
{

α1(t;β, u, v, L) = L(u − a) sin(β − 2θ) + L(v − b) cos(β − 2θ) + L2t sin(2β − 2θ)
α2(t;β, u, v, L) = −L(u − a) sin(β) + L(v − b) cos(β).

� ³cº�»�¹;ï�¼�³ º¿õ.¹;º
α1

¹;·&µ
α2

¹;´�» ²n³c·�º¿¶¸·�Ã&³cÃ&¼¿ï¸¾ µ\»6´¿¶¸Äc¹.�\ï�» ��¶¸º¿õ ´�»n¼�ñ,»n²6º-º�³
t
¶¸·

[0, 1]
ð!¼�³Hº¿õ.¹;º�º¿õ&»6¾@õ.¹nÄp»u¹��,³cÃ\·&µ\»nµ`í&´�¼�º µ\»6´¿¶¸Äc¹;º¿¶¸Äp»½¶¸·

[0, 1]
�

� ³c´u¹;ï¸ï
t
¶¸·

[0, 1]
ða��»-µ\»6·&³cº�»�Ã&¼¿¶¸·\ô

Vn,i(t;β, u, v, L)
º¿õ&»-Â�Ã.¹cµP´�¹;º¿¶�²-ÄJ¹;´¿¶�¹;º¿¶�³c·

Vn(t;β, u, v, L)
¶¸·*º¿õ&»@¼¿¶¸º¿Ã.¹;º¿¶�³c·

i
ð
i = 1, 2

�"# »�²�¹;·Y·&³�� µP¶¸´�»n²6º¿ï¸¾*µ\»nµPÃ&²n»�ò§´�³cÀ
 �»6´¿´¿¶¸·Yü¸ý��$ÿ/º¿õ&»Bòó³cï¸ï�³���¶¸·\ô0´�»n¼¿Ã\ï¸º��
�������	�
����
������ ­c®

i = 1, 2 ������� ­;°���°���®�ª � «

lim
n→∞

sup
t∈[0,1]

|Vn,i(t;β, u, v, L) −

∫ t

0
αi(w;β, u, v, L)dw| = 0.

�



# »½¼�»6º

I1(t;u, v, L, β) =

∫ t

0
α1(w;β, u, v, L)dw

ø %��

= ((u − a) sin(β − 2θ) + (v − b) cos(β − 2θ)) Lt +
t2L2

2
sin(2β − 2θ),

¹;·&µ

I2(t;u, v, L, β) =

∫ t

0
α2(w;β, u, v, L)dw

ø �d�

= (−(u − a) sin(β) + (v − b) cos(β)) Lt.

�	��� ��
�������������������
��)�"�'
 *�$	�'&)('*"&)�+�"�
"�¶¸À�¶¸ï�¹;´/²n³cÀ�ñ\Ã\º�¹;º¿¶�³c·&¼,��¶¸ï¸ïpï�»�¹cµUº�³�º¿õ&»4´�»n¼�Ã\ï¸º�¼�º¿õ.¹;º���»�¼¿Ã\À�À�¹;´¿¶
	�»�¶¸· � ¹.�\ï�»n¼�ý�¹;·&µ½þ��
� · � ¹.�\ï�»@ýJð���»UôJ¶¸Äp»Mº¿õ&»½¼¿¶¸·\ôJÃ\ï�¹;´¿¶¸º}¾`ò§Ã\·&²6º¿¶�³c· òó³c´ »�¹c²�õ ³;ò�º¿õ&»MÂ�Ã.¹cµP´�¹;·�º ¶¸· º¿õ&»½¼¿¶¸º��
Ã.¹;º¿¶�³c·�ý�ø

0 ≤ β − θ ≤ π
2

��¹;·&µ ¶¸· � ¹.�\ï�»�þPð ��»HôJ¶¸Äp»Hº¿õ&»�¼�¶¸·\ôJÃ\ï�¹;´¿¶¸ºw¾ ò§Ã\·&²6º¿¶�³c· òó³c´
»�¹c²�õ ³;ò�º¿õ&»½Â�Ã.¹cµP´�¹;·�º%¶¸· º¿õ&»½¼¿¶¸º¿Ã.¹;º¿¶�³c· þ ø[� π

2 ≤ β − θ ≤ 0
���

� ¹.�\ï�»�ý���"�¶¸º¿Ã.¹;º¿¶�³c·Xý
� Ã.¹cµP´�¹;·�º "�¶¸·\ôJÃ\ï�¹;´¿¶¸ºw¾`ò Ã\·&²6º¿¶�³c·

x > 0
¹;·&µ

y > 0
ø � �

L(u − a) sin(β − 2θ) + L(v − b) cos(β − 2θ) + L2t sin(2β − 2θ)

x < 0
¹;·&µ

y > 0
ø �G� �

−L(u − a) sin(β) + L(v − b) cos(β)

x < 0
¹;·&µ

y < 0
ø �G�@� �

−L(u − a) sin(β − 2θ) − L(v − b) cos(β − 2θ) − L2t sin(2β − 2θ)

x > 0
¹;·&µ

y < 0
ø �-, �

L(u − a) sin(β) − L(v − b) cos(β)

� ¹.�\ï�»�þ ��"�¶¸º¿Ã.¹;º¿¶�³c· þ
� Ã.¹cµP´�¹;·�º "�¶¸·\ôJÃ\ï�¹;´¿¶¸ºw¾`ò Ã\·&²6º¿¶�³c·

x > 0
¹;·&µ

y > 0
ø � �

−L(u − a) sin(β) + L(v − b) cos(β)

x < 0
¹;·&µ

y > 0
ø �G� �

L(u − a) sin(β − 2θ) + L(v − b) cos(β − 2θ) + L2t sin(2β − 2θ)

x < 0
¹;·&µ

y < 0
ø �G�@� �

L(u − a) sin(β) − L(v − b) cos(β)

x > 0
¹;·&µ

y < 0
ø �-, �

−L(u − a) sin(β − 2θ) − L(v − b) cos(β − 2θ) − L2t sin(2β − 2θ)

