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PRUNING A LEVY CONTINUUM RANDOM TREE

ROMAIN ABRAHAM, JEAN-FRANOIS DELMAS, AND GUILLAUME VOISIN

ABSTRACT. Given a general critical or sub-critical branching mechanism, we define a prun-
ing procedure of the associated Lévy continuum random tree. This pruning procedure is
defined by adding some marks on the tree, using Lévy snake techniques. We then prove
that the resulting sub-tree after pruning is still a Lévy continuum random tree. This last
result is proved using the exploration process that codes the CRT, a special Markov property
and martingale problems for exploration processes. We finally give the joint law under the
excursion measure of the lengths of the excursions of the initial exploration process and the
pruned one.

1. INTRODUCTION

Continuous state branching processes (CSBP) were first introduced by Jirina [R5 and it
is known since Lamperti [P7] that these processes are the scaling limits of Galton-Watson
processes. They hence model the evolution of a large population on a long time interval.
The law of such a process is characterized by the so-called branching mechanism function ).
We will be interested mainly in critical or sub-critical CSBP. In those cases, the branching
mechanism 1 is given by

(1) 1/1()\):04)\+ﬁ)\2+/(0+ )ﬂ(dé) <e’)‘é—1+)\€>, A >0,

with @ > 0, 8 > 0 and the Lévy measure 7 is a positive o-finite measure on (0,+o0) such
that f(o +00) (¢ A ?)7(dl) < oo. We shall say that the branching mechanism 1 has parameter

(a, B,m). Let us recall that « represents a drift term, § is a diffusion coefficient and 7
describes the jumps of the CSBP.

As for discrete Galton-Watson processes, we can associate with a CSBP a genealogical
tree, see [Bd] or [RJ]. These trees can be considered as continuum random trees (CRT) in the
sense that the branching points along a branch form a dense subset. We call the genealogical
tree associated with a branching mechanism 1 the ¢-Lévy CRT (the term “Lévy” will be
explained later). The prototype of such a tree is the Brownian CRT introduced by Aldous
.

In a discrete setting, it is easy to consider and study a percolation on the tree (for instance,
see [L]] for percolation on the branches of a Galton-Watson tree, or [ff] for percolation on
the nodes of a Galton-Watson tree). The goal of this paper is to introduce a general pruning
procedure of a genealogical tree associated with a branching mechanism 1 of the form ([I),
which is the continuous analogue of the previous percolation (although no link is actually
made between both). We first add some marks on the skeleton of the tree according to
a Poisson measure with intensity ;A where X is the length measure on the tree (see the
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2 ROMAIN ABRAHAM, JEAN-FRANOIS DELMAS, AND GUILLAUME VOISIN

definition of that measure further) and oy is a non-negative parameter. We next add some
marks on the nodes of infinite index of the tree: with such a node s is associated a “weight”
say Ag (see later for a formal definition), each infinite node is then marked with probability
p(As) where p is a non-negative measurable function satisfying the integrability condition

2) LL#MKMQ““><+”'

We then prune the tree according to these marks and consider the law of the pruned subtree
containing the root. The main result of the paper is the following theorem:

Theorem 1.1. Let ¢ be a (sub)-critical branching mechanism of the form ([1). We define

(3) dmo(z) := (1 — p(x))dn(z)

4 ap = a+ Ip(€)m(dl

(®) 0 +-1+A;m)m>< )

and set

(5) Yo(N) = agh + BA + /( oy ) (7 =14 a0)

which is again a branching mechanism of a critical or subcritical CSBP.
Then, the pruned subtree is a Lévy-CRT with branching mechanism 1.

In order to make the previous statement more rigorous, we must first describe more pre-
cisely the geometric structure of a continuum random tree and define the so-called exploration
process that codes the CRT in the next subsection. In a second subsection, we describe the
pruning procedure and state rigorously the main results of the paper. Eventually, we give
some biological motivations for studying the pruning procedure and other applications of this
work.

1.1. The Lévy CRT and its coding by the exploration process. We first give the

definition of a real tree, see e.g. [B4] or [RY].

Definition 1.2. A metric space (T,d) is a real tree if the following two properties hold for
every vi,vy € T .

(i) There is a unique isometric map fy, v, from [0,d(v1,v2)] into T such that

Jor,00(0) = v1 and  fy, 0 (d(v1,02)) = va.

(ii) If q is a continuous injective map from [0,1] into T such that ¢(0) = vy and q(1) = va,
then we have

q([0,1]) = fUhUQ([O’ d(vi,v2)]).
A rooted real tree is a real tree (T ,d) with a distinguished vertex vy called the root.

Let (7,d) be a rooted real tree. The range of the mapping fy, ., is denoted by [vi,v2,]
(this is the line between vy and vy in the tree). In particular, for every vertex v € T, [vg, v] is
the path going from the root to v which we call the ancestral line of vertex v. More generally,
we say that a vertex v is an ancestor of a vertex v’ if v € [ug, v']. If v, € T, there is a unique
a € T such that [Jvg,v] N [vg,v'] = [vp,a]. We call a the most recent common ancestor of v
and v'. By definition, the degree of a vertex v € T is the number of connected components
of T\ {v}. A vertex v is called a leaf if it has degree 1. Finally, we set A the one-dimensional
Hausdorff measure on 7.
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The coding of a compact real tree by a continuous function is now well known and is a
key tool for defining random real trees. We consider a continuous function ¢ : [0,4+00) —
[0,400) with compact support and such that g(0) = 0. We also assume that ¢ is not
identically 0. For every 0 < s < t, we set

m9(87 t) = uler[lsfﬂ g(u)7

and

dg(s,t) = g(s) + g(t) — 2my(s, ).
We then introduce the equivalence relation s ~ ¢ if and only if dy(s,t) = 0. Let 74 be the
quotient space [0,400)/ ~. It is easy to check that d, induces a distance on 7,. More-
over, (Ty,d,) is a compact real tree (see [R1], Theorem 2.1). The function g is the so-called
height process of the tree 7,. This construction can be extended to more general measurable
functions.

In order to define a random tree, instead of taking a tree-valued random variable, it suffices
to take a stochastic process for g. For instance, when ¢ is a normalized Brownian excursion,
the associated real tree is Aldous’ CRT [[L{].

The construction of a height process that codes a tree associated with a general branching
mechanism is due to Le Gall and Le Jan [B(J. Let ¢ be a branching mechanism given by
() and let X be a Lévy process with Laplace exponent t: E[e %] = ¢ for all A > 0.
Following [B(], we also assume that X is of infinite variation a.s. which implies that 3 > 0
or f(O,l) ¢m(dl) = co. Notice that these conditions are satisfied in the stable case: () = A,

c € (1,2] (the quadratic case 1(\) = A? corresponds to the Brownian case).
We then set

.1t
(6) H, = liminf - /0 1ix,<154}ds
where for 0 < s <t, I} =inf,<,<; X,. If the additional assumption
T du
(7) — < 0
1 Y(u)

holds, then the process H admits a continuous version. In this case, we can consider the real
tree associated with an excursion of the process H and we say that this real tree is the Lévy
CRT associated with . If we set L¥(H) the local time time of the process H at level a and
time ¢ and T}, = inf{t > 0, LY(H) = x}, then the process (L}, (H),a > 0) is a CSBP starting
from z with branching mechanism 1 and the tree with height process H can be viewed as
the genealogical tree of this CSBP. Let us remark that the latter property also holds for a
discontinuous H (i.e. if ({) doesn’t hold) and we still say that H describes the genealogy of
the CSBP associated with .

In general, the process H is not a Markov process. So, we introduce the so-called explo-
ration process p = (pg,t > 0) which is a measure-valued process defined by

(8) puldr) = Bl () dr+ 3 (I = X, )dm, (dr).
0<s<t
Xo_<If
The height process can easily be recovered from the exploration process as H;y = H(p;), where
H (1) denotes the supremum of the closed support of the measure p (with the convention that
H(0) = 0). If we endow the set M (R, ) of finite measures on Ry with the topology of weak
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convergence, then the exploration process p is a cad-lag strong Markov process in M;(R})
(see [B9], Proposition 1.2.3).

To understand the meaning of the exploration process, let us use the queuing system
representation of [B0] when 8 = 0. We consider a preemptive LIFO (Last In, First Out)
queue with one server. A jump of X at time s corresponds to the arrival of a new customer
requiring a service equal to A := X — X,_. The server interrupts his current job and starts
immediately the service of this new customer (preemptive LIFO procedure). When this new
service is finished, the server will resume the previous job. When 7 is infinite, all services
will suffer interruptions. The customer (arrived at time) s will still be in the system at time

t > s if and only if X,_ < i<nf<tXr and, in this case, the quantity p,({Hs}) represents the
s<r<

remaining service required by the customer s at time ¢. Observe that p.([0, H;]) corresponds
to the load of the server at time t and is equal to X; — I; where

In view of the Markov property of p and the Poisson representation of Lemma P.§, we can
view p; as a measure placed on the ancestral line of the individual labeled by ¢ which gives the
intensity of the sub-trees that are grafted “on the right” of this ancestral line. The continuous
part of the measure p; gives binary branching points (i.e. vertex in the tree of degree 3) which
are dense along that ancestral line since the excursion measure N that appears in Lemma
P-§ is an infinite measure, whereas the atomic part of the measure p; gives nodes of infinite
degree for the same reason.

Consequently, the nodes of the tree coded by H are of two types : nodes of degree 3 and
nodes of infinite degree. Moreover, we see that each node of infinite degree corresponds to
a jump of the Lévy process X and so we associate to such a node a “weight” given by the
height of the corresponding jump of X (this will be formally stated in Section R.4). From
now-on, we will only handle the exploration process although we will often use vocabulary
taken from the real tree (coded by this exploration process). In particular, the theorems will
be stated in terms of the exploration process and also hold when H is not continuous.

1.2. The pruned exploration process. We now consider the Lévy CRT associated with a
general critical or sub-critical branching mechanism 1 (or rather the exploration process that
codes that tree) and we add marks on the tree. There will be two kinds of marks: some marks
will be set only on nodes of infinite degrees whereas the others will be 'uniformly distributed’
on the skeleton on the tree.

1.2.1. Marks on the nodes. Let p : [0,+00) — [0,1] be a measurable function satisfying
condition (P)). Recall that each node of infinite degree of the tree is associated with a jump

A of the process X. Conditionally on X, we mark such a node with probability p(As),
independently of the other nodes.

1.2.2. Marks on the skeleton. Let a; be a non-negative constant. The marks associated with
these parameters will be distributed on the skeleton of the tree according to a Poisson point
measure with intensity a3 A(dr) (recall that A denotes the one-dimensional Hausdorff measure
on the tree).

1.2.3. The marked exploration process. As we don’t use the real trees framework but only the
exploration processes that codes the Lévy CRTs, we must describe all these marks in term
of exploration processes. Therefore, we define a measure-valued process

§:= ((pt’m?Od’mike)’t > 0)
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called the marked exploration process where the process p is the usual exploration process
whereas the processes m™°9 and m®¥¢ keep track of the marks, respectively on the nodes and
on the skeleton of the tree.

The measure m?Od is just the sum of the Dirac measure of the marked nodes (up to some
weights for technical reasons) which are the ancestors of ¢.

To define the measure m$*¢, we first consider a Lévy snake (p;, Wi)e>0 with spatial motion
W a Poisson process of parameter oy (see [29], Chapter 4 for the definition of a Lévy snake).
We then define the measure m§*® as the derivative of the function W;. Let us remark that
in [R7], the height process is supposed to be continuous for the construction of Lévy snakes.

