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1 Introduction

Let M be a compact manifold. The Atiyah-Singer formula for the index of
an elliptic pseudo-differential operator P on M with elliptic symbol o on T* M
involves integration over the non compact manifold T*M of the Chern character
Ch.(o) of o multiplied by the square of the A-genus of M:

index(P) = (2im)~ 4imM / A(M)? Ch(0).

T*M

Here o, the principal symbol of P, is a morphism of vector bundles on T*M
invertible outside the zero section of T*M and the Chern character Ch.(c)
is supported on a small neighborhood of M embedded in T*M as the zero
section. It is important that the representative of the Chern character Ch.(o)
is compactly supported to perform integration.

Assume that a compact Lie group K (with Lie algebra €) acts on M. If
the elliptic operator P is K-invariant, then index(P) is a smooth function on
K. The equivariant index of P can be expressed similarly as the integral of the
equivariant Chern character of o multiplied by the square of the equivariant
A-genus of M: for X € £ small enough,

(1) index(P)(e™) = (2i7r)_dimM/ IK(M)Q(X) Ch.(0)(X).

T M

Here Ch.(0)(X) is a compactly supported closed equivariant differential
form, that is a differential form on T*M depending smoothly of X € ¢, and
closed for the equivariant differential D. The result of the integration deter-
mines a smooth function on a neighborhood of 1 in K and similar formulae
can be given near any point of K. Formula (1) is a “delocalization” of the
Atiyah-Bott-Segal-Singer formula, in the sense of Bismut [9].

The delocalized index formula (1) can be adapted to new cases such as:

e Index of transversally elliptic operators.

e [2-index of some elliptic operators on some non-compact manifolds (Ross-
mann formula for discrete series [19]).

Indeed, in these two contexts, the index exists in the sense of generalized
functions but cannot be always computed in terms of fixed point formulae. A
“delocalized” formula will however continue to have a meaning, as we explain
now for transversally elliptic operators.

The invariant operator P with symbol o (z, £) on T*M is called transversally
elliptic, if it is elliptic in the directions transversal to K-orbits. In this case, the
operator P has again an index which is a generalized function on K. A very
simple example of transversally elliptic operator is the operator 0 on L?(K): its
index is the trace of the action of K in L?(K), that is the §-function on K. At the
opposite side, K-invariant elliptic operators are of course transversally elliptic,
and index of such operators are smooth functions on K given by Formula (1).



Thus a cohomological formula must incorporate these two extreme cases. Such
a cohomological formula was given in Berline-Vergne [7, 8]. We present here a
new point of view, where the equivariant Chern character Ch.(c)(X) entering
in Formula (1) is replaced by a Chern character with generalized coefficients,
but still compactly supported. Let us briefly explain the construction.

We denote by T M the conormal bundle to the K-orbits. An element (x, £)
is in T3 M if £ vanishes on tangent vectors to K-orbits. Let supp(c) be the
support of the symbol o of a transversally elliptic operator P. By definition,
the intersection supp(c) N Th (M) is compact. By Quillen super-connection
construction, the Chern character Ch(c)(X) is a closed equivariant differential
form supported near the closed set supp(c). Using the Liouville one form w
of T*M, we construct a closed equivariant form Par(w) supported near T M.
Outside T M, one has indeed the equation 1 = D(£=), where the inverse of
the form Dw is defined by —i [~ e"*P“dt, integral which is well defined in the
generalized sense, that is tested against a smooth compactly supported density
on £. Thus using a function x equal to 1 on a small neighborhood of T M, the
closed equivariant form

Par(w)(X) = x + dx X et

w
Dw(X)’
is well defined, supported near T M, and represents 1 in cohomology without
support conditions. Remark that

Ch.(o,w) := Ch(o)(X)Par(w)(X)

is compactly supported. We prove that, for X € £ small enough, we have

(2)  index(P)(e™) = (2ir)” 4im M/ A(M)?(X) Ch(0)(X) Par(w)(X).
T*M

This formula is thus entirely similar to the delocalized version of the Atiyah-
Bott-Segal-Singer equivariant index theorem. We have just localized the for-
mula for the index near T3 M with the help of the form Par(w), equal to 1 in
cohomology, but supported near T7 M.

When P is elliptic we can furthermore localize on the zeros of VX (the vector
field on M produced by the action of X) and we obtain the Atiyah-Bott-Segal-
Singer fixed point formulae for the equivariant index of P. However the main
difference is that usually we cannot obtain fixed point formula for the index.
For example, the index of a transversally elliptic operator P where K acts freely
is a generalized function on K supported at the origin. Thus in this case the
use of the form Par(w) is essential. Its role is clearly explained in the example
of the 0 operator on S given at the end of this introduction.

We need also to define the formula for the index at any point of s € K, in
function of integrals over T*M (s), where M (s) is the fixed point submanifold
of M under the action of s. The compatibility properties (descent method)



between the formulae at different points s are easy to prove, thanks to a local-
ization formula adapted to this generalized setting.

In the Berline-Vergne cohomological formula for the index of P, the Chern
character Ch.(0)(X) in Formula (1) was replaced by a Chern character
Chpy(o,w)(X) depending also of the Liouville one form w. This Chern char-
acter Chpy (o, w) is constructed for “good symbols” o. It looks like a Gaus-
sian in the transverse directions, and is oscillatory in the directions of the
orbits. Our new point of view defines the compactly supported prod-
uct class Ch(o)Par(w) in a straightforward way. We proved in [17] that the
classes Chpy(o,w) and Ch(o)Par(w) are equivalent in an appropriate coho-
mology space, so that our new cohomological formula gives the analytic index.
However, in this article, we choose to prove directly the equality between the
analytic index and the cohomological index, since we want to show that our
formula in terms of the product class Ch(o)Par(w) is natural. We follow the
same line than Atiyah-Singer: functoriality with respect to products and free
actions. The compatibility with the free action reduces basically to the case
of the zero operator on K, and the calculation is straightforward. The typical
calculation is shown below. The multiplicativity property is more delicate, but
is based on a general principle on multiplicativity of relative Chern characters
that we proved in a preceding article [17]. Thus, following Atiyah-Singer [1], we
are reduced to the case of S' acting on a vector space. The basic examples are
then the pushed symbol with index — 77| ¢ and the index of the tangen-
tial 9 operators on odd dimensional spheres. We include at the end a general
formula due to Fitzpatrick [11] for contact manifolds.

Let us finally point out that there are many examples of transversally elliptic
operators of great interest. The index of elliptic operators on orbifolds are best
understood as indices of transversally elliptic operators on manifolds where a
group K acts with finite stabilizers. The restriction to the maximal compact
subgroup K of a representation of the discrete series of a real reductive group are
indices of transversally elliptic operators [15]. More generally, there is a canon-
ical transversally elliptic operator on any prequantized Hamiltonian manifold
with proper moment map (under some mild assumptions) [15],[20]. For exam-
ple, when a torus T acts on a Hermitian vector V' with a proper moment map,
then the partition function which computes the T-multiplicities on the polyno-
mial algebra S(V*) is equal to the index of a T-transversally elliptic operator on
V. Furthermore, as already noticed in Atiyah-Singer, and systematically used in
[14], transversally elliptic operators associated to symplectic vector spaces with
proper moment maps and to cotangent manifolds T*K are the local building
pieces of any K-invariant elliptic operator.

Example 1.1 Let us check the validity of (2) in the example of the zero operator
Og1 acting on the circle group S'. This operator is S*-transversally elliptic and
its index is equal to

61(e%) = Zeikx, X € Lie(S") ~R.
keZ



The principal symbol o of Og1 is the zero morphism on the trivial bundle
St x C. Hence Ch(o)(X) = 1. The equivariant class A(S)*(X) is also equal
to 1. Thus the right hand side of (2) becomes

(2i7r)1/1‘*51 Par(w)(X).

The cotangent bundle T*S' is parametrized by (¥, &) € S x R. The Liouville
1-form is w = —£dB : the symplectic form dw = dO N d§ gives the orientation of

T*St. Since VXffXé,ae,we have Dw(X) = df A d§ — XE.

Let g € C*(R) with compact support and equal to 1 in a neighborhood of 0.
Then x = g(&2) is a function on T*S which is supported in a neighborhood
of T:181 = zero section. We look now at the equivariant form Par(w)(X) =
X+ dx A (—iw) [;° ePX) dt. We have

Par(w)(e?, &, X) = g(€%) + g/ (£*)2€dE A (i€dD) / T gitaonas—xe) gy

0
= gl i nato(@) ([ e eean).
0
If we make the change of variable t& — t in the integral fooo e XELdt we get

g9(€?) —ido Nd(g(€%)) (fy e~ dt), if £€=0;

P”(“)<ew’5’X):{g<£2>+idem(g<£2>> (fexar), i £<o.

Finally, since — f£>0 (g(&%)) = f£<0 =1, we have

(2im) 1/ Par(w ):/ e X gt
T*S1 —00

The generalized function 6o(X) = [ e~ "X dt satisfies

/L. . So(X)p(X)dX = vol(S*,dX)p(0)

for any function ¢ € C°°(Lie(S')) with compact support. Here vol(St,dX) =
fOQW dX is also the volume of S' with the Haar measure compatible with dX .

Finally, we see that (2) corresponds to the following equality of generalized
functions

d1(e™) = do(X),
which holds for X € Lie(S') small enough.

2 The analytic index

2.1 Generalized functions

Let K be a compact Lie group. We denote by K the set of unitary irreducible
representations of K. If 7 € K, we denote by V. the representation space of 7



and by k +— Tr(k,7) its character. Let 7* be the dual representation of K in
V.

We denote by C~>°(K) the space of generalized functions on K and by
C~(K)X the space of central invariant generalized functions. The space
C*(K) of smooth functions on K is naturally a subspace of C~°(K). We
will often use the notation ©(k) to denote a generalized function © on K, al-
though (in general) the value of © on a particular point k£ of K does not have a
meaning. By definition, © is a linear form on the space of smooth densities on
K. If dk is a Haar measure on K and ® € C*(K), we denote by [, ©(k)®(k)dk
the value of © on the density ®dk.

Any invariant generalized function on K is expressed as O(k) =
> -ci e Tr(k,7) where the Fourier coefficients n, have at most of polynomial
growth.

2.2 Symbols and pseudo-differential operators

Let M be a compact manifold with a smooth action of a compact Lie group K.
We consider the closed subset T3 M of the cotangent bundle T* M, union of
the spaces (T} M)y, € M, where (T} M), C T, M is the orthogonal of the
tangent space at = to the orbit K - z. Let £* be two K-equivariant complex
vector bundles over M. We denote by I'(M,E*) the space of smooth sections
of £, Let P : T'(M,E%) — T(M,E~) be a K-invariant pseudo-differential
operator of order m. Let p : T*M — M be the natural projection. The principal
symbol o(P) of P is a bundle map p*€T — p*E~ which is homogeneous of degree
m, defined over T*M \ M.