� � .\å!ë 4 ,�å!ë�ç�ä ç�� å���7 å.æ ,�ä/.	�nç�æ 4 ,�å!ë�ç�ä

� »6º%Ã&¼�í&´�¼¿º�´�»n²�¹;ï¸ï�º¿õ.¹;º
L
ð
u
ð
v
¹;·&µ

β
¹;´�»Uº¿õ&»½ñ.¹;´�¹;À-»6º�»6´�¼%Ã\·&µ\»6´%³cÃ\´B²n³c·�º¿´�³cï�¹;·&µ

º¿õ.¹;º
a
ð
b
¹;·&µ

θ
¹;´�»Mº¿õ&»½ñ.¹;´�¹;À-»6º�»6´�¼ ��» �#¹;·�ºBº�³-»n¼¿º¿¶¸À�¹;º�»>� � ³c´%º¿õ\¶�¼ ñ\Ã\´¿ñ
³J¼�»Jð.¹;·&µ

¹c¼-ñ\´�»6Ä>¶�³cÃ&¼¿ï¸¾�¼�¹;¶�µ�ð��#» ¹c¼�¼¿Ã\À-» º¿õ.¹;º�º¿õ&» ´�¹;·&µ\³cÀ í.»6ï�µ
Yθ,a,b

¶�¼�³h�&¼�»6´¿Äp»nµ2¶¸· ¹;·
¹;´��\¶¸º¿´�¹;´¿¾ ·&³c· ÄJ¹c²6Ã&³cÃ&¼½³cñ
»6· ¼�»6ºU³;ò

R2 ��õ\¶�²�õ µ\³>»n¼�·&³cºB¶¸·�º�»6´�¼�»n²6º�¹;·�¾ ¹$÷P¶�¼U³;ò�º¿õ&»

�



²�¹;·&³c·\¶�²�¹;ï�²n³�³c´�µP¶¸·.¹;º�»0¼¿¾>¼�º�»6À"� � õ\¶�¼MÀ-»�¹;·&¼Mº¿õ.¹;º
Yθ,a,b

¶�¼M³h�&¼�»6´¿Äp»nµ*¶¸·&¼¿¶�µ\»-³c·&»�³;ò
º¿õ&»�òó³cÃ\´�Â�Ã.¹cµP´�¹;·�º�¼ ³;ò � ¶¸ôJÃ\´�»-ý>�
�B¼ ��» ��¶¸ï¸ï�¼�»n»M¶¸·� �¹;´�¹;ôJ´�¹;ñ\õ �^� þPð!º¿õ&»H»n¼¿º¿¶¸À�¹;º¿¶�³c· ³;ò

(θ, a, b)
¶�¼Bµ\»nµPÃ&²n»nµ ò§´�³cÀ

º¿õ&»B¶�µ\»6·�º¿¶�í.²�¹;º¿¶�³c· ³;ò�ø %���¹;·&µ ø �d��º¿õ\´�³cÃ\ôJõ º¿õ&»�²n³c´¿´�»n¼¿ñ
³c·&µP¶¸·\ô-Â�Ã.¹cµP´�¹;º¿¶�²BÄJ¹;´¿¶�¹;º¿¶�³c·&¼
ø¿ù ú�û � õ&»n³c´�»6À %��¸ýQ��� �%³Q��»6Äp»6´�ð/¹c¼U¼¿õ&³Q��· ��¾ � ¹.�\ï�»n¼�ý�¹;·&µ þPð
º¿õ&»��
»6õ.¹nÄ>¶�³c´U³;ò�º¿õ&»
Â�Ã.¹cµP´�¹;º¿¶�²�Äc¹;´¿¶�¹;º¿¶�³c·&¼Mµ\»6ñ,»6·&µ\¼½³c· º¿õ&»�Â�Ã.¹cµP´�¹;·�º ��õ&»6´�»Hº¿õ&»�´�¹;·&µ\³cÀ í.»6ï�µ

Yθ,a,b

¶�¼
³h�&¼�»6´¿Äp»nµ � ">³~�,»=òó³c´�»-»n¼¿º¿¶¸À�¹;º¿¶¸·\ô º¿õ&»n¼�»-ñ.¹;´�¹;À-»6º�»6´�¼��#»�í&´�¼¿º�õ.¹nÄp»-º�³ ¶�µ\»6·�º¿¶�ò ¾ º¿õ&»
Â�Ã.¹cµP´�¹;·�º%³;ò

(O′,X ,Y)
��õ&»6´�»

Yθ,a,b

¶�¼�³h�&¼�»6´¿Äp»nµ �
� ¶¸·.¹;ï¸ï¸¾ ·&³cº�»�º¿õ.¹;ºn�
»n²�¹;Ã&¼�»

θ
¶�¼M¹@Ã\·\ö>·&³���·*ñ.¹;´�¹;À-»6º�»6´�ð,��»0¹;´�»-¼¿Ã\´�»Hº�³ �
»H¶¸·

º¿õ&»-¼¿¶¸º¿Ã.¹;º¿¶�³c· ý-³c·\ï¸¾ ¶�ò
β = π

2

¹;·&µ �#»0¹;´�»-¼�Ã\´�»Hº�³ �,»-¶¸· º¿õ&»-¼¿¶¸º¿Ã.¹;º¿¶�³c· þ`³c·\ï¸¾ ¶�ò
β = 0

� � õ\¶�¼%»=÷>ñ\ï�¹;¶¸·&¼i��õ�¾ ¶�µ\»6·�º¿¶�í.²�¹;º¿¶�³c· ¹;·&µ��;³c´B»n¼¿º¿¶¸À�¹;º¿¶�³c· ¹;´�»Mñ,³J¼�¼¿¶��\ï�»n��õ&»6·
β¶�¼%ï¸¶¸À�¶¸º�»nµ º�³�º¿õ&»n¼�»�ºV��³@ÄJ¹;ï¸Ã&»n¼��S�#Ã\º�³cº¿õ&»6´B²�õ&³c¶�²n»n¼Bò ³c´