We explain in the appendix how to remove this technical assumption.

1.2.4. Main result. We denote by A; the Lebesgue measure of the set of the individuals prior
to t whose lineage does not contain any mark i.e.

t
At :/ l{mrslod:(],mike:(]}ds.
0

We consider its right-continuous inverse Cy := inf{r > 0, A, >t} and we define the pruned
exploration process p by
¥t >0, p=po,.
In other words, we remove from the CRT all the individuals who have a marked ancestor,
and the exploration process p codes the remaining tree.
We can now restate Theorem rigorously in terms of exploration processes.

Theorem 1.3. The pruned exploration process p is distributed as the exploration process
associated with a Lévy process with Laplace exponent 1.

The proof relies on a martingale problem for p and a special Markov property, Theorem
.3 Roughly speaking, the special Markov property gives the conditional distribution of the
individuals with marked ancestors with respect to the tree of individuals with no marked
ancestors. This result is of independent interest. Notice the proof of this result in the
general setting is surprisingly much more involved than the previous two particular cases:
the quadratic case (see Proposition 6 in [i] or Proposition 7 in [If]) and the case without
quadratic term (see Theorem 3.12 in [P]).

Finally, we give the joint law of the length of the excursion of the exploration process and
the length of the excursion of the pruned exploration process, see Proposition p.1.

1.3. Motivations and applications. A first approach for this construction is to consider
the CSBP Y associated with the pruned exploration process j as an initial Eve-population
which undergoes some neutral mutations (the marks on the genealogical tree) and the CSBP
Y denotes the total population (the Eve-one and the mutants) associated with the exploration
process p. We see that, from our construction, we have

Y=Yy, and Vt>0,Y?<Y,.

The condition

dmo(z) = (1 — p(x))dm(x)
means that, when the population Y jumps, so does the population Y. By these remarks, we
can see that our pruning procedure is quite general. Let us however remark that the coefficient

diffusion 3 is the same for 1) and 1)y which might imply that more general prunings exist (in
particular, we would like to remove some of the vertices of index 3).
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As we consider general critical or sub-critical branching mechanism, this work extends
previous work from Abraham and Serlet []] on Brownian CRT (7 = 0) and Abraham and
Delmas [J] on CRT without Brownian part (8 = 0). See also Bertoin [[[4] for an approach
using Galton-Watson trees and p = 0, or [f]] for an approach using CSBP with immigration.
Let us remark that this paper goes along the same general ideas as [J] (the theorems and the
intermediate lemmas are the same) but the proofs of each of them are more involved and use
quite different techniques based on martingale problem.

This work has also others applications. Our method separates in fact the genealogical tree
associated with Y into several components. For some values of the parameters of the pruning
procedure, we can construct via our pruning procedure, a fragmentation process as defined
by Bertoin [LJ] but which is not self-similar, see for instance [[g, B, Bl]. On the other hand,
we can view our method as a manner to increase the size of a tree, starting from the CRT
associated with ¢y to get the CRT associated with . We can even construct a tree-valued
process which makes the tree grow, starting from a trivial tree containing only the root up
to infinite super-critical trees, see [f].

1.4. Organization of the paper. We first recall in the next Section the construction of the
exploration process, how it codes a CRT and its main properties we shall use. We also define
the marked exploration process that is used for pruning the tree. In Section f], we define
rigorously the pruned exploration process p and restate precisely Theorem [[.3. The rest of
the paper is devoted to the proof of that theorem. In Section [, we state and prove a special
Markov property of the marked exploration process, that gives the law of the exploration
process “above” the marks, conditionally on p. We use this special property in Section [ to
derive from the martingale problem satisfied by p, introduced in [[l] when 8 = 0, a martingale
problem for g which allows us to obtain the law of p. Finally, we compute in the last section,
under the excursion measure, the joint law of the lengths of the excursions of p and p. The
Appendix is devoted to some extension of the Lévy snake when the height process is not
continuous.

2. THE EXPLORATION PROCESS: NOTATIONS AND PROPERTIES

We recall here the construction of the height process and the exploration process that
codes a Lévy continuum random tree. These objects have been introduced in [B({, PJ] and
developed later in PJ]. The results of this section are mainly extracted from [PJ], but for
Section P.4.

We denote by Ry the set of non-negative real numbers. Let M(R;) (resp. Mf(R,)) be
the set of o-finite (resp. finite) measures on R, endowed with the topology of vague (resp.
weak) convergence. If E is a Polish space, let B(E) (resp. B4(E)) be the set of real-valued
measurable (resp. and non-negative) functions defined on E endowed with its Borel o-field.
For any measure u € M(Ry) and f € B4 (R;), we write

n=[ 1@

2.1. The underlying Lévy process. We consider a R-valued Lévy process X = (X;,t > 0)
starting from 0. We assume that X is the canonical process on the Skorohod space D(R, R)
of cad-lag real-valued paths, endowed with the canonical filtration. The law of the process
X starting from 0 will be denoted by P and the corresponding expectation by E. Most of the
following facts on Lévy processes can be found in [[J].

In this paper, we assume that X
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e has no negative jumps,
e has first moments,

e is of infinite variation,

e does not drift to +oo.

The law of X is characterized by its Laplace transform:
VA >0, E [e_)‘Xt} = ™)

where, as X does not drift to 400, its Laplace exponent 1) can then be written as ([[]), where
the Lévy measure 7 is a Radon measure on R (positive jumps) that satisfies the integrability
condition

/ (UAL7(dl) < +o0
(0,400)

(X has first moments), the drift coefficient « is non negative (X does not drift to +00) and
B > 0. As we ask for X to be of infinite variation, we must additionally suppose that 5 > 0
or f(o,l) Cr(dl) = +oo.

As X is of infinite variation, we have, see Corollary VIL5 in [[[Z],

9 li

©) Avoo (N
Let I = (It,t > 0) be the infimum process of X, I; = info<s<; X5, and let S = (S;,t > 0)

be the supremum process, S; = supy<s<; Xs. We will also consider for every 0 < s < ¢ the

infimum of X over [s, t]:

I} = inf X,.
s<r<t
We denote by J the set of jumping times of X:
(10) J={t>0, X;>X,_}

and for ¢t > 0 we set A; := X; — X;_ the height of the jump of X at time t. Of course,
A >0 < teJ.

The point 0 is regular for the Markov process X — I, and —1 is the local time of X — I at
0 (see [19], chap. VII). Let N be the associated excursion measure of the process X — I away
from 0, and let o = inf{¢t > 0; X; — I; = 0} be the length of the excursion of X — I under N.
We will assume that under N, Xy = Iy = 0.

Since X is of infinite variation, 0 is also regular for the Markov process S — X. The local
time L = (L, t > 0) of S — X at 0 will be normalized so that

E[ef)‘SLt—l] _ e—tw(A)/)\,
where L; ! = inf{s > 0; L, > t} (see also [[d] Theorem VIL.4 (ii)).

2.2. The height process. We now define the height process H associated with the Lévy
process X. Following 7], we give an alternative definition of H instead of those in the
introduction, formula ([).

For each ¢t > 0, we consider the reversed process at time t, X® = (X' S(t),O < s <t) by:
X=X, - X o if 0<s<t,
with the convention Xy_ = Xy. The two processes (Xs(t), 0<s<t)and (X0 < s <t)have

the same law. Let S® be the supremum process of X® and L® be the local time at 0 of
S® — X® with the same normalization as L.
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Definition 2.1. ([P9], Definition 1.2.1)
There exists a lower semi-continuous modification of the process (L(t),t >0). We denote by
(Hy,t > 0) this modification.

This definition gives also a modification of the process defined by () (see PJ], Lemma
1.1.3). In general, H takes its values in [0, +oc0], but we have, a.s. for every t > 0, Hy < 0o
for every s < t such that X, < I, and H; < +oo if Ay > 0 (see PJ], Lemma 1.2.1).
The process H does not admit a continuous version (or even cad-lag) in general but it has
continuous sample paths P-a.s. iff ([f) is satisfied, see [PJ], Theorem 1.4.3.

To end this section, let us remark that the height process is also well-defined under the
excursion process N and all the previous results remain valid under N.

2.3. The exploration process. The height process is not Markov in general. But it is a
very simple function of a measure-valued Markov process, the so-called exploration process.
The exploration process p = (p;,t > 0) is a M (R )-valued process defined as follows: for

every f € BL(Ry), (pt, f) = f[o,t] dsI7 f(Hs), or equivalently

(11) pe(dr) = Bl y(r) dr + Y (I} — Xs-)dp, (dr).

0<s<t
Xo <If

In particular, the total mass of p; is (pt, 1) = Xy — 1.
For p € M(Ry), we set

(12) H () = sup Supp p,
where Supp p is the closed support of p, with the convention H(0) = 0. We have

Proposition 2.2. (B9, Lemma 1.2.2 and Formula (1.12))
Almost surely, for everyt > 0,

H(pt) = H,

pt = 0 if and only if Hy =0,

if pt # 0, then Supp p; = [0, Hy].

pt = pi— + Adp,, where Ay =0 ift ¢ J.

In the definition of the exploration process, as X starts from 0, we have py = 0 a.s. To state
the Markov property of p, we must first define the process p started at any initial measure

pe Mp(Ry).
For a € [0, (i, 1)], we define the erased measure k,u by
(13) kapi([0,7]) = p([0,7]) A ((u, 1) —a),  for r > 0.

If a > (u,1), we set ko = 0. In other words, the measure k. is the measure u erased by a
mass a backward from H (p).

For v,u € Ms(R,), and p with compact support, we define the concatenation [u,v] €
M(Ry) of the two measures by:

(v, f) = (o ) + (v f(H(p) + ), f € Bi(Ry).
Finally, we set for every u € M;(R;) and every ¢t > 0,
(14) o= [k-1,m, pt].

We say that (p)’,¢ > 0) is the process p started at pfj = p, and write P, for its law. Unless
there is an ambiguity, we shall write p; for p}'.
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Proposition 2.3. (|29, Proposition 1.2.3)
For any initial finite measure p € My¢(R,.), the process (p',t > 0) is a cad-lag strong Markov
process in Mg(R,).

Remark 2.4. From the construction of p, we get that a.s. p; = 0 if and only if —I; > (po, 1)
and X; — I; = 0. This implies that 0 is also a regular point for p. Notice that N is also the
excursion measure of the process p away from 0, and that o, the length of the excursion, is
N-a.e. equal to inf{t > 0; p, = 0}.

Exponential formula for the Poisson point process of jumps of the inverse subordinator of
—1I gives (see also the beginning of Section 3.2.2. [RZ]) that for A > 0

(15) N [1 - e_)‘(’] = 1(\).

2.4. The marked exploration process. As presented in the introduction, we add random
marks on the Lévy CRT coded by p. There will be two kinds of marks: marks on the nodes
of infinite degree and marks on the skeleton.

2.4.1. Marks on the skeleton. Let a; > 0. We want to construct a “Lévy Poisson snake”
(i.e. a Lévy snake with spatial motion a Poisson process), whose jumps give the marks on the
branches of the CRT. More precisely, we set W the space of killed cad-lag paths w : [0,{) — R
where ¢ € (0, +00) is called the lifetime of the path w. We equip W with a distance d (defined
in 9] Chapter 4 and whose expression is not important for our purpose) such that (W, d) is
a Polish space.