The operator P is elliptic if its principal symbol o(P)(x, &) is invertible for
all (z,£) € T*M such that £ # 0. The operator P is said to be K-transversally
elliptic if its principal symbol o (P)(z, ) is invertible for all (z,£) € Ty M such
that £ # 0.

Using a K- invariant function x on T*M identically equal to 1 in a neighbor-
hood of M and compactly supported, then op(x, &) := (1 — x(z,£))o(P)(z,§)
is a morphism from p*€* to p*£~ defined on the whole space T*M and which
is almost homogeneous: op(x,t§) = tmop(x,§) for t > 1 and & large enough.
We consider the support of the morphism op,

supp(op) := {(x,&) € T*M | op(x,&) is not invertible}

which is a closed K-invariant subset of T*M.

When P is elliptic, then supp(op) is compact, and the morphism op gives rise
to a K°-theory class [op] € K% (T*M) which does not depend of the choice of x.
Similarly, when P is K-transversally elliptic, then supp(op) N Tj M is compact
and the morphism op gives rise to a K%-theory class [op|rs a] € Ki (TxM)
which does not depend of the choice of x.

Recall the definition of the K-equivariant index of a pseudo-differential op-
erator P which is K-transversally elliptic. Let us choose a K-invariant metric
on M and K-invariant Hermitian structures on £*. Then the adjoint P* of P
is also a K-transversally elliptic pseudo-differential operator.




If P is elliptic, its kernel ker P := {s € I'(M,E1)| Ps = 0} is finite dimen-
sional, and the K-equivariant index of P is the central function index”™ (P)(k) =
Tr(k, ker P) — Tr(k, ker P*).

If P is K-transversally elliptic, its kernel ker P is not finite dimensional,
but it has finite multiplicities: the vector space ker P is an admissible K-
representation. Let us explain this notion. For any irreducible representation
7 € K, the multiplicity m,(P) := homg(V;, ker P) is finite, and 7 — m,(P)
has at most a polynomial growth. We define then a central invariant generalized
function on K by setting

Tr(k,ker P) := > m.(P) Tr(k, 7).

Definition 2.1 The K-equivariant index of a K -transversally elliptic pseudo-
differential operator P is the generalized function

index™ (P)(k) = Tr(k, ker P) — Tr(k, ker P*).
We recall

Theorem 2.2 (Atiyah-Singer) e The K -equivariant indezx of a K-invariant
elliptic pseudo-differential operator P depends only of [op] € K% (T M).

o The K-equivariant index of a K-transversally elliptic pseudo-differential
operator P depends only of [op|rs a] € Ko (TxM).

e Each element in K9 (T M) is represented by the class [op|r: ) of a K-
transversally elliptic pseudo differential operator P of order m. Similarly, each
element in KO (T*M) is represented by the class [op) of a K-invariant elliptic
pseudo differential operator P of order m.

Thus we can define
(3) index’*M . K9 (T3 M) — C~(K)¥

by setting, for P a K-transversally elliptic pseudo-differential operator of order

m, indexf’M([ap T M) = index’® (P). Similarly, we can define in the elliptic
setting
(4) index® M : KO (T* M) — C=(K)X.

Note that we have a natural restriction map K% (T*M) — K% (T} M) which
make the following diagram

(5) K% (T"M) — K (T M)
indexé(’Ml/ lindexg’M
C(K) —— ¢ ()

commutative.

Let R(K) be the representation ring of K. Using the trace, we will consider
R(K) as a sub-ring of C>°(K)®X. The map (3) and (4) are homomorphism of
R(K)-modules and will be called the analytic indices.



Remark 2.3 In order to simplify the notations we will make no distinction
between an element V€ R(K), and its trace function k — Tr(k,V) which
belongs to C=(K)X. For example the constant function 1 on K is identified
with the trivial representation of K.

Let H be a compact Lie group acting on M and commuting with the action
of K. Then the space Tj M is provided with an action of K x H. If [0] €
K ;(T5%M), we can associate to [o] a virtual trace class representation of
K x H. Indeed, we can choose as representative of [o] the symbol of a H-
invariant and K-transversally elliptic operator P. Then ker P —ker P* is a trace
class representation of K x H. Thus we can define a R(K x H )-homomorphism:

index M KO (TH M) — C™°°(K x H)K*H,

Obviously T (M) is contained in T} (M) so we have a restriction mor-
phism 7 : K% (T M) — K% ;(Thx g M). We see that

K,HM - Kx H,M
LM — index ™ * M o

index,, "

r.

However, it is easy to see that for a H-invariant and K-transversally elliptic
symbol [o], index™ "M ([5]) belongs to C>°(H,C~>°(K)). In particular we can

restrict index’"M([s]) to H' x K, for a subgroup H' of H. We can also

multiply index"*** ([5])(g, k) by generalized functions ¥(h) on H.

2.3 Functoriality property of the analytic index
We have defined for any compact K x H-manifold M a R(K x H)-morphism

indexSHM K (T3 M) — C>(H, C™>(K))* .,

Let us recall some basic properties of the analytic index map:
o [N1] If M = {point}, then index’ is the trace map R(K) — C®(K)X.

e [Diff] Compatibility with diffeomorphisms: if f : My — Ms is a K x H-
diffeomorphism then indexf HM G g equal to indexff H Mz

K,H,M
a

e [Morph]If ¢ : H — H is a Lie group morphism, we have ¢*o index

! y
= indexf’H M

2.3.1 Excision

Let U be a non-compact K-manifold. Lemma 3.6 of [1] tell us that, for any open
K-embedding j : U — M into a compact manifold, we have a pushforward map
ot K9 (T5U) — K (T M).

Let us rephrase Theorem 3.7 of [1].



Theorem 2.4 (Excision property) The composition
e index’M K
K% (T3U) =5 K% (TiM)  —% C®(K)

1s independent of the choice of j : U — M : we denote this map indexf’U.

Note that a relatively compact K-invariant open subset U of a K-manifold
admits an open K-embedding j : U — M into a compact K-manifold. So the
index map indexff 'Y is defined in this case. An important example is when
U — N is a K-equivariant vector bundle over a compact manifold NV : we can
imbed U as an open subset of the real projective bundle P(U & R).

2.3.2 Exterior product

Let us recall the multiplicative property of the analytic index for the product of
manifolds. Consider a compact Lie group K acting on two manifolds M; and
M, and assume that another compact Lie group K; acts on M; commuting
with the action of K.

The external product of complexes on T*M; and T*Mj; induces a multipli-
cation (see [1]):

QEXt : K?QXKQ(T;(IMQ X K(I)(Q(T;(QM2> — K(I)(lxKQ(T;(lXKz (Ml X MQ))'

Let us recall the definition of this external product. For k = 1, 2, we consider
equivariant morphisms! oy, : Elj — &, on T"Mj,. We consider the equivariant
morphism on T*(M; x Ma)

01 Oext 02 & RES BET ®E, — Ef QES DE ®ES
defined by

(6) 01 Oext 02 = ( o1®ld -1d®o; )

l[d®os of®Id

We see that the set supp(c; ® g2) C T*M; x T*Ms is equal to supp(oq) X
supp(o2).

We suppose now that the morphisms o are respectively Kj-transversally
elliptic. Since T, g, (M1 X M) # T M1 x T, My, the morphism o1 Oext 02
is not necessarily K; x Ko-transversally elliptic. Nevertheless, if oo is taken
almost homogeneous of order m = 0, then the morphism o1 Oext 02 is K1 X Ko-
transversally elliptic (see Lemma 4.9 in [17]). So the exterior product a1 @ext a2
is the Ko-theor‘y class defined by o1 Oext 02, where ay, = [0}] and o3 is taken
almost homogeneous of order m = 0.

Theorem 2.5 (Multiplicative property) For any [o1] € K% , k. (T5, M1)
and any [02] € K%, (T, M) we have

index 1 K2 MxXMe (15110 [ow]) = indexE 02 M1 ([6]) index X2 M2 ([g9]).

n order to simplify the notation, we do not make the distinctions between vector bundles
on T*M and on M.



2.3.3 Free action

Let K and G be two compact Lie groups. Let P be a compact manifold provided
with an action of K x G. We assume that the action of K is free. Then the
manifold M := P/K is provided with an action of G and the quotient map
q : P — M is G-equivariant. Note that we have the natural identification of
T P with ¢*T*M, hence (T P)/K ~ T*M and more generally

(TywoP)/K ~T¢M.
This isomorphism induces an isomorphism
Q" KG(TEM) — Kie, o(TixaP).

Let £ be two G-equivariant complex vector bundles on M and o : p*£+ —
p*E~ be a G-transversally elliptic symbol. For any irreducible representation
(1,V;) of K, we form the G-equivariant complex vector bundle V, := P xx V;
on M. We consider the morphism

or =0 ®Idy, :p*(5+ QV,) = p (€ @V,)
which is G-transversally elliptic.

Theorem 2.6 (Free action property) We have the following equality in
C(K x G)KXG: for (k,g) e K x G

index *“T(Q*[o])(k,g) = Y Tr(k, 7) indexg™ ([o-])(9)-

TEK
2.4 Basic examples

2.4.1 Bott symbols

Let W be a Hermitian vector space. For any v € W, we consider on the Zs-
graded vector space AW the following odd operators: the exterior multiplication
m(v) and the contraction ¢(v). The contraction ¢(v) is an odd derivation of AW
such that ((v)w = (w,v) for w € A'W =W,

The Clifford action of W on AW is defined by the formula

(7) c(v) = m(v) = ¢(v)

Then ¢(v) is an odd operator on AW such that c(v)? = —|jv||*Id. So c¢(v) is
invertible when v # 0.

Consider the trivial vector bundles £+ := W x ATW over W with fiber
AfW. The Bott morphism Bott(W) : €T — £~ is defined by

(8) Bott(W) (v, w) = (v, c(v)w).

Consider now an Euclidean vector space V. Then its complexification V¢
is an Hermitian vector space. The cotangent bundle T*V is identified with

10



Ve: we associate to the covector & € T,V the element v + zé € V¢, where
eV — é € V is the identification given by the Euclidean structure.

Then Bott(V¢) defines an elliptic symbol on V' which is equivariant relatively
to the action of the orthogonal group O(V).

Proposition 2.7 We have [N2]: index?")V (Bott(V¢)) = 1.