β
¹;´�»�ñ,³J¼�¼�¶��\ï�»�¹;·&µ ²�¹;· �
»

Ã&¼�»=ò Ã\ï6�

�'��
 � (�
��+�"����� & �"���+����� �"�'
�$ ��&)('*"&)�+�
# »�Ã&¼�»�µP¶¸´�»n²6º¿ï¸¾ � ¹.�\ï�»n¼%ý�¹;·&µ-þBº¿õ.¹;ºO��»���´¿¶¸º�»�¹;ô�¹;¶¸·-õ&»6´�»�¹$ò º�»6´O��¾uº�¹;ö>¶¸·\ô½»=÷>ñ\ï¸¶�²6¶¸º¿ï¸¾
β = π

2

¶¸· � ¹.�\ï�»@ýu¹;·&µ
β = 0

¶¸· � ¹.�\ï�»�þ�� # »u¹;ï�¼�³0ôJ¶¸Äp»�º¿õ&»n¼�» � ¹.�\ï�»n¼B¶¸· º�»6´¿À-¼�³;ò
º¿õ&»�ï¸¶¸À�¶¸º�¼

I1(t;u, v, L, β)
¹;·&µ

I2(t;u, v, L, β)
¹c¼�µ\»=í&·&»nµ ��¾�ø %���¹;·&µ ø �d�=ð ��õ&»6´�»S�#»

º�¹;öp»
t = 1

¶¸·"�
³cº¿õ�ï¸¶¸À�¶¸º�¼�ð
β = π

2

¶¸·
I1(t;u, v, L, β)

¹;·&µ
β = 0

¶¸·
I2(t;u, v, L, β)

�
# »½¼�»6º

I1(u, v, L) = I1(1;u, v, L, π
2 )
¹;·&µ

I2(u, v, L) = I2(1;u, v, L, 0)
�

� ¹.�\ï�» % � "�¶¸º¿Ã.¹;º¿¶�³c·Yýz��¶¸º¿õ
β = π

2� Ã.¹cµP´�¹;·�º
I1(u, v, L)

x > 0
¹;·&µ

y > 0
ø � �

L(u − a) cos(2θ) + L(v − b) sin(2θ) +
L2

2
sin(2θ)

x < 0
¹;·&µ

y > 0
ø �G� �

−L(u − a)

x < 0
¹;·&µ

y < 0
ø �G�@� �

−L(u − a) cos(2θ) − L(v − b) sin(2θ) −
L2

2
sin(2θ)

x > 0
¹;·&µ

y < 0
ø �-, �

L(u − a)

� ¹.�\ï�» � � "�¶¸º¿Ã.¹;º¿¶�³c· þ|��¶¸º¿õ
β = 0� Ã.¹cµP´�¹;·�º

I2(u, v, L)

x > 0
¹;·&µ

y > 0
ø � �

L(v − b)

x < 0
¹;·&µ

y > 0
ø �G� �

−L(u − a) sin(2θ) + L(v − b) cos(2θ) −
L2

2
sin(2θ)

x < 0
¹;·&µ

y < 0
ø �G�@� �

−L(v − b)

x > 0
¹;·&µ

y < 0
ø �-, �

L(u − a) sin(2θ) − L(v − b) cos(2θ) +
L2

2
sin(2θ)

�



� ´�³cÀ � ¹.�\ï�»n¼�%%¹;·&µ/� ��»�µ\»nµPÃ&²n»�¼�³cÀ-»�ñ\´�³cñ,»6´¿º¿¶�»n¼�òó³c´
I1(u, v, L)

¹;·&µ
I2(u, v, L)º¿õ.¹;º ��»�ô�¹;º¿õ&»6´�¶¸· � ¹.�\ï�» ���O�B¼���» ��¶¸ï¸ïe¼¿õ&³Q� ¶¸·`º¿õ&»�¼�»nÂ�Ã&»6ï�ðP¼�³cÀ-»�²n³cÀ �\¶¸·.¹;º¿¶�³c·&¼ ³;ò

º¿õ&»n¼�»Uñ\´�³cñ
»6´¿º¿¶�»n¼ ¹;ï¸ï�³Q� Ã&¼�º�³H¶�µ\»6·�º¿¶�ò§¾`º¿õ&»½Â�Ã.¹cµP´�¹;·�º��

� ¹.�\ï�»/� ��">³cÀ-»  4´�³cñ
»6´¿º¿¶�»n¼%³;ò
I1(u, v, L)

¹;·&µ
I2(u, v, L)

� Ã.¹cµP´�¹;·�º
I1(u, v, L) I2(u, v, L)

x > 0
¹;·&µ

y > 0
ø � � ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾@Â�Ã.¹cµP´�¹;º¿¶�²U¶¸·

L
ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾@ï¸¶¸·&»�¹;´ ¶¸·

L

x < 0
¹;·&µ

y > 0
ø �G� � ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾`ï¸¶¸·&»�¹;´�¶¸·

L
·&»6ô�¹;º¿¶¸Äp»6ï¸¾ Â�Ã.¹cµP´�¹;º¿¶�²U¶¸·

L

x < 0
¹;·&µ

y < 0
ø �G�@� � ·&»6ô�¹;º¿¶¸Äp»6ï¸¾ Â�Ã.¹cµP´�¹;º¿¶�²M¶¸·

L
ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾@ï¸¶¸·&»�¹;´ ¶¸·

L

x > 0
¹;·&µ

y < 0
ø �-, � ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾`ï¸¶¸·&»�¹;´�¶¸·