By Proposition 4.4.1 of 23] when H is continuous, or the results of the appendix in the
general case, there exists a probability measure P on Q = D(R, M #(R4) x W) under which
the canonical process (ps, W) satisfies

(1) The process p is the exploration process starting at 0 associated with a branching
mechanism ),
(2) For every s > 0, the path Wy is distributed as a Poisson process with intensity o
stopped at time H, := H(ps),
(3) The process (p, W) satisfies the so-called snake property: for every s < ', condition-
ally given p, the paths Wy(-) and Wy () coincide up to time Hy ¢ := inf{H,,s <u <
s’} and then are independent.
So, for every t > 0, the path W; is a.s. cad-lag with jumps equal to one. Its derivative

mike is an atomic measure on [0, H;); it gives the marks (on the skeleton) on the ancestral

line of the individual labeled ¢.
We shall denote by N the corresponding excursion measure out of (0,0).

2.4.2. Marks on the nodes. Let p be a measurable function defined on R, taking values in
[0, 1] such that

(16) /(0,+oo) Ip(0) mw(dl) < oo.

We define the measures m; and my by their density:
dmy(z) = p(z)dnr(zx) and dmo(z) = (1 — p(x))dm(x).

Let (@, A,P’) be a probability space with no atom. Recall that 7, defined by ([l0),
denotes the jumping times of the Lévy process X and that Ag represents the height of the
jump of X at time s € J. As J is countable, we can construct on the product space € x
(with the product probability measure P& P’) a family (Uy, s € J) of random variables which
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are, conditionally on X, independent, uniformly distributed over [0,1] and independent of
(As,s € J) and (W, s > 0). We set, for every s € J:

‘/8 = 1{USSP(AS)}’
so that, conditionally on X, the family (V;,s € J) are independent Bernoulli random vari-
ables with respective parameters p(Ay).
We set J! = {s € J, Vi = 1} the set of the marked jumps and J° = 7\ J! = {s €
J, Vs =0} the set of the non-marked jumps. For ¢ > 0, we consider the measure on R,

(17) mpeldr) = Y (I} = Xs_) 0m,(dr).
0<s<t, segl
Xs_<I?
The atoms of m?Od give the marked nodes of the exploration process at time t.
The definition of the measure-valued process m*°4 also holds under NQP’. For convenience,

we shall write P for P® P’ and N for N @ P’.

2.4.3. Decomposition of X. At this stage, we can introduce a decomposition of the process
X. Thanks to the integrability condition ([Ld) on p, we can define the process X M by, for
every t > 0,
xV=at+ Y AL
0<s<t; seJ?!

The process X1 is a subordinator with Laplace exponent ¢; given by:

(18) d1(\) = ar )\ + / 1 (dl) (1 - e_M) :
(0,400)
with 71(dz) = p(z)m(dz). We then set X(© = X — X which is a Lévy process with
Laplace exponent 1), independent of the process X1 by standard properties of Poisson
point processes.
We assume that ¢; # 0 so that ag defined by () is such that:

(19) ag > 0.
It is easy to check, using f(o o0) 1 (d0)¢ < oo, that
. 91N
20 lim —~ = og.
20) e

2.4.4. The marked exploration process. We consider the process
S = ((pe, mfo?, mi ), t > 0)

on the product probability space Q x @ under the probability P and call it the marked
exploration process. Let us remark that, as the process is defined under the probability P,
we have pg = 0, m5°d = 0 and mk® = 0 a.s.

Let us first define the state-space of the marked exploration process. We consider the set

S of triplet (u,II;,1I2) where

e (i is a finite measure on R,
e [I; is a finite measure on R absolutely continuous with respect to p,
e [, is a o-finite measure on R, such that

— Supp(Ilz) C Supp(u),

— for every x < H(u), ([0, z]) < o0,

i p({H (1)) > 0, Ta(Ry) < +oo.
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We endow S with the following distance: If (u,II;,Il5) € S, we set

w(t) = / 10,5 (0TI (de)

and
?I}(t) =w (H(k(<,u,1>ft):u')) for te [07 <,U,, 1>)
We then define

d'((p, 101, 1), (p/, 11, 105)) = d((p, ), (p', @")) + D(I1, 117

where d is the distance defined by (pg) and D is a distance that defines the topology of weak
convergence and such that the metric space (Mf(R4), D) is complete.

To get the Markov property of the marked exploration process, we must define the process
S started at any initial value of S. For (p,T"°4 I1%k¢) € S, we set IT = (T1"°¢, I1°*¢) and
H!" = H(k_r,pu). We define

nod (,II) nod ki,[“u({lif})lln()d({l:l#}) nod
= [II""1 +1 Spe,m
)t [0,Hf") {n({H{})>0} ({ FQM}) HY t

(m

and

ske 7H SsKe ske
(m )t = [Py ) mike].

Notice the definition of (m5k6)§“ ™ 5 coherent with the construction of the Lévy snake, with
Wo being the cumulative function of II*¢ over [0, Ho].

We shall write m™d for (m"°d)#ID and similarly for m? Finally, we write m =
(m"°d, mske). By construction and since p is an homogeneous Markov process, the marked
exploration process S = (p,m) is an homogeneous Markov process.

From now-on, we suppose that the marked exploration process is defined on the canonical
space (S,F’) where F' is the Borel o-field associated with the metric d’. We denote by
S = (p,mnOd,mSke) the canonical process and we denote by P, 11 the probability measure
under which the canonical process is distributed as the marked exploration process starting
at time 0 from (u,II), and by IF’;H the probability measure under which the canonical process
is distributed as the marked exploration process killed when p reaches 0. For convenience we
shall write P, if Il = 0 and P if (p,II) = 0 and similarly for P*. Finally, we still denote by N
the distribution of & when p is distributed under the excursion measure N.

Let F = (Fit > 0) be the canonical filtration. Using the strong Markov property of
(X, XM and Proposition (-4 or Theorem 4.1.2 in [BF] if H is continuous, we get the following
result.

ke

Proposition 2.5. The marked exploration process S is a cad-lag S-valued strong Markov
process.

Let us remark that the marked exploration process satisfies the following snake property:
(21) P—a.s. (or N—a.e.), (p,me)(-N10,s]) = (prr,mp)(- N[0, s]) for every 0 < s < Hyyp.
2.5. Poisson representation. We decompose the path of S under ]P’;H according to excur-

sions of the total mass of p above its past minimum, see Section 4.2.3 in [Rd]. More precisely,
let (a;,b;),i € K be the excursion intervals of X — I above 0 under IP); - For every i € KC, we
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define h; = H,, and S* = (p',m") by the formulas: for t > 0 and f € By (Ry),

(22) <ﬁJ»:%;#@fm—hmmﬁW@wm
(23) (m3)', f) = /(hi,+oo) f(@ = hi)m{y, 1y, (dz), a€ {nod,ske},

with m’ = ((m"°9)?, (m*¢)?). We set &° = inf{s > 0; (o, 1) = 0}. Tt is easy to adapt Lemma
4.2.4. of [ to get the following Lemma.

Lemma 2.6. Let (u,IT) € S. The point measure Z(S(hi7gi) is under IF’;H a Poisson point
e
measure with intensity p(dr)N[dS].

2.6. The dual process and representation formula. We shall need the M ¢(R )-valued
process 1 = (1n,t > 0) defined by

e(dr) = Blig y(r) dr+ Y (Xs— I})om,(dr).
XS

The process 7 is the dual process of p under N (see Corollary 3.1.6 in [R2]).
The next Lemma on time reversibility can easily be deduced from Corollary 3.1.6 of ]
and the construction of m.

Lemma 2.7. Under N, the processes ((ps,Ns; Lim,=01),5 € [0,0]) and ((n(g—s)—» Po—s)—»
Ling,_,,_=0}), s € [0,0]) have the same distribution.

We present a Poisson representation of (p,n, m) under N. Let Ny(dz dldu), Ni(dz dldu)
and N> (dx) be independent Poisson point measures respectively on [0, +00)3, [0, +00)? and
[0, +00) with respective intensity

dz bmo(dl) 1 1) (w)du, dxlmi(dl)1gqy(u)du and  aidaz.

For every a > 0, let us denote by M, the law of the pair (u, v, m*°d, m*k¢) of measures on R
with finite mass defined by: for any f € B (R4)

(24) (u, f) = /(J\/o(dx dl du) + Ni(dx df du)) 1jo,q)(x)ulf(x) + ﬁ/oa f(r)dr,
(25) (v, f) = /(./\/o(dx dl du) + Ni(dx df du)) 1jo,q) () (1 — u)lf(x) + ﬂ/oaf(r) dr,

(26) (m™d, f) = / Ni(d df du) g ()ulf(z) and  (m™, f) = / No(d) 1o o (2) f ().

Remark 2.8. In particular pu(dr) + v(dr) is defined as 1jg 4 (r)d¢,, where ¢ is a subordinator
with Laplace exponent v’ — «.

We finally set Ml = f0+oo da e7“*M,. Using the construction of the snake, it is easy to
deduce from Proposition 3.1.3 in [RJ], the following Poisson representation.

Proposition 2.9. For every non-negative measurable function F' on Mf(R+)4,

N [ | Framm dt} ~ [ vidpdy dm) (v m),

where m = (m™%, m**€) and o = inf{s > 0; p, = 0} denotes the length of the excursion.
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3. THE PRUNED EXPLORATION PROCESS

We define the following continuous additive functional of the process ((pt, m:),t > 0):
t
(27) A = / 1pm,—oy ds for t > 0.
0

Lemma 3.1. We have the following properties.
(i) For A >0, N[1 —e ™ Me] =)y 1(\).
(ii)) N-a.e. 0 and o are points of increase for A. More precisely, N-a.e. for all e > 0, we
have Ac >0 and Ay — A(s—c)vo > 0.
(iii) If limy 00 ¢1(A) = +00, then N-a.e. the set {s;ms # 0} is dense in [0, 0].
Proof. We first prove (i). Let A > 0. Before computing v = N[1 — exp —AA,], notice that
A, < o implies, thanks to ([[), that v < N[1 — exp —\o] = 11 (A\) < +00. We have

v = )\N |:/ dAt e—AftadAu:| — AN |:/ dAt i, O[ )\AO'] ,
0 0

where we replaced e A7 dAu i the last equality by Ept [ ’\Af’], its optional projection,

and used that dA;-a.e. m; = 0. In order to compute this last expression, we use the
decomposition of S under [P}, according to excursions of the total mass of p above its minimum,
see Lemma P.4. Usmg the same notations as in this lemma, notice that under P, we have

A = Ao = Y ick Al . where for every T > 0,
—_ T

By Lemma P.6, we get
Ef [ Me] = o~ UnNI=exp —Ma] _ g=vu)

We have
(29)

v= AN[/OU dA, e~ | = AN[/OU AL g, gy €7 |

400
= A / da e My[1 -y e V]
0

+o0 a 1
:)\/ da e™*® exp{—ala—/ dCC/ du/ Elm(dﬂl)}
0 0,00)
exp ﬁva—/ dx/ du/ Lomo(dlo) ( —vueo)}
0,00)

(30) = A /0 da exp{ / du wo(uv)}

(31) = )\T/JO—(U)’

where we used Proposition P.9 for the third and fourth equalities, and for the last equality
that og = a + a7 + f(o 00) i (dly) as well as

(32) ) =ao+ [ mo(dts) fo(1 - e,

(0,00)
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Notice that if v = 0, then (B{) implies v = A/4{(0), which is absurd since {(0) = ap > 0
thanks to ([[9). Therefore we have v € (0,00), and we can divide (BI]) by v to get ¥o(v) = A.
This proves (i).