Remark 2.8 IfV and W are two euclidean vector spaces we see that the symbol
Bott((V x W)c) is equal to the product Bott(Ve) @ Bott(We). Then for (g,h) €
O(V) x O(W), the multiplicative property tells us that

index?V>*W)VXW (Bott(V x W)e))(g, h)

is equal to the product index?“)V (Bott(V))(g) indexS ™) "W (Bott(We)) (k).
For any g € O(V), the vector space V' decomposes as an orthogonal sum
®;V; of g-stables subspaces, where either dimV; =1 and g acts on V; as £1, or
dimV; =2 and g acts on V; as a rotation.
Hence [N2] is satisfied for any euclidean vector space if one check it for the
cases:

o V =R with the action of the group O(V') = Zo,
o V = R? with the action of the group SO(V) = S*.
2.4.2 Atiyah symbol

In the following example, we denote, for any integer k, by C(x) the vector space
C with the action of the circle group S* given by : -z = t*2.
The Atiyah symbol is the S!'-equivariant morphism on N = T*(Cm ~ Cpyy x
Cy
O‘At:NX(C[O] — NX(C[l]
(&v) — (&oau(é)v)

defined by oa¢(§) = & + 46y for § = (£1,62) € T"Cpyy.

The symbol o is not elliptic since supp(oas) = {&1 = &2} C C? is not
compact. But Tg1(C[1] = {(51,52) | Im (5152) = 0} and Supp(O'At) n TE1C[1] =
{(0,0)} : the symbol o is Sl-transversally elliptic.

Proposition 2.9 We have [N3|: indexfl’c(oAt)(t) == th.

2.5 Unicity of the index

Suppose that for any compact Lie groups K and H, and any compact K x H-
manifold M, we have a map of R(K x H)-modules:

TR K g (T M) — C=(H, O ()<<,

11



Theorem 2.10 Suppose that the maps I~ satisfy

e the normalization conditions [N1],[N2] and [N3],

e the functorial properties Diff and Morph,

e the “excision property”, the “multiplicative property” and the “free action
property”.

Then 1~ coincides with the analytic index map index, .

3 The cohomological index

Let N be a manifold, and let A(N) be the algebra of differential forms on N.
We denote by A.(NN) the subalgebra of compactly supported differential forms.
We will consider on A(N) and A.(N) the Zs-grading in even or odd differential
forms.

Let K be a compact Lie group with Lie algebra &. We suppose that the
manifold N is provided with an action of K. We denote X +— VX the cor-
responding morphism from ¢ into the Lie algebra of vectors fields on N: for
neN, V,X :=Lexp(—eX) - nfeo.

Let A>(¢,N) be the Zs-graded algebra of equivariant smooth functions
a:t — A(N). Its Zs-grading is the grading induced by the exterior degree.
Let D = d — +«(VX) be the equivariant differential: (Da)(X) = d(a(X)) —
t(VX)a(X). Here the operator «(V X) is the contraction of a differential form
by the vector field VX. Let H*> (¢, N) := KerD/ImD be the equivariant coho-
mology algebra with C'*°-coefficients. It is a module over the algebra C> (&)X
of K-invariant C'*°-functions on £.

The sub-algebra A (¢, N) C A (¢, N) of equivariant differential forms with
compact support is defined as follows : o € AS°(¢, N) if there exists a compact
subset K, C N such that the differential form a(X) € A(N) is supported on K,
for any X € ¢. We denote HS°(€, N) the corresponding algebra of cohomology:
it is a Zs-graded algebra.

Let A~°°(¢, N) be the space of generalized equivariant differential forms. An
element a € A7°(¢, N) is, by definition, a C~*°-equivariant map « : ¢ — A(N).
The value taken by « on a smooth compactly supported density Q(X)dX on ¢
is denoted by [, o(X)Q(X)dX € A(N). We have A®(¢,N) C A~(¢,N) and
we can extend the differential D to A~>°(¢, N) [12]. We denote by H~>°(¢, N)
the corresponding cohomology space. Note that A~°°(¢, N) is a module over
A (¢, N) under the wedge product, hence the cohomology space H~>° (¢, N) is
a module over H> (¢, N).

The sub-space A_ (¢, N) C A~>°(¢, N) of generalized equivariant differen-
tial forms with compact support is defined as follows : « € AZ°°(¢, N) if there
exits a compact subset K, C N such that the differential form [, a(X)Q(X)dX €
A(N) is supported on K, for any compactly supported density Q(X)dX. We
denote H_ >°(¢, N) the corresponding space of cohomology. The Zs-grading on
A(N) induces a Zy-grading on the cohomology spaces H~°° (¢, N) and H_ > (€, N).

If U is a K-invariant open subset of €, ones defines also H~™>° (U, N) and
H,°(U,N). If N is equipped with a K-invariant orientation, the integration
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over N defines a morphism

/ CHo®U,N) — U)X,

3.1 Restrictions of generalized functions

Let K be a compact Lie group with Lie algebra €. For any s € K (resp. S € ¢),
we denote K (s) (resp. K(S)) the stabilizer subgroup: the corresponding Lie
algebra is denoted £(s) (resp. €(S5)).

For any s € K, we consider a (small) open K (s)-invariant neighborhood
U, of 0 in £(s) such that the map [k, Y] — kse¥ k~! is an open embedding of
K x g (5)Us on an open neighborhood of the conjugacy class K -s := {ksk™' k €

Similarly, for any S € €, we consider a (small) open K(S)-invariant neigh-
borhood Ug of 0 in £(S) such that the map [k,Y] — Ad(k)(S +7Y) is a
open embedding of K xg(g) Us on an open neighborhood of the adjoint or-
bit K-S ~ K/K(S).

Note that the map Y +— [1,Y] realizes Us (resp. Us) as a K(s)-invariant
sub-manifold of K X g (s Us (resp. K X gy Us).

Let © be a generalized function on K invariant by conjugation. For any
s € K, © defines a K-invariant generalized function on K X g () Us — K which
admits a restriction to the submanifold U/, that we denote

Ols € C™=(U,)K®.

If © is smooth we have ©[s(Y) = O(seY).

Similarly, let § be a K-invariant generalized function on ¢. For any S € ¢,
defines a K-invariant generalized function on K X g (sy Us — € which admits a
restriction to the submanifold U/g that we denote

9|5 S C_W(US)K(S).
If 0 is smooth we have 0|5(Y) = ©(S +Y).

We have K (se®) = K(s) N K(S) for any S € Us. Let O, € C~°(U,)5) be
the restriction of a generalized function © € C~>°(K)X. For any S € U, the
generalized function ©|4 admits a restriction (6|s)|s which is a K (s e®)-invariant
generalized function defined in a neighborhood of 0 in £(s) N &(S) = €(se”).

Lemma 3.1 Let © € C~>°(K)X.
e For s € K, and S € U, we have the following equality of generalized
functions defined in a neighborhood of 0 in ¥(se”)

(9) (®|S)|S:®|ses-

o Let s,k € K. We have the following equality of generalized functions
defined in a neighborhood of 0 in £(s)

(10) ®|s = ®|ksk*1 o} Ad(k)
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When © € C*(K)X is smooth, condition (9) is easy to check: for Y € ¢(se),
we have

(O)Is(Y) = Bls(S +Y) = O(se”*") = O(se”e¥) = O s (V).
We have the following

Theorem 3.2 Let K be a compact Lie group. Consider a family of general-
ized function 0, € C=°(U,)5). We assume that the following conditions are
verified.

e Invariance: for any k and s € K, we have the following equality of
generalized functions defined in a neighborhood of 0 in ¢(s)

93 = Hksk—l o Ad(k)

e Compatibility: for every s € K and S € Us, we have the following
equality of generalized functions defined in a neighborhood of 0 in €(se”)

Osls = 0,05

Then there exists a unique generalized function © € C~°(K)X such that,
for any s € K, the equality ©|s = 05 holds in C~°° (U)K,

3.2 Integration of bouquet of equivariant forms

Let K be a compact Lie group acting on a compact manifold M. We are
interested in the central functions on K that can be defined by integrating
equivariant forms on T* M.

Let w be the Liouville 1-form on T*M. For any s € K, we denote M (s) the
fixed points set {x € M |sx = x}. As K is compact, M(s) is a submanifold of
M, and T*(M(s)) = (T*M)(s). The cotangent bundle T*M (s) is a symplectic
submanifold of T*M and the restriction w|p«p(s) is equal to the Liouville one
form ws on T*M (s). The manifolds T*M(s) are oriented by their symplectic
form dw;.

For any s € K, the tangent bundle TM, when restricted to M (s), decom-
poses as

Let s be the linear action induced by s on the bundle TM|;(s): here TM (s) is
the kernel of s — Id, and the normal bundle A is equal to the image of s — Id.

Let V be a K-equivariant connection on the the tangent bundle TM. It
induces K (s)-equivariant connections : V% on the bundle TM (s) and V1 on
the bundle N. For i = 0,1, we consider the equivariant curvature R;(Y),Y €
£(s) of the connections V¥*. We will use the following equivariant forms
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Definition 3.3 We consider the following smooth closed K (s)-equivariant forms
on M(s):

ROIEAY) = det s )

(/2 _ o Fa(V)/2
D,(A)(Y) = det (1 7§6R1(Y)) :

The form FA(M(S))Q(Y) is defined for'Y in a (small) neighborhood Us of 0 € ¥(s).

If the manifold M (s) admits a K (s)-invariant orientation, one can define the
square root of A(M(s))? : it is the equivariant A-genus of the manifold M(s).

The manifold M (s) has several connected components C;. We denote by
dim M (s) the locally constant function on M (s) equal to dim C; on C;. In the
formulas of the cohomological index, we will use the following closed equivariant
form on M(s).

Definition 3.4 We consider the smooth closed equivariant form on M (s)

o —aima(s) AM(5))2(Y)
Ag(Y) = (2im)~ dimM(s) D)

which is defined for Y in a (small) neighborhood Us of 0 € £(s).

Here Us is a small K (s)-invariant neighborhood of 0 in £(s). It is chosen
so that : ad(k)Us = Upg,—1, and M(s) N M(S) = M(se¥) for any s € K and
any S € Us. For any s € K and any S € Us, let N5 gy be the normal bundle
of M(se®) = M(s) N M(S) in M(s). Let R(Z) be the K(se®)-equivariant
curvature of an invariant euclidean connection on N, g). Let

Eul (NV;.5)) (Z) := (—2m) kN9 /2 det L/2(R(Z))

be its K (s e®)-equivariant Euler form. Recall that S induces a complex structure
on the bundle NV, gy. The square root det 12
o defined by this complex structure.

Note that the diffeomorphism k : T*M(s) — T*M (ksk™!) induces a map
k: A Us, T*M(s)) — AL (Upgp—1, T*M(ksk~1)). It is easy to check that the
family As € A*(U,, M (s)) satisfies :

(11) kAé = Akskfl in Hoo(ué,M(S)),

is computed using the orientation

r As|M(seS) . ) S
5(S+2Z) in H®WU',M(se”)),

(12)  Awes2) = 0 g o

1

where " C £(se”) is a small invariant neighborhood of 0, and r = 1

rankg V(s g)-

Let 75 € A (U(s), T*M(s)) be a family of closed equivariant forms with
compact support. We look now at the family of smooth invariant functions

00 = [, Y et
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Lemma 3.5 The family 0(vy)s defines an invariant function O(y) € C=(K)XK
if
ks =sk-1  in HZUs, T"M(s)),
and
Yses (Z) = Yslremr(ses)(S+ Z) in HZU', T M(s %)),

where U' C ¥(se®) is a small invariant neighborhood of 0.