L
ñ
³J¼¿¶¸º¿¶¸Äp»6ï¸¾@Â�Ã.¹cµP´�¹;º¿¶�²U¶¸·

L

� »6º�Ã&¼�ôJ¶¸Äp»�³c·&»%»=÷&¹;À�ñ\ï�»�³;ò/¶�µ\»6·�º¿¶�í.²�¹;º¿¶�³c· ¹c¼�¼�Ã\À�¶¸·\ôuº¿õ.¹;º
θ 6= 0

�	# » í&´�¼¿º�º�¹;öp»
β = π

2

¹;·&µ �#»`Ã&¼�»`º¿õ&»@ò�¹c²6º�º¿õ.¹;º
L
¶�¼-¹ ñ.¹;´�¹;À-»6º�»6´-Ã\·&µ\»6´�³cÃ\´-²n³c·�º¿´�³cï6� � ò%º¿õ&»

ï¸¶¸À�¶¸º
I1(u, v, L)

³;ò4º¿õ&»�Â�Ã.¹cµP´�¹;º¿¶�²�Äc¹;´¿¶�¹;º¿¶�³c·
Vn(1; π

2 , u, v, L)
µ\»6ñ,»6·&µ\¼uø§ñ,³J¼¿¶¸º¿¶¸Äp»6ï¸¾^�

ï¸¶¸·&»�¹;´¿ï¸¾`³c·
L
ð>º¿õ&»6· º¿õ&»UÂ�Ã.¹cµP´�¹;·�º�¶�¼ �G� ³c´ �-, � ">»n²n³c·&µPï¸¾pð��#»�º�¹;öp»

β = 0
¹;·&µ`¶�ò�º¿õ&»

ï¸¶¸À�¶¸º
I2(u, v, L)

³;ò!º¿õ&»�Â�Ã.¹cµP´�¹;º¿¶�²�ÄJ¹;´¿¶�¹;º¿¶�³c·
Vn(1; 0, u, v, L)

¶�¼�ñ,³J¼¿¶¸º¿¶¸Äp»6ï¸¾HÂ�Ã.¹cµP´�¹;º¿¶�²
¶¸·

L
º¿õ&»HÂ�Ã.¹cµP´�¹;·�ºU¶�¼ ��, ð!³cº¿õ&»6´���¶�¼�»Hº¿õ&»�ï¸¶¸À�¶¸º

I1(u, v, L)
¶�¼�·&»6ô�¹;º¿¶¸Äp»6ï¸¾ Â�Ã.¹cµP´�¹;º¿¶�²

¶¸·
L
¹;·&µXº¿õ&»@Â�Ã.¹cµP´�¹;·�º�¶�¼ �@� � � ò%²n³cÃ\´�¼�»Jð�º¿õ\¶�¼Hñ\´�³�²n»nµPÃ\´�»`¶�¼u·&³cº�Ã\·\¶�Â�Ã&»JðO�\Ã\º�¹;ï¸ï

º¿õ&»Bñ\´�³�²n»nµPÃ\´�»n¼�¹;´�»�²n³c·&¼¿¶�¼�º�»6·�º ��¶¸º¿õ�»�¹c²�õ ³cº¿õ&»6´�� � ³c´�¶¸·&¼¿º�¹;·&²n»Jð��#»�²n³cÃ\ï�µ0õ.¹�Äp»Bí&´�¼¿º
º�¹;öp»6·

β = 0
�

# »Hõ.¹�Äp» 
�Ã&¼¿º½¹c¼�¼�Ã\À-»nµ º¿õ.¹;º
θ 6= 0

�\Ã\ºUº¿õ\¶�¼U¶�¼�·&³cº½¹@´�»n¼¿º¿´¿¶�²6º¿¶�³c·�� � ·&µ\»n»nµ�ð ��»
»�¹c¼¿¶¸ï¸¾ µ\»nµPÃ&²n»Uò ´�³cÀ � ¹.�\ï�»/��º¿õ.¹;ºi��»�²�¹;· ¶�µ\»6·�º¿¶�ò§¾ º¿õ&»M¹;·\ôJï�»

θ = 0
ð,¹c¼S�#»6ï¸ï�¹c¼�º¿õ&»

¹;·\ôJï�»
θ = π

4

�

�������	�
����� ���
θ = 0

. ú ��� ¯@­ � � « . ú I1(u, v, L) + I2(u, v, L)
.�°��P­c° .�� .��;ª � « � . � ª � ® . � L

û
θ = π

4

. ú ��� ¯@­ � � « . ú I1(u, v, L) − I2(u, v, L)
.S°��	��®�ª � «
	 � � ¯J® � � .óù . � L

û
� ´�³cÀ ·&³Q� ³c·eði�#» ¹;´�» ¶¸·�º�»6´�»n¼¿º�»nµ ¶¸· º¿õ&» »n¼¿º¿¶¸À�¹;º¿¶�³c· ³;ò

(θ, a, b)
��õ&»6´�»

θ ∈
]0, π

4 [∪]π4 , π
2 [
�

�'��� � � ���
� & �"��� � ��� ����
���&/*"&�� 
 ��
 * �
�B¼½À-»6·�º¿¶�³c·&»nµ ¹;ºMº¿õ&» �,»6ôJ¶¸·\·\¶¸·\ô ³;ò ">»n²6º¿¶�³c·��&ð�»n¼¿º¿¶¸À�¹;º¿¶�³c·Y³;ò

(θ, a, b)
¶�¼Mµ\»nµPÃ&²n»nµ

ò ´�³cÀ º¿õ&»Bï¸¶¸À�¶¸º�¼�³;ò/º¿õ&»BÂ�Ã.¹cµP´�¹;º¿¶�²�ÄJ¹;´¿¶�¹;º¿¶�³c·&¼���»Bï¸¶�¼¿º�»nµ0¶¸· � ¹.�\ï�»n¼3%�¹;·&µ �^��">³\ðP³c·&²n»
º¿õ&»�Â�Ã.¹cµP´�¹;·�º@²�¹;· �,»`¶�µ\»6·�º¿¶�í.»nµ�ð ��» ¼¿Ã\ñ\ñ,³J¼�»Jð�¹c¼0¹;·�»=÷&¹;À�ñ\ï�» ¹;·&µ ��¶¸º¿õ&³cÃ\º0¹;·�¾
´�»n¼¿º¿´¿¶�²6º¿¶�³c·eð�º¿õ.¹;º

