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Abstract

We derive a posteriori error estimates for singularly perturbed reaction—diffusion problems which
yield a guaranteed upper bound on the discretization error and are fully and easily computable.
Moreover, they are also locally efficient and robust in the sense that they represent local lower
bounds for the actual error, up to a generic constant independent in particular of the reaction
coefficient. We present our results in the framework of the vertex-centered finite volume method
but their nature is general for any conforming method, like the piecewise linear finite element
one. Our estimates are based on a H(div)-conforming reconstruction of the diffusive flux in
the lowest-order Raviart—Thomas space linked with mesh dual to the original simplicial one,
previously introduced by the last author in the pure diffusion case. They also rely on elaborated
Poincaré, Friedrichs, and trace inequalities-based auxiliary estimates designed to cope optimally
with the reaction dominance. In order to bring down the ratio of the estimated and actual overall
energy error as close as possible to the optimal value of one, independently of the size of the
reaction coeflicient, we finally develop the ideas of local minimizations of the estimators by local
modifications of the reconstructed diffusive flux. The numerical experiments presented confirm
the guaranteed upper bound, robustness, and excellent efficiency of the derived estimates.
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1 Introduction

We consider in this paper the model reaction—diffusion problem

—Ap+rp = f in Q, (1.1a)
p = 0 on 09, (1.1b)

where Q C R?, d = 2,3, is a polygonal (polyhedral) domain (open, bounded, and connected set),
r € L*>(Q), r > 0, is a reaction coefficient, and f € L?(Q) is a source term. We denote respectively
by ¢, s and C, g the best nonnegative constants such that ¢, g < r < (. 5 a.e. on a given subdomain
S of . Our purpose is to derive optimal a posteriori error estimates for vertex-centered finite
volume approximations of problem (1.1a)—(1.1b), with extensions to other conforming methods
like the piecewise linear finite element one.

Averaging a posteriori error estimates like the Zienkiewicz—Zhu [23] one are quite popular for the
purpose of adaptive mesh refinement in boundary value problems simulations but actually do not
give a guaranteed upper bound on the error made in a numerical approximation. More severely, for
problem (1.1a)—(1.1b) in particular, they are not robust in the sense that the ratio of the estimated
and true energy errors blows up for high values of . The improvement of the equilibrated residual
method to singularly perturbed reaction—diffusion problems by Ainsworth and Babuska [1] does not
have this drawback and yields robust estimates. It also gives a guaranteed upper bound but this
bound is actually not computable, since it is based on a solution of an infinite-dimensional local
problem on each mesh element. Approximations to these problems have to be used in practice,
which rises the question of preservation of the guaranteed upper bound and even of the robustness.
This question, along with a robust extension to anisotropic meshes, is treated by Grosman in [8]. By
introducing suitable finite-dimensional approximations of the local infinite-dimensional problems,
Grosman proves the robustness of the final practical estimate. Moreover, he also shows that these
approximations yield an estimate which is equivalent with the original infinite-dimensional one up
to an unknown constant, independent of the mesh size h and the reaction parameter . He thus
ensures the reliability of the final discrete version of the equilibrated residual method, the presented
numerical results are excellent, but still the guaranteed upper bound property in the strict sense
is lost, as one can notice it in [8, Table 1]. Moreover, this approach seems rather complicated and
computationally quite expensive, although the evaluation cost remains linear.

Verfiirth in [17] derived robust residual a posteriori error estimates for singularly perturbed
reaction—diffusion problems which are explicitly and easily computable. Unfortunately, these es-
timates are not guaranteed in the sense that they contain various undetermined constants; they
are suitable for adaptive mesh refinement but not for the actual error control. An extension of
this result to anisotropic meshes is then given by Kunert [11]. Recently, Repin and Sauter [14] or
Korotov [10] presented estimates which do give a guaranteed upper bound also for problem (1.1a)—
(1.1b). However, for accurate error control, computational amount comparable to that necessary
to the computation of the approximation itself is required and it is quite likely that this amount
will grow for growing coefficient r, which does not match with the term robustness. Coincidently,
no (local) efficiency is proved in these references. Guaranteed and locally computable estimators
for problem (1.1a)—(1.1b) are also arrived at by Vejchodsky [16], but, once again, no lower bound
is proved and the estimate is not expected to be robust.

A family of “equilibrated fluxes” estimates was established recently for various numerical meth-
ods in [20, 19, 6, 21]. These estimates are explicitly and easily computable and yield a guaranteed
upper bound together with local efficiency; the estimates of [21] for the pure diffusion case are more-
over completely robust with respect to an inhomogeneous diffusion coefficient. In the conforming
case, these estimates resemble ideas going back to the Prager—Synge equality [13].



The purpose of this paper is to extend the estimates of [21] to the singularly perturbed reaction—
diffusion problem (1.1a)—(1.1b). We first in Section 3, after giving the necessary preliminaries in
Section 2, present an abstract a posteriori error estimate for conforming (contained in H{(Q))
approximations to problem (1.1a)—(1.1b). This estimate is shown to be optimal, i.e., equivalent
to the energy error, and gives the basic framework for the further study. We start in Section 4
by presenting the ideas of the diffusive flux reconstruction in the lowest-order Raviart—Thomas
space linked with the mesh dual to the original simplicial one and prove some important Poincaré,
Friedrichs, and trace inequalities-based auxiliary estimates designed to cope optimally with the
reaction dominance. Then the first main result, an a posteriori error estimate which is explicitly
and easily computable and which gives a guaranteed upper bound on the overall energy error,
is stated and proved. We present all these results in the framework of the vertex-centered finite
volume method but their nature is general for any conforming method, like the piecewise linear
finite element one. We finally in Section 5 present our second main result, the local efficiency and
robustness, with respect to reaction (and also diffusion) dominance and also with respect to the
spatial variation of r under the condition that r is piecewise constant on the dual mesh, of the
derived a posteriori error estimates in the finite volume case. We there actually show that our
estimates represent local lower bounds for those of Verfiirth [17].