Now, we prove (ii). If we let X goes to infinity in (i) and use that lim, o ¥o(r) = +o00,
then we get that N[4, > 0] = +oo. Notice that for (y,II) € S, we have under P},
Ao > Y AL, with A" defined by (B§). Thus Lemma P.§ implies that if © # 0, then
P;H—a.s. K is infinite and A, > 0. Using the Markov property at time t of the snake under
N, we get that for any ¢ > 0, N-a.e. on {0 > t}, we have A, — A; > 0. This implies that o is
N-a.e. a point of increase of A. By time reversibility, see Lemma P.7, we also get that N-a.e.
0 is a point of increase of A. This gives (ii).

If oy > 0 then the snake ((ps, Ws),s > 0) is non trivial. It is well known that, since the
Lévy process X is of infinite variation, the set {s;3t € [0, Hs), W,(t) # 0} is N-a.e. dense in
[0,0]. This implies that {s;ms # 0} is N-a.e. dense in [0, o].

If a; = 0 and 71((0,00)) = oo, then the set J! of jumping time of X is N-a.e. dense in
[0,0]. This also implies that {s;ms # 0} is N-a.e. dense in [0, 0].

If a; = 0 and 71 ((0,00)) < o0, then the set J! of jumping time of X is N-a.e. finite. This
implies that {s;ms # 0} N[0, 0] is N-a.e. a finite union of intervals, which, thanks to (i), is
not dense in [0, o].

To get (iii), notice that limy_,o ¢1(A\) = oo if and only if a3 > 0 or 71((0,00)) =00. O

We set C; = inf{r > 0; A, > t} the right continuous inverse of A, with the convention
that inf ) = oco. From excursion decomposition, see Lemma P.6, (ii) of Lemma B.1] implies
the following Corollary.

Corollary 3.2. For any initial measures (p,II) € S, P, 1-a.s. the process (Cy,t > 0) is
finite. If mg =0, then P, 1-a.s. Cy = 0.

We define the pruned exploration process p = (g = pc,,t > 0) and the pruned marked
exploration process S = (p,m), where m = (mc,,t > 0) = 0. Notice C is a F-stopping time
for any ¢ > 0 and is finite a.s. from Corollary B.3. Notice the process 5, and thus the process
S, is cad-lag. We also set H; = He, and 6 = inf{t > 0; p; = 0}.

Let F = (]}t, t > 0) be the filtration generated by the pruned marked exploration process
S completed the usual way. In particular F; C Fc,, where if 7 is an F-stopping time, then
Fr is the o-field associated with .

We are now able to restate precisely Theorem [L.3. Let p(©) be the exploration process of
a Lévy process with Laplace exponent .

Theorem 3.3. For every finite measure i, the law of the pruned process p under P, o is the
law of the exploration process p© associated with a Lévy process with Laplace exponent 1
under IP,.

The proof of this Theorem is given at the end of Section j.

4. A SPECIAL MARKOV PROPERTY

In order to define the excursions of the marked exploration process away from {s > 0; my =
0}, we define O as the interior of {s > 0, ms # 0}. We shall see that the complementary of
O has positive Lebesgue measure.

Lemma 4.1. (i) If the set {s > 0, mg # 0} is non empty then, N-a.e. O is non empty.
(i) If we have )\lim ®1(X) = 00, then N-a.e. the open set O is dense in [0, 0].
— 00
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Proof. For any element s’ in {s > 0, m4 # 0}, there exists u < Hy such that my ([0, u]) # 0
and py([u,00)) > 0. Then we consider 7y = inf{t > &, pi([u,00)) = 0}. By the right
continuity of p, we have 7y > s’ and the snake property (RI) implies that N-a.e. (s',7y) C O.

Use (iii) of Lemma B.] to get the last part. O

We write O = [J;ez(, i) and say that (a4, fi)icz are the excursions intervals of the
marked exploration process S = (p,m) away from {s > 0, ms = 0}. For every i € Z, let us
define the measure-valued process S" = (p*,m"). For every f € B4 (Ry), t > 0, we set

)= [ T Hadpasons (d2)
[Hai,+00)
(33)
(m*)3, f) = / f(@ = Ha,)m{y, 4 pypp, (dz)  with a€ {nod, ske}
(Ha,+00)
and m} = ((mn"d)g, (m**)1). Notice that the mass located at H,, is kept, if there is any, in
the definition of p* whereas it is removed in the definition of m'. In particular, if Ay, > 0,
then pj = Ay, 00 and for every ¢ < f; — a;, the measure p; charges 0. On the contrary, as
my = 0, we have, for every t < ; — a;, my({0}) = 0.

Let Foo be the o-field generated by S = ((pc,, mc,),t > 0). Recall that P, ;(dS) denotes
the law of the marked exploration process S started at (u,II) € S and stopped when p reaches
0. For ¢ € (0, +00), we will write P} for Pjs .

If Q is a measure on S and ¢ is a non-negative measurable function defined on the mea-
surable space Ry X S x S, we denote by

Q[(p(u,w,-)] :/S@(U,W,S)Q(dcg).

In other words, the integration concerns only the third component of the function ¢.
We can now state the Special Markov Property.

Theorem 4.2 (Special Markov property). Let ¢ be a non-negative measurable function de-
fined on Ry x M¢(Ry) xS. Then, we have P-a.s.

exp <— > @(Aai,paiasi)> ‘ ﬁoo]
1€l
con(- [, )
0 |u=pu
exp (—/ du / 7Tl(dg) <1 - EZ[eip(u’M-)]ﬂ:ﬁU)) :
0 (0,00)

In other words, the law under P of the excursion process Zé(Aa.7pa._7$i)(du dupdS), given
i€

(34) E

Foo, 18 the law of a Poisson point measure with intensity

1gy>oydu 05, (dp) <a1N(dS) +/ Wl(dE)PZ(dS)> .

(0,00)

Informally speaking, this Theorem gives the distribution of the marked exploration process
“above” the pruned CRT. The end of this section is now devoted to its proof.
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Let us first remark that, if limy_, 1 ¢1(A) < 400, we have a3 = 0 and 7 is a finite
measure. Hence, there is no marks on the skeleton and the number of marks on the nodes is
finite on every bounded interval of time. The proof of Theorem [L.9 in that case is easy and
left to the reader. For the rest of this Section, we assume that limy_, o ¢1(A\) = +00.

4.1. Preliminaries. Fix t > 0 and n > 0. For § = (S; = (ps,ms),s > 0), we set B =
{o(S) = +o0} U{T,(S) = 400} U {Ly(S) = —oo} where o(S) = inf{s > 0;p, = 0},
T,(S) = inf{s > n;(ps,1) > n} and L,(S) = sup{s € [0,0(S)];(ns,1) > n}, with the
convention inf () = +o0 and sup ) = —oo.

We consider non-negative bounded functions ¢ satisfying the assumptions of Theorem .9
and these four conditions:

(h1) p(u,p,S) =0 for any u > t.

(h2) u+— @(u, u,S) is uniformly Lipschitz (with a constant that does not depend on p and
S).

(h3) p(u,p,S) = 0 on B; and if S € B¢ then ¢(u,pu,S) depends on S only through
(Su,u € [Ty, Ly)).

(hg) The function p — ¢(u, u,S) is continuous with respect to the distance D(u,u') +
|(u, 1) — (1, 1)| on M¢(R4), where D is a distance on M(R;) which defines the
topology of weak convergence.

Lemma 4.3. Let ¢ satisfies (hy — hg) and let w be defined on (0,00) x [0,00) x M¢(Ry) by
w(t,uy 1) = Eyle et

Then, for N —a.e. p € Mg(Ry), the function (¢,u) — w(l,u, ) is uniformly continuous on
(0,00) x [0, 00).

Proof. Let u > 0 and ¢/ > (. If we set 7, = inf{t > 0, p({0}) = ¢} we have, by the strong
Markov property at time 74 and assumption (hg), that

Eg [e_cp(u%.)] =Ep [I{Tn>nf}Ez [G_W(u%.)” + Ep [e_SO(UM.) 1{Tn§ﬂz}] :
Therefore,
(', 1) = w(lyu, p)] < B |1, <y B om0 | 4B [emem) 147, o |

< 2P (T, < 7p)
= QP}(/iz(Tn < +OO)

Using Lemma .4, for ¢/ — ¢ < 7, we get
lw(? u, ) — wl,u,pw)| <2 (1 _ ef(g/,Z)N[Tn<oo}> .

Since N[T}, < oo] < 0o, we then deduce there exists a finite constant ¢, s.t. for all function ¢
satisfying (hs),
(35) lw(l,u, 1) —wl,u, w)| < cpll — 2.

The absolute continuity with respect to u is a direct consequence of assumptions (h; —

hy). 0
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4.2. Stopping times. Let R(dt,du) be a Poisson point measure on R% (defined on (S, F))
independent of F., with intensity the Lebesgue measure. We denote by G; the o-field gener-
ated by R(-N[0,t] x Ry). For every € > 0, the process Rf := R([0,t] x [0,1/¢]) is a Poisson
process with intensity 1/e. We denote by (e}, k > 1) the time intervals between the jumps
of (R7,t > 0). The random variables (e}, k > 1) are i.i.d. exponential random variables with
mean ¢, and are independent of F.,. They define a mesh of R, which is finer and finer as ¢
decreases to 0.
For € > 0, we consider 7§ = 0, M5 = 0 and for £ > 0,
Mj = inf{i > Mg;mT§+Z;:le+l s # 0},
M q
(36) Siu=Ti+ > ¢,
j=Mg+1
Tp, = inf{s > Si ;; ms = 0},

t
with the convention inf () = 400. For every ¢t > 0, we set 7, = / ds 1Uk>1[T;§75’Z+1)(3) and
0 >

(37) Fi = o(FUGre).

Notice that Ty and S; are F*-stopping times.

Now we introduce a notation for the process defined above the marks on the intervals
(S5, T¢]. We set, for a > 0, H, the level of the first mark, p, the restriction of p, strictly
below it and p}~ the restriction of p, above it:

(33) Hy = sup{t > 0,ma([0,6]) =0}, g = pal- N[0, )
and p; is defined by p, = [p,, pS], that is for any f € By(Ry),
(39) W= [ S ) ),

For k > 1 and € > 0 fixed, we define S¥¢ = (pk’a,mkve) in the following way: for s > 0 and
feBi(Ry)

ke _ +
Ps™ = P(sc4s)ATE"

(m*)5e, f) = /( fr— gsg)m?sz+s),\T§ (dr), with a€ {nod, ske},

Hge 400)
and mb® = ((m°d)% (ms)%%) Notice that p({0}) = psg({ﬁgz}). For k > 1, we consider
the o-field F&)* generated by the family of processes (S(T;Jrs) ASE
Notice that for k € N*
(40) FEk C Fe..

_, s> O) .
+1 £e{0,....k—1}

4.3. Approximation of the functional. Let S be a marked exploration process and g be
a function defined on S. We decompose the path of p according to the excursions of the total
mass of p above its minimum as in Section R.J, with a slight difference if the initial measure
v charges {0}. More precisely, we perform the same decomposition as in SectionP. until the
height process reaches 0. If u({0}) = 0, then H, =0 <= p; = 0 and the decompositions
are the same. If not, there remains a part of the process which is not decomposed and is
gathered in a single excursion (defined as (a;,, b;,) in Figure [[). We set ¥; = (p;,1) and
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Jy = info<y<¢ Y. Recall that (Y;, ¢t > 0) is distributed under P7 as a Lévy process with
Laplace exponent v started at (u, 1) and killed when it reaches 0. Let (a;,b;), i € KC, be the
intervals excursion of Y — J away from 0. For every i € K, we define h; = H,, = Hp,. We
set K = {i € K;h; > 0} and for i € K let S = (p,7m) be defined by (BJ) and (BJ). If the
initial measure p does not charge 0, we have K = K and we set K* = K = K. If the initial
measure £ charges 0, we consider iy ¢ K and set K* = K U {ig}, a;, = inf{a;;i € K, h; = 0},
bi, = sup{b;;i € K, h; = 0} and S = (p, m™) with

B, f) Z/[(]+ )f(x)p(aioﬂ)/\l;io (dx)

(M), f) = f@)mi,, 1y, (dz)  with a€ {nod, ske},
(0,400) (4ip 0

and M1 = ((m"°d), (mke)0). See Figure [[] to get the picture of the different excursions.