Yθ,a,b

¶�¼U³h�&¼�»6´¿Äp»nµ ¶¸·Y¹;· ³cñ
»6· ¼�»6º½¼¿º¿´¿¶�²6º¿ï¸¾ ¶¸·&²6ï¸Ã&µ\»nµ ¶¸· º¿õ&»Hñ
³J¼¿¶��
º¿¶¸Äp»uÂ�Ã.¹cµP´�¹;·�º � �^# »�²�¹;· »n¼¿º¿¶¸À�¹;º�»�º¿õ&»½º¿õ\´�»n»�Ã\·\ö>·&³���· ñ.¹;´�¹;À-»6º�»6´�¼

θ
ð
a
¹;·&µ

b
��¾

Ã&¼¿¶¸·\ô`¹-²n³c·�Äp»6·\¶�»6·�ºU¼�»6º ³;ò�Â�Ã.¹cµP´�¹;º¿¶�²½ÄJ¹;´¿¶�¹;º¿¶�³c·&¼�ð.º¿õ.¹;º%¶�¼B¹-¼�»6º º¿õ.¹;º%À�¹;öp»n¼
(θ, a, b)¶�µ\»6·�º¿¶�í!¹.�\ï�»>� �%³Q��»6Äp»6´�ð�º¿õ&»6´�»�¹;´�»�µP¶���»6´�»6·�º ��¹n¾P¼½º�³ »n¼¿º¿¶¸À�¹;º�»�º¿õ&»Hñ.¹;´�¹;À-»6º�»6´�¼�µ\»��

ñ
»6·&µP¶¸·\ô-³c· º¿õ&»UÂ�Ã.¹cµP´�¹;º¿¶�²�ÄJ¹;´¿¶�¹;º¿¶�³c·&¼���»U²�õ&³�³J¼�»JðPº¿õ.¹;º�¶�¼�µ\»6ñ,»6·&µP¶¸·\ô�³c· º¿õ&»�²�õ&³c¶�²n»
³;ò�º¿õ&»H¼�»6ôJÀ-»6·�º

[A,B]
� � »6Äp»6´¿º¿õ&»6ï�»n¼�¼qðe¼¿¶¸·&²n» ��»Hõ.¹nÄp»Hº�³`»n¼¿º¿¶¸À�¹;º�»uº¿õ\´�»n»uÃ\·\ö>·&³���·

ñ.¹;´�¹;À-»6º�»6´�¼
(θ, a, b)

ð ��» ¹;º0ï�»�¹c¼¿º�·&»n»nµ ¹ ¼�»6º@³;ò�º¿õ\´�»n» Â�Ã.¹cµP´�¹;º¿¶�² Äc¹;´¿¶�¹;º¿¶�³c·&¼Q� � ·
ò�¹c²6º�ð���»0µ\»n²6¶�µ\»-º�³ º�¹;öp»�ò ³cÃ\´MÂ�Ã.¹cµP´�¹;º¿¶�²-ÄJ¹;´¿¶�¹;º¿¶�³c·&¼�ð�¹;·&µ �#»z
�Ã&¼�º¿¶�ò§¾ ³cÃ\´M²�õ&³c¶�²n»0¶¸·
º¿õ&»H¼�»nÂ�Ã&»6ï6�z# »�²n³c·&¼¿¶�µ\»6´

Vn(1; 0, u0, v1, L)
ð
Vn(1; π

2 , u1, v0, L)
ð
Vn(1; π

2 , u1, v1, L)

�



¹;·&µ
Vn(1; π

2 , u2, v0, L)
� � ´�³cÀ � õ&»n³c´�»6À6%��¸ý ��»½õ.¹�Äp»M¹;ï¸À-³J¼¿º ¼�Ã\´�»6ï¸¾pð.¹c¼

n
º�»6·&µ\¼ º�³

¶¸·Pí&·\¶¸ºw¾

Vn(1; 0, u0, v1, L) −→ L(v1 − b) �����

Vn(1;
π

2
, u1, v0, L) −→ L ((u1 − a) cos(2θ) + (v0 − b) sin(2θ)) +

L2

2
sin(2θ) �����

Vn(1;
π

2
, u1, v1, L) −→ L ((u1 − a) cos(2θ) + (v1 − b) sin(2θ)) +

L2

2
sin(2θ) ���	�

Vn(1;
π

2
, u2, v0, L) −→ L ((u2 − a) cos(2θ) + (v0 − b) sin(2θ)) +

L2

2
sin(2θ). ��
��

# »Bµ\»nµPÃ&²n»%ò§´�³cÀ"º¿õ&»n¼�»B²n³c·�Äp»6´¿ôp»6·&²n»n¼�ð\º¿õ&» òó³cï¸ï�³���¶¸·\ô-»n¼¿º¿¶¸À�¹;º�³c´�¼�ð
ân

ò ³c´
a
ð
b̂n

òó³c´
b¹;·&µ

θ̂n

òó³c´
θ
¹c¼�ò ³cï¸ï�³Q��¼��

ân = u1 +
(u2 − u1)

(v1 − v0)(Vn(1; π
2 , u2, v0, L) − Vn(1; π

2 , u1, v0, L))

×
(

(v0 − v1)Vn(1;
π

2
, u1, v1, L)

+(Vn(1; 0, u0, v1, L) +
L

2
)(Vn(1;

π

2
, u1, v1, L) − Vn(1;

π

2
, u1, v0, L))

)

,
ø ���

b̂n = v1 −
Vn(1; 0, u0, v1, L)