The numerical experiments of Section 6, using the package FreeFem++ [9], where our estimates
are implemented, confirm all the theoretical results. The only element missing for perfection is
that the effectivity index (the ratio of the estimated and actual error) is not as close to the optimal
value of 1 as one would have wished (it ranges between 2 and 6 in the presented results). This
phenomenon has been already observed in the pure diffusion case in [5] and [21]. A remedy to
this has been proposed in these references, consisting in local minimizations of the estimators by
local modifications of the reconstructed diffusive flux. In particular, an (approximate) full local
minimization over the available degrees of freedom has been proposed and studied in [5]. Such a
minimization leads to the solution of a local linear system for each vertex (of size equal to twice
the number of sides sharing the given vertex); although the cost remains linear, the complexity
is indeed slightly increased. The solution of local linear systems was completely avoided by the
simplified minimization approach of [21, Section 7]. We extend in this paper the two approaches to
the singularly perturbed reaction—diffusion problem (1.1a)—(1.1b). It turns out that the completely
explicit simplified local minimization gives almost always the best results, so it can for its simplicity
and efficiency be recommended for practical computations. In particular, with its use, the effectivity
index in the presented results ranges between 1 and 3 for all the meshes from the coarsest to the
finest and from uniformly to adaptively refined and for all values of the reaction coefficient r. We
finally remark that the homogeneous Dirichlet boundary condition is considered only for simplicity
of exposition. For inhomogeneous Dirichlet and Neumann boundary conditions in the present
setting (with r = 0), we refer to [22].

2 Preliminaries

We set up in this section the considered meshes description and all notation and describe the
continuous and discrete problems we shall work with.

2.1 Notation

We shall work in this paper with triangulations 7; which for all A > 0 consists of triangles K such
that Q = UKeTh K and which are conforming, i.e., if K, L € 7, K # L, then K N L is either an
empty set or a common face, edge, or vertex of K and L. Let hx denote the diameter of K and
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Figure 1: Original simplicial mesh 7}, the associated dual mesh Dj,, and the fine simplicial mesh Sy,

let h := maxgeT, hx. We next denote by &, the set of all sides of 7j,, by E}ft the set of interior,
by £ the set of exterior, and by £ the set of all the sides of an element K € 7j; h, stands for
the diameter of o € &,. Finally, we denote by V), (Vint) the set of all (interior) vertices of 7;, and
define for V € V,, and o € &, respectively, Ty :={L € Tj; LNV £ 0}, T, :={L € Ty;0 € EL}.

We shall next consider dual partitions Dy, of Q such that Q = |J pep, D and such that each
V € V), is in exactly one Dy € Dp. The notation Vp stands inversely for the vertex associated
with a given D € Dj,. When d = 2, we construct Dy, as follows. For each vertex V., we consider
all the triangles K € 7y. Then, the dual volume Dy associated to V is the polygon which has
these triangle barycenters and the midpoints of the edges passing trough V as vertices. An example
of such a dual volume is shown in Figure 1. If d = 3, in each tetrahedron, face barycentres are
first connected with face vertices and face edges midpoints. Then small tetrahedra are formed by
the resulting triangles in each face and the tetrahedron barycentre. Finally, the union of all small
tetrahedra sharing a given vertex Vp is the dual volume D. We use the notation Fj, for all sides of
Dy, Fint (FX*) for all interior (exterior) sides of Dy, and Dt (DP*) to denote the dual volumes
associated with vertices from Vint (V).

Finally, in order to define our a posteriori error estimates, we need a second simplicial trian-
gulation &, of €2. This is given by S}, := Upep, Sp, where the local triangulation Sp of D € Dy,
is given as shown in Figure 1 if d = 2 and by the “small” tetrahedra if d = 3. We will use the
notation Gy, for all sides of S;, and g};lt (g,eft, for all interior (exterior) sides of Sj. Also, we will
note Gt all o € g};lt contained in the interior of a D € Dj,.

Next, for K € 75, n always denotes its exterior normal vector and we employ the notation n,
for a normal vector of a side o € &, whose orientation is chosen arbitrarily but fixed for interior
sides and coinciding with the exterior normal of {2 for exterior sides. For a function ¢ and a side

s E,ilnt shared by K, L € 7;, such that n, points from K to L, we define the jump operator [-] by

[l == (lx)lo — (@lL)lo- (2.1)

We put [¢] := 0 for any o € EX'. For 0 = ok 1, € EI™, we define the average operator {-} by

fed = 5(eli)lo + 5ol (22)

whereas for o € X, {p} := ¢|,. We use the same type of notation also for the meshes Dy, and Sy,.

In what concerns functional notation, we denote by (-, -)s the L?-scalar product on S and by ||-||s
the associated norm; when S = ), the index is dropped off. We denote by |S| the Lebesgue measure
of S, by |o| the (d — 1)-dimensional Lebesgue measure of ¢ C R4"! and in particular by |s| the



length of a segment s. Next, H'(S) is the Sobolev space of functions with square-integrable weak
derivatives and H}(S) is its subspace of functions with traces vanishing on 5. Finally, H(div, S)
is the space of functions with square-integrable weak divergences, H(div, S) = {v € L?(S); V- v €
L?(9)}, and (-,-)9s stands for the appropriate duality pairing on 9.

2.2 Continuous and discrete problems

For problem (1.1a)—(1.1b), we define a bilinear form B by

B(p, @) := (Vp, V) + (r'/2p,r1/%),

where p, ¢ € H} (), and the associated energy norm by

llelll® = Ble, »). (2.3)
The standard weak formulation for this problem is then to find p € H}(€) such that
B(p.g) = (f,9) Vo€ Hy(Q). (24)

For the approximation of problem (1.1a)—(1.1b), we will consider the vertex-centered finite
volume method, also known as the finite volume element or the box method. It reads: find p;, € X,?
such that

—(Vpn -n,Vop + (rpn, )p = (f,1)p VD € D™, (2.5)

where
X0 = {¢n € HY(Q); gnlx € P1(K) VK €T}

with P;(K) the space of linear polynomials on K € 7;. This method for the approximation
of problem (1.1a)—(1.1b) is very closely related to the piecewise linear finite element one, which
consists in finding py, € X}? such that

Bpn, o) = (fyn)  Von € Xp.

In particular, for the considered dual meshes, the discretization of the diffusion term completely
coincides, cf. [21, Lemma 3.8]. Similarly, if f is piecewise constant on 7}, the discretization of the
right-hand side again coincides, see [21, Lemma 3.11], whereas the discretization of the reaction
term only differs by a numerical quadrature. We refer to [21] for the relations to other methods
yielding an approximation in the space X}?.