Proof. The proof, that can be found in [10] and [7, 8], follows directly
from the 1oca1ization formula in equivariant cohomology. Note that the square

Eul(N s 5) is equal to the equivariant Euler form of the normal bundle of
T"M(s in T*M(s).

In this article, the equivariant forms v, that we use are the Chern forms
attached to a transversally elliptic symbol : since they have generalized coeffi-
cients, we will need an extension of Lemma 3.5 in this case.

3.3 The Chern character with support

Let M be a K-manifold. Let p : T*M — M be the projection.

Let £ = £T ® £~ be a Hermitian K-equivariant super-vector bundle over
M. Let o : p*€T — p*E~ be a K-equivariant elliptic symbol: in this section we
do not impose any conditions of ellipticity on o. Recall that supp(c) C T*M is
the set where o is not invertible.

Choose a K-invariant super-connection A on p*&, without 0 exterior degree
term. As in [18, 16], we deform A with the help of o : we consider the family
of super-connections

A%(t) = A+itv,, tER,

0 o*
o 0
help of the Hermitian structure. Let F(o, A, ¢)(X), X € &, be the equivariant
curvature of A7(t).

We denote by F(X), X € ¢, the equivariant curvature of A: we have F(X) =
A% + A(X) where p*(X) € A(T*M,End(p*€)) is the moment of A [6]. Then
F(o,A,t)(X) € A(T*M,End(p*€))™ is given by:

on & where v, = ) is an odd endomorphism of £ defined with the

(13) F(o,w, A1) (X) = —t?v, + it[A, v,] + F(X).

Let ¢t € R. Consider the K-equivariant forms on T*M:

Ch(A,t)(X) = Str (eF<a,A,t><x>) ,
n(o, A t)(X) = —iStr (vg eF(“’A’t)(X)) ,

Blo, A t)(X) = /On(U,A,r)(X)dr.
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The forms Ch(A), Ch(A,t) and §(o, A, t) are equivariant forms on T*M with
C*-coeflicients. We have on T M the relation D(8(o, A, t)) = Ch(A)—Ch(A,1).

We show in [16] that the equivariant forms Ch(A,t) and n(o, A, t) tends
to zero exponentially fast on the open subset T*M \ supp(c), when ¢ goes to
infinity. Hence the integral

B0, A)(X) = / " (o, A 1)(X)dt

defines an equivariant form with C*-coeflicients on T* M \ supp(c), and we have
Dpj(o,A) = Ch(A) on T*M \ supp(0).

We will now define the Chern character with support of . For any invariant
open neighborhood U of supp(c), we consider the algebra Ay (T*M) of differ-
ential forms on T*M which are supported in U. Let A (¢, T*M) be the vector
space of equivariant differential forms o : ¢ — Ay (T*M) which are supported
in U : AZ (¢, T M) is a subspace of A (¢, T*M) which is stable under the
derivative D. Let H{P (¢, T*M) be the corresponding cohomology space.

The following proposition follows easily:

Proposition 3.6 Let U be a K-invariant open neighborhood of supp(c). Let
X € C®(T*M) be a K-invariant function, with support contained in U and
equal to 1 in a neighborhood of supp(c). The equivariant differential form on
"M

C(Uv A, X) =X Ch(A) +dx ﬁ(av A)

is equivariantly closed and supported in U. Its cohomology class Chy (o) in
Hy (e, T*M) does not depend on the choice of (A,Xx), nor on the Hermitian
structure on E.

Definition 3.7 We define the “Chern character with support” Cheup(o) as the
collection (Chy(o))y, where U runs over K-invariant open neighborhood of

supp(o) .

In practice, the Chern character with support Chg,p (o) will be identified with
a class Chy (o) € HEp (¢, T*M), where U is a “sufficiently” small neighborhood

of supp(0).
When o is elliptic, we can choose y € C®(T*M)¥ with compact support,
and we denote

(14) Che(o) € H (8, T*M)

the class defined by the equivariant form with compact support c(o, A, x).

We introduce now the Bouquet of Chern characters with support.

Let s € K. Then the action of s on &[;(s) is given by s¢, an even endomor-
phism of £[/(s). The restriction of w to T*M(s) is the canonical 1-form w, of
T M(s).
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The super-connection A+itv, restricts to a super-connection on p*&|T* M (s).
Its curvature F(o, A t) restricted to T*M(s) = N(s) gives an element of
A(N(s), End(p*&|n(s))). To avoid further notations, if x is a function on M, we
still denote by x its restriction to M (s), by o the restriction of o to T*M (s),
by F(o, A, t) the restriction of F(o, A,t) to T*M(s), etc....

For Y € £(s), we introduce the following K (s)-equivariant forms on T M (s):

Che(A)(Y) = Str(s®eF)),
ns(o, A t)(Y) = —iStr (va s¢ eF(”’A’t)(Y)) ,

/0 (0 A ) (Y )t

Bs(o, A)(Y)

Then [s(o,w, A) is well defined K (s)-equivariant form with C*°-coefficients on
T*M (s) \ supp(c) N T*M(s). We have similarly df;(o,A) = Ch,(A) outside
supp(o) N T*M(s).

The bouquet of Chern characters (Chgyp(0, s))sex can be constructed as
follows.

Proposition 3.8 Let U be a K(s)-invariant open neighborhood of supp(c) N
T*M(s) in T*M(s). Let x € C*(T"M(s)) be a K(s)-invariant function, with
support contained in U and equal to 1 in a neighborhood of supp(c) N T*M(s).
The equivariant differential form on T*M (s)

cs(0, A, x)(Y) = x Chs(A)(Y) + dx Bs(0, A)(Y), Y € ¥(s),

is equivariantly closed and supported in U. Its cohomology class Chy (o, s) in
HE (8, T*M(s)) does not depend on the choice of (A, x), nor on the Hermitian
structure on &.

We define the “Chern character with support” Chgup(o,s) as the collec-
tion (Chy (o, s))u, where U runs over the K(s)-invariant open neighborhood
of supp(c) N T*M(s) in T*M(s).

Lemma 3.9 Let s € K and S € K(s). Then for allY € ¥(s) N€(S), one has

CseS (Ua A, x) (Y) = Cs (Ua A, x) (S + Y)'N(s)ﬁN(S)-

Proof. Let N = T*M. We have to compare the following forms on
N(s)NN(S)

Chyes(A)(Y) = Str(s® S eF ),
Chy(A)(S+Y) = Str(s® FE+Y)),
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as well as the following forms
Nees (0, w, A 8)(Y) = —iStr (va € e5° eF<a,A,t><v>) ,

ns(o, A t)(S+Y) = —iStr (vg &£ eF(U,A,t)(S-i—Y)) _

For S € ¢, the equivariant curvature F(o,A,t)(S +Y) on N(S) is equal
to S€ + F(o,A,t)(Y) as the vector field V.S vanishes on N(S). Furthermore,
above N(s) N N(S), the endomorphism F(c,A,#)(Y) commutes with S€, for
Y € ¢(S) Ne(s). Thus the result follows.

Then, for any open neighborhood U of supp(o), the family (Chy (o, $))sex
forms a bouquet of cohomology classes in the sense of [10].

3.4 The Chern character of a transversally elliptic symbol

We keep the same notations than in the previous sections. We denote by w the
Liouville form on T*M. In local coordinates (q,p) then w = — 3" padgq. The
two-form Q = dw = 3 dg, A dp, gives a symplectic structure to T*M. The
orientation of T*M is the orientation determined by the symplectic structure
(our convention for the canonical one-form w differs from [7], but the symplectic
form Q is the same).

The moment map for the action of K on (T*M, Q) is the map f,, : T*M — &*
defined by (f.,(x,&),X) = (£, V. X): we have Dw(X) = Q + (f., X).

Remark that T M is the set of zeroes of f,,. Recall how to associate to the
1-form w a K-equivariant form Par(w) with generalized coeflicients supported
near Tj M.

On the complement of T} M, the K-equivariant form

(15) Blw) = —iw /OO P qt
0

is well defined as a K-equivariant form with generalized coefficients, and it is
obvious to check that D3(w) = 1 outside T3 M.

Definition 3.10 Let U’ be a K-invariant open neighborhood of Tj M. Let
X € C®(T*M) be a K-invariant function, with support contained in U’ and
equal to 1 in a meighborhood of T} M. The equivariant differential form on
T M

Par(w,x’) = x" + dx' B(w)
1s closed, with generalized coefficients, and supported in U'. Its cohomology class

Pary: (w) in Hy 72 (8, T M) does not depend on the choice of x'.
We will denote Par(w) the collection (Pary (w))y:.
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It is immediate to verify that
(16) Par(w, ') = 1+ D((xX' = D).

Thus, if we do not impose support conditions, the K-equivariant form Par(w, x')
represents 1 in H~°(¢, T*M).

We consider now a K-transversally elliptic symbol ¢ on M. We have the
Chern character Chg,p(o) which is an equivariant form with C°°-coefficients
which is supported near supp(o), and the equivariant form Par(w) with C~°°-
coeflicients which is supported near T} M. Since supp(c) N T M is compact,
the product

Chgyp(o) A Par(w)

defines an equivariant form with compact support with C~°°-coefficients. We
summarize the preceding discussion by the

Theorem 3.11 Let o be a K -transversally elliptic symbol. Let U, U’ be respec-
tively K-invariant open neighborhoods of supp(c) and Ti M such that UNU’
1s compact. The product

Chy (O’) A Pary: (w)

defines a compactly supported class in H_ °° (¢, T* M) which depends uniquely of
[o|T: ] € K (Ti M) : this equivariant class is denoted Ch(o,w).

‘We will use the notation
Che(o,w) = Chgup (o) A Par(w)

which summarizes the fact that the class with compact support Che(o,w) is
represented by the product

(17) c(o, A, x) A Par(w, x')

where x,x’ € C®(T*M)X are equal to 1 respectively in a neighborhood of
supp(o) and Tj M, and furthermore the product xx’ is compactly supported.

Remark 3.12 If o is elliptic, one can take x with compact support, and x' = 1
on T*M in Fquation (17). We see then that

Che(o,w) = Che(o) in H_ (&, T"M).

Let s € K. Similarly, we denote by Par(ws, x’) the closed K (s)-equivariant
form on T*M (s) associated to the canonical 1-form w, = w|T*M(s) and a
function x’ € C®(T*M (s)) () equal to 1 in a neighborhood of T M(s).
For any K (s)-invariant neighborhood U’ C T*M (s) of T, M (s), we denote

Pary/ (UJS) S H[}/OO(E(S)y T*M(S))
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the class defined by Par(ws, x’) when x’ is supported in U’. We denote Par(ws)
the collection (Pary:(w,s))y.