L
,

ø�ý����

θ̂n =
1

2
arctan

(

(Vn(1; π
2 , u1, v1, L) − Vn(1; π

2 , u1, v0, L))

(Vn(1; π
2 , u2, v0, L) − Vn(1; π

2 , u1, v0, L))

(u2 − u1)

(v1 − v0)

)

.
ø�ýJýQ�

# »M¹;ï�¼�³�µ\»nµPÃ&²n»½º¿õ&»�ò ³cï¸ï�³Q��¶¸·\ô0²n³c·�Äp»6´¿ôp»6·&²n»½´�»n¼¿Ã\ï¸º��
�������	�
����� ����
�� ª ª(°�� . � � ��­c®(° ân � b̂n ��� ¯ θ̂n

¯�ª��
�
ª¿¯��=«������ � ������� ��� ¯ �������ù�­

�
�;ª=®"!�ª � � � ­;°���° �>®¿ª � « ��­ a � b ��� ¯ θ � � ° n

�wª
�
¯;° ��­ .

�
�
�
. � «�û

#%$	&'&�( û � ·�º¿õ\¶�¼-ñ\´�³>³;òn��» À�¹;¶¸·\ï¸¾ ¶¸·&¼¿¶�¼¿º-³c·2º¿õ&» ²n³c·&¼¿º¿´¿Ã&²6º¿¶�³c· ³;òUº¿õ&»�»n¼�º¿¶¸À�¹;º�³c´�¼�ð
º¿õ&»M²n³c·�Äp»6´¿ôp»6·&²n»u´�»n¼¿Ã\ï¸º�òó³cï¸ï�³���¼�»�¹c¼¿¶¸ï¸¾�� � ³cº�»Uº¿õ.¹;ºBº¿õ\¶�¼�ñ\´�³>³;ò�²�¹;·~�
»UÄ�¶�»2�#»nµ ¹c¼�¹;·
¹;ï¸ôp³c´¿¶¸º¿õ\À"�

•
� ¶¸´�¼¿º�ð��#»½µP¶¸´�»n²6º¿ï¸¾ µ\»nµPÃ&²n»�ò ´�³cÀ ø ���#º¿õ.¹;º

b̂n = v1 −
Vn(1; 0, u0, v1, L)

L
.

•
� õ&»6· ò ´�³cÀ ø ����¹;·&µ*ø ��� ��»Uôp»6º%¹;ï¸À-³J¼�º�¼¿Ã\´�»6ï¸¾pð.¹c¼

n
º�»6·&µ\¼�º�³-¶¸·Pí&·\¶¸ºw¾

Vn(1;
π

2
, u2, v0, L) − Vn(1;

π

2
, u1, v0, L) −→ L(u2 − u1) cos(2θ),

¼�³Hº¿õ.¹;ºS��»½µ\»nµPÃ&²n»Mº¿õ&»Bò ³cï¸ï�³Q��¶¸·\ô0»n¼¿º¿¶¸À�¹;º�³c´�ò ³c´
cos(2θ)

ý��



̂cos(2θ)n =
Vn(1; π

2 , u2, v0, L) − Vn(1; π
2 , u1, v0, L)

L(u2 − u1)
.

� õ\¶�¼"��³cÃ\ï�µ ôJ¶¸Äp» ¹;· »n¼¿º¿¶¸À�¹;º�³c´ ³;ò
θ
��¾ Ã&¼¿¶¸·\ô º¿õ&» ò Ã\·&²6º¿¶�³c·

arccos
� �#Ã\º

Vn(1; π
2 , u2, v0, L)−Vn(1; π

2 , u1, v0, L)
µ\³>»n¼�·&³cº�·&»n²n»n¼�¼�¹;´¿¶¸ï¸¾ �
»6ï�³c·\ôBº�³

[−1, 1]¼�³`º¿õ.¹;º ̂cos(2θ)n

²�¹;·\·&³cº�¹;ï��#¹�¾>¼ �,»�µ\»=í&·&»nµ � � ³c´Mñ\´�»6Äp»6·�º¿¶¸·\ô º¿õ\¶�¼M¼¿õ&³c´¿º�¹;ôp»
�#»�»n¼¿º¿¶¸À�¹;º�»

θ
º¿õ\´�³cÃ\ôJõHò§Ã\·&²6º¿¶�³c·

arctan
� � õ\¶�¼�¶�¼	��õ�¾ ��»�º�¹;öp»#òó³cÃ\´�Â�Ã.¹cµP´�¹;º¿¶�²

ÄJ¹;´¿¶�¹;º¿¶�³c·&¼�¶¸·&¼¿º�»�¹cµ-³;ò�º¿õ\´�»n»>��� ³c´�»�ñ\´�»n²6¶�¼�»6ï¸¾pðpò ´�³cÀ ø ���4¹;·&µ ø �>�O��»�ôp»6º#¹;ï¸À-³J¼¿º
¼�Ã\´�»6ï¸¾

Vn(1;
π

2
, u1, v1, L) − Vn(1;

π

2
, u1, v0, L) −→ L(v1 − v0) sin(2θ),

��õ&»6·
n
º�»6·&µ\¼Hº�³ ¶¸·Pí&·\¶¸º}¾pð�¼�³ º¿õ.¹;º|��» µ\»nµPÃ&²n»@º¿õ&»0òó³cï¸ï�³���¶¸·\ô »n¼¿º¿¶¸À�¹;º�³c´Hòó³c´

sin(2θ)

̂sin(2θ)n =
Vn(1; π

2 , u1, v1, L) − Vn(1; π
2 , u1, v0, L)

L(v1 − v0)
.

� õ�Ã&¼�ð.¹;· »n¼�º¿¶¸À�¹;º�³c´�ò ³c´
θ
¶�¼

θ̂n =
1

2
arctan

(

̂sin(2θ)n

̂cos(2θ)n

)

.