3 Optimal abstract framework for a posteriori error estimation

In this section, we recall the basic results of [20, 6], giving an optimal abstract framework for a
posteriori error estimation in problem (1.1a)—(1.1b).

3.1 Abstract estimate

The first result is the following abstract upper bound:

Theorem 3.1 (Abstract a posteriori error estimate). Let p be the weak solution of problem (1.1a)—
(1.1b) given by (2.4) and let p, € HE(Q) be arbitrary. Then

llp —pnlll < _inf sup {(f =V -t —rpn, ) — (Vo +t,Ve)}. (3.1)
t€H(div,.Q) oe g (), |ll¢]|=1



Proof. We first notice that according to the definition of the energy norm by (2.3),
P —Dn
llp — pulll = B (p — Dh, 7) :
[lp — palll

Here, as well as in the sequel, we treat the possible occurrence of 0/0 as 0 for the simplicity of
notation. Next, as ¢ := (p — pn)/|llp — phm € H{, we have B(p,¢) = (f,¢) by (2.4). So, for any

t € H(div, ), adding and subtracting (t, Vi), we have
llp = palll = (£, ¢) = Blpn, )
= (f,9) = (Vpn, Vo) = (rpn, ) (3.2)
= (£,9) = (Vpn +t,V9) = (rpn, @) + (£, Vo) '
=(f =V -t —rpp,¢) = (Vpn + 1, Vyp),

where we have lastly applied the Green theorem yielding (t,Vy) = —(V - t,¢). As t € H(div, )
was chosen arbitrarily and |||¢||| = 1, this concludes the proof. O
3.2 Efficiency of the abstract estimate

Concerning the efficiency of the above estimate, we have:

Theorem 3.2 (Global efficiency of the abstract estimate). Let p be the weak solution of problem
(1.1a)~(1.1b) given by (2.4) and let py, € H} () be arbitrary. Then

inf sup {(f =V -t —rpp,p) = (Vor +t,Vo)} < |llp — palll-
teH(div.Q) e HL(Q), [|ol=1

Proof. We add and subtract the term (rp,¢), put t = —Vp, and use the fact that p is the weak
solution to obtain

inf sup  {(f =V t—rppe) = (Vpr+t,Vp)}
tEH(div.0) pe gl (), ||l¢ll|=1
—  inf sup {(f =Vt —rp,@)— (Vpn +t,Vp) + (rp —rpn, @)}

t€H(dv,Q) pe il (), ||l¢ll=1

< sup {(f+Ap—rp, o) = (Vpr, — VD, Vo) + (rp —pn, )}
eeHL (), [llpll=1

= sup {(V(® —=pn), Vo) + (r(p —pn), @) }-
PeH (), |lloll=1

The proof is concluded by using the Cauchy—Schwarz inequality, the fact that |||¢|]| = 1, and the
definition of the energy norm (2.3). O

4 Guaranteed a posteriori error estimates

We derive here a locally computable version of the abstract a posteriori estimate of the previous
section. The first step is to properly choose a reconstructed diffusive flux t;, € H(div, ) to be used
as t € H(div,Q) in Theorem 3.1. We next recall the Poincaré, Friedrichs, and trace inequalities
and derive some auxiliary estimates that will turn out later as crucial in order to obtain robustness.
We finally state our guaranteed a posteriori error estimates.



4.1 Diffusive flux reconstruction

We present here a particular diffusive flux reconstruction t;, € H(div,) in the vertex-centered
finite volume method (2.5), which will be crucial in our a posteriori error estimates. We define it
in the lowest-order Raviart—Thomas—Nédélec space over the fine simplicial mesh Sy, introduced in
Section 2. The space RTN(S),) is a space of vector functions having on each K € S, the form
(ag + dgx, b + dry)t if d = 2 and (ag + dgx,bg + dgy,cx + dxz)t if d = 3. Note that the
requirement RTN(Sy,) C H(div, ) imposes the continuity of the normal trace across all o € G
and recall that v - n, is constant on all ¢ € G, and that these side fluxes also represent the
degrees of freedom of RTN(S},). For more details, we refer to Brezzi and Fortin [3] or Roberts and
Thomas [15].

Let us thus define t;, € RTN(S},) by
tp -n, = —{Vp, -n,} Vo € Gy, (4.1)

where {-} is the average operator defined in Section 2. Note that t; - n, is given directly by
—Vpp, - n, for such o € G, where there is no jump in Vpy, i.e., on all the sides ¢ € G, which are
in the interior of some K € 7, or at the boundary of ). In the other cases, we may think of t
as of a H(div, Q)-conforming smoothing of —Vpy,, which itself is not contained in H(div,2). The
following important property holds for t; constructed in this way:

Lemma 4.1 (Reconstructed diffusive flux). Let p, € X,? be given by the vertex-centered finite
volume method (2.5) and let t;, € RTIN(S},) be given by (4.1). Then

(v : th + Dh, 1)D = (f’ 1)D VD € D}Lnt-

Proof. The local conservativity of the vertex-centered finite volume method (2.5) and the defini-
tion (4.1) of t;, imply that

(tn-n,Lop + (rpp, 1)p = (f, 1)p VD € D,

noticing that {Vpp, - n, } = Vpy, - n, for all o C 9D, since all such sides lie in the interior of some
K € 73, where Vpy, is constant. The assertion of the lemma now follows by the Green theorem. [

4.2 Poincaré, Friedrichs, and trace inequalities-based auxiliary estimates

In order to define our estimators, we will need the Poincaré, Friedrichs, and trace inequalities, which
we recall below. We then prove several important auxiliary estimates, designed to cope optimally
with the reaction dominance.

Let D be a polygon or a polyhedron. The Poincaré inequality states that

le —eplDd < Cpphp||Velh Ve e HY(D), (4.2)

where ¢p is the mean of ¢ over D given by ¢p := (¢,1)p/|D| and where the constant Cp p can
for each convex D be evaluated as 1/72, cf. [12, 2]. To evaluate Cp p for nonconvex elements D
is more complicated but it still can be done, cf. Eymard et al. [7, Lemma 10.2] or Carstensen and
Funken [4, Section 2].