We defined, in Section 3.3, the family of Chern classes (Chgyp(0, 8))sex for
any K-invariant symbol. We now define a family (Ch, (o, w, $))sex with compact
support and C~*°-coefficients when o is a K-transversally elliptic symbol on M.
Note that the restriction o|T*M(s) of a K-transversally elliptic symbol on M
is a K (s)-transversally elliptic symbol on M(s).

Proposition 3.13 Let o be a K-transversally elliptic symbol. Let s € K.
Let U,U" C T*M(s) be respectively K (s)-invariant open neighborhoods of
supp(a|T*M(s)) and T (syM such that U N U’ is compact. The product

Chy (o, s) A Parg: (ws)

defines a compactly supported class in H_ > (€(s), T* M (s)) which depends uniquely
of [o T}(S)M(S)]' The notation

Ch¢(o,w, s) = Chgup(0, s) A Par(ws)

summarizes the fact that the class with compact support Ch.(o,w,s) is repre-
sented by c,(o, A, x) A Par(ws, x') where x, X' € C¥(T*M(5))5) are chosen so
that xx' is compactly supported.

3.5 Definition of the cohomological index

Let K be a compact Lie group and let M be a compact K-manifold. The aim
of this section is to define the cohomological index

index®M . K9(T3 M) — C~(K)¥.

For any [0] € K (T} M), the generalized function index’* ([o]) will be

C

described through their restrictions index ™ ([0])|,, s € K (see Section 3.1).

In Subsection 3.2, we have introduce for any s € K, the closed equivariant
form on M(s)

— (2~ aimar(e) ADL()*(Y)
A(Y) = (i)~ dim M(s) DI

We wish to prove first the following theorem.

Theorem 3.14 Let o be a K-transversally elliptic symbol. There exists a

unique invariant generalized function indexf’M(J) on K satisfying the following

equations. Let s € K. For every Y € ¥(s) sufficiently small,

(18) indexg " (0)]s(Y) = /T*M( )As(Y) Chsup(, 5)(Y) Par(ws)(Y).
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As Che(o,w, s) = Chgup(o, s)(Y) Par(ws)(Y) is compactly supported, the
integral (18) of equivariant differential forms with generalized coefficients defines
a generalized function on a neighborhood of zero in £(s). However, we need to
prove that the different local formulae match together. The proof of this theorem
occupies the rest of this subsection. Once this theorem is proved, we can make
the following definition.

Definition 3.15 Let o be a K-transversally elliptic symbol. The cohomological
index of o is the invariant gemeralized function indexf’M(U) on K satisfying

Equation (18). We also rewrite the formula for the cohomological index as

C

(19) indexK’M(0)|s(Y) = / A (Y) Che(o,w, s)(Y).
T M(s)

In particular, when s = e, Equation (18) becomes

(20)
index’M (o) (eX) = (2imr)~ dimM A(M)?(X) Chaup(0)(X) Par(w)(X).

C
T+ M
Remark 3.16 In (18), (20) and (19) we take for the integration the symplectic
orientation on the cotangent bundles.

Let us now prove Theorem 3.14.

Proof. The right hand side of (18) defines a K (s)-invariant generalized
function 04(Y) on a neighborhood U, of 0 in €(s). Following Theorem 3.2, the
family (05)scx defines an invariant generalized function on K, if the invariance
condition and the compatibility condition are satisfied. The invariance condition
is easy to check. We will now prove the compatibility condition.

Let s € K, and S € U;. We have to check that the restriction 65|s coincides
with 6, .s in a neighborhood of 0 in £(s) N€(S) = &(se”). We conduct the proof
only for s equal to the identity e, as the proof for s general is entirely similar.

We have to compute the restriction at 6.|s of the generalized invariant func-
tion

6 (X) = /T | AlX) Ol ()(X) Par@)(X), X €Ue.

For this purpose, we choose a particular representant of the class Chg,p(0)Par(w)
in H; (¢, T*M). Since this class only depends of [o]r: m] € K§ (T3 M), we
choose a transversally elliptic symbol o}, which is almost homogeneous of degree
0 and such that [Uh|T*KIVI] = [U|T*KM]

One can show [17] that the moment map f, : T*M — €* is proper when re-
stricted to the support supp(cy, ). We represent Chgyp (0,) by the form c(op, A, xo)
where Y, is a function on T*M such that support(x,) N {||f.]|* < 1} is com-
pact. For this choice of x,, the equivariant form a(X) = Ac(X) ¢(oh, A, X0 )(X)
is thus such that support(a) N{||f,||* < 1} is compact. It is defined for X small
enough. Multiplying by a smooth invariant function of X with small compact
support and equal to 1 in a neighborhood of 0, we may find «(X) defined for
all X € ¢ and which coincide with A.(X) c(op, A, x5)(X) for X small enough.

22



We choose x supported in {||f,||* < 1} and equal to 1 on {||f,|* < €},
and define Par(w) with this choice of xy. Then «(X)Par(w)(X) is compactly
supported.

We will now prove the following result:

Proposition 3.17 Let a(X) be a closed equivariant form with C* -coefficients
on N = T*M such that {||f.||> < 1} N support(a) is compact. Define the
generalized function 0 € C~>° ()X by

(21) 0(X) = / a(X)Par(w)(X).
N
Then, the restriction 0|g is given, for Y = Z — S sufficiently close to 0 by

(22) sr) = (1 [ MO pars)(2),

ns) Bul(NVs)2(Z)

Here N denotes the normal bundle of M(S) in M, and r = £(dim M —
dim M (S9)).

Remark 3.18 The integral (22) is defined using the symplectic orientation
o(wg) on N(S) = T*M(S). The linear action of S on the mnormal bundle
N& of N(S) in N induces a complex structure Jg : let o(Jg) be corresponding
orientation of the fibers of N§. We have then on N(S) the orientation o(S)
such that o(w) = o(S)o(Js). One can check that (—1)" is the quotient between
o(S) and o(wg).

Let us apply the last proposition to the form o(X) = Ac(X) Chgup (o7 )(X).
If we use (12) and Lemma 3.9, we see that (—1)" Eil‘g\(fz))Z (S +7Y) is equal to
Aes (Y) Chgyp (o, e%)(Y). Hence Proposition 3.17 tells us that the the restric-

tion of 6.|s is equal to 6,s : Theorem 3.14 is proved.

Proof. We now concentrate on the proof of Proposition 3.17.

Remark that if « is compactly supported, we can get rid of the forms Par(w)
and Par(wg) in the integrals (21) and (22), since they are equal to 1 in cohomol-
ogy. In this case, the proposition is just the localization formula, as Eul(Ns)?2
is the Euler class of the normal bundle of T*M(S) in T*M.

The proof will follow the same scheme as the usual localization formula (see
[6]) and will use the fact that afes) is exact outside the set of zeroes of S. To
extend the proof of the localization formula in our setting, we have to bypass
the fact that the restriction of Par(w) to £(S) has no meaning, since Par(w)
is an equivariant form with generalized coefficients. However, we will use in
a crucial way the fact that the closed equivariant form Par(w) is the limit of
smooth equivariant forms

T
Par’ (w)(X) = x + dx/ (—iw etP (X)) gy,
0
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Here D (ParT(w)) = dx e'TP¥ tends to zero as T goes to infinity.

Let Par’ (w)(Z) be the restriction of Par’ (w)(X) to €(S). We write f, =
15 + £ relative to the K (S)-invariant decomposition £ = £(S)* @ q. Then the
family of K (S)-equivariant forms

oitDw(Z) _ gitdw eit(ff,Z)
tends to 0 outside {fJ = 0}, as t goes to oo. Since dy can be non-zero on
the subset {5 = 0}, the family of £(S)-equivariant forms Par” (w)(Z) does not
have a limit when 7" — oo in general.

Consider the sub-manifold N(S) := T*M(S) of N := T*M. Note that f1
vanishes on N(S). Let V be an invariant tubular neighborhood of N(.S) which
is contained in {[|f3]|* < §}. We are interested in the restriction Par’ (w)|y(2)
to V. Since the function y is equal to 1 on {||f,]|*> < €}, we see that dx|y is
equal to zero in the neighborhood VN {|[|f5||? < £} of VN {f5 = 0}. Hence the
limit
(23) Par(w)y(2) = lim Par’ (w)|v(Z), Z € ¥(S),
defines a K (S)-equivariant form with generalized coefficients on V. Note that

the restriction of Par(w)|y to N(S) C V is the K(S)-equivariant form Par(wg)
associated to the Liouville 1-form wg on T*M(S).

The generalized function 6§ € C~°°(€)X is the limit, as T' goes to infinity, of
the family of smooth functions

GT(X) ::/Na(X)ParT(w)(X).

Here the equivariant forms a? = o Par’ (w) stay supported in the fixed compact
set K := {||f.]|* < 1} Nsupport(a).

The proof will be completed if we show that the family of smooth functions
0T(Z), Z € ¥(S), converge to the generalized function

/ r a(Z)
1=V [ e e )
as T goes to infinity, and when Z varies in a small neighborhood of S in £(.5).

Let U be a relatively compact invariant neighborhood of K in N. Let ¥’ €
C>° (U)X (5) be such that x’ is supported in VNU, and x’ = 1 in a neighborhood
of U(S) = N(S)NU. Here V is a tubular neighborhood of N(5) satisfying the
conditions for the existence of the limit (23).

Choose a K-invariant metric (—, —) on TN. Let A be the K (S)-invariant
one form on N defined by A = (V.S,—). Note that D(A\)(S) = d\ — |[V.S||? is
invertible outside N(S). One sees that

Py (Z) =x"+dx

A
DNZ)
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is a K(S)-equivariant form on U for Z in a small neighborhood of S. The
following equation of K (S)-equivariant forms on U is immediate to verify:

A
— , A N
(24) 1=P, +D<(1 X)D)\)'
Since the K (S)-equivariant forms
oT(2) .= a(Z)Par’ (w)(2)

are supported in U, one can multiply (24) by a’. We have then the following
relations between compactly supported K (S)-equivariant forms on N:

A
ol = PX/aT + D ((1 - X/)D_)\> o

A A
— P , T D 1 AV T AN T .
vat +0 (L= X)pra” ) + (=) Dla”)
According to this equation, we divide the function 7 (Z) in two parts
07(Z2) = AT(Z) + BY(Z), for Z—S small

with
AT(7) = /N P (Z)a” (Z)

and

BT (z) = /N(l — x')%(Z)DaT(Z) - /N(1 _ X/)DA(Z)Q(Z)dxeiTDw(Z) '

Let p: V — N(S) be the projection, and let ¢ : N(S) — V be the inclusion.
Since the form P, (Z) is supported in V, the family of smooth equivariant forms
P (Z)o(Z)Par” (w)(Z) converges to

Py (Z)a(Z)Par(w)lv(Z)

as T goes to oo, by our previous computation of the limit (23). Hence the
functions AT (Z) converge to

/Px'(Z)Oé(Z)Par(W)Iv(Z) = /Px’ proi” (aPar(w)ly) (2) [1]
v

%

-/ P)(2) alvs)(2) Par(ws)(2) 12
N(S), o(S)

= ol (2) ar(w

B /(S) o(s) Eul Ns)( )P (s)(2) B3]

—~

B AAn(2) o o
v [ B P 18
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Points [1] and [2] are due to the fact that «(Z)Par(w)|y(Z) is equal to
p*oi* (aPar(w)|y) (Z) in H~>°(8(S),V) and that P, has a compact support
relatively to the fibers of p (here p, denotes the integration along the fibers).
For point [3], we use then that p,(P,/) multiplied by the Euler class® of V is
equal to the restriction of P,+ to N(S), which is identically equal to 1. In [4],
we use the symplectic orientation for the integration.