H,;
L
I I
| |
| |
I Y Y \ 1
| | | |
FIGURE 1. Definition of the different excursions
We define
(41) g(S) = g(8".

1€
Lemma 4.4. P-a.s., we have, for e > 0 small enough,
o o
i — k
(42) Z@(Aai7poci—781) - Z(p(ASi7pSi’S 8 ng ASE p557 8)7
i€z k=1 k=1
where the sums have a finite number of non zero terms.

Proof. First equality. By assumptions (h1) and (h3), as N[T;, < 4+00] < 400, the set
I'= {iel, @(Aaiapai*"si) # 0}
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is finite. Therefore, for € small enough, for every j € 7', the mesh defined by (Bf)) intersects
the interval (o, ;) in other words, there exists an integer k; such that S,ij € (o ,p;) (and

that integer is unique). ‘
Moreover, for every j € 7', we can choose ¢ small enough so that S,ij < T;(p?), which gives
that, for £ small enough,

SD(AO‘J’ 1 Poj— Sj) = SD(A%' y Paj—> Skj76)'
Finally, as the mark at a; is still present at time Sy, the additive functional A is constant

on that time interval and p,,— = pg. . Therefore, we get
k;

P(Aayspay-+ST) = 9l(As; o pg; S"5).
J

Second equality. Let 7 € I'. We consider the decomposition of S*i according to p*i-©
above its minimum described at the beginning of this Subsection. We must consider two
cases :

First case : The mass at «; is on a node. Then, for ¢ > 0 small enough, we have T}, > aj;,
and

p(As; . pg: - SM°) = p(Asg ,p5: ,S°) = ¢"(As; ,pge ")
J k; y K ; :,
as all the terms in the sum that defines ¢* are zero but for i = 4.

Second case : The mass at a; is on the skeleton. In that case, we again can choose € small
enough so that the interval [T}, L,] is included in one excursion interval above the minimum
of the exploration total mass process of S%¢. We then conclude as in the previous case. [J

4.4. Computation of the conditional expectation of the approximation.

Lemma 4.5. For every Foo-measurable non-negative random variable Z, we have

Z exp <— > (As;,pS;,S’“’a)) Z1] Ke(Asg,psg)] :
k=1 k=1
where v =~ (1/¢) and

(43)

r o ’L/}(’Y) ’)’—U(?“,,U,) a ! w T wlu r e—'y(l—u)ﬁl
) = 5 ) 6) — oo ) < o [ tman) wiatin )

E =E

where
(44) w(& Ty M) = Ez |:e_90(7"7%')] and ’0(7“7 ,U) =N |:1 — e_‘P(rvﬂv')] .
Proof. This proof is rather long and technical. We decompose it in several steps.

Step 1. We introduce first a special form of the random variable Z. B
Let p > 1. Recall that H;y denotes the minimum of H between t and ¢’ and that H;
defined by (BY) represents the height of the lowest mark. We set

—1
et =sup {1 > Ty He= Hrg s}

& = inf {t > TSy H = Hs; and Hys: = Ht} .
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571 is the time at which the height process reaches its minimum over [T;;_;, S;]. By definition
of T7 4, mre | = 0 (there is no mark on the linage of the corresponding 1nd1v1dual). On the
Contrary, mgs # 0, mgs({Hgs}) # 0 but mge ([0, Hsg)) = 0. In other words, at time S}, some
mark exists and the lowest mark is situated at height H Se- Roughly speaking, &} is the time
at which this lowest mark appears, see figure [[.4 to help understandlng Let us recall that,

by the snake property (1), m el = =0 and Consequently, S & as.
d

H

P

FIGURE 2. Position of various random times

We consider a bounded non-negative random variable Z of the form Z = ZyZ1Z573,
where Zy € FEP-1 7, ¢ o(Su, Ty g < u< 55_ ), Zo € o(Su, & "'<u< &) and Z3 €
O'(S(le_i_s)/\sli_’_l_, s >0, k > p) are bounded non-negative.

Step 2. We apply the strong Markov property to get rid of terms which involve S; and 7}
We first apply the strong Markov property at time 7}, by conditioning with respect to F..
P

We obtain

p
Z exp <— > w*(As;;,pgz,Sk’e)>

k=1

E

=E

p
ZoZ1Zs exp <— > so*(Asz,Ps;aSk’a)> Epre 0 (23]
k=1

Q

Recall notation (Bg) and (BY). Notice that prs = pg:, and consequently pre is measurable
p
with respect to F¢.. So, when we use the strong Markov property at time S;, we get thanks
p

to (E0)
p

ZeXp< > Ase,pSZ,Sk’€)>
k=1

p—1 . _
Z071 7 exp <_ZSD*(ASZ’/)S£’S&€)> E:;E |:e—90 (AS';Eﬂpng ):| E _ [ZB]
k=1

=K

P
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Using the strong Markov property at time 777_;, and the lack of memory for the exponential
r.v., we get

p
(45) E |Zexp <— Z <p*(A5,§7P§z7Sk’€)>
k=1
=E |Zyexp ( Z‘P (Asz, p5e. S* )) ¢ (AS;_IaPEg_17PT;_1>] :
with
(16) 0000) = B3 | 128, o7 e 7))

where 7/ is distributed under P}, as Sj.

Step 3. We compute the function ¢ given by ([q). To simplify the formulas, we set
F(b', ) =Ep [ O] G = B (2]
(the dependence on b and p of F' is omitted) so that
(47) ¢(b7 p,v) =E; [ZlZQF(AT’7 p:—,)G([);,)] :
The proof of the following technical Lemma is postponed to the end of this Sub-section.

Lemma 4.6. We set q(du, dl1) = a10(0,0)(dudly) +du 11 (dl1) and by convention w({0}) =
0. We have:

(48) ¢(b7 s V) =E, |:Z1Z2

Tr(A)
I't

Gp7)|

where for a non-negative function f defined on [0,00) x My(R,)
I't(a) :/ q(du, dty) /M(dp',dn/,dm') e W=l fg ! 4 (1 — u)ly )
[0,1]x[0,00)

and for f =1, I'1 does not depend on a.

We now use the particular form of F' to compute I'p. Using ([]) and Lemma P.G, we get

* —*(b+a,u, - a, i, -1’ ((0,00 —e—w(btan,)
Fla,p) = E, [e o (bt >] =E% oy [e p(btap, >] et ((0,00)N[1—eme(tHesI]

Using w and v defined in (§4), we get

M, [e‘“"’”‘wkl F(a,n+ (1 - u)ﬁléo)]

w((1 = u)l1, b+ a, 1) e~ 740 M, [ ¥(p,1) *v(b+a7u)<n,1>]

B =V (v(b+an)
w((1 = u)ly,b+a,p)e e ( EETGTmE a).

We deduce that

__ y—vlb+ap ! A (1—u)ts
) = S =00 + a) (‘” b b man) wetb+ape 00 )

v $1() _ $1(7)
vy) ()

and with FF =1, =
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Finally, plugging this formula in () and using the function K. introduced in ([£3), we
have

(49) ¢(b7 s V) = EV[Z1Z2Ke(b + A, IU')G(/);/)]

Step 4. Induction.
Plugging the expression (i9) for ¢ in (), and using the arguments backward from ([I5)
we get

E | Zexp ( Z(P ASEapSzaSk’€)> E | Zexp ( Z(P ASEaPSzaSk’€)> Kg(Asg,pgz)] .

In particular, from monotone class Theorem, this equality holds for any non-negative Z mea-
surable w.r.t. the o-field 5, = o0((Sc,,t € [Arg, Agz, | ]),k = 0). Notice that K.(Asge, pg:) is
P

measurable w.r.t. Fa,. So, we may iterate the previous argument and let p goes to infinity
to finally get that for any non-negative random variable Z € F,, we have

Z exp (— > w*(As;,pEZ,Sk’€)>

k=1

E

=E ZHK;(As;,p;Z)] :
k=1
Intuitively, 72, is the o-field generated by F, and the mesh ([ATE’ASEH]’ k>0). As F2,

contains Fno, the Lemma is proved. O

Proof of Lemma [.4. We consider the Poisson decomposition of S under P* given in Lemma
.6. Notice there exists a unique excursion iy € K s.t. a;, < 7’ < b;,.
By hypothesis on Z;, under P}, we can write Z1 = H1(V, ) ;cx.a.<a,. On,.5i) for a measur-
Rk (2 1
able function H;. We can also write Zy = Hg(pu,§2 <u< 53) for a measurable function

Ho as my, = 0 for u € [{g,{;). Then, using compensation formula in excursion theory, see
Corollary IV.11 in [[J], we get
(50)

o(b.p.v) = E / ORI St <V7Z5(s,ss)> W (nZAows)(SS)) ,

s<v s<v
s<v

where ) J, 55 is a Poisson point measure with intensity v(ds)N[dS], o(S) = inf{r > 0,8, =
O} At SS fO d?} l{m /(S%)=0} and

Wp(r,a) = N [F(a+ Ay, pf)G((kev, pr) ) Ho([kev, pr], 0 < t < €)1 irrcoy] -

Let (R, k > 1) be the increasing sequence of the jumping times of a Poisson process of
intensity 1/e, independent of S. Then, by time-reversal, we have

+o0

hp(r,a) = N[Z Limp, 20y Lvkr >k, mp =0y F'(a + A5 — ARy, )
=1

G([krv,ng DH2([krv,muls T < u < O')],
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where 7, = inf{t > Ry;m; = 0}. We then apply the strong Markov property at time Ry and
the Poisson representation of the marked exploration process to get

hp(r,a) [Zl{mR 201G ([krv, g, 1)

EEFPR;C MR,,) [I{Vk’>07 TTLRk/:O}F(a + Agy 0 Y Ha (kv nul 1o < u < U)] [n'=n}; }’
=,
where 79 = inf{t > 0;m; = 0}. Now, let us remark that, if my # 0, then mg # 0 for s € [0, 7¢]
and A,, = 0. Therefore, mp, = 0 implies R; > 79. The strong Markov property at time 7
gives, with n/ = 77;;@’
Limg, #O}E?mzk ) [1{Vk/>0, ma,, —orFla+ Ag,n' ) Ho([krv,mu), 10 < u < 0)]
= Limp, 20} P (B1 > 0)E - [1{Vk’>0, ma =0y F(a+ Ag, ' Y Hao([krv, mu],0 < u < U)} :
Ry, Ry, k

We have, using the Poisson representation of Lemma P.q and ([[§), that

(B> 0) =Epy ool = VR,

Ry Ry

as v =1~ 1(1/e). We obtain

hp(r,a)

+oo
N 1{mRk¢0}G(pR,€,an,ka,an)] :
k=1

where

Gp,n, ') = G([krv,m]) e 700

B} [1g50, me,, =0y Fla+ Ao, 1/ VHa([kpv,n], 0 < u < )]
As > k>10R, is a Poisson point process with intensity 1 /e, we deduce that
hp(r,a) = éN [/00 dtl{mt#}é(pt,m,pﬁﬁ)} :
Using Proposition P.9, we get
hp(r,a) = é/ooo da e **M, {1{m#0}é(/f,u7,,u+,u+)} .
For r > 0 and p a measure on R, let us define the measures p>, and p<, by
Gz ) = [ Fla = tpznulds) and (per,f) = [ F@)1erlde).