The Friedrichs inequality states that

el < Cr.poahbVeld Vo € HY(D) such that ¢ =0 on QN ID # (. (4.3)

As long as 99 is such that there exists a vector b € R? such that for almost all x € D, the first
intersection of By and 0D lies in 02, where By is the straight semi-line defined by the origin x and



the vector b, Cr p an = 1, cf. [18, Remark 5.8]. To evaluate Cr p gq in the general case is more
complicated but it still can be done, cf. [18, Remark 5.9] or Carstensen and Funken [4, Section 3].
Finally, for a simplex K, the trace inequality states that

lells < Corolhi el + el Velx) Vo € HY(K), (4.4)

cf., e.g., Carstensen and Funken [4, Theorem 4.1]. For the value of C; g, if d = 2, see Remark 4.3
below.

Lemma 4.2 (Auxiliary estimates on simplices). Let K € Sy, 0 € £k, ¢ € HY(K), and px =
(p, )i /|K|. Then

le —exllx <mklllellx (4.5)
with
my = min {CP/Kh K, r;(/2} . (4.6)
Moreover,
lo = exlle < Cl 3 el (4.7)
with
my = min{(CPK-i-CP/K) hi, T}(h + ; ;%2} (4.8)

Proof. We begin by the first assertion. As ¢ is the L? projection of ¢ over the constants, we have

o - exllx < llellx. (4.9)
Now, using that
el = |2 rel <l (4.10)

we obtain || — pxl|lr < c_l/ lll¢|llx- On the other hand, from the Poincaré inequality (4.2) and
definition (2.3) of the energy norm, the estimate ||p— x|k < CPI,/IQ(hK|||g0|||K follows easily, whence
we conclude (4.5).
In order to prove the second assertion, we use the trace inequality (4.4) for ¢ — . We have
lo —exl; < Cixolhi' e —exlli +lle — exlx V(e - ¢x)lx)
1/2
Cuito(Cp ichic |V pllic + Ol el | Vell)

< Cuo (Coie+ O3 ) hicllell

IN

using that Vg = 0 and employing the Poincaré inequality (4.2) and definition (2.3) of the energy
norm. Similarly,

A

le=exl? < Cura (b5 lelk + el I Vellx)
—-1/2
< Curco (ki el + e i1 el Vel

1 _1y2
e (et el + 52l ).

IN

using (4.9), (4.10), the inequality 2ab < a?+b?, and definition (2.3) of the energy norm, whence (4.7)
follows. O



Remark 4.3 (Improved estimate on triangles). In two space dimensions, owing to the form of the
trace inequality

_ 2
6l < Cesea (il + el Vel

with 3
Crico = S lolhic| K|, (4.11)

which follows from Carstensen and Funken [}, Theorem 4.1], we can actually use the somewhat

sharper bound

~ . 2 1. 1 _
My = min { <CP7K + gCé{i) hx, cr,}(h[(l 4 g07,7;(/2} (4.12)

instead of (4.8) in (4.7).

Lemma 4.4 (Auxiliary estimates on dual volumes). Let D € Dy, ¢ € HY (D), and op :=
(p,1)p/|D|. Then,

le —¢pllp < mplllellp, D €D,
lellp <mplllellp, D e DR,

where
mp := min {C;,%hp, C;E/Q} ., DeDnt (4.13)
mp i=min {Cy'} sohp, e, f* b, D e D, (4.14)

with Cp.p the constant from the Poincaré inequality (4.2) and Cy paq that from the Friedrichs
inequality (4.3).

Proof. The proof of the first statement is analogous to the proof of (4.5) in Lemma 4.2. For

D € D, we use ||¢||p < ¢, }7/2|||g0|||p (cf. (4.10)) and the Friedrichs inequality (4.3) to obtain the
second statement. O

4.3 Guaranteed a posteriori error estimates

We define and prove here our a posteriori error estimates in a rather general form motivated by
the diffusive flux reconstruction of Section 4.1:

Theorem 4.5 (Guaranteed a posteriori error estimate). Let p be the weak solution of prob-
lem (1.1a)—(1.1b) given by (2.4) and let p,, € H(Q) be arbitrary. Let next t, € H(div,Q) be
such that

(V-tp+rpn,)p=(f,1)p VD e D, (4.15)

Define the residual estimator by
mr.p =mp|f =V -tp—rppllp, D €Dy, (4.16)

where mp is given by (4.13)—(4.14), and the diffusive flux estimator

NDF,D = Min {77](31%,[),77](32%,[)} . DeDy, (4.17)

where

1
o == VP + tallp



and
2y 1/2

2 ~1/2 1/2
Morn =4 > | mrldpn +V-tullx +m” S CUZ (Vo +t) -l :
KeSp o€l

with mg given by (4.6), and ﬁz%Q and Ctléga respectively by (4.8) and (4.4) (or, more precisely,
by (4.12) and (4.11) if d =2). Then

1/2

llp=pull << D (o +mpE0) (4.18)
DED,,

Proof. Putting t = tj, in (3.2) we have (with ¢ defined in the proof of Theorem 3.1)
llp = pulll = (f =V - tn — 10, 0) = (Von + tp, Vo).
Next, multiplying (4.15) by ¢p := (¢,1)p/|D|, we come to

(f—v-th—rph,QOD)DZO VDG'D;Lnt.