Let us show that the integral fE(S) BT(2)p(Z)dZ tends to 0, as T goes to

infinity, for any ¢ € C*°(£(S))* () supported in a small neighborhood of S. As
dety/¢(s)(Z) does not vanish when Z — S remains small enough, it is enough to
show that

, A
1= [ AN By DT el et s (D)2

tends to 0, as T goes to infinity. We have
I(T) := / TP (7)) det ¢ o) (Z)dZ
N xt(S)

where n(Z) = (x'—1) #(Z)Q(Z)dxgo(Z) is a compactly supported K (S)-equivariant
form on N with C*°-coefficients, which is defined for all Z € ¢(S). Furthermore
we have n(Z) = 0 for Z outside a small neighborhood of S and

support(n) N {fw = 0} = 0.

There exists a K-equivariant form T" : ¢ — A(N) such that T'(Z) = n(Z) for
any Z — S small in £(S). Indeed we define I'(X) = k - n(Z) for any choice of
k,Z such that k- Z = X. Here X varies in a (small) neighborhood of K - S.
As n(Z) is zero when Z is not near S, the map X +— I'(X) is supported on a
compact neighborhood of K - S in £. We see also that

(25) support(I) N {f, =0} = 0.
Condition (25) implies that the integral J(T) = [, e TP T(X)dX

goes to 0, as T goes to infinity. But I(T) = J(T). Indeed, write X = k- Z and
apply Weyl integration formula. We obtain

/ ( / e TP (- Z)dk) det eje(s) (Z)dZ
£(S) KxN

/ / k~(eiTD“(Z)n(Z))dk det ¢ /¢(s)(Z)dZ.
£(S) JKxXN

Integration on the K-manifold N is invariant by diffeomorphisms, thus

J(T)

J(T) = / / TPD) (2 det v o5y (Z)dZ = I(T).
¢(S)JN

2The Euler form of the vector bundle V — N(S) is equal to the square of the Euler form
of the normal bundle Ng of M(S) in M.
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We have shown that the family of smooth function BT (Z) goes to 0, as T
goes to infinity. The proof of Proposition 3.17 is then completed.

Let H be a compact Lie group acting on M and commuting with the action
of K. Then the space T M is provided with an action of K x H.

Lemma 3.19 If [0] € K%, ,(TixM), then the cohomological index

index M () € C=(K x H)X*H s smooth relatively to H.

Proof. We have to prove that for any s = (s1, s2) € K x H, the generalized

function
indexf’H’M (0)]s(Y1,Y2)

which is defined for (¥7,Y3) in a neighborhood of 0 in &(s1) x h(s2), is smooth
relatively to the parameter Y3 € h(s2). We check it for s = e.
We have

(26) index®HM(5)[.(X,Y) = / Ae(X,Y) Chayp(0) (X, Y)Par(w)(X,Y)
T*M

for (X,Y) € € x b in a neighborhood of 0. The equivariant class with compact
support Chgyp, (0)Par(w) is represented by the product ¢(o, A, x)Par(w, x’) where
(x,x’) is chosen so that x = 1 in a neighborhood of supp(c), ¥’ = 1 in a
neighborhood of T% . M, and xx’ is compactly supported.

Since o is K-transversally elliptic, the set supp(c) T3 M is compact. Hence
we can choose (x, x’) so that x’ = 1 in a neighborhood of T} M and X' is com-
pactly supported. It easy to check that the equivariant form Par(w, x')(X,Y) is
then smooth relatively to the parameter Y € f. This show that the right hand
side of (26) is smooth relatively to the parameter Y € b.

Remark 3.20 We will denote Chl(o,w)(X,Y) the K x H -equivariant form de-
fined by the product c(o, A, x)Par(w, x’) where (x, x’) is chosen so that x =1 in
a neighborhood of supp(c), X' =1 in a neighborhood of T3 M, and xx' is com-
pactly supported. The equivariant form Chl(o,w)(X,Y) is compactly supported
and is smooth relatively to'Y € b.

4 The cohomological index coincides with the
analytic one

In this section, we now prove that the cohomological index is equal to the
analytical index. The main difficulty in the proof of this result in Berline-Vergne
[7, 8] was to prove that their formulae were defining generalized functions which,
moreover, were compatible with each other. The heart of this new proof is the
fact the Chern character with compact support is multiplicative. Thus we rely
heavily here on the results of [17], so that the proof is now easy.
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Theorem 4.1 The analytic index of a transversally elliptic operator P on a
K -manifold M is equal to index™™ ([op]).

To prove that the cohomological index is equal to the analytic index, fol-
lowing Atiyah-Singer algorithm, we need only to verify that the cohomological
index satisfies the properties that we listed of the analytic index:

e Invariance by diffeomorphism : Diff,

e Functorial with respect to subgroups : Morph,
e Excision property,

e Free action properties,

e Multiplicative properties,

e Normalization conditions [N1],[N2] and [N3].

The invariance by diffeomorphism, the functoriality with respect to sub-
groups and the excision property are obviously satisfied by indexf M

4.1 Free action

We now prove that the cohomological index satisfies the free action property.
We consider the setting of Subsection 2.3.3. The action of K on the bundle
T P is free and the quotient T} P/K admit a canonical identification with
T*M. Then we still denote by

q: TP —T'M

the quotient map by K: it is a G-equivariant map such that ¢ (T M) =
}}XGP :

We choose a G-invariant connection 6 for the principal fibration ¢ : P — M
of group K. With the help of this connection, we have a direct sum decompo-
sition

T"P=T;P®P xt.
Let mp : T*P — T3P and m : T*P — P x t* be the projections on each
factors. Let
Q:T'P—-T'M

be the map ¢ o .

Let o be a G-transversally elliptic morphism on T*M. Its pull-back Q*o is
then a K X G-transversally elliptic morphism on T*P : we have supp(Q*c) =
Q1 (supp(0)) and then supp(Q*)NTi P = ¢~ (supp(c)NTE M) is compact.
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Theorem 4.2 Let P — M be a principal fibration with a free right action of
K, provided with a left action of G. Consider a class [0] € K&L(TeM) and
its pull-back by Q : [Q*0] € K%, o(TixcP). Then we have the equality of
generalized functions : for (k,g) € K x G

index; <P ([Q0])(k, 9) = Y Tr(k, ) index¢™ ([o+])(9).

TEK

The rest of this section is devoted to the proof. We have to check that for any
(s,s") € K x G we have the following equality of generalized functions defined
in a neighborhood of ¢(s) x g(s’) :

(27) index/ P ([Q*0))| (5,51 (X, Y) = Y Tr(se™, ) index ™ ([o7+])]o (V).

c
TEK

We conduct the proof of (27) only for (s,s’) = (1,1). This proof can be
adapted to the general case by using the same arguments as Berline-Vergne [8].

First, we analyze the left hand side of (27) at (s,s’) = (1,1).
We consider the K x G-invariant one form v = (£,6) on P x £ : here
0 € AY(P) ® ¢ is our connection form, and £ is the variable in £*. We have

(28) Dv(X,)Y)=dv+{{uY)—-X), Xet Yeg.

where u(Y) = —-0(VY) € C°(P)® t.

We associate to v the K x G-equivariant form with generalized coefficients
B(—v)(X,Y) = iv [[Te "PXY) gt (X,Y) € € x g, which is defined on the
open subset P x £*\ {0}. One checks that G(—v)(X,Y") is smooth relatively to
the variable Y € g. Let xe- € C®° (€)X be a function with compact support
and equal to 1 near 0. Then

(29) Par(—v)(X,Y) := xe- + dxe- B(—v)(X,Y)

is a closed equivariant form on P x ¥, with compact support, and which is
smooth relatively to the variable Y € g.

Let o be a G-transversally elliptic morphism on T*M. Its pull-back Q*c
is then a K x G-transversally elliptic morphism on T*P. Let wp and wys
be the Liouville 1-forms on T*P and T*M respectively. We have defined the
equivariant Chern class with compact support Ch.(o, wps) € HZ (g, T*M) and
Ch.(Q*o,wp) € H®(t x g, T*P).

Proposition 4.3 We have the following equality
Che(Q"0,wp)(X,Y) = Q" ( Cho(o,0ur) ) (V) A s (Pax(-1) ) (X, V)

in H_>°(€x g, T"P). Note that the product on the right hand side is well defined
since Par(—v)(X,Y) is smooth relatively to the variable Y € g.
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Proof. The proof which is done in [17] follows from the relation

(30) wp = Q" (wn) — w5 (V).
We now analyze the term

C

index” %" ([Q*0])|1.1)(X,Y) = (2im)~4imF / *PX(P)Q Ch.(Q*o,wp)(X,Y).

An easy computation gives that A(P)2(X,Y) = je(X)"1¢* A(M)%(Y), with
e2d(X)/2 _ g—ad(X)/2

Je(X) = dety ( 2000 ) If we use Proposition 4.3, we see that

index %" ([Q*0])|(1,1)(X,Y)

T —dimP R
B %/*Pﬂo‘f (A(M)2 Chc(mwM))(Y) A wiPar(—v)(X,Y)

B (22'7.(.)7dimP
(381)= Je(X) [r

Let us compute the integral [,, Par(—v)(X,Y).

We choose a K-invariant scalar product on € and an orthonormal basis
E',... E" of &, with dual basis E, ..., E, : we write X =), X, E* for X € ¢,
and & =), & E) for £ € €. Let 65, = (Ej, 0) be the 1-forms on P associated to
the connection one form. Let vol(K,dX°) be the volume of K computed with
the Haar measure compatible with the volume form dX° = dX; ...dX,.

We have dv = )", &,db) + d&i0y, and (30) gives that

(dwp) ™ = ¢* (dwpr)) ™M NG, 0; Al (dEy - - - dEy) .

¢ (K(M)2 Che (o, WM))(Y) A / Par(—v)(X.Y).

xP

So, in the integral (31), the vector space ¢* is oriented by the volume form
de° = dgy - - d&,, and T P is oriented by ¢* (dw) ™™ A6, - - 6y.

Let © = df + £16,6] € A*(P) ® t be the curvature of §. The equivariant
curvature of 6 is

oY) =ulY)+06.