Using Palm formula, we get

M, 1{m750}é(1u7a7/7uu+ V+)}

:/ dr/ q(du, dty)
0 1]x[0,00)

M, {1{m ([0,r) O}G(M<m Ver, fhsr + ul100, sy + (1 — u)l1dp) | .
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Using the independence of the Poisson point measures, we get
M, [1{771([0,7")):0}G(:U'<7"7 Ve, fhizr + ul100, sy + (1 — u)&%)}

= /Mr(du,du, dm)/Ma_r(dp', dn/,dm')l{mzo}é(,u, v, p +ulido,m + (1 — u)lydp).

We deduce that

1
Mpra) =% [ q(duder) [ Mi(dp,dn.dm) [ Ma(dpaf am)
€ J[0,1]x[0,00)
1{m:0}é(/), 1,0 +ul1do, 1" + (1 — u)l1do).
Using this and () with similar arguments (in reverse order), we obtain ({g). O

4.5. Computation of the limit. Recall notation of Section [£.2 Let AS be the Lebesgue

measure of [0, s] <Uk20[Tl§v Sli+1]>' The process ¢ — sup{i € N; 3%, e5 < A7} is a Poisson

process with intensity 1/e and the process s — N ;, where
Mg
N, =sup{k € N; A < t} =sup{k € N;Zei < AfY,
j=1
is a marked Poisson process with intensity P(m, # 0)/e, where 7 is an exponential random

variable with mean ¢ independent of S.
We first study the process ¢ — N¢ ;.

Lemma 4.7. The process t — N.; is a Poisson process with intensity j;l (Z)), where v =
oY
PH(1/e).
Proof. We have, by the similar computations as in the proof of Lemma [L.F,
1 o0
P(m,; =0)=-F dt e 1y, _
(m ) B [/0 ¢ {mto}}
L[ —s 7 —t/e
=z ds e °N dt e I —
0 0
- 1N /Udt et/
&y 0 fme=0} | -
By time reversibility and using optional projection and ([[§), we have
: [/ de e 1{mt0}} -N U di e 70 1{mt0}]
0 0
=N [/0 dt e~ let:1) 1{W0}} )
1
The proof of Lemma B.1], see (R9) and (B1), gives that P(m, = 0) = 0007 Since ¢! =
oY
1 ¢1(7)
= — , we get —P(m, #0) = . u
Y() =4o(7) = ¢1(7), we get —P(m; #0) =0(7)

We then get the following Corollary.
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Corollary 4.8. There exists a sub-sequence (¢j,j € N) decreasing to 0, s.t. P-a.s. for any
to > 0 and any continuous function h defined on Ry x My(R) such that h(u,pu) = 0 for
u > to, we have, with v; = ~1(1/€7),

_]11)1130 ¢1 7] - Z h S, €3 P /0 h(u’ ﬁu) du.
k=1

Proof. Notice that as a direct consequence of (f)) and (R0), we get
lim eypg(y) = 1.
e—0

Recall that (AESZ,k > 1) are the jumping time of the Poisson process ¢t — N.; with pa-
rameter ¢1(y)/e1o(7y). Standard results on Poisson process implies the vague convergence in
distribution (see also Lemma XI.11.1 in [I§]) of ¢1(7) ™' Y52, d4z, (dr) towards the Lebesgue

measure on R, as € goes down to 0. Since the limit is deterministic, the convergence holds
in probability and a.s. along a decreasing sub-sequence (¢j,7 € N). In particular, if g is a
continuous function on Ry with compact support (hence bounded), we have that a.s.

hm 1(7;5) Zg /OO g(u) du.

Notice that A5 > A and that a.s. A§ — Ag as € goes down to 0. This implies that a.s.
(A%, s > 0) converges uniformly on compacts to (As,s > 0). Therefore, if g is continuous
with compact support, we have a.s.

i o) 39 ) 9| =0
So we have that
61) Jim 0107 Y alAg) = [ ot du
k=1

and this convergence also holds for a cad-lag function g with compact support as the Lebesgue
measure does not charge the point of discontinuity of g.

Let h be a continuous function defined on Ry x M (R ) such that h(u, ) = 0 for u > .
First let us remark that pSE = pre and that mre = 0. Using the strong Markov property at

time T} and the second part of Corollary B.9, we deduce that P-a.s. for all k € N*,
(52) Care =T
Therefore, as ASZ = ATga we have P-a.s.

ﬁASZ = ﬁATg = PT; = Pse-

This gives
oo oo
- Z h(ASEJ' ’ p;Ej) - (bl (7])71 Z h(ASEJ' ) ﬁASsj )
k=1 g F k=1 * k
and applying the convergence (@) to the cad-lag function
9(u) = h(u, pu)

gives the result of the lemma. O

We now study K. given by (). We keep the same notation as in Lemma [L.5.
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Lemma 4.9. There exists a deterministic function R s.t. lim R( ) =0 and for alle > 0
e—0

and pp € M¢(Ry), we have:

sup 611 log (K- (r.0) — arvlrop) = [ m(df) (1= w(tr,rom)| < R(E).
= (0,00)
Proof. We have
v() 7 - v(?“ p 1
K = Gy = et —
Oélr)/"")// du/o £17T1 dfl U51,r, :U’) 6_7(1—11)@1)
Y(v)

V() — Y(v(r, u)) 'y ¢1(7)

v S
a1y + / m1(dlr) / e *dsw(ly — —,1p)
(0,00) 0 i

P(v) y—ov(r,p) 1
Y(y) = p(o(r, 1)) ¥ o1(7)

<¢1(7) - /(O,oo) my(dly) /07zl e *ds <1 —w(ly — %,r, p))) )

In particular, we have ¢1(v)log(K.(r,u)) = —A; + Ay + As, where

A(r) = ¢1()1og (1= (v(r, 1) /0()),
Ag(r) = d1(7) log(1 —v(r, 1) /),

v s
As(r) = ¢1(7) log <1 — /(0 )7T1(d€1) /0 e Sds <1 —w(l; — ;,r,,u)) /(ﬁl('y)) .

Thanks to (h3), there exists a finite constant a > 0 s.t. P-a.s. v(r,pu) < a for all » > 0. We
deduce there exists €9 > 0 and a finite constant ¢ > 0 s.t. P-a.s for all € € (0, &q],

(53) ig}g’Al(T)‘ < ci)l((%) and Srg%yAQ(r) —aw(r ) < & ¢1§7) B
We have

vé1
/ 1 (d6y) / e~ ds (1—w<el —f,w)) - / ra(dy) (1—w(lr,r, 1))
(0,00) 0 Y (0,00)

:/ mi(dly) e Y (w(ly, ) —1)
(0,00)

+/ m1(dly) / e *ds (w(ﬁl,r,,u) —w(l — i,r,,u)) Lis<yer}-
(0,00) 0 Y

It is then easy to get, using (h3) and (BH), that P-a.s

v
/ m1(dly) / e %ds (1 —w(l — i,r,,u)) —/ mi(dly) (1 —w(fl,r,p))‘
(0,00) 0 g (0,00)

$2(7y) = sup
r>0




PRUNING A LEVY CRT 27

converges to 0 as 7 goes to infinity.

Recall that we assumed that 1i_>m ¢1(y) = +oo. Thus, there exist 9 > 0 and a finite

y—00
constant ¢ > 0 s.t. P-a.s for all £ € (0, g¢],
c

<

$1(7)
Using (F3) and (B4), we get that there exists a deterministic function R s.t. P-a.s

(54) sup
r>0

As(r) - /(O ) (1= it ) o).

61(7) 1og(K(r, 1)) — anyv(r, 1) — /( ) (=)

<R(e),

sup
r>0

where lim R(g) = 0, thanks to () and (0).

e—0

O

The previous results allow us to compute the following limit. We keep the same notation
as in Lemma [L.F.

Lemma 4.10. Let ¢ satisfying condition (hi)—-(h3). There exists a sub-sequence (g;,j € N)
decreasing to 0, s.t. P-a.s.

li K. (A i, pee) = — d
Jggog 5 skupsk) exp /0 u (alv(u)—i—/(o

Proof. Notice that thanks to (hy), the functions v and (u, ) — w(¢,u, 1) are continuous and
that for r > ¢, v(r,n) = 0 and w(¢, 7, ;u) = 1. The result is then a direct consequence of
Corollary f.§ and Lemma [L.9. O

m1(dl) (1 — w(ﬁ,u,,u))) .

7w)

4.6. Proof of Theorem §.3. Now we can prove the special Markov property in the case
hm'y—mo 1 ('7) = +00.

Let Z € F non-negative such that E[Z] < co. Let ¢ satisfying hypothesis of Theorem
1.2, (h1)—(hs3). We have, using notation of the previous sections

7 S T * — k,e;
Z exp <—Z¢(Aai,pai,3)>] —jlggoE Z exp <—kz_lso <A3;j,pszj,5 5J>>]

el
o0

—F [Z e~ [ du (alv(u,ﬁu)—l—f(o’m) 1 (de) (1—w(£,u7ﬁu))>:|

E

= lim E
j—oo

9

where we used Lemma [£.4 and dominated convergence for the first equality, Lemma [I.§ for the
second equality, Lemma and dominated convergence for the last equality. By monotone
class Theorem and monotonicity, we can remove hypothesis (h;)— (hsg). To ends the proof of

the first part, notice that fg du (alv(u) + f(o 00y 711 (dl) (1 —w(e, u))) is Fao-measurable and
so this is P-a.e. equal to the conditional expectation (i.e. the left hand side term of (B4)).

5. LAW OF THE PRUNED EXPLORATION PROCESS

Let p(© be the exploration process of a Lévy process with Laplace exponent 1)y. The aim
of this section is to prove Theorem B.3.
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5.1. A martingale problem for p. Let 6 = inf{t > 0,5, = 0}. In this section, we shall
compute the law of the total mass process ({pins,1), t > 0) under P, = P, o, using martingale
problem characterization. We will first show how a martingale problem for p can be translated
into a martingale problem for p, see also [[[]. Unfortunately, we were not able to use standard
techniques of random time change, as developed in Chapter 6 of [RJ] and used for Poisson
snake in [[j], mainly because ¢~ (Eulf (pe)Lm,=0y] — f(1)) may not have a limit as ¢ goes
down to 0, even for exponential functionals.

Let F,K € B(M¢(R4)) be bounded. We suppose that N [/ | K (ps)] ds] < oo, that
0

tAo K(ps) dS,

for any p € My(Ry), Ej, [/ | K (ps)| ds] < oo and that M; = F(pine) — [,
0

for t > 0, defines an F-martingale. In other words, if F' belongs to the domain of the
infinitesimal generator £ of p, we have K = LF. We will see in the proof of Corollary .2
that these assumptions on F' and K are in particular fulfilled for

F(v) = e b K(v) =1(c)F(v).
Notice that we have
M < 1 F e+ [ Ko
and thus E, [SUPtzo |Mt|] < 00. Consequently, we can define for ¢ > 0,
Ny = E}[Mc, | 7).

Proposition 5.1. The process N = (Nt > 0) is an F-martingale. And we have the
representation formula for Ni:

(55) Ny = F(ping) — /OW du K (py),
with
(56) K({)=K()+aN [/OU K([v, ps)) ds} + /(0700) mi(dl) B [/OU K([v,ps)) ds} .