Thus
lp—pulll= > {(f =V th—7pnv —0)p — (Vpr +tn, V) p}
DeDpint (4.19)
+ Y A=V th—pn)p — (Von +tn, Vo) }
DeDext
Using the Cauchy—Schwarz inequality and Lemma 4.4, we have for D € D™
(f =V th—rpn, o —¢p)p < || f =V -tn —rpallplle —enlp (4.20)
<mplf =V -tn —rpulplllello = nr.pllellp
and for D € D‘fLXt
(f =V th—rpn,0)p < | f =V -tn —rprlpllelp (4.21)

<mpl|f =V -ty —rprllpllellp = mr.pllello-

In order to estimate the terms —(Vpy + tp, Vo) p, we can use Cauchy—Schwarz inequality and
the definition (2.3) of the energy norm to obtain

— (Vo + 5, Vo)p < Vs + tallpl Vel < nhp pllellip: (4.22)

However, the estimate [|[Vo|p < |||¢|]|p is too strong if r > 1 and an a posteriori error estimate

featuring only 77]311: p would not be robust. We fortunately notice that there is another way of
estimating the terms —(Vpy, + tp, Vo)p. Using the fact that Vg = 0 for pi := (¢, 1) /| K] for
all K € Sp and the Green theorem, we obtain

~(Vpr+th, Veo)p = Y =(Vpn +th, V(e — 0K) i
KeSp

= D {=((Vpr+tn) 0,0 — i)ox + (Apn + V- th, 0 — 0K )k }-
KeSp

(4.23)
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We now estimate the terms of the last sum separately. Using the Cauchy—Schwarz inequality
and estimate (4.7) from Lemma 4.2, the first terms of (4.23) can be estimated as

—((Vpn+tn) 0,0 — odox < Y (Von +ta) - nllolle — okl
o€€K

1/2 ~1/2
< ST Vpn + ) -0l CLE el
o€€K

(4.24)

For the second terms of (4.23), we use the Cauchy—Schwarz inequality and estimate (4.5) from
Lemma 4.2 in order to obtain
(Apn +V -t 0 — o)k < [[Apn + V- talxlle — okl x
< [|Apn + V- till eml|llllx (4.25)

Putting inequalities (4.24) and (4.25) into (4.23), we obtain
_(vph + tha VSD)D S

~1/2 1/2
< 3 @l S Ol N (pn+ ) - nlle + mlApn + V- tall | el (4.26)
KeSp [d<To)%e
2
<o pllelip,

employing finally the Cauchy—Schwarz inequality.
Now, using estimates (4.22) and (4.26), we have that

= (Vpn =+ tr, Vo) o < mor,pll¢lllp- (4.27)
Hence, (4.19) with (4.20), (4.21), and (4.27), the Cauchy—Schwarz inequality, and the fact that
[l llf = 1 yield
1/2

e =palll < D (o +mor0)llello <4 Y (R0 +n0r,0)°
DeDy, DeDy,

O

Remark 4.6 (The estimate for the vertex-centered finite volume method (2.5)). By Lemma 4.1,
ty, € RTN(Sy) given by (4.1) for the vertex-centered finite volume method (2.5) satisfies (4.15),
whence it can directly be used in Theorem 4.5.

Remark 4.7 (Extensions to other conforming methods). Using the general form of Theorem 4.5,
extension of our a posteriori error estimates to other methods yielding a conforming approxima-
tion py consists only in finding an appropriate tp, € H(div,Q) satisfying (4.15). For the pure
diffusion case, we refer in this respect to [21].

5 Local efficiency and robustness of the a posteriori error esti-
mates

We prove in this section the local efficiency of the a posteriori error estimators of Theorem 4.5 for
the vertex-centered finite volume method (2.5) and in particular their robustness, with respect to
reaction (and also diffusion) dominance and also with respect to the spatial variation of r under
the condition that r is piecewise constant on Dj. We actually show that they represent local lower
bounds for those of Verfiirth [17].
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Theorem 5.1 (Local efficiency and robustness of the a posteriori error estimate). Let the functions
f and r be piecewise polynomials on Ty of degree m, let p be the weak solution of problem (1.1a)-
(1.1b) given by (2.4), and let py be its vertex-centered finite volume approximation given by (2.5).
Let next Ty, be shape-regular, i.e., let mingeT, ]K\/hcfl( > K1 for some positive constant k7. Let
finally the a posteriori error estimate be given by Theorem 4.5 with in particular t;, given by (4.1).
Then, for each D € Dy, there holds

nor,p + nr,0 < Cll[p — pulllp, (5.1)

where the constant C' depends only on the space dimension d, on the shape regularity parameter Kk,
on the polynomial of degree m of f and r, on the constants Cp p if D € D}Lnt, Cr.poo if D € DX,
and maxges,, maXUegngiDrlt{Ct7K,o-}, and finally on the local variation of r through Cy p/cy p.

Proof. Let D € Dy, be fixed. We first note that as —Vpy, - n, = tp, - n, for all ¢ C 9D by (4.1)
and by the definition of the average operator, we may change the summation over o € £k to the
summation over o € Ex N GMY in the definition of 77](32% p- Then using the definition of the residual

and diffusive flux estimators and the triangle inequality, we have

. 1 2 2
7DF,D + TR,D = MiN {77](3%71), 77](3%,[)} + MR, D < 77](3%,[) +7R,D
24 1/2
~1/2 1/2
< ST [ mrllapn+ Y tallx + s D O (Vo t) - nl
KesSp oEEK NG

+mp|lf + Apn — prllp + mpl|Apn + V - t4] D
So, squaring the above estimate and applying the Cauchy—Schwarz inequality, we obtain
Crlorp +mr0)* < > milApn+ V- -talk+ Y. ik > Cikoll(Von +ta) 02+
KeSp KeSp o—eg‘ngiDnt
+mp|f + Apn = rpullh + mbl| Apn + V- tallD

for some constant C; depending only on d and k7.
Noticing that m% < sz%( for all K € Sp, with a constant Co which depends only on Cp p if
D e D}lnt, Cr,pon if D € D}el"t, kT, and Cy. p/cy p, we have from the last inequality

(npr.p +1r.p)? <O1(1+ Cs) Z mi||Apn + V-t |%

KeSp
+C Z M Z Ci.i0l|(Von + t5) - 1|2
KeSp ceEg NGt
+ 010y S mk\f + Apn — roull%.
KeSp

Recall now that for a simplex K and v € RTN(K), we have the inverse inequality ||V - v|% <
Cshi 2| v||%, with C3 depending only on d and k7, and the estimate (cf., e.g. [6, Lemma 4.11])

IVII% < Cahie Y IV -mll3,
o€fK
with Cy again depending only on d and k7. Thus, as Vpp, + t, € RTN(K),

IADL + V - tall5 < Cshi Pl Vpn + talli < CsCabit > [(Vpn + ta) - nl2,
OESKﬁgiDrlt

12



using also again the fact that —Vp, -n, = t, - n, for all ¢ C 9D. Hence, putting Cyx :=
max,, gngiDnt{Ct7 K.}, We have the estimate