Then O(Y) € A(P)®¢ is horizontal, and the element © € A?(P)®¢ is nilpotent.
If ¢ is a C* function on &, then ¢(O(Y)) is computed via the Taylor series
expansion at u(Y)(p) and ¢(0O(Y)) is a horizontal form on P which depends
smoothly and G-equivariantly of Y € g. When ¢ € C*(¢) is K-invariant, the
form ¢(©(Y)) is basic : hence we can look at it as a differential form on M
which depends smoothly and G-equivariantly of Y € g.

Definition 4.4 Let (X — O(Y)) be the K x G-equivariant form on P defined
by the relation

/ 5(X — O(Y))p(X,Y)dXdY := vol(K,dX) / ©(O(Y),Y)dY,
Exg g

for any ¢ € C*=(¢ x g) with compact support. Here vol(K,dX) is the volume of
K computed with the Haar measure compatible with dX .
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One sees that 6(X —O(Y)) is a K x G-equivariant form on P which depends
smoothly of the variable Y € g.

Lemma 4.5 Let € be oriented by the volume form d&° = d&; ---d€,. Then

0,0

/  Par(-1)(X,Y) = (2im) ™™ *8(X — 6(Y)) oy

Proof. Take xe-(€) = g(||€]|?) where g € C°(R) is equal to 1 in a
neighborhood of 0. Let ¢ € C°(£) and let 3(¢) = [, e/&%) o(X)dX® be its
Fourier transform relatively to d X°.

To compute the integral over the fiber £ of Par(—v)(X,Y"), only the highest
exterior degree term in d¢ will contribute to the integral. This term comes only
from the term dye8(—v)(X,Y) in Par(—v)(X,Y) := xe + dxe-B8(—)(X,Y).
We compute

IR ey —
/* dye- (iv) (/OOO o~ it(dv+(E,n(Y))) @(tf)dt)
/Ooo </ dxe- (iv) e A HERT ) @(t§)> i

I(t)

Since dv = 3", &dOy, + d&i0k, the differential form dye- (iv) e~%4" is equal to

2i g/ (161> &5de) (> &n0r) [T (1 — itdey6r) e= 44
J k 1

and its component [dye- (iv) e %] .. of highest exterior degree in d¢ is

e (iv) € e = =2(=0)"¢ /(€)1 T (e A 8;) e
J

= =2()" " 00 01 g (€71 €]17 e g,

So for t > 0 we have
10 = =200 ([ Ul e o0 agrace )
E*
= @t ([ -2 R e peyae

— @t [ o) e greyaer).




Finally [, ([, Par(—v)(X,Y)) ¢(X)dX? is equal to

> N7, - —i(&,d0+un(Y)) o
[t = oo ([ e pea)
(i) OBy p(d0 + ()

(

(

2im)" Oy - 01 p(© + u(Y))
%) < (Y))e (X)dX") %

The last lemma shows that index”*%F([Q*c a])|a,1)(X,Y) is equal to

7;77. _dimM A PRI 1
%/*qu* (A(M)2 Chc(a,wM))(Y)(g(X _ @(Y))%

(Qiﬂ.)fdimM R 9
(32) = A(M)*(Y) Che(o,war)(Y) 6o (X — O(Y)).
Je(X) T*M
Here §,(X — ©(Y)) denotes the closed K x G-equivariant form M defined
by the relation

/é 5,(X — O(Y))p(X)dX = vol(K, dX)F(O(Y))

for any ¢ € C2°(¢). Here §(X) := vol(K,dk)™" [, ¢(kX)dk is the K-invariant
function obtained by averaging ¢.

Now we analyze the right hand side of (27) at (s,s’) = (1,1). Here the
Chern class Chgyp(0-+)(Y) is equal to Chgyp(0)(Y) Ch(V-+)(Y) where the equiv-
ariant Chern character Ch(V,~)(Y) is represented by Tr(e®®) 7*). Hence
Che(or~, wM)( ) = Che (o, war)(Y) Tr(e®), 7). So the generalized function
S ek Tr(e®, 7) indexS M ([o,+])]1 (Y) is equal to

(33) (2i)~dimM L A(M)2(Y) Che(o,war) (V) E(X, O(Y))

where Z(X, X') is a generalized function on a neighborhood of 0 in £ x ¢ defined

by the relation Z(X, X) = 3" g Tr(e®, 7) Tr(eX', 7%).
The Schur orthogonality relation shows that

E(X, X7) = je(X) 71 (X — X).

In other words, Z(X, X’) is smooth relatively to X’ and for any ¢ € C®(£)X
which is supported in a small neighborhood of 0, we have vol(K,dX)p(X")
— [, 2(X, X")je(X)p(X)dX

Finally, we have proved that the generalized functions (32) and (33) coin-
cides: the proof of (27) is then completed for (s,s’) = (1,1).
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4.2 Multiplicative property

We consider the setting of Subsection 2.3.2. We will check that the cohomolog-
ical index satisfies the Mutiplicative property (see Theorem 2.5).

Let M; be a compact K7 X Ko-manifold, and let My be a Ko-manifold. We
consider the product M := M7 x Ms with the action of K := K7 x Ks.

Theorem 4.6 (Multiplicative property) For any [01] € K%, x, (TF, M1)
and any (03] € Kb (T, Ms) we have

(34) index® M ([01] @ext [02]) = indexX 52 M1 ([1]) index2 M2 ([04]).

The product on the right hand side of (34) is well defined since index "M ([g])
is a generalized function on Ky x Ko which is smooth relatively to Ko (see Lemma

3.19).

Proof. Let o1 be a morphism on T*M;, which is K; x Ks-equivariant
and Ki-transversally elliptic. Let oo be a morphism on T* M, which is Ks-
transversally elliptic. The morphism o can be chosen so that it is almost
homogeneous of degree 0. Then the product o := 01 Oext 02 is K-transversally
elliptic morphism on T*M, and [0] = [01] Oext [02] in KO (T3 M).

We have to show that for any s = (s1, s2) € K7 X K3, we have
(35) indexﬁ(’M([UMS(Y17 Ys) =

indexg M ([04])], (Y1, Yz) indexg > ([o2]) ], (Y2)

for (Y1,Y3) in a neighborhood of 0 in £ (s1) X £2(s2). We conduct the proof only
for s equal to the identity e, as the proof for s general is entirely similar.

For k = 1,2, let m, : T"M — T*M,, be the projection. The Liouville one
form w on T*(M; x Ms) is equal to mfwy + mhwa, where wy, is the Liouville one
form on T™ M.

We have three index formulas:

indexf’M([a]ﬂe(Xl,Xg) = (2i7r)_dimM/ K(M)QChC(U,w)(Xl,Xg),
T M
indexf’Ml([01])|6(X1,X2) = (2i7T)_dim]\/Il/ K(Ml)QChi(al,wl)(Xl,Xg),
T* M,
indefo’M2([02])|e(X2) = (2i7r)_dimMZ/ K(MQ)QChC(O'Q,UJQ)(XQ).
T* My

Following Remark 3.20, Chl(o1,w1)(X1, X2) denotes a closed equivariant
form with compact support which represents the class Chc(o1,w;), and which
is smooth relatively to Xa € 2. R R

It is immediate to check that A(M)?(X1, X2) = A(M;)?(X1, X2) A(M3)?(Xs).
Hence Equality (35) follows from the following identity in H_ (& x €2, T*M)
that we proved in [17]:

7TT Chi(al,wl)(Xl,Xg) A 7'(3< Chc(O'Q,WQ)(XQ) = Chc(o,w)(Xl,Xg).
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4.3 Normalization conditions
4.3.1 Atiyah symbol

Let V := Cyyj be equipped with the canonical action of S 1. The Atiyah symbol
ot Was introduced in Subsection 2.4.2 : it is a S!-transversally elliptic symbol
on V. It is the first basic example of a “pushed” symbol (see Subsection 5.1).

We consider on V the euclidean metric (v,w) = R(vw) : it gives at any
v € V identifications T,V ~ T,V ~ Cyp;;. So in this example we will make
no distinction between vectors fields and 1-forms on V. Let k(&) = i€ be the
vector field on V associated to the action of S' : kK = —VX where X =i €
Lie(S1).

Let oy be the symbol on the complex vector space V: at any (£1, &) € TV,
ov(&1,£) : AV — AV acts by multiplication by &. We see then that

oat(€1,62) = ov (&, & + k(&)).

The symbol o4t is obtained by “pushing” the symbol ¢ by the vector field k.

We can attached to the one form &, the equivariant form Par(x) which is
defined on V, and localized near {x = 0} = {0} C V. Since the support of oy
is the zero section, the equivariant Chern character Chgyp (o) is an equivariant
form on T*V which is compactly supported in the fibers of p : TV — V.
Then the product Chgyp (o )p*Par(k) defines an equivariant form with compact
support on T*V.

Here we will use the relation (see Proposition 5.5)

(36) Chsup(oas)Par(w) = Cheyp(ov) p*Par(k) in H_ (€, TV).
Using (36), we now compute the cohomological index of the Atiyah symbol.

Proposition 4.7 We have

C

[N3] indexsl’v([a])(ew) =— Z emf

Proof. We first prove the equality above when s = ¢ is not equal to

1. Then, near s, the generalized function — > >, e’ is analytic and given by
S
1-s-
Now, at a point s € S* different from 1, the fixed point set V (s) is {0}. The

character Chg(€) is (1 — s), and the form Dg(N) is (1 — s)(1 — s~ 1). Thus
(1—13s) s

stv s) — _
() (I-9)(1-s"1) 1—s

index

This shows the equality of both members in Proposition 4.7 on the open set
s#1of St
We now compute near s = 1. Thanks to Formula (36) we have

indexfl’v(aAt)h(H) = (2im) ™2 / *VK(V)Q(H) Chgup(ov)(0) p*Par(k) ().
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The Chern character with support Chgyp (o )(6) is proportional to the S!-
equivariant Thom form of the real vector bundle T*V — V. More precisely,

calculation already done in [16] shows that
i0

10

Chaup(o)(0) = (2i7) ——Thom(T*V)(6).

However the symplectic orientation on T*V ~ C?2 is the opposite of the orien-
tation given by its complex structure. Now

o, i6)(—if
AP0 = =

Thus we obtain

ey —i0 1
i = P .
index? " (oat)]1(0) =) 2ir /V ar(x)(0)
As % =— ffl e dx, we see that %(f oo einfy = [(F el da. Tt
remains to show
(37) = [ Partio) = [T e
— r = )
2im |, ar(k ; e dr

We have Dk(6) = 0(z* + y?) + 2dz A dy. Take a function g on R with compact
support and equal to 1 on a neighborhood of 0. Let x = g(x? + y?). Then

Par(k)(0) = X—idx/\fﬁ/ oitDR(9) gy
0
= g(mQ + y2) _ 2@'9/(,%2 + y2)d:13 A dy/ ($2 + y2) eiét(12+y2) dt
0
= gz +y?) = 2ig/(® + y?)dz A dy/ et dt.
0

Finally we obtain (37) since [, —2ig/(2* +y?)dx Ady = 2iw. This completes
the proof.