Proof. Notice that N = (N, t > 0) is an F-martingale. Indeed, we have for ¢, s > 0,

Eu[Nt-i-s’]:-t] = EM[EM[MCt+s ’-7:t+8”~7:t]
= EM[MCt+s |7
= Eu[Eu[Mc,, [ Fe ]| F]
= Ell«[MCt |]:-t]a

where we used the optional stopping time Theorem for the last equality. To compute
E,[Mc,|Fi], we set Ni = Mc, + M¢,, where for u > 0,

uNo
M= [ K(p 1m0 ds.
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Recall that Cp = 0 P-a.s. by Corollary B.4. In particular, we get

CiNo
Nt, = Mc, + Mé’t = Fpcina) — /O K(ps)l{mszo} ds

CiNo
— (i) — / K (ps) dA,
0

tAG

= F(ptrs) — K(pu) du,
0

where we used the time change u = A; for the last equality. In particular, as ¢ is an ~]:"—
stopping time, we get that the process (Ny,t > 0) is F-adapted. Since Ny = Ny —E,[Mg, |F],
we are left with the computation of &, [M, | Fi].

We keep the notations of Section [ We consider (p',m?), i € I the excursions of the
process (p,m) outside {s,ms = 0} before o and let (a;,;), i € I be the corresponding
interval excursions. In particular we can write

CiNo )
/ ‘K(ps)’ 1{7713#0} dS = ZQ(AOéiapai—apl%
0 el
with

a(p)
(u.jiap) = Lpucy /0 K ([, ps])| ds,

where o(p) = inf{v > 0;p, = 0}. We deduce from the second part of Theorem [[.3, that
P,-a.s.
7

CiNo _ o .
(57) E, /0 K (ps)| L. z0) ds\foo]: /0 Lpueny K (50) du,

with, K defined for v € M;(R,) by

k) = antd | [*1K (1) as] + /(Om) m@) B | [ 1K (o)) ds].

Since E,, { OCt/\U | K (ps)] Lm0} ds] < Eu [fy 1K (ps)| ds] < oo, we deduce from (F7) that

P,-a.s. du-a.e. 1{u<5}f((ﬁu) is finite.
We define K € B(Mf(Ry)) for v € Ms(Ry) by

(58) K@) = N [ /0 " K (v, ps]) ds] + /( | T E; [ /0 " K (v, ps]) ds]

if K(v) < o0, or by K(v) = 0 if K(v) = 400. In particular, we have |K(v)| < K(v) and
Py-a.s. [ [K(py)| du is finite. Using the special Markov property once again (see (B7)), we
get that Py-a.s.,

tAG

_ CiNo _
B, [0 7] =B [ [ Koty aslF] = [ K
Finally, as N; = N/ — E,, [ngt |ﬁw}, this gives (). 0

Corollary 5.2. Let i € M¢(Ry). The law of the total mass process ((ps,1), t > 0) under
P’ o is the law of the total mass process of O under Py
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Proof. Let X = (X;,t > 0) be under P} a Lévy process with Laplace transform 1 started
at x > 0 and stopped when it reached 0. Under P,, the total mass process ({pino,1),t > 0)
is distributed as X under P’Z . Let ¢ > 0. From Lévy processes theory, we know that the

w,1)
process et —q)(c) fg e~ Xs ds, for t > 0 is a martingale. We deduce from the stopping
time Theorem that M = (M;,t > 0) is an F-martingale under P,, where M; = F(pirs) —

(f/\a K(ps) ds, with F, K € B(M(R;)) defined by F(v) = e=*" for v € M;(R,) and

K =(c)F. Notice K > 0. We have by dominated convergence and monotone convergence.

t—o00

e—c(u,l) — hm ]E“[Mt] — }Eﬂ[e_c<Po71>] _ ’(b(C)]E“ |:/ e-C(Ps,1> d8:| .
0

This implies that, for any 1 € My¢(Ry), E, [/ | K (ps)| ds] is finite. Using the Poisson

0
representation, see Proposition .9 it is easy to get that

(59) N [ /0 Tt ec<pt’1>] - w(cc).

In particular, it is also finite. B
From Proposition p.1], we get that N = (N;,t > 0) is under P, an F-martingale, where:
for t > 0,

tAG

N, = e~ CPins1) _ K(py) du
0

and K given by (5). We can compute K:

K(v) = (c)e "l (1 +a;N U eclesl) ds} +/ m(dl) By [/ o—clos1) dSD
0 (0,00) 0

l o
_ —c(v,1) c —cr —c(ps,1)
=1(c)e (1 + 041—1/}(0) + /(0700) Wl(dﬁ)/o dr e "N [/0 e P ds})

— emcnl) (1/1(0) +arc+ / m(dl)(1 - e‘“))
(0,00)

= go(c) eV,

where we used (F9) and the excursion decomposition for the second equality, and ¥y = 1+ ¢y
for the last one.
Thus, the process (N¢, ¢t > 0) with for ¢ > 0

i the
N, = e~ cbrra:l) —¢0(0)/ e Pusl) gy,
0

is under P, an F-martingale.

Notice that & = inf{s > 0;(ps,1) = 0}. Let X(© = (Xt(o),t > 0) be under P a Lévy
process with Laplace transform 1y started at > 0 and stopped when it reached 0. The two
non-negative cad-lag processes ((fiag,1),t > 0) and X(© solves the martingale problem: for
any ¢ > 0, the process defined for ¢t > 0 by

tAo’
e Yina! —1/10(0)/ e Y (s,
0
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where o/ = inf{s > 0;Y; < 0}, is a martingale. From Corollary 4.4.4 in [2J], we deduce that
those two processes have the same distribution. To finish the proof, notice that the total

mass process of p(© under P7, is distributed as X ©) under P’ZM - O

5.2. Identification of the law of p. To begin with, let us mention some useful properties
of the process p.

Lemma 5.3. We have the following properties for the process p.

(i) p is a cad-lag Markov process.
(ii) The sojourn time at 0 of p is 0.
(iii) 0 is recurrent for p.

Proof. (i) This is a direct consequence of the strong Markov property of the process (p, m).
(ii) We have for r > 0, with the change of variable ¢t = A, a.s.

T s Cr CT
/0 1¢5,—0) dt = /0 l{pctio} dt = /0 1¢p,—0) dAs = /0 1ip,—0y ds =0,

as the sojourn time of p at 0 is 0 a.s.
(iii) Since 6 = A, and 0 < +00 a.s., we deduce that 0 is recurrent for p a.s. H

Since the processes j and p(© are both Markov processes, to show that they have the same
law, it is enough to show that they have the same one-dimensional marginals. We first prove
that result under the excursion measure.

Proposition 5.4. For every A > 0 and every non-negative bounded measurable function f,

7 (0
N[ / =M= (Pt dt] =N / e—”—<05°)vf>dt].
0 0

Proof. On one hand, we compute, using the definition of the pruned process p,

G As
N [ / e A=) dt} =N [ / e AM=lpcrf) dt] .
0 0

We now make the change of variable t = A, to get

N [ / T () dt} =N [ / T M (o) dAu}
0 0

=N [/0 e~ Mu o= (pu.f) 1{mu0}du] )

By a time reversibility argument, see Lemma P.7, we obtain

N |:/o e,)\t*<ﬁt,f> dt:| N /‘7 1{mu:O} eimu’f) ef)\(Angu) du:|
0 L/0

=N /0 | I— e (M) Ej.0 [e_AA”} du}

0

where we applied Lemma B.1 (i) for the last equality. Now, using Proposition .9, we have

N { / T e M) dt} _ / " da M, [1gy 00 0]
0 0
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Using usual properties of point Poisson measures, we have, with ¢ = oy + [ (0,00) Cmy(de),

M, [l{mZO}F(:U’a V)] =e “M, [F(:U’O’ VO)] )
where with the notations of Proposition P.g, for any f € By (R)

W01y = [ ot dtdu) 1 )t (@) + 5 ") dr,
0 = Xz u X — U X ’ T T
P = [ Notdz e 1o, ()1 = )i @) + 5 [ () d

As ag = a + ¢, we have

N [ / TNl dt} = / " da e M, [ef<v°,f>—wal(x><u°,1>} '
0 0

Proposition 3.1.3 in [RZ directly implies that the left-hand side of the previous equality is
-0

(0)
/ e =g (A )i, D'dt|. On the other hand, similar computations as
0

o(0) o
/ o M=) gy
0

that is:

equal to N

above yields that this quantity is equal to N . This ends the proof. [

Now, we prove the same result under P ,

Proposition 5.5. For every A >0, f € B4 (R,) bounded and every finite measure p,

G o(0)
E: [/ e M=(Pef) dt} =E;, [/ e M—(ri”, >dt] :
0 0

Proof. From the Poisson representation, see Lemma P.6, and using notations of this Lemma

and of (R§) we have

o [ / T e M) dt] / e Mu=lput) dA}
0 0

o; . i
e_AA% (b ta; o) / o (P10 )7L g i
py= 0

where the function f, is defined by f,.(x) = f(Hy Wy x) and Hy W= H (Kkyp) is the maximal
element of the closed support of k,p (see (@)) We recall that —I is the local time at 0 of
the reflected process X — I, and that 7, = inf{s; —Is > r} is the right continuous inverse of
—I. From excursion formula, and using the time change —I; = r (or equivalently 7, = s), we
get

g ~ T< 71)
E: [ /0 e M=) dt} =E},, [ /0 " d(—1,) e ks f)=AAs G(—Is)}

(1,1)
(60) = E;,o / dr e~ krinf)=AAz, G(r)
0

where the function G(r) is given by

G(r) =N [ / T ooy dAS] =N [ / T e tp) dt] .
0 0
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The same kind of computation gives

0)

4 (1)
(61) E; [/ e_>‘t_<p§0)’ ) dt] =E [/ ! dr e_<k7"uvf>_>\7—7(‘0) G(O) (T)
0 0

where the function G is defined by
o) ©
/ e AP Ir) g
0

and 79 is the right-continuous inverse of the infimum process —I(9) of the Lévy process with
Laplace exponent ).

Proposition [f.4 says that the functions G and G are equal. Moreover, as the total mass
processes have the same law (see Corollary [.9), we know that the proposition is true for f
constant. And, for f constant, the functions G and G are also constant. Therefore, we
have for f constant equal to ¢ > 0,

GO(r)=N

1
E:,O [/W >d7“ e clml)=r) o=Mr | — |
0

1
/ el dr o~ D)=r) =Ar
0

As this is true for any ¢ > 0, uniqueness of the Laplace transform gives the equality

_ [ (0
1.0 {e )‘ATT] =F e 7 } dr — a.e.

In fact this equality holds for every r by right-continuity.
Finally as G = G(©), we have thanks to (B0) and (B1)), that, for every bounded non-negative
measurable function f,

(1) (1)
/ dr e~ krinf) E;o {e_)‘A"] G(r) = / dr e~ krmf) | [e_A”(O)] el (r)
0 0

which ends the proof. O
Corollary 5.6. The process p under P, is distributed as P9 under Py,

Proof. Let f € B{(R,) bounded. Proposition .5 can be re-written as

LR VRS SR T e [t )
; eV E,o [e ' l{tg(;}} dt = ; e E, [e ¢ 1{tSJ(O)}] dt.