(mor,p +1r,p)* <C1 Y | (14 Co)CsCamichid + Crreiiire) D> [(Von +ta) -l
KeSp oEEK NG

+C1Cy Y millf + App — rpull%-
KeSp

Let us now recall that by definition (4.1) of tj, we have

(Vpr +th)|k -ne = (Vpy - n5)|x — {Vpr - na}— g0 n[Vpy, - n,]

ifoexn gmt where n, - n = £1 is used for sign alternation. Thus, we infer, for a constant Cj
only depending on the constants C1-Cjy, maxges, Ct i, d, and K7,

(moe.p +mr.0)* < Cs Y | mEllf + Apn — rpullic + (mich + k) > [[Ven-n]|l2
KeSp oesngiDm

We now show that m%h}l + mi < Cgmp with some constant Cg only dependent on Cp g
1/2

(recall that Cp = 1/7% as simplices are convex). Firstly, m Kh < Cp gmi is obvious noticing

that this statement is equivalent to mg < C’Pl,/ ?(hK, which follows from the definition (4.6) of mg.
Secondly, employing also this bound, we have

mK

IN

min{(CPK+Cp/K) hi, r}(h }+min{<CpK+Cl/2)hK7; ;}(/Z}

IN

(14 Co ) min { Co schic e ehi b+ (14 O3 ) min { O Zhic, 12
= (14 Gl michid + (1+ CHR) ma
< 2(1+ 65 mu,

whence the assertion follows. Combining the previous bounds, we thus have

(moe.p +nr.0)° < Cr Y [ mklf +Apn—rpullic +me > ([Vor-nll |,
KeSp UGEKﬂgiDM

for a constant Cy depending only on Cs and Cs. We now finally note from this estimate that our
estimators represent a local lower bound for the residual a posteriori error estimators of Verfirth [17,
Proposition 4.1] (for the case of r constant and on the mesh Sj, instead of the mesh 73). Hence, in
order to show their fully robust local efficiency, it is sufficient to use the results of this reference.
In particular, applying the bubble function estimates (4.13) and (4.16) from this reference to a
simplex K € Sp and its side o € Gi* for r constant and f piecewise linear, we get

mrl||f+ Apn —ropllk < Clllp — palll ks
1/2
mi2|[Vpn-nlls < Clip—palls,

(recall that S, are the two simplices sharing ¢ € Git), whence (5.1) follows. Finally, one can
extend this result to general piecewise polynomial f and r, which gives the final dependencies of
the constant C' of (5.1) indicated in the announcement of the theorem. O
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Figure 2: Comparison of the different estimators for the original jump estimate (4.18) with tj given
by (4.1) (left) and for the minimization estimate (C.1) (right) in dependence on r

6 Numerical experiments

We present in this section a series of numerical experiments which confirm the theoretical results
of the paper. The a posteriori error estimate of Theorem 4.5 with the reconstructed diffusive flux
ty, given by (4.1) gives a guaranteed upper bound on the overall energy error but the effectivity
index is never close to the optimal value of one in our tests. For this reason, we also present results
employing a local minimization procedure, consisting in modifications of the flux tj; in the interior
of each D € Dj,. This procedure is in detail described in the appendix below.

We perform our numerical experiments for problem (1.1a) with © = (0,1) x (0, 1), a constant
reaction coefficient r, and f = 0. We prescribe the Dirichlet boundary condition by the exact
solution

play) = g,

as in [8]. This solution exhibits a boundary layer along the coordinate axes for high values of . In
order to carry out the tests, we have implemented our estimates into the FreeFem++ [9] package
and all the results presented have been computed using FreeFem++. Finally, we shall in this
section term estimate (4.18) of Theorem 4.5 with t; given by (4.1) as the jump estimate, as this
reconstructed diffusive flux tj leads to estimators of the form [[(Vpy + tp) - n|lo = |[[Vpr - n]|ls/2,
and estimate (C.1) following from the local minimization strategy described in Appendix C below
as the minimization estimate. We however note that in the majority of cases, it is the simple
choice (B.1) which gives the minimum, so that very similar results may be presented with (B.1)
instead of (C.1).

We first in the left part of Figure 2 show the different estimators of the original jump esti-
mate (4.18) with t;, given by (4.1) on a fixed uniformly refined mesh with 512 elements in depen-
dence on the reaction coefficient r, which we let vary between 1076 and 10°. We relmark that the
highest contribution is always given by the residual estimate ng := {>_ DeD, 77%{7 p 2, whereas the
contributions of the diffusive flux estimates 77](3% ={>pep, (778%7 D)Q}% are smaller. Note also that
although the estimate 77]()1% gives smaller values for moderate values of r, it gets eventually outper-
formed by the estimate 77](32})7. We next in Figure 3 present, for two different (uniformly refined)
grids, the corresponding effectivity indices. We can clearly see that they are bounded uniformly
with respect to  which demonstrates the full robustness of our estimates. Unfortunately, in partic-
ular for smaller values of r, they are not too close to the optimal value of 1. This is the reason for
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Figure 3: Effectivity indices for the original jump estimate (4.18) with t; given by (4.1) and for
the minimization estimate (C.1) in dependence on r for two different (uniformly refined) meshes

the introduction of a local minimization procedure which we have devised in [5] and [21, Section 7]
in the pure diffusion case and which we adapt to the present case in the appendix below. The
results using the minimization estimate (C.1) are then presented in the right part of Figure 2 and
in Figure 3. We can see that for moderate values of r, the residual estimate has been decreased
under the diffusive flux ones and consequently the effectivity index gets close to the optimal value
of 1. In what follows, we present the results only for the minimization estimate (C.1).