•
� ¶¸·.¹;ï¸ï¸¾pð��#»Mµ\»nµPÃ&²n»�ò ´�³cÀ ø ���

ân = u1 +
L(v0 − b̂n)ŝin(2θ)n + L2

2 ŝin(2θ)n − Vn(1; π
2 , u1, v0, L)

L ̂cos(2θ)n

.

�

� � ��� ��� � ��� 
 ­ ��°nª ��� � � � ª � � � . � � � � ª . � ún­c® � � � . ­ � ù�­ � � � . � ª¿¯ . � � � ª�­ �\ª
�
°�ª��

¬ � ª=®�ª
Yθ,a,b

.S°U­ �(°nª=® �;ª¿¯ � ¬�ªuù�­ � � ¯@ù�­ � ° .ó¯�ª=® N
°nª��§°M­�ú4ún­ �>® 	�� � ¯c® � � . ù � � ® . � � .ó­ � °

{

Vn(1; 0, uj
0, v

j
1, L), Vn(1;

π

2
, uj

1, v
j
0, L), Vn(1;

π

2
, uj

1, v
j
1, L) ��� ¯ Vn(1;

π

2
, uj

2, v
j
0, L)

}

,

¬ .�� �
j = 1, . . . , N � � � ¯�ún­c® � � � ®"!�ª N

û � ®�­ � ª � ù � °�ª�� j � ¬�ª !�ª�� � . � � � ªB° � � ªB¬ � «
� ° . � � � ª���®�­�­¿ú%­�ú 
�� ª¿­J®¿ª �
	 û�� � � � ªUª=°�� . � � ��­c®�° (θ̂j

n, âj
n, b̂j

n)
ún­c®

(θ, a, b)
û 
�� ��° � ¬�ªù�­ � � ¯ �!®¿­ �P­;°�ª � ®�­ ����°���
 � .�©Jª �;ª=®(° .ó­ � ­�ú � � ªUª(°�� . � � ��­c®(° �!®¿­ �P­;°�ª¿¯ . � 
�� ª¿­c®�ª ��	 û�� � °ún­ � � ­c¬�°

θ̃n =
1

N

N
∑

j=1

θ̂j
n,

ãn =
1

N

N
∑

j=1

âj
n,

b̃n =
1

N

N
∑

j=1

b̂j
n.

� ³�ò ³>²6Ã&¼�³c· º¿õ&»UÀ�¹;¶¸·�¶�µ\»�¹c¼S��»½µ\³�·&³cº ôJ¶¸Äp»½µ\»6º�¹;¶¸ï�¼�¶¸·�º¿õ.¹;º µP¶¸´�»n²6º¿¶�³c·��

ýJý



� �5ä 7�� 5 7�æ,ë 4 74ä å ,��!.\å,é�è��

�B»6´�»Jð	��»@²n³c·&¼¿¶�µ\»6´Hº¿õ.¹;º�º¿õ&»0º¿´�¹;·&¼�òó³c´¿À�¹;º¿¶�³c·Yò ´�³cÀ
(O,U ,V)

º�³
(O′,X ,Y)

¶�¼Mº¿õ&»
¶�µ\»6·�º¿¶¸º}¾ ò Ã\·&²6º¿¶�³c·�� � õ\¶�¼ À-»�¹;·&¼%º¿õ.¹;º ¶¸·&¼¿º�»�¹cµ ³;ò

W
ð^��»M³h�&¼�»6´¿Äp»

Yθ,a,b

��¶¸º¿õ
θ = 0

ð
a = 0

¹;·&µ
b = 0

� � ³c´�»n³qÄp»6´ ��»�¼¿Ã\ñ\ñ,³J¼�»�º¿õ.¹;º ��»0³h�&¼�»6´¿Äp»
Yθ,a,b

¶¸· º¿õ&»-ñ
³J¼¿¶¸º¿¶¸Äp»
Â�Ã.¹cµP´�¹;·�º � ð�À-³c´�»0ñ\´�»n²6¶�¼�»6ï¸¾ ¶¸·Yº¿õ&»�¼�Â�Ã.¹;´�»

[0, 2] × [0, 2]
� # »0²�õ&³>³J¼�»0º¿õ\¶�¼Uò ´�¹;À-»��

��³c´¿ö �,»n²�¹;Ã&¼�»0³;ò�º¿õ&»@¼¿¶¸À�ñ\ï¸¶�²6¶¸ºw¾X³;ò º¿õ&»@¼¿¶¸ÀMÃ\ï�¹;º¿¶�³c·&¼�� � ·&µ\»n»nµ ��»0í&´�¼¿ºH¼¿¶¸ÀMÃ\ï�¹;º�» ¹
¼¿º�¹;·&µ&¹;´�µ µP¶�¼�²6´�»6º�»|�#´�³���·\¶�¹;·Y¼¿õ&»n»6º

W
ø ³c´U»nÂ�Ã\¶¸ÄJ¹;ï�»6·�º¿ï¸¾

Yθ,a,b

¶¸· º¿õ\¶�¼Bò ´�¹;À-»2��³c´¿ö^�
³c·�º¿õ&»U´�»6ôJÃ\ï�¹;´B¼�Â�Ã.¹;´�»UôJ´¿¶�µ

[0, 1
n
, . . . , 2n−1

n
, 2] × [0, 1

n
, . . . , 2n−1

n
, 2]
��¶¸º¿õ

n = 1000¹c¼�òó³cï¸ï�³���¼
ý>���#»�¼¿¶¸ÀMÃ\ï�¹;º�»

4n2 ¶¸·&µ\»6ñ
»6·&µ\»6·�ºM³h�&¼�»6´¿ÄJ¹;º¿¶�³c·&¼ ε( k
n
, l

n
)
ð
1 ≤ k, l ≤ 2n

ð,ò§´�³cÀ ¹
¼�º�¹;·&µ&¹;´�µ ·&³c´¿À�¹;ï�µP¶�¼¿º¿´¿¶��\Ã\º¿¶�³c·eÁ

þ���º¿õ&»%ÄJ¹;ï¸Ã&»n¼
w( i

n
, j

n
)
ð
1 ≤ i, j ≤ 2n

ð>³;òeº¿õ&»i�#´�³���·\¶�¹;· ¼¿õ&»n»6º
W

³c·�º¿õ&»%´�»6ôJÃ\ï�¹;´
¼�Â�Ã.¹;´�»UôJ´¿¶�µ�¹;´�»M¼¿¶¸À�ñ\ï¸¾@³h�\º�¹;¶¸·&»nµ ¹c¼�òó³cï¸ï�³���¼

w(
i

n
,
j

n
) =

1

n

i
∑

k=1

j
∑

l=1

ε(
k

n
,

l

n
).