By uniqueness of the Laplace transform, we deduce that, for almost every ¢ > 0,

Eo [e_@ wl 1{t§&}] =E, [e_@m’ ”{tsam}} :

)

In fact this equality holds for every t by right-continuity. As the Laplace functionals charac-
terize the law of a random measure, we deduce that, for fixed ¢t > 0, the law of p; under IP’;O

is the same as the law of pgo) under Py,

The Markov property then gives the equality in law for the cad-lag processes p and p©. O

Proof of Theorem [3.3. 0 is recurrent for the Markov cad-lag processes p and p9. These two
processes have no sojourn time at 0, and when killed on the first hitting time of 0, they have
the same law, thanks to Lemma p.§. From Theorem 4.2 of [[7], Section 5, we deduce that p
under P, o is distributed as p9 under P,. O
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6. LAW OF THE EXCURSION LENGTHS

Recall ¢ = fé’ 1¢m,—0) ds denotes the length of the excursion of the pruned exploration
process. We can compute the joint law of (6,0). This will determine uniquely the law of &
conditionally on o = r.

Proposition 6.1. For all non-negative v, k, the value v defined by v = N {1 — efw(“’)ofﬁ&}

is the unique non-negative solution of the equation

Yo(v) = K + Yo(7y)-

Proof. Excursion theory implies that the special Markov property, Theorem [£.2, also holds
under N, with the integration of u over [0,6 = A,] instead of [0, 00). Taking ¢(S) = (7)o,
we have

v=NI1— e—na—wm)o} - N {1 _ o (5 HE—$() J§ Lm0} ds]

=N [1 _ o a5 (aaN[I-eT VT4 fig ) mi(d0)(1-E; e~V )])

Notice that o under IP; is distributed as 7y, the first time for which the infimum of X, started
at 0, reaches —¢. Since 7y is distributed as a subordinator with Laplace exponent 1! at time
£, we have

Eife ¥ = E [e—w(m} e
Thanks to ([[), we get N[1 — efw('v)o] — . We deduce that
v=N [1 _ e—(f@+¢(“/))5'—6(aw+f(0,+oo) wl(dg)(l_e—w)w

— N [1 _ e*(/erwo(“/))&}

= o~ (K + o (7))

Since g is increasing and continuous, we get the result. O

7. APPENDIX

We shall present in a first subsection, how one can extend the construction of the Lévy
snake from [RJ] to a weighted Lévy snake, when the height process may not be continuous
and the lifetime process is given by the total mass of the exploration process (instead of the
height of the exploration process in [B9]). Then, using this construction, we can define in a
second subsection a general Lévy snake when the height process is not continuous.

7.1. Weighted Lévy snake. Let D be a distance on M¢(R,) which defines the topology
of weak convergence. Let us recall that (M s(R;), D) is a Polish space, see [L9], section 3.1.

Let E be a Polish space, whose topology is defined by a metric d, and d be a cemetery
point added to E. Let W, be the space of all E-valued weighted killed paths started at
x € E. An element w = (u, w) of W, is a mass measure y € Mf(Ry) and a cad-lag mapping
w: [0, (p, 1)) = E s.t. w(0) = z. By convention the point x is also considered as a weighted
killed path with mass measure p = 0. We set W = |,y W, and equip W with the distance

(62) d((n,w), (', w')) = 6(w(0),w'(0)) + D, 1)

()N’ 1) , .
+/ dt (dt(wﬁtawgt)/\l) +‘<M’1>_<:u’1>‘,
0
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where d; is the Skorohod metric on the space ID([0, ¢], E') and w<; denote the restriction of w
to the interval [0,¢]. Notice d is a distance on W. Indeed, we have that:

e d is symmetric.
o d((p,w), (¢, w")) = 0 implies D(p, ') = 0, that is u = ¢/, and then w = v’ a.e. on

[0, (u, 1))
e d satisfies the triangular inequality. We have for (u,w), (1/,w’) and (¢, w”) € W:

(s w), (') < B(w(0), 0" (0)) + 6(w"(0), ' (0)) + D(jus ") + D", )

(A1)
+/ dt (dy(w<g, wl;) A1)
0

(e, 1YA (' ,1) Y , ,
4 /0 dt (dy(w'lywleg) A1)+ |1, 1) — (1, 1)]

+ ((M? 1> A <,U, 71> - <M7 A <:u'”7 1>)+
+ ((M’ 1> A <:U’/’ 1> - <MH’ 1> A <:u/’ 1>)
+ |<:U” 1> - <:ula 1>|

since
(anb—aNc)y +(aNb—cAb)y+|a—bl <|a—c|l+|b—¢,

where (z)4 = max(z,0).

We check that (W,d) is complete. Consider ((pn,wy),n € N) a Cauchy sequence in
(W,d). Since (M (R ), D) is complete, we get that u, converges to a limit say p. If 4 =0,
the result is clear. If not, for any € > 0 small enough, for n and n’ large enough so that
(pins 1) A (i, 1) > {p, 1) — € we deduce from (69) that, for t. = (u,1) — 2¢ and n. large
enough, (wp<; ,n > ng) is a Cauchy sequence in D([0,%.), E) and hence converge to a limit
W<y, - Since this holds for any ¢ > 0 small enough, we deduce that w is well defined on
[0, (u,1)) and that w, converges to w on any D([0,t), F) for t < (u,1). We deduce again
from (B2) that ((un,wn),n € N) converges to (u,w).

We check that (W, d) is separable. Let (u,,n € N) a dense subset of (Mf(R,), D), and
for each n, let (wy,;m, m € N) a dense subset of (D([0, (1n, 1)), E), d(,, 1y)- Then, it is easy to
check that ((pn,wn m);n, m € N) is a dense subset of (W, d).

Thus the space (W, d) is a Polish space.

We shall write jig instead of u when w = (u,w). Recall ([J). We consider a family of

probability measures I ,, for € E and the mass measure u € Ms(Ry) on W,, s.t.

a) pop = M, Il . (dw)-a.s.;

b) w(0) = z, I, ,(dw)-a.s.; _

¢) w has no ﬁxed dlscontlnulty for all s € [0, (i, 1)), I, (w(s—) = w(s)) = 1;

d) If H(p) < oo, then w({u, 1)—) exists I, ,(dw)-a.s.;

) If H(u) < oo and v € My(R4), then under IL, ), (w(r),r € [0,(u,1)) is distributed
as (w(r),r € [0,{u,1)) under II,, and, conditionally on (w(r),r € [0,(u, 1)), (w(r +
(1, 1)), 7 € [0, (v, 1)) is distributed as (w(r),r € [0, (v, 1))) under Il 1))

The last property corresponds to the Markov property conditionally on the mass measure.
We shall assume that the mapping (x, i) — 1l , is measurable.

[§]
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Let p be an exploration process starting at pu. We set Y; = (p¢, 1). Recall that (Y, ¢ > 0) is
distributed as a Lévy process with Laplace exponent v started at (u,1). For 0 < s < ¢, we set
st = infs<u<t Yy and pst = Ky, 7, ,)Ps = k(v,—J.,)Pt, the last equality being a consequence

of the construction of the exploration process. We also define p’gs) as the unique measure v

s.t. [ps,t, V] = ps-
Conditionally on p, we define a probability transition semi-group Rgt on W, as follows:

for 0 <s <tst. Jsp <Y, or w((ps,1)—) exists and p15 = ps, under Rf;t(u’), dw') we have

1) par = pt,
) (w (T) S [ <ps ty 1>)) = (w(r),r € [07 <p57t7 1>))7 B
i) (w'(r),r € [(ps t, 1), (pt, 1))) is distributed according to IT

w((ps,1,1)=).51""

In (iii), by convention, if ps; = 0, then w({(ps¢, 1)—) = =. Notice that for fixed s < ¢, a.s.
Jst < Yy so that, with the previous convention w((ps¢,1)—) is a.s. well defined. Notice that
if (ps,w) is distributed as II, ,,, then (p;,w’) is distributed as II, ,, thanks to condition e)
on II. Thus we can use the Kolmogorov extension theorem to get that there exists a unique
probability measure P, ,,) on (W, )R+ s.t. for 0 =59 < 51 < - < 8p,

P(u,w)(Wslo € AO7P80 € By, ... 7W5/n € AmPSn € Bn)

— 4 ... RP
- Eiu‘ 1{p306B07'--7pSneB"}1{weA0} /A ARSO S1 (w’ dwsl) Rsnflysn (wsn_l ’ dws'n)
1 XX An

We set Wy = (ps, W}). Notice that W/(r) = W/(r) for r € [0, (pss, 1)) and thus that
d(Wsa Wt) S D(Pmpt) + |Y:<; A Y;ﬁ - Js,t|-

Since p and Y are P,-a.s. cad-lag, this implies that the mapping s Wy is P w)-a.s.
cad-lag on [0,00) () Q. Hence there is a unique cad-lag extension to the positive real line,
we shall still denote by P(,, ). The process (Ws, s > 0) is under P(,w) & time-homogeneous
Markov process living in D(Ry, M¢(Ry) x W). We call this distribution the distribution of
the weighted Lévy snake associated with II.

We set M?(R” the set of u € My(R4) such that supp (u) = [0, H(p)] if H(p) < 400
and supp (u) = [0, H(n)) if H(u) = +oo. We the define O, as the set of all pairs (u,w) € W
such that p € M(}(R+), w(0) = z and at least one of the following three properties hold:

(i) p(H(p)) = 0;
(i1) w({p, 1)—) exists;
(i) H(p) = +oo.
We denote by (Fs, s > 0) the canonical filtration on D(R,, M¢(R;) x W). One can readily
adapt the proofs of Propositions 4.1.1 and 4.1.2 of [PJ] to get the following result.

Theorem 7.1. The process (W, s > 0; Py w), (1, w) € Oy) is a cad-lag Markov process in
©. and is strong Markov with respect to the filtration (Fsy,s > 0).

Let us remark that, when the family of probability measures I1,. u is just the law of a homo-
geneous Markov process £ starting at « and stopped at time (u, 1), the previous construction
gives a snake with spatial motion & and lifetime process X — I, which is the total mass of
the exploration process. Notice that in [RF] the lifetime process is given by the height of the
exploration process.
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7.2. The general Lévy snake. However, we need some dependency between the spatial
motion and the exploration process p in order to recover the usual Lévy snake from the
weighted Lévy snake. Informally, we keep the spatial motion from moving when time ¢ is “on
a mass” of ps. This idea can be compared to a subordination and has already been used in
the snake framework by Bertoin, Le Gall and Le Jan in [ in order to construct a kind of
Lévy snake from the usual Brownian snake.

Let II, be the distribution of £ a cad-lag Markov process taking values in F with no fixed
discontinuities and starting at x, such that the mapping « +— II, is measurable. Recall ([[J)
and set fi, = K, 1y—pp for r € [0,(u,1)). We define 1l , as the distribution of (u,w) with
w = (§g(p,ys 7 € 10,{u, 1)) under II,. Notice that & = w((u, 1)) for 7' € [0, H(p)). In
particular, w is on constant on intervals <u([0, 7)), ([0, 7])| which corresponds to the atoms
of u.

We have that II satisfies condition a)-e).

Let ((ps, W!),s > 0) be the corresponding weighted Lévy snake. For s > 0, r > 0, we set
Wi(r) = Wi((ps;10,7))- When H is continuous, the process ((ps, Ws),s > 0) is the Lévy
snake defined in Section 4 of [PJ] with underlying motion £. As a consequence of Theorem
[, we get that the (general) Lévy snake is strong Markov.

Proposition 7.2. The process ((ps, Ws),s > 0;P, ), (1,w) € Oz) is a cad-lag Markov
process in O, and is strong Markov with respect to the filtration (Fsi,s > 0).
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