Apart from overall error control, a posteriori error estimates are a key element for adaptive
mesh refinement. We exploit for this purpose the capabilities of FreeFem++. We mark an element
for refinement if the estimator exceeded 50% of the maximal element estimators but we recall
that FreeFem++ actually generates a completely new mesh on the basis of this criterion and this
new mesh is thus not a simple refinement of the previous one. In the adaptive refinement case,
the elements marked for refinement were selected using the original jump estimators (4.18) with
ty, given by (4.1). This approach seems to give better numerical results (better error decreasing
with the number of elements) and is in coincidence with our theoretical results, since we prove the
local efficiency for these original estimators in Theorem 5.1. We firstly plot, in the left parts of
Figures 4 and 5, respectively, the estimated and actual errors against the number of elements in both
uniformly and adaptively refined meshes for r = 1 and » = 10°. In the first case, the solution posses
no singularity, so the adaptive approach only leads to a slight improvement of the error attained for
a given number of unknowns on coarse meshes, whereas this tendency is reversed for fine meshes. In
the second case with a singular solution, the adaptive approach leads to an important improvement
of the error attained for a given number of unknowns. The effectivity indices are then shown in the
right parts of Figures 4 and 5, respectively. In the first case, they improve considerably with the
mesh refinement and especially in the adaptive refinement mode they get very close to the optimal
value of 1, whereas in the second one they are rather stable around the value of 2.4. Finally, to
further promote the usability of our estimates for adaptive mesh refinement, we present in Figure 6
the excellently matching predicted and actual error distribution and the corresponding adaptively
refined mesh as given by the jump estimator for r = 106.
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Appendix: Improvements by local minimization

In Sections 4 and 5, we have shown that a choice of t;, € H(div,) in Theorem 4.5 for the vertex-
centered finite volume method (2.5) leading to a guaranteed upper bound, local efficiency, and
robustness is given by (4.1). However, it is not apparent at all whether this choice leads to the best
upper bound. In particular, by closer investigation, it turns out that whereas in mixed finite element
or discontinuous Galerkin (finite volume) methods, the residual estimator represents a higher-order
term, as in these methods one has (with an appropriate tp) (V - tp + rpp, 1)k = (f, 1)k for all
K € T, it is not the case here, as (4.15) is only true on a set of elements Sp of each interior
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dual volume D and not on each element K € Sp. The numerical experiments for t; given by (4.1)
presented in Section 6 indeed show that the residual estimators 7r p represent a major contribution
to the estimate.

A natural idea in order to decrease the estimate is to try to choose another t;, € H(div,{2)
satisfying (4.15). Notice now that t;, € RTN(S),) given by (4.1) only for such o € G, which are at
the boundary of some D € DI satisfies t;, € H(div,2) and (4.15) and we can choose any value for
the other edges. In particular, we can choose values that minimize the estimate. Moreover, as the
estimator is build locally on each dual volume, we can perform this optimization process locally on
each dual volume.

We describe in this appendix two ways of a local minimization. In the pure diffusion case, the
first one was devised in [5] and consists in true local minimization for the given degrees of freedom,
leading to a small linear system solution for each vertex. The second, simplified one, was proposed
in [21, Section 7] and avoids any local linear system solution. We adapt them here to the reaction—
diffusion case; our exposition will be given in two space dimensions but a similar development can
be done in three space dimensions. For the sake of simplicity, we assume henceforth that f and r
are piecewise constant on 7j,.

A A full local minimization strategy

We outline here the generalization of the “full minimization strategy” of [5] to the reaction—diffusion
case.

A.1 Notation and previous results

Let D € Dy, be the dual volume corresponding to a vertex Vp as in Figure 7; D is decomposed into
a subdivision Sp of n subtriangles K, ..., K,_1, numbered in the counter-clockwise direction. On
each subtriangle K, the vertex 0 is the center of the volume D, the other vertices are numbered
in the counter-clockwise direction, and we call O'; the edge opposite to the vertex j and i the

exterior normal vector of the edge a?. Let next zpé, j =0,1,2, be the basis function of RTN(K;)
corresponding to the vertex j, i.e., ’l,b; = ﬁ
K, t;, can consequently be written as tp|x, = aj) + o] + abrph.

The values of the external fluxes over 0D are prescribed by (4.1) in the same way as before:

(x — Vf), where Vj is vertex j of the triangle K;. On

for any dual volume D € Dy, of = —|o§|Vpy, - n,,i=0,...,n-1Lif D¢ DX then in addition
ay = —|o9Vpy, - n,o and ot = — o7 Vpy, - n_n-1. The internal fluxes, given by the coefficients
1

a4 and o, have to first fulfill the continuity of the normal trace across the edges, which imposes

e if D e D, o
b+ bt =0,i=0,...,n—1 with o} = a; (A1)
o if D € DY, A ‘
b +abtt=0,i=0,...,n—2. (A.2)
Therefore, there are n degrees of freedom X = (a°,..., 0" )t if D € D}Lnt and n — 1 degrees of
freedom X = (a®,...,a" 2)" if D € DP* left and these can be chosen in order to minimize the

estimator; from now on, the local estimator 1np(X) = npr,p(X) + nr,p(X) will be considered as a
function of them. Later on, we will also employ the notation np(ty) = npr,p(tn) + 7r.p(th).
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Figure 7: Dual volume and its subdivision Sp. Left: interior dual volume; right: boundary dual
volume

It has been in particular shown in [5, Section 3| that the square of the first diffusive flux
(1)

estimator npp p on a dual volume D € D, is a quadratic form with respect to X of the form

2 t 1
(mhp) (%) = ape — (BbR) X+ 5XARX; (A.3)

we refer to this reference for the precise form of the entries. Similarly, by a slight modification of
the approach of this reference, one can derive that

1
nk,p(X) = ar = BRX + - X ApX, (A.4)

We now accomplish a similar task for the diffusive flux estimator 771()2% D

A.2 Diffusive flux estimator 7)1()2})?71)

By the definition, the square of the second diffusive flux estimator 771()2% p on a dual volume D € Dy,

is not a quadratic form with respect to the degrees of freedom X as the other ones. As our purpose
is to improve the estimator without increasing too much the computational cost, we choose not to

2
minimize <77](32% D) directly, but an upper bound instead: we have

2
2 ~
(mep) < 23 (AN - tullk + 2 (Corcon | (Vo + ) - m2,
KeSp

+Ct, k05| (VPR +tr) - m||2))

using the inequality (a + b)? < 2(a? + b?) and the fact that on the edge oq of each subtriangle K,
2
ty, is prescribed such that (Vpp + t1)|x - ns, = 0. We denote by (77](33% D> this upper bound and

study it separately for interior and exterior dual volumes.
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A.2.1 Interior dual volumes