� õ&»6·eð4º¿õ&»0Ã\·\ö�·&³Q��· ñ.¹;´�¹;À-»6º�»6´�¼
(θ = 0, a = 0, b = 0)

¹;´�»@»n¼¿º¿¶¸À�¹;º�»nµ���¶¸º¿õYº¿õ&»
õ&»6ï¸ñ ³;ò�º¿õ&»�òó³cÃ\´�Â�Ã.¹cµP´�¹;º¿¶�²UÄJ¹;´¿¶�¹;º¿¶�³c·&¼�¶¸·�º¿´�³�µPÃ&²n»nµ ¶¸·  �¹;´�¹;ôJ´�¹;ñ\õ �^� þ

Vn(1; 0, u0, v1, L), Vn(1;
π

2
, u1, v0, L), Vn(1;

π

2
, u1, v1, L)

¹;·&µ
Vn(1;

π

2
, u2, v0, L)

��õ&»6´�»z��»�º�¹;öp»�¶¸·`º¿õ\¶�¼�»=÷Pñ,»6´¿¶¸À-»6·�º�¹;ï/¼¿º¿Ã&µP¾
u0 = v0 = 0

ð
u1 = v1 = 1

ð
u2 = 2

¹;·&µ
L = 1

�
� ¶¸·.¹;ï¸ï¸¾pð>º�³M»6ÄJ¹;ï¸Ã.¹;º�»Bº¿õ&» Â�Ã.¹;ï¸¶¸ºw¾�³;òeº¿õ&»B»n¼¿º¿¶¸À�¹;º�³c´�¼

(θ̂n, ân, b̂n)
òó³c´

(θ, a, b)
ñ\´�³.�

ñ
³J¼�»nµH¶¸·-º¿õ&»�ñ\´�»6Ä>¶�³cÃ&¼� �¹;´�¹;ôJ´�¹;ñ\õeð&��»�´�»6ñ
»�¹;º�º¿õ&»�¼¿¶¸À�Ã\ï�¹;º¿¶�³c·0³;ò�º¿õ&»�µP¶�¼�²6´�»6º�» ��´�³Q� �
·\¶�¹;·�¼¿õ&»n»6º

5000
º¿¶¸À-»n¼�� � ³c´4»�¹c²�õ�³;ò.º¿õ&»n¼�»�´�»6ñ
»6º¿¶¸º¿¶�³c·&¼�ðh�#»#²n³cÀ�ñ\Ã\º�»#º¿õ&»�»n¼¿º¿¶¸À�¹;º¿¶�³c·&¼

³;ò
θ
ð
a
¹;·&µ

b
� � ¶¸ôJÃ\´�»-þ0´�»6ñ\´�»n¼�»6·�º�¼½º¿õ&»uõ\¶�¼¿º�³côJ´�¹;À ³;ò#º¿õ&»n¼�»

5000
Äc¹;ï¸Ã&»n¼Bòó³c´U»�¹c²�õ

³;ò�º¿õ&»�ñ.¹;´�¹;À-»6º�»6´�� � õ&»-À-»�¹;· ¹;·&µ º¿õ&»�¼�º�¹;·&µ&¹;´�µY»6´¿´�³c´u²n³cÀ�ñ\Ã\º�»nµY³qÄp»6´�º¿õ&»
5000»n¼¿º¿¶¸À�¹;º¿¶�³c·&¼B¹;´�»U¶¸·&µP¶�²�¹;º�»nµ ¹.�
³�Äp»Uº¿õ&»U²n³c´¿´�»n¼�ñ,³c·&µP¶¸·\ô0õ\¶�¼¿º�³côJ´�¹;À"�

# ¶¸º¿õ ´�»n¼�ñ,»n²6º`º�³Yº¿õ\¶�¼@¼�¶¸ÀMÃ\ï�¹;º¿¶�³c· ¼¿º¿Ã&µP¾pð��#» ²n³c·&²6ï¸Ã&µ\» º¿õ.¹;º0Ã&¼¿¶¸·\ô Â�Ã.¹cµP´�¹;º¿¶�²
ÄJ¹;´¿¶�¹;º¿¶�³c·&¼#¹;ï¸ï�³Q��¼�Ã&¼�º�³Uñ\´�³�Ä>¶�µ\»B¹½¼�¹;º¿¶�¼�ò ¾�¶¸·\ôM»n¼�º¿¶¸À�¹;º¿¶�³c·0³;ò�º¿õ&»�Ã\·\ö>·&³���·@²�¹;·&³c·\¶�²�¹;ï
²n³>³c´�µP¶¸·.¹;º�»½¼¿¾P¼¿º�»6À ³;ò�º¿õ&»M¼¿º�¹;·&µ&¹;´�µ"�#´�³���·\¶�¹;· ¼¿õ&»n»6º��

� 	 ë ..ê�é�.-..ë�ç ä

� ·�º¿õ\¶�¼ ">»n²6º¿¶�³c·eðd�#»i��¶�¼�õ�º�³½ñ
³c¶¸·�º�³cÃ\º�³c·&» µ\»6Äp»6ï�³cñ\À-»6·�º�òó³c´�»=÷Pº�»6·&µP¶¸·\ôuº¿õ&» ñ\´�»n¼�»6·�º
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