4.3.2 Bott symbols

We will check here that the cohomological index satisfies the condition [IN2]:
index?")V (Bott(Ve)) = 1, for any euclidean vector space V.

We have explain in Remark 2.8 that it sufficient to prove [N2] for the cases:

e V' = R with the action of the group O(V) = Z/2Z,

e V = R? with the action of the group SO(V) = S*.

Let V = R with the multiplicative action of Z,. We have to check that
index™?2 (Bott(C))(e) = 1 for € € Zy. When € = 1, we have

index®% (Bott(C))(1) = (2i)~" /T . A(R)? Che(Bott(0)).
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Here A(R)2 = 1. We have proved in [16] that the class Che (Bott(C)) € H2(T*R)
is equal to 2im times the Thom form of the oriented vector space of R? ~ T*R.
Hence index:”2(Bott(C))(1) = 1. When € = —1, the space T*R(e) is reduced
to a point. We see that Ch.(Bott(C),¢) = 2, D(N) = det(1 — €¢) = 2. Then

: 2 Ch.(Bott(C),e
index;”2 (Bott(C))(1) = “heBotfEhd — 1.

Let V = R? with the rotation action of S*. Like before index]fz’s1 (Bott(C?%))(1)
is equal to 1 since the Chern class Ch.(Bott(C?)) is equal to (2i7)? times the
Thom form of the oriented vector space of R* ~ T*R2. When e’ £ 1, the space
T*R?(e') is reduced to a point. We see that Ch.(Bott(C),e?) = Dgio(N) =
2(1 — cos(#)). Then imdeX]SZ’S1 (Bott(C?))(e?) = 1.

5 Examples

5.1 Pushed symbols

Let M be a K-manifold and N = T*M. Let £ — M be two K-equivariant
complex vector bundles on M and o : p*£T — p*E~ be a K-equivariant symbol
which is supposed to be invertible exactly outside the zero section : the
set supp(o) coincides with the zero section of T* M.

If M is compact, o defines an elliptic symbol on T*M, thus a fortiori a
transversally elliptic symbol.

Here we assume M non compact. Following Atiyah’s strategy [1], we can
“push” the symbol o outside the zero section, if we dispose of a K-invariant
real one-form x on M. This construction provides radically new transversally
elliptic symbols. We recall some definitions of [17]:

Definition 5.1 Let s be a real K-invariant one-form on M. Define f. : M —
e by (fo(2), X) = (k(x), Vo X). We define the subset C\, of M by C,, = f-1(0).
We call C,, the critical set of k.

We define the symbol o(x) on M by
o(r)(z,€) = o(z,§ + k(x)), for (z,§) € T"M.

Thus o(k) is not invertible at (z,&) if and only if £ = —k(z), and then (z,&) €
supp(o(k)) N T M if € = —k(z) and (k(z),V, X) =0 for all X € ¢. Thus

supp(o(k)) N T M = {(z, —r(z)) | z € Cyx}.
If C, is compact, then the morphism o (k) is transversally elliptic.

Using a K-invariant metric on TM, we can associate to a K-invariant vector
field L on M a K-invariant real one-form.

Example 5.2 Let S € ¢ be a central element of € such that the set of zeroes of
V'S is compact. Then the associated form rkg(e) = (V' S, e) is a K-invariant real

one-form such that C.4 is compact. Indeed the value of f., on S is |[VS|?, so
that the set Cy, coincides with the fized point set M(S).
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Definition 5.3 If k is a K-invariant real one-form on M such that Cy; is com-
pact, the transversally elliptic symbol

o(k)(x,§) = o(z,§ + r(x))
1s called the pushed symbol of o by k.

Example 5.4 The Atiyah symbol is a pushed symbol defined on M = R? (see
Subsection 4.3.1).

We construct as in (15) the K-equivariant differential form

B(r)(X) = —ik A /Oo PR gy

0

which is defined on M \ C,. We choose a compactly supported function y,, on
M identically 1 near C;. Then the K-equivariant form

PaI’(FL)(X) = Xk + dXﬁﬁ(H)(X)

defined a class in H_ (¢, M).

The K-equivariant form Par(k) is congruent to 1 in cohomology without
support conditions. Indeed one verify that Par(k) = 1+ D((x, — 1)8(k)).

Let p : T*M — M be the projection. We can multiply the K-equivariant
form p*Par(x)(X) with C~°°-coefficients by the K-equivariant form Chgyp (o) (X).
In this way, we obtain a K-equivariant form with compact support on T*M.

Proposition 5.5 The K -equivariant form Chgup(0)p*Par(k) represents the class
Che(o(k),w) in H; (e, T*M).

Proof. By definition the class Ch.(o(x),w) is represented by the product
Chgup(o(k))Par(w) We first prove Chgyp(o(k))Par(w) = Chgyp(o(k))Par(p*sk)
in H_ (¢, T"M).

Indeed if (z,€) € supp(o(k)), then £ = —k(x). Thus (w(z,§),v) = — (&, p«v)
= (k(x),p.v) where v is any tangent vector at (z,{) € T*M. So the 1-
forms w and p*k coincides on the support of o(k). Thus Chgyp(o(k))Par(w) =
Chgup(o(k))p*Par(k) as consequence of ([17], Corollary 3.12).

Let us prove now that Chgup(o(k))p*Par(k) = Cheyp(o)p*Par(x). Consider
the family of symbols on M defined by o.(z,&) = o(x,& + tk(z)) for ¢ € [0,1] :
we have 0g = ¢ and o1 = o (k).

On a compact neighborhood U of Cy, the support of o; stays in the compact
set {(z,€) : x € U, € = —tr(x)} when t varies between 0 and 1. It follows from
([17], Theorem 3.11) that all the classes Chgup (0 )p*Par(x), t € [0, 1] coincides
in H_ (¢, T"M).

Similarly for any s € K, we consider the restriction k, of the form x to
M (s). We finally obtain the following formula:
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Theorem 5.6 For any s € K and X € ¥(s) small, the cohomological index
index® M (a(k))|s(Y) is given on ¥(s) by the integral formula:

/T*M( )AS(Y) Par(ss)(Y) Chaup(0,5)(Y).

In particular, when s =1 we get

o~

index® M (0(k))|o(X) = (2im)~ dmM /T *MA(M)Q(X)Par(n)(X) Chgup (o) (X).

C

An interesting situation is when the manifold M is oriented, and is equipped
with a K-invariant Spin structure. Let Sy — M be the corresponding spinor
bundle. We consider the K-invariant symbol op;, : p*SIJVrI — p*S,;. It support
is exactly the zero section of the cotangent bundle. For any invariant 1-form
k on M such that Cj is compact we consider the transversally elliptic symbol
USpin(H)-

We have proved in [16] that

Chgup (0 spin)(X) = (2im) 3™ M A(M) ™1 (X) Thom(T* M)(X).

Hence Theorem 5.6 tell us that
indexf’M(ospm(n))|e(X) :/ K(M)(X)Par(n)(X).
M

5.2 Contact manifolds

The following geometric example is taken from [11].

Let M be a compact manifold of dimension 2n + 1. Suppose that M carries
a contact 1-form « ; that is, E = ker(«) is a hyperplane distribution of TM,
and the restriction of the 2-form da to F is symplectic. The existence of a
Reeb vector field Y on M gives canonical decompositions TM = F & RY and
T*M = E* @ E° with E° = Ra.

Let J be a K-invariant complex structure on the bundle E which is com-
patible with the symplectic structure do. We equipped the bundle E* with the
complex structure J* defined by J*(§) := £ o J for any cotangent vector £&. We
note that the complex bundle (E*, J*) is the complex dual of the vector bundle
(E,J).

We consider the Zs-graded complex vector bundle £ := A« E*. The Clifford
action defines a bundle map ¢ : E* — End¢(€). We consider now the symbol
on M

o p*(ET) = p*(E7)
defined by op(z, &) = ¢(£’) where £’ is the projection of £ € T*M on E*.

We see that the support of oy is equal to E° € T*M : oy is not an elliptic

symbol.
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Let K be a compact Lie group acting on M, which leaves « invariant. Then
E, E* are K-equivariant complex vector bundles, and the complex struture J
can be chosen K-invariant. The morphism oy is then K-equivariant.

We suppose for the rest of this section that

(38) E°NT5 M = zero section of T*M

It means that for any @ € M, the map fq(x) : X — «a,(V,X) is not the zero
map. Under this hypothesis the symbol oy, is transversally elliptic.

Under the hypothesis (38), we can define the following closed equivariant
form on M with C~°°-coefficients

Jo(X) := a/ eP(X) gy
R

For any ¢ € C2°(k), the expression [, Jo(X)o(X)dX = « [ ™ G(tf,)dt
is a well defined differential form on M since the map f, : M — €* as an empty
0-level set.

Let Todd(E)(X) be the equivariant Todd class of the complex vector bundle
(E, J). We have the following

Theorem 5.7 ([11]) For any X € ¢ sufficiently small,
index® M (g,)(eX) = (2im) ™™ / Todd(E)(X) Ja(X).
M

Proof. Consider the equivariant form with compact support Chg,p(0p)Par(w).
The Chern form Chg,p(0op) attached to the complex vector bundle E* is com-
puted in [17] as follows. Let Thom(E*)(X) be the equivariant Thom form, and
let Todd(E*)(X) be the equivariant Todd form. We have proved in [17], that

(39) Chgup(0p) = (2im)™ Todd(E*)(X) ™ 'Thom(E*)(X).

Let [R] be the trivial vector bundle over M. We work trought the isomor-
phism E* @ [R] ~ T*M who sends (z,&,t) to (z,€ + ta(x)). We consider the
invariant 1-form A on E* ¢ [R] ~ T*M defined by

A=—tp*(a)

Here p: E* @ [R] — M is the projection, and ¢ denotes the function that sends
(x,&,t) to t.

It is easy to check that the form A\ and the Liouville one form w are equal
on the support of o,. Thus

Chgup(0p)Par(w) = Chgyp(op)Par(N), in H, (¢, T*M),

as consequence of ([17], Corollary 3.12). We have then

index®M(g,)(eX) = (2im) = dimM /T *MK(M)Q(X) Chgup () (X)Par(A)(X).
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The integral of Chgyp(0op)(X)Par(A)(X) on the fibers of T*M is then equal to

the product
(/L. coaton)) ([ Parcvi) )

If we uses (39), we see that the integral [. fiver Chsup(03)(X) is equal to
(2im)"Todd(E*)(X)~!. A small computation gives that [, Par())(X) is equal

to (2im)Ja(X). The proof is now completed since A(M)?(X)Todd(E*)(X)~! =
Todd(E)(X).
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