Let D € D™ and Sp = {Kjy,...,K,—1} be its subtriangulation. Using the definition of 1/1;
and (A.1), we have

thlke = g (af(x = V9 + O{O(x - Vf) - q"‘l(x - Vgo)) ; (A5)
thlk, = gy (ab(x—Vg) +a'(x— Vi) =o' (x~Vj)), i=1..,n-1 '

and consequently

IV -tall}, = (el +a®—a 12,
IV tallk, = mpleh+ai—ai™)2 i=1,...,n—1

Using (A.5) and the fact that the normal components of the basis functions ’l,b; are constant over
the edges, we have

. N2
[(Vpn+ta) g2, = Jof] (Vpn-mgy + hpal) . i=0,n—1,
2
1(Vpn+t0) - mgl2y = 1081 (Vpn-mpg — ™1
203 ) 9
[(Tpn +t4) - ny 2, = |aa|(Vph-nU;—|;é|az DY i=tn-L

2
Therefore, we find that (77]()3%7 D> is a quadratic form with respect to X = (a,...,a" 1)k
® V' x)—o® _ (BO) x4+ Ixta®x A
"IDF, D (X) = app — (B + ) DF (A.6)

where ag% =" E} and

2(E) + B3) Ej 125
EY+ E} E}
(3) . (3 _
Bpr = — : o App =
E{L_l—i‘Eg .. . ngl
EY Ey Y 2B+ ED)
Here
Ei_22(0‘(i))2 4m C zv ,20 zv \2
0o — Mk, |K\ +4mg; (C g, ol ilo1[(Vpn nag) + t,Ki,o§|02|( Dh no—%) )
El = 4mi. I ‘—l—SCtK oi MK,V Pp - Dy
By = 4mK \KI SCtKUmeVph n,,
i M,
E3 = 4|K|’ B
; t,Ki,UimK'L
By = \K\ R
i tKi,o{mKi
Ei = 2‘K‘+47‘03|
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A.2.2 Boundary dual volumes

Let D € Df** be a boundary dual volume. In the general case n > 2, using the conditions (A.2),
2 ~ S
we find that <n§’% D) is a quadratic form of the form (A.6), where a](g’% = EQ + Z?:_lg Ei+ E}?

and

2B} + E3) B3

EY + E}
B + B3 Ey
(3 _ . 3) _
BD - : ) AD -
n—3 n—2
By En+_1232 2(E; 3 + 213;3—2) Eg—z
n— n—
1 E; 2E)
Here E}, Ei, Ei, Ei Ei Ei i=0,...,n—2 are defined as for interior dual volumes, and we
introduce
Ey = B - EBja3+ E(a3)?,
B — B - B,

N e 2 e 2 S O Rl G
E?—Q +E£L—1 —i—E;f—lO/f_l,
E}y? = E}+E.

T
=3
.

I

In the limit case n = 2, we find (A.6) with the scalar entries

ag’l)? = E2+E17
3
BY) = E9+ El - E9ad+ Elol,

3
Aby = E§+Elaf - Ea§ + E2(a§)? + E}(a})?

A.3 Minimization

Given a dual volume D € Dy, we would like to find the vector of degrees of freedom Xg such
that np(Xo) = minx np(X) in order to improve the estimator. However, as we want to make this
improvement with a computational cost as small as possible, we choose not to minimize directly

2 2
1p, but rather quadratic forms; precisely, we minimize 77%{ p +min { (77](31% D) , (77](33% D) }, ie,

win {ngn {12 (%) + (15,5)” 00 bomin {00+ (k)" 00}
Using definitions (A.3), (A.4), and (A.6), this amounts to find the minima of two quadratic forms:
X1 = argminyg (a(l) — (B(1)>tX + %XtA(l)X> )
where aV) = ag + a](jl%, B = By + B](DI%, and A = A + A](DI%, and
X9 = argminyg (a(g) — (B(3)>t X+ %XtA(g)X> )
where a® = ag + ag’%, B®) = By + B](DB%, and AG) = Ag + AS’%.
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The matrices Ag and A](Dl% are positive, and so is A(); it is also definite: one can easily prove

that X'ArX and XtAI()l%X cannot be zero at the same time except if X = 0. Thus, finding X; is
reduced to computing the unique solution of the linear system AMX = B, This is also true for
Xo. Then we define the local estimator as

™M = min {np(X1),7p(X2), 1 (t4)} - (A7)
Here tj is given by (4.1) and we include the term np(t;) for the sake of security, as, having
minimized the quadratic forms, we are not sure to have found the minimum. Once again, we stress
that this minimization process is local and the size of the matrices is small: it corresponds to
the number of subtriangles of the dual volume, which is generally of the order of 10. Thus, the
computational cost of the estimator does not increase excessively and remains linear.

B A simplified local minimization strategy

We generalize here one part of the “simplified minimization strategy” of [21, Section 7] to the
reaction—diffusion case.

Let D € Dy, be fixed. We construct tp € RTN(Sp) given by (4.1) only for such ¢ € G,
contained in D which are at the boundary of some E € D™ and such that (V-tp+rpp, 1)k = (f, 1)k
for all K € Sp. Note that as (V-tp +7pp,1)p = (f,1)p when D € D™ this can be done without
any (local) linear system solution by choosing the flux over one interior side and a sequential
construction as Y res (f, 1)k = (f,1)p. f D € D§xt, this argument is then replaced by the fact
that we are free to choose the fluxes over the exterior sides. We thus can define a local estimator

min,loc

np - =min{np(tp), np(tr)}, (B.1)

where tj, is given by (4.1). We remark that in [21, Section 7], a parameter « such that np(aty +(1—
a)tp) was (approximately) minimal was searched in addition and the value np(at, + (1 — a)tp)
was included in the above minimum. We do not perform here such an additional minimization
since the above extremely simple choice already works very well.

C A minimization strategy used in the numerical experiments

In the numerical experiments of this paper, we finally use the minimization estimate of the form
1/2

i i . in,full in,1
lp=pull <§ D @B™2 5 o B = min fpp™ M npmec L (C.1)
DEDh

where ngin’fuu is given by (A.7) and ngin’loc by (B.1). As however noted in the text, in the majority
of the cases, it is the simple choice (B.1) which gives the minimum